
Par t ia l  R e g u l a r i t y  for  t h e  S o l u t i o n s  

to  N o n l i n e a r  P a r a b o l i c  S y s t e m s  (*). 

~ .  GIXQVI~TA (**) - E.  GI~STI (***) 

Sunto. - S i  estendono a sistemi non lineari di tipo parabolico alcuni rlsultatl di regolarith 
parz~ale delle soluzioni di siste,mi ellittici. 

1. - Introduction. 

The a im of this paper  is to  ex tend  the  results  and  the  methods  of [6] to non- 
l inear  parabolic systems of par t i a l  differential  equat ions:  

(1.1) Z 
~=i J ~,,8=I i,i=l 

.4 A 

where  A = Q X (0, T) is an  open set  in R "+1, z = (x, t), and the  coefficients a~(z, u) 
are  supposed to be cont inuous in _~ x R  N and sat isfy the  ell ipticity condit ions:  

N 

% ~ >  [~1 ~ , 
i,j=l z,~=l 

V~ e R ~z¢ . 

I n  these  hypotheses ,  we shall p rove  tha t  eve ry  weak solution of (1.1) is regular  in A, 
wi th  the  possible excep t ion  of a singular set  X~ closed in A. I f  in addi t ion the  solu- 

~rx,½ tA. R ~) for  some p>2, one has t ion  u belongs to  the  space ,, ~,~oo, • 

3~,+z_~+~(Z, 6) = 0 

for eve ry  ~ > O, ~ being a suitable met r ic  in R "+1 and JeJx, 8) being the  a-dimen- 
sional Hausdorff  measure  re la t ive  to  the  met r i c  8. 
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(***) University of Pisa and Stanford University. Research partially supported by NSF 
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2. - Preliminaries.  

We shall consider  open sets A :  ~Q × (0, T) in R ~'+~, where  ~9 is open in R ~ and  

T > 0. A poin t  in R '~+~ will be  deno ted  b y  z = (x, t), x ~ R  ~, t s R .  I f  Zo ---- (xo, to) is 
in R "+~, and if R > 0, we define 

(2.1) 

(2.2) 

(2.3) 

S(~o, R) = {x e m :  I~-- ~oI < R},  

A(to, R) = { t e R :  l t - - tol<R~},  

Q(z0, R) = B(xo, R) ×A(to, R) .  

If we in t roduce  in R "+~ the  m e t r i c  

(2.4) ~(~, z~) = m ~ x { I x ~ - ~ l ,  It~-t~1½}, 

~hen the  set  Q(zo, R) is ~n open bal l  of radins  R, cen te red  ~t zo. We shall  wri te  Q, Q~ 
ins tead  of Q(zo, R) (and likewise for B and  A) wheneve r  i t  can be  done wi thout  con- 

fusion. 
I n  addi t ion  to t he  usual  Sobolev spaces W~(A), we need the  following spaces:  

D E ~ I ~ : [ o ~  1. - V~'°(A) is the completion of CI(A) with respect to the norm: 

A 

DEFISYITION 2.  -- Wl ' a ( f l~ ) ,  0 ~ Ot ~ 1, i8 the completion of CI(A) with respect to the 
nor~ : 

{ U ~ _~fdx lu(x,t)--u(x, 8)~ Jim 
I t -  eras i - -  {iulg,~ + luj:,~:A} "~'. 

(0, T) x (0, T) 

(2.7) 

where 

The following proposi t ions  a re  well-known: 

L ~ _ A  1. - Let A = Y2 × (0, T) be bounded and convex, and let u~ W~'½(A). Then: 

A 

u.4= 1 A  (UdZ 
m e a s  J 

.4 

and (~(A) is the diameter o] A with respect to the metric 6: (~(A) = m a x { d i a m / 2 ,  v 'T} .  
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L~u:~A 2. - /Let A be as be]ore. Then the natural imbedding o/ W~'½(A) into L~(A) 
is compact. 

Final ly  we introduce another  fami ly  of funct ional  spaces. 

