Uniform approximation of continuous functions
by rational functions (*).

Garraxo Frouera {Roma) {(¥%)

A Bruno Finzi nel suo 7T0mo compleanno.

Summary. - Viene data la condizione necessaria e sufficienie perché le funzioni razionali di
una variabile, aventi poli di ordine prefissato in assegnatli punii del piano complesso,
costituiscano un sistema complefo iu C° (0, 1).

Let us denote, as usual, by C° (0, 1) the BANACH space of all complex-
valued continuous functions g on the closed interval (0, 1) of the real axis,
endowed with the norm |g|= max|g{x)|. Let 21, 2, ..., #, .. be a sequence

0,1}

>

of points of the complex plane {*} such that, for every k, 2 does not lie on
the closed interval (0, 1) of the real axis. Let vi, v2, ..., vi, ... be a sequence
of positive integers. We assume that

i) the pair (2, vs) is distinct from the pair (2, vi)ifk = k;

ii) if 2 = 2, for some k 5= k,, then there exist infinitely many %k such
that 2, — Bl o

Let us denote by R the set of all rational functions rz) of the complex
variable 2z such that

i) each of them has its poles only in some points of the sequence {#.};
ii) if r(2) has a pole in z, the order of the pole does not exceed v;.
We shall consider the following problem

P} Find ihe necessary and sufficient conditions to be satisfied by the
sequences |z} and {vi| in order that the set R be dense in the space C°0, 1).

(*) This research has been sponsored in part by the Aerospace Research Laboratories
through the Buropean Office of Aerospace Research, OAR, United States Air Force, under
Grant EOOAR-69-0066.

(**) Entrata in Redazione il 22 aprile 1970,

{*) Throughout this paper, when we consider the «complex plane», we suppose that
the point 2 = oo is a point of this plane.
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A sufficient condition is classically known. In fact, if for every &k we
have #, = oo, the density of R in (%0, 1) is insured by the celebrated theo-
rem of WEIERSTRASS on the uniform approximation of a continuous function
by polynomials [1].

If vi =1 and 2 is, for every &, real and negative, SzrGs [2] has shown
that B is dense in C%0, 1)if lim # = — oc.

ks

SzAsz [3], assuming the same hypotheses on the z/s, has extended
Szeed's result, proving the completeness of the sequence [(x —zj"} k=1,
2, ...) in the space C%0, 1), if m is any number not a positive integer or 0.

More recently PoOrRCELLI [4], (D], has considered the sequence

(1) (1 +ex] (k=0 1,2.),

where the ¢/s are complex constants such that ¢, =0, v ¢ (h3=Fk) and,
if ¢, is real, ¢, > — 1. He proves [4] that

i) the above sequence is complete in C%0, 1) if and only if the series

2 T

k=0

i % 1 (L4 ¢t — 1 Hm

is divergent.
Assuming the following further hypotheses on the ci's:

(3) [arg (1 -+ cx) | << o < m, [t 4 eal=8>0,

PorcELLI (4] proves that

ii) the sequence (1) is complete in C%0, 1) if and only if the series
E | o 712 is divergent.
k=0

This result was already known to van HERK [6] in the particular case
that the ¢;'s are real and such that ¢ < Cpy1, Gi—> - o0 as kE—oco.

In this paper a complete answer to problem P} will be given and a
general theorem obtained. From this result the theorems of WEIERSTRASS,
Szead, van HERK and Porcernl will be deduced as particular cases.

(?) From the proof given by PORCELLI in his paper [4], one deduces that the branch
to be chosen for the fractional power {1+ 2)1/2 is the one determined by the condition

—n<larg(l4z=m
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1. - Preliminary lemmas.

Let us consider the function
1 1
(4) 5:;‘}‘;(?7)‘1—“)’
“ A

which maps conformally the unit disk D, |w| <1, of the complex plane of
the variable w = w; -+ éw, onto an open set A4, of the complex plane of the
variable z = x + éy. 4 consisis of the whole complex z-plane, slit along the
segment S: y =0, 0 << 1.

If z is any point of the complex z-plane, we denote by dfz) its distance
from S. Let Dr be the disk |[w| < E (0O < RE<1).