I)EFI:NITIO~ 3. -- Zet A = $2 × (0, T) be bounded and convex~ and let ~ be the met- 
ric (2.4). £v'~(A, ~), /~ > O, is the space o /a l l  ]unctions in L~(A) such that: 

where 

[/]$..,~ = sup [reeds (A n Q(zo, R))]-,' f I /-- / . , ,~l:d~< ÷ 
go~A 
~ > 0  A n (~o,/~) 

1 f /(z)dz. D°.~ = meas ( A n Q(zo, 1~) ) 
A a Q(z0,/t) 

£~"(A, (~) is a Banach space with norm 

r t - i  ~ -(1/~ {ll/IIL, + • 

These spaces have been int roduced in [1] for the euclidean metr ic  and in [3] 
for a genera~ class of metr ics  including (2.4). We have the  following result  ([3], 
Theor.  [3.1]). 

I m ~  3 . -  I /  # > 1, then ff'~(A~ (~) is isomorphic to C°'~(Q, ~), the space o] 
a-h61der continuous functions with respect to the metric ~, with a: = ((n + 2 ) / p ) ( t t ~ l ) .  

Ifi the  following, we shall consider vector-valued functions;  if S(A) is a topolog- 
ical space of real  functions in A,  we will denote by  S(A;  R ~) the product  of £V copies 
of S(A),  with  the  na tura l  topology. I t  is obvious t ha t  Lemmas  1, 2 and 3 remain 
valid for vector-valued lunctions.  Finally,  with Slo,(A) we denote the  space of all 
functions / in A which belong to S(A')  for every A ' c c A .  

3. - Linear parabolic systems.  

In  this  Section we collect a namber  of results eoneerning linear parabolic systems. 
~esul ts  of this  type  are know~ and can be found in the  l i terature ,  a l though some- 
t imes  in a sl ightly different form. 

By  weak solution of the parabolic system 

~u ~ a ( ~u~ 
(3.1) ~-~ ~x-~ a~(z) ~xJ ' o: = 1, ..., N ,  

V 1 ,  0 / A  we mean  a funct ion u~-2,1oo~.~; R ~') such tha t  

A A 
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for eve ry  ~v ~ Co(A; Rz¢). Here  and in ~he following, the  summat ion  over  repea ted  
indices is unders tood,  the  la t in  indices i, ~, ... running  f rom 1 to n, and the  greek  
indices g, fi, ... f rom 1 to  2~L 

The  coefficients a~ ~ are  bounded  measurable  funct ions such t h a t  

(3.3) 

14~(z) l<~, 

V~aR "N, V z a A ,  

Vz ~ A .  

The  following Lemmas  are  p roved  using methods  similar to those in [7], 
Ch. I I I ,  §4 :  

L ~ _ ~  4. ~'- Zet u(z) be a weak solution of the system (3.1) in Q~°. Then u a 
E W~:~oo(Q~.; R~), and ]or every Q,~R (0 < ~ < R < t~o) we have: 

(3.4) Ilulll~,.. % < e~(e, R) lul~,Q. • 

P]~0OF. - L e t  ~ " =  eo(t)~(x, t), s u p p o a c A  R. We get  f rom (3.2): 

(3.5) 

where  

(3.6) ~ ~ ~ F ~ v ~ = c~u ~ ; ~ ,  = % % ; = u~co. 

Now le t  rio(t) be a mollifier, rift) =fio(- - t ) ;  if we p u t  ~(x, t) = r io*  0 = Oo(x, t), we 
obtain  

(3.7) 

o 1 
In  par t icular ,  if O~(x,t)=y(t)~(x),  with 7e~(A~)  and ~o~eW2(B~), we get  the  
equat ion  

(3.8) f<v,, ~)7 'dt  

where 

(3.9) <], g> --=f ]~g~dx , 

and hence,  in the  sense of dis tr ibut ions,  

(3.10) a-td (~ ,  ~ = -  <25.o, ~z,~ + (Fo, ~o> . 