LeMuA 1. - Lot w be any point of D — Dr and 2z ifs corresponding point
in A. Two positive constants mr and My exist such that

d(z)

I C diz)
“Tafe — 1)

) (el — D)7

=l—|w|< M

Set W' = |w]|'w and 2 = 27! 44— + w'—Y). We have

)
ww

On the other hand, if we set w = Wy 4 w2, 7* = (W, — 1)* + ws, we have

(6) r—d = i (w—w)

w?— ||

w 2 (m— 1P 4 4w + 0(r?)
| w2 —1 |

(@) 4r? 4 OF®)

Let 7o be such that 0 < vy <1 — R and |#? — 12> for 0 <7 < 1y.

From (7) we deduce that in the disk [w-— 1| <7, we have

(8) “02 - }W 1{

where ¢ is a positive constant. This inequality holds also in the disk
|w+ 1] <. 1t follows, by eventually increasing ¢, that inequality (8) holds
in the whole disk D. Then we have in D — D;

[ w? — | ]|
w

_c|w—1]
=R w|
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From (4) we easily deduce

I
el = 4| 2lz — 1) V2,
Then from (6} we get

|2 —[w| ¢
Wl =R

ae) <]z —#|= 41l —|w) (1 —wl)ele — 1) ]2,

which proves the first of inequalities (5).
Let Er be the bounded domain, whose boundary is the ellipse:

=271 4+ 4R + B} cos o, y=4"YB' — R)sing (—r <9< ).
Let EQ, EY, EY be the subsets of Ex defined by the conditions

ED: 2€B:— S, ax<0;

. 11
EY: 2€E, x>0, y>ﬂR~@@

®. 2€R ()<9(;<,1, 0<y <¥(l——R.w
i o =9 Y=2\g )’

It is sufficient to prove the second inequality (D), when 2z is a point belong-
ing to any of the above defined subsets of Hr. By obvious symmetry argu-
ments the proof is then extended to every #€ Ex — S.

Let w be a point of D — Dg. Suppose that the corresponding point z lies in
Eg]. We have from (4)

—|wl<|w+ 12| 2"+ |e—1P7
There exists a constant cx such that for 2 € EY’ we have

Cr

(9) et e 1M =

Then

which, for z€ EY’, is the inequality to be proved. Let us suppose that ¢z be
large emough that (9} holds also for 2 € BY. Then, for z€ E¥, we have
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|zl _eallBT'— Bp+ 417 |y

1*}3‘0I§63}z{z_1”1!2——* R _ R |2fz — 1) |27

which proves the inequality for 2z € E%). From (4) we have
4) w =2z — | — 2z(z — )2,

where the branch of the fractional power is obtained by analytic continuation
in 4 from the one which is positive when # is real and greater than 1. We
have for z € EY

1~ |w| < |2y — 2[ee — DI + 2l — 1))

L ’ 2w - in) — 1 i I
2 ’f [l + énfew + i — t;}*"zd”*gmy[( + TR

0

Since for z € EY, there exists a positive constant ax such that [@|=ar|z|,
¢ —1|=ar|#—1]|, from the last inequality we deduce, denoting by bz a
proper positive constant,
Kl
_ < bp— gL
bl e e
This completes our proof.

LeMMa 2. - Let o be a complex-valued wmeasure defined on the c-ring
{ Bls of the Dorel sets contained in the seqgment S. Suppose that for every
2 €A we have

(10) dar

E—z
¥

=0; ¢}

then o is identically zero.
Let ¢{x) be any complex-valued continuous function defined on the real
axis and with a compact support. For y > 0, we get from (10)

—+00 d -+co d
= | olxide | 2% | oiode | 2% —
—n0 S —00 S

—+oo
- 2iy
s —0

() By writing day, we mean that the STimLTsES inlegration, with the measure « as
integrator, is performed with respect to the variable £,
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Since
-0 3
1 gxe) —- le = 2n¢:
tim [ ote) gl e = 2t
—20

uniformly with respect to £ we have

S
For the arbitrariness of ¢, the proof follows.