Now le t  ](v) denote  the  Four ie r  t r ans fo rm of ](t). We have  

(3.11) i~<vS, ~> = <~,~, v ~ > - < P o ,  ~> 
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o 1 
for  eve ry  ~ R and  eve ry  yJ e W~(B~). I n  pa r t i cu la r ,  we can choose 

= - -  i sign ~ , ~ (x )  ~ 

wi th  a e ff)(B~); i a t eg r~ t ing  with  r e spec t  to ~, we easi ly  ge t :  

if we le t  e-~O ( r e m e m b e r  t h a t  for e v e l y  funct ion  g(x, t) with  Final ly,  c o m p a c t  s u p -  

por t ,  we have  
o o  

It-s[~ 

and  choose o~ and  ~ in such ~ way  t h a t  a)~=~l on Q~, we easily get  the  conclusion 

of the  l e m m a ,  q.e.d. 

LE~v~£ 5. - With the hypotheses of Lemma 4, we have 

(3.13) I ul~,% < e~(q, R)IlulI~.Q. 

for every R, ~ (0 < ~ < R < Ro). 

I)~ooF. - I f  ~ = fi** 0, we h a v e  f r o m  (3.2) 

(3.14) ]u:Ordz=f(a, ,  u.~,)~Oxflz. 
O~ O~ 

I n  par~icular~ if 0-~ a2(x)co~(t)u~, with  a(x )~) (B~)  and  eo(t)~ff)(A~), we ge t  

o --- f a dx f d ,  ~1 - f (a,, .,)~ (a ),,dz 4lu i coco,a dz , 
.B R A R 

whence,  if  e --> 0, 

~fl fl ~ 2 2  (3.15) fa~ %u~,~ adz 

Qz¢ O~t 

W i t h  the  usual  choice of a and  co, i t  is no t  difficult to  ge t  (3.13) f r o m  (3.15). q . e d .  
An i m m e d i a t e  consequence of the  two prev ious  l e m m a s  is 

CoI¢o~A1¢¥ 1. - Let u be as be]qre. Then for every 5, R (0 ~ ~ ~ R ~ Ro), we have 

(3.16) tJluIII,.2:%<e,(e, R)IIuII2.~.. 
17 - Annalf  di Matematlca 
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I~e~ us now recal l  a resul t  concerning systems with constant  coefficients. The 
proof  can  be found  in [2]. 

LI~lvIZ~ 6. - Let u(t) be a weak solution of (3.1) in Q, and let the coefficients a~f be 
constant in Q~. Suppose/urther that u ~ JG~(Q~, Rx) .  Then for every ~ < 1, we have 

(3.17) ] u -  u%l~dz < c~q ~ - -  

Oe 

i f  measQ~ iu--u~l~dz" 

We conclude this Section with a simple resul t  concerning the  convergence of solu- 
tions of parabolic systems.  

L ~ A  7. Let _~e(v)~.~ (v = I, 2, ...) be a sequence of bounded measurable func- 
tions in Q~, verifying (3.2) with L independent of v, and such that 

(3.1s) 

Let u (~) be a sequence o/function in L~(Q~; R~), weak solutions in Q~ of the system (3.1) 

with coefficients a~f(~) : 

(3.19) fu(')a:~)~dz = fai, (~,-~vx, ~x,t~, V~ECo(QI,~N). 

Suppose further that 

(3.20) l i m  u (~) = u weakly in L~(Q1; R ~) . 

v1, o 1,3 Rz¢), and ]or every R <  1 we have Then u e --2,1o¢\'~I :' 

(3.21) 

(3.22) 

(i = 1, ..., n). 

linl U (v) = U 

• (~) h m  u~. = u~ 

strongly in L2(QR , R N) , 

weakly in L2(Q~ , R ~¢) 

In  addition, u(z) is a weak solution o] the system 

f .u ~ ~ f a~ :' ' ~' 
(3.23) % dz = i (z) %fl~x, dz , Vq; ~ C O (Q1, R~') • 

O~ Qz 

P~OOF. - I t  is easily seen t h a t  (3.20) and L e m m a  5 imply  (3.22), while (3.21) 
follows f rom Corollary 1, I~emma 2, und (3.20). :Finally, l e t t ing  v-~  ~ in (3.19), 
one gets (3.23) a t  once. q.e.d. 
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4. - The regularity of  solutions of  parabolic systems. 

We shall consider solutions of nonl inear  parabolic systems of par t ia l  differential  
equat ions : 

(4.1) f u ~ v r d z :  fa~(z, u)u~ o2:,dx , Vqg~ CO(A, RI~) , 
A A 

where,  as usual,  A = $2 × (0, T) is an open se t  in R ~+~, z = (x, t), x s~9, 0 < t <  T, 
and we sum over r epea ted  indices, the  la t in  indices running  f rom 1 to n, and the  
greek  indices f rom 1 to 2V. 

The  coefficients a~(z, u) are  suppor ted  to be continuous functions in A × R  N, 
and to sat isfy the  el l ipt ici ty condit ions:  

i) la~(z, u ) l < L ,  VzezX, u e R  N, 

We have  the  following 

L ~ A  8. - For  every % 0 < ~: < 1, and ]or every M > 0, there exist two constants 

so and 1~ o such that iJ u(z) is a weak solution o] (4.1), and i f  for some z o ~ A  and some 
R <  Ro (3 (~(zo, ~A) (a (3 b = rain {a, b}), we have 

(4.2) 

and 

1 f 
Q(zo,R) 

(4.3) [%c,0.~)1 < M ; 

then: 

(4.4) U(Zo, rR) < 2c5 ~ U(zo, R) 

where e s is the constant appearing in Zemma 5. 

PRooF. - Suppose the  l emma  is false. Then  for some T and  M, the re  exis t  se- 
quences z~eA, e,-->O, R,-->O, and a sequence u (~ of weak solutions of (4.1) such 

t h a t  

(4.5) 

(4.6) 

and  

(4.7) 

2 U(')(z,, R,) = s , ,  

U(z,, vtt,) 2 , > 2esT e2. 
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I f  we define 

(4.8) V(~)(Z) = V(')(X, t) = CI(u(')(X, + It~X, t~ + t ~ , t ) -  UQC~,a,)} , 

we have (Q = Q(0, 1)): 

(4.9) t ~  I~t ;  s~ -~ ~ , ~ ) ~  ~ ,  j j ,  
0 0 

and, f rom (4.6), (4.7): 

(4.10) i f  V(~)(O, 1) - m e a s Q  [v(~)t~dz = 1 ,  
Q 

(4.11) V(~(0, 3) > 2c532 • 

F rom (4.10), passing in case to a subsequence, we get  

(4.12) 

(4.13) 

(4.14) 

whence 

(4.15) 

v (~) -> v weakly in Ls(Q; R ~) , 

s~v(~)-~O a.e. in Q 

¥~ ~ C~(Q; R ~); 

a~(x~ + R~x, t~ + R~t; ~v C~ ÷ ,~Q(~, ~)~ 

I~ follows f rom L e m m a  6 tha t  the funct ion v is a weak solution in Q of the system: 

2) % %flz ,  V~ e co(q;  R ~) , 
Q Q 

whence, f rom L e m m a  5, 

(4.16) V(0, 3) < c53 ~ V(0, 1 ) .  

On the  other hand,  passing to the l imit  in (4.10), (4.11), we get 

(4.17) V(0, 1 ) < l i m i n f  Vc~)(0, 1) ---- 1 ,  

(4.18) V(O, 3) = liom ~ V(')(O, 3) > 2e5 3 2 , 

and these inequalit ies contradict  (4.16). q.e.d. 
The consCants so and Ro in the  preceding l emma depend on 3, M, n, ~Y, and on 

the coefficients a~. In  the following, we shall emphasize the  dependence on M by 
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writ ing so(M), Ro(M). The following lemma is essentially an i terat ion of the pre- 
ceding. 