LevMA 3. - Let 8 be a complex-valued measure defined on the oc-ring
{ Bir of the Borel sets confained in the boundary I' of the wunit disk D,

|w| < 1. The function
o = [

t— w
T

belongs to the class N of R. Nevanlinna (%)
For any B of | By, set
1t —1
w8 =[5 %,

where s denotes a curvilinear abscissa on T, increasing counterclockwise.
We have

1 3 2

t—wds s

. .0
1og{t——1rv[-z%—zlog[t——w],

where 537 and 29%_ denote, respectively, the tangential and the inner normnal
£ 2

differentiation on I', with respect to the point ¢ of I'. Set

u(’m}:f%log}tmw\dp, v(1w) ::Ja%loglt—«wdy,,
h\ I\

{4} Set w = peib. The function ¢(w) belongs to N if and only if

T
[rogt st jas  (0=o<1)

—T

is a bounded function of p. The proof of lemma 3 is already contained in [7] and [8). We
repeat it here for the convenience of the reader.
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we have

$(w) = — i[ulw) + iv(w)

Suppose w = pe'd, { = . Since

% og|t—mw| =0 e —1 L
an, 08! _?@‘~91+92—2peos(t~8}w2’
we obtain
1 1 1
it —3 — ¢ =
(11) ulpe®) = 1+p ——-29008(»—9) (e QY(P)'

From a known property of the PorssoN-STIELTIES integral we deduce from
(11)

7T
liqu(e‘e) u(pe)dt = — ch (e®)dys — y fqe”e

3l
—TT

for any complex-valued function ¢ confinuous on T. It follows, by the
BANACH-STRINHAUS uniform boundedness principle (see [9], p. 26) that

(2 [1eeny a0 < .,

L being a constant independent on p.
Since # and v are a pair of harmonic functions satisfying the CAvcHY-

RIEMANN system, u,, = v.,, %, = — v, then the KoLMogoROV inequality (see
[10))
kg k3
P
08 [1oteey —oiorrar < 21, [ Juteen a0 0 <

for any p such that 0 <p <1, holds. M, is a constant only depending on p.
From (12) and (13) it follows that

¢, being a constant independent on p. Consequently
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flog;‘r | Glce?) ab g;’ ).

-7
2., - Main theorem.

In the statement of the next theorem we need to give a meaning to the
function

even when 2 == co. Since F(z) is well defined in 4 for every z oo, it is
natural to define F(oc) by assuming

— lim M
Floo) = lim — e = 1
Tarorsy., ~ The set R is dense in C%0, 1) if and only if the sequences
{2} and { v} salisfy the following condition

14 ®© de(,?«'k) . o
" | Z (afm -y T

Condition (14) is sufficient. Liet « bo a complex-valued measure defined
on { Bls such that, for any r(z) € R,

(15) fﬂg)d% =0.

S

Liet us introduce the function

. daﬁg
flz) __[ETZ’

5

which is analytic in A. Conditions (15) mean that flz} has in 2z a zero of
order not less than v, [v; 4+ 1 if 2z = oo]. In order to prove the theorem we
need to show, because of lemma 2, that f(s) vanishes identically in A. For
any w of the unit disk D, set

®) It must be remarked that we have proved the stronger result ¢eH? for any p
such that 0 <p < 1.
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Let [+ (let '} be the subset of the boundary I' of D defined by the conditions
(w|=1, Iw>0 [[w|=1, Iw<0]. We have I =T+ UT-U{1}U{|{—1}.
Denote by B+ (by B-) the subset of S corresponding, through the (4), to the
Borrn set B contained in T+ (contained in I'). Let p be the measure, defi-
ned on { B, which is determined by the following conditions

[ =oBt) it BCI+,
5: —) if BCI—,
):2 it B={1],
\ =200} if B={—1}.

After elementary computations we obtain

o 2w eody, dug %
(Diw)”l——nﬂ{fw—effP_}—wfw——e—i@ )
f T

Let us set, using (4),

(16) Wi = 2 — 1 — [z — 1)
The function
. e‘vdp.o dP«o
Bolt) = fw—efl— fw e
has in m; a zero of order at least vi. Since ®ow) — because of lemma 3 —

belongs to N, the series

M8

(17) vill — )

k=

—

must be convergent (°), unless ®o(w) is identically zero in D. From lemma
1 and from (14), it follows that the series (17) diverges. Hence ®(w) must
vanish identically in D, i.e. f(z) must vanish identically in A.