LE~L~A 9. -- Let v < (2c~) -½, and let u be a weak solution of (4.1) such that for some 
z o e A  and ]or some R <  Ro(2M) (~ 5(zo, 3A), we have 

(4.19) 

(4.2o) 

where 

(4.21) 

I%c~°,~)l < M , 

V(Zo, ~)< ~ ( i ) ,  

~o(M) = mir, {So(2M), M~1+'~(1 --  T%/~e~)} • 

Then for every integer k>0 ,  we have 

(4.22)~ U(zo, ~ n )  < (2e5~)'0 U(zo, R) .  

P~ooF. - We have, for every  @ > 0, 

(4.23) [uQ(zo. ~)- -  uo(~,,q) I <~ 3-1-~t2 U(zo ' @)½, 

whence 
k - - 1  

(4.24) luo~.,~)i < ]UQ(~.,R)I + ~-1- ,~  ~ V(Zo, ~R) ½ . 
j = 0  

For  k ---- 0, the inequali  W (4.22) is trivial.  Suppose now tha t  (4.22)~ is t rue  for every 
h<k .  F r o m  (4.24) and (4.21), we easily get  

(4.25) [u~(~0, ~n) ] < 2 M ,  

while f rom (4.22),, recalling tha t  2c5z2< 1, we obtain at  once 

(4.26) U(zo, z~R) < ~o(2M). 

F r o m  (4.25)~ (4.26)~ ~nd the  preceding Lemma,  we get  (4.22)~+~. q.e.d. 
We C~l now prove the  first par t  of the  regular i ty  theorem. 

T m ~ o ~  1. - For every weak solution u(z) o] (4.1), there exists an open set Ao c  A 
such that u(z) is (locally) ot-hStder continuous (with respect to the metric 5) in Ao~ for 
every o~ < 1. 

F~ooF. - Le t  zo~A be such tha t  

(4.27) sup ]uQ~z.,~)[ < M/2 < + c~,  
O<t~<~5(Zo,OA) 

(4.28) l i m i n i  U(zo, R) = 0 .  
~.-+0 + 



262 ~¢f. G I A Q ~ T ±  - E. GIusTI: Partial regularity ]or the solutions, etc. 

L e t  a = 1 - - o  5 0 < a < l ,  and  let v : (2c~)  -½a. There exists 
n ~(zo, (~A) such tha t  

V(Zo, ~) < V~(M). 

an R<Ro(2M)  

Since U(z, r) and uo~,,) are continuous functions of z and r (r > 0), there  exists an  s, 
0 <  s<~ /2 ,  such t h a t  for every  zeQ(zo, s), we have 

(4.29) luQ(~,z¢~)t <<. M ,  

(4.3o) ~(z, R,) < v~(~), 

with Rz = / ~  --  O(z, %) >/~/2. 
From (4.29)~ (4.30), and L e m m a  8, we get  for every k: 

(4.31) 

For every @, 0 < @ < R/2 < R~, let  h be the integer such tha t  

We have 

(4.32) 

whence 

(4.33) 

[ ~) ~n+'~ ( ~ ~2(1--a) 2 
v(~, ~) < ~ - n ~ )  ~(~, ~) < ~-.-~ u(~, ~Ro) < ~-.-,+- ~ /  ~o, 

U(z, ~) < ( 2 )  ~-~0~(2¢5)~("+~)/~")-: @ ~x-~) 

for every  zeQ(zo, s) and every @</~/2. 
I t  is easily seen tha t  (4.33) implies t ha t  u(x) belongs to ga'~(Q(zo, s), 5) wi~h 

/~ = 1 A- (2/(n+ 2))(1--~), so t ha t  the  theorem follows at  once f rom L e m m a  3. q.e.d. 

Rn~L~J~K 1. - The set 27=--A--Ao, which is closed in A, will be called the sin- 
gular  set of u(z). A point  zo is no t  in 27 if and only if (4.27) and  (4.28) are satisfied. 

With  minor charges in the  argument ,  one can show as in [6] t h a t  if the  coeffi- 
cients a~  are uni]ormly continuous in A x R  ~, then (4.28) alone is sufficient for the 
regular i ty  of zo. 

5. - T h e  s i n g u l a r  set .  

In  this Section, we shall obtain an upper bound for the Hausdorff dimension 
of the singular set X. 
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L]~I~A 10. - Let q~(z) be a ]unction in  L~(A), and  let zo ~ A be such that 

(5.Z) U(%, R) <c6R 2~ 

]or some e > 0 and some e~ depending on u and zo. Then  there exists, and is finite, the 

l imit 

]?~ooI~. - L e t  ](r) -~ u~c~,,r ~ . We h~ve,  for  z e A and  0 < a < ~ < ~(zo, ~A), 

i](e)-](¢)p <2{  lu(z)-](e)p + }u(~)- ](¢)p}. 

I n t e g r a t i n g  over  Q(zo, a), 

~"+~t/(e)-/(¢)P<c~{e "+9 ~(~o, e) + ~.+~ tT(~o, ¢)}, 

whence,  us ing (5.1), 

(5.2) i f ( e ) -  1(¢)I < ~,¢-~-n~{e"+~+~" + ¢"+~+~'}½. 

I n  pa r t i cu la r ,  we have  

11(2 - i  ~) --/(2-I-~) ] < e92-i,~ ~ 

and,  if h <  k, 
k--1 

(5.3) I](2-be) - f(2-%)1 < % ¢ ~ 2-~", 

so t h a t  the  sequence  f(2-h~) converges ,  as h - +  0% to some rea l  n u m b e r  2. I t  is 
easi ly  seen t h a t  ), does no t  depend  on Q; in fact., f r o m  (5.2) we ge t  

~ On+2+~ -F rn+2+2~ ½ 
(5.4) l](2-i~)-](2-ir)l  <o~ [ ~ 7 ] ~ - ~  J 2-'~' 

and  the  r igh t -hand  side of (5.4) t ends  to zero us i - +  co. Final ly,  choosing h = 0 
in (5.3) and  le t t ing  k - +  c~, we ge t  

which  p roves  the  l em m a .  

l](e) - ~1 < C~od, 
q.e.d. 

R n ~ K  2. - The  p reced ing  l e m m a  and  R e m a r k  1 show t h a t  a po in t  zo is r ega la r  
if  t h e r e  ex is t  cons tan t s  s > 0 and  c a such t h a t  

U(Zo, R) < c6R ~ 
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for  e v e r y / ~  < ~(z0, 3A); or, wha t  is the  same,  if t he re  exis ts  a a > O such t h a t  

(5.5) l im R -~ U(z o R) = 0 
~___>0 + ' . 

L e t  us observe  t h a t  if the  coefficients are  un i fo rmly  continuous,  then  it  is sufficient 
to requi re  (5.5) wi th  a---- 0. This will give a sl ight difference be tween  the  two cases. 

L e t  ns now recall  the  ]=[ausdorff measure .  

DErI~ITIO~ 4. - Let (~ be the metric (2.4), and let o~ be a non-negative real number, 
The oc-dimensional Hausdorf[ measure o] a set X c R "+~, with respect to the metric (~. 

is given by 

,~,(X; ~ ) = l i m i n f { ~  ~ ( x ~ ) ~ ; U X ~ X ; . ~ o ÷  ~ ~(X~) < e}.  

The 5-Hausdorl7 dimension o] a set X is the infimum o] the numbers ~ such that 
~¢=(X; 6) = 0. 

The  nex t  l e m m a  is a s imple  modif icat ion of Theo rem 1 of [5]. 

L~E~C~A 11. - Let ]¢LI,lo~(A), and, for 0 < ¢¢< n q- 2, let 

2 ~ = {  z°eA:limsup°-~e~o+ . f l]ldz>O}. 
O(zo,O) 

Then we have 

~=(F=, 6) = O . 

The following resu l t  concludes the  proof  of the  regu la r i ty  theorem.  

T13mOl~E~ 2. - Zet u ~  W~:~oo(A; R~), p>~2, be a weak solution o] (4.1). 
every a > O, we have 

(5.6) JC~+2_~+~(Z, 6) = 0 .  