Condition (14) is necessary. We do not need to give any proof if for
iofinitely many %k we have z, = oo. Let us suppose that z, == oo for any k.
Suppose, by absurd, that R is dense in €0, 1) and the series (14) is conver-
gent. From the sequence {wy}, with w, given by (16}, let us deduce the
sequence |, | constructed by repeating vi times each 1. Since the series

(%) See [9] p. 273.
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3 (1 — ¥ )

s=1

is convergent, the BLASCHKE product

Biw) = ﬁ W

s=1w)w — 1] w¥ |

defines a bounded analytic function in the unit disk D. We set, using (4'),

1
o= =1y

- B{2% —1 — 2s(e — 1)},

The function f(#) is analytic in 4 and floo) = 0. Set for 0 <<E< 1

fHE) = lim f§+ ), [~ = lim £+ )

Y 07"

It is known that the limits f+(§) and f—(f) exist almost everywhere in (0, 1j
and the functions f*(£} and f—(f) are LEBESGUE integrable functions in (0, 1).
Moreover, for any #€ 4, we have

L (e -8

Since f(¢) has in # a zero of order not less than v., then, for any r{z)€E,
we have

1

f [FHE) — F@r(E)dE = 0,

0

which contradicts the assumption that R is dense in C%0, 1). A similar argu-
ment can be used if 2, = oo, 2, F= oo for k== k.

3. - Particular cases,

If we assume 2z = oo and v, = k, the series in the left hand side of (14)

ee]

reduces to ¥ k. Thus we obtain, as a particular case of our result, the
k=1

classical WrirrsTrass polynomial approximation theorem.
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I we assume v; =1, # = — X; with A; real and positive and lim i, = -} oo,
fes
we have

diz) __( e )1/2
]zk{zk — 1) 11/2 —\1 -+ M)

Since lim Al%1 4 22 =1, the series in (14) is, in this case, divergent.
This pf‘—oﬁfoes that the result of Szred, which we quoted in the introduction,
is included in our theorem.

The problem considered by PorcELLI which we have mentioned in the
introduction, is a particular case of problem P) when we assume 2 = — ¢
and vy = 1. The series (2) becomes

o (1 ——zk—l}l/z-—ml!
!

Fz== 0

which, after some manipulations, can be written

0
Z (1 - 3 Wy I}v
k=0
where w, is given by (16). It follows, because of lemma 1!, that the series
(2) is divergent if and only if the series in (14) — with v, =1 — is divergent.
This proves that our theorem includes the theorem i) of PORCELLI which we
quoted in the introduction.

Suppose that the points 2, lie in a subset 4’ of 4 such that, given B
(0 < B < 1), two positive constants pr and Pr exist such that, for 2€ 4’ N Bz,

d(z}i_g Pri i,

1 Ly 2
(18) Pro& =)

Then in the statement of our main theorem the series in (14 can be replaced
by the series ¥ |z |/
E==]

Assume 2 = —oc;  and suppose that conditions (3) are satisfied. Let us
denote by O the origin of the z-plane, by U the point (1, 0) and by Z the
point (x, y). Let C; be the arc of circle which lies on the half-plane y =0
and is determined by the condition that, for Z € C,, the angle 0ZU is constant
and equal to 6,. Let C, be the symmetric of C; with respect to the x-axis.
The first of conditions (3) imposes to #, npot to lie in the bounded domain
B:, whose boundary is () U C,. The second condition, assuming 0 <3 < 1,
imposes to 2 not to belong to the disk B, of center [{1 — 22!, 0] and radius
(1 — %)= — (1 — 83~ Assuming 4' =(4 — BN (4 — B,) and R so small

Annali di Matematica 49



386

G. FicHERA: Uniform approximation of continuous functions, etc.

that Ex D B: U B;, it is easily seen that conditions (18) are satisfied. It fol-
lows that the theorem ii) of PoroeLLI, quoted in the introduction, which
includes the one of van HERK, is a particular case of our general result.

(1]

(2]
3]
f4]
(5]
(6]
(7]
(8]
(9]
[10]

(1]
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