T h e n / o r  

I /  the coefficients are uni]ormly continuous, we can take a = 0 in (5.6). 

RE~AI~I~ 3. - F r o m  L e m m a  4, i t  follows a t  once t h a t  for eve ry  weak solution u(z) 
of (4.1), we have  3¢n+~(Z" ) -----O, V~ > 0. 

PI~ooF. oF TI-IEORE~ 2. -- According to R e m a r k  2, i t  is sufficient to p rove  t h a t  

3¢~+2_v+,(E,, ~ ) =  0, where  

:E~ = {z° ~ A : l im sup'l~-2~/~' V(z°' l~) > O} 

We have  

Q(zo,R) 
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and,  by  L e m m a  1, 

+ 

O(Zo,~) 

+ [R~-n-2-, f dx f {u(x' t)--u(x' s)J~dtds] 2/'} It-- 8] 1+1#2 
~(z~,tt)  A(to, It) x (A(I~,R) 

The functions [u~,[ ~ belong to L~.~oo(A), whence, by  Lemma 1], the first integral 
a t  the  r ight-hand side tends to zero ~n+~_~+~ almost  everywhere. 

For  the  second integral,  we observe tha t  the  funct ion 

[u(x, t ) - u ( x ,  s)[~ 
i(x, s, t) = {t_si~+~l~ 

belongs to Ll,,oo(~), ~ = .Q × (O, T)×(O, T). I f  we denote by ~ = (x, t, s) a point 
in A, by  ~ the  metr ic  

5(~1, ~) ~ max{]xl--x21, [t~--t~l ½, [sl--s2l~] ., 

and by  Q the  bali in the  metr ic  ~, we get  easily t ha t  

tends to zero ~+2-~+o  almost  everywhere. From tha t  remark,  i t  follows at  once 
tha,t ;E,~+~_~+~(E~, (~) = O. q.e.d. 

In  the case of elliptic systems in R ~, one was able to prove (see [6] and [5]) tha t  

(5.8) H._~+.(Z) = O, Va > 0 ,  

for continuous coefficients, and 

(5.9) H,~_~(Z) = 0 

with the  assnmption of uniform continuity,  H~ being the ~-dimensienal Han~dorff 
measure  wi th  respee~ to the  usual  metr ic  in R '~, Comparing (5.8) und (5.9) with 
the conclusion of Theorem 2~ it  seems at  first tha t  the  int roduct ion of the t ime vari- 
able gives a jump of two in the  dimension of the singular set. The following argu- 
men t  shows tha t  this is no t  the  case. Le t  us first observe t ha t  the  restr ict ion of the  
metr ic  ~ to the  t-axis gives the metr ic  d(tl, t~)= [t~--t~{ ½ so tha t  the  t tansdorff  
measure JE~(X, d) verifies 

~ ( X ,  d) : H ~ ( X ) ,  VX c R~, 

//~ being the usual  t tausdorff  measure  in R 1. 
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On t he  o the r  hund~ ~ coincides  wi th  t h e  usua l  m e t r i c  w h e n  r e s t r i c t ed  to  R ~, so 

t h a t  t he  Hausdo r f f  m e a s u r e  is also t he  s a m e :  

JC (X, = X (X) , VXc  . 

Fina l ly ,  if  z ,  ~nd s~s a re  t h e  p ro j ec t i on  o p e r a t o r s  on R ~nd  R ~  respec t ive ly ,  we 

huve  t he  fo l lowing i n e q u a l i l y  ([4], Th.  2.10.25):  

* 

R 

for  e v e r y  n o n - n e g a t i v e  ~, ft. 
I n  pa r t i cu l a r ,  if we choose  f l-= 2 a n d  ~ = n - - p  ÷ a, we conc lude  f r o m  (5.10) 

a n d  (5.6) t h a t  

(5.11) H , + ~ _ ~ ( X ~ ( t ) )  = 0 for  a l m o s t  e v e r y  t .  

A s imi lar  result~ wi th  a = 0, holds for  u n i f o r m l y  con t inuous  coefficients. 
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