
Uni fo rm approx ima t ion  of con t inuous  funct ions  
by ra t iona l  funct ions  (*). 

GAETASO :FrCaEaA (Roma) (**) 

A Bruno Finzi nel sue 70too eompleanno. 

Summary. - Viene data la co~dizione necessaria e sufficiente perehd te funzioni razionali di 
una variabile, aventi poll di ordine prefissato in assegnati punti det piano complesso, 
costituiscano u+~ sistema completo iu C ° (0~ 1). 

Le t  us denote,  as usual ,  by C O (0, 1) the BA~AcH space of all  complex,- 
va lued  con t inuous  func t ions  g on the closed in terva l  (0, 1) of the real  axis, 
endowed with  the norm [lg[1 = m a x  Ig(x)]. Le t  zl ,  z2, ..., z~, ... be a sequence  

(0. 1) 
of points  of the complex  plane  t x) such  that ,  for every  k, zk does not  lie on 
the closed in te rva l  (0, 1) of the real  axis.  Le t  vt, v2, ..., v~, ... be a sequence  
of posit ive integers .  W e  assume tha t  

i) the pa i r  (zt~, vh) is d is t inct  f rom the pair  (zk, v k } i f h ~ k ;  

ii) if z k -  zk0 for some k 4: ko, then  there  exist  in f in i te ly  m a n y  k such 
tha t  zk --  zk0. 

L e t  us  denote  by R the set of all r a t iona l  func t ions  r{z) of the complex  
var iab le  z such  tha t  

i) each  of them has  its poles only  in some points  of the sequence  { zk }; 

ii) if r{z) has  a pole in zk, the order  of the pole does not  exceed vk. 

W e  shal l  consider  the fol lowing problem 

P) F i n d  the necessary  and  suf f ic ient  condi t ions  to be satisf ied by the 

sequences {z~} a n d  {vkl i n  order that  the set R be dense i n  the space C°(O, 1). 

(*) This research has been sponsored in part by the Aerospace Research Laboratories 
through the ;European Office of Aerospace Research, OAR, United States Air Force, under 
Grant ;EOOAR-69-0066. 

(**) Entrata in Redaziono il 22 aprile 1970. 
(i) Throughout this paper, when we consider the ~ complex plane ~, we suppose that 

the point z--~ c~ is a point of this plane. 
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A suf f ic ien t  condi t ion  is c lass ica l ly  known.  In fact,  if for every  k we 
have zk = c~,  the dens i ty  of R in C°(0, 1) is insured  by the ce l eb ra t ed  theo- 
rem of WEIERSTRASS on the un i fo rm a p p r o x i m a t i o n  of a con t inuous  func t ion  
by po lynomia l s  [t]. 

I f  vk : 1 and  zk is, for eve ry  k, real  and negat ive ,  SZEGii [2] has  shown 
that  R is dense  in C°(0, 1) i f  lira z ~ - ' - ~ .  

SzAsz [3], a s suming  the same hypo theses  on the zk's, has  ex t ended  
SZEO(i's resul t ,  p rov ing  the comple t eness  of the s equence  I ( x - -  z~) ~ } ( k - -  l ,  
2, ...) in the  space  C°(0, 1), if m is any  n u m b e r  not  a pos i t ive  in teger  or  0. 

More r ecen t ly  PORCELLI [4], [5], has  cons ide red  the s equence  

(11 ((t  + c x} } = o, t, 2, ...), 

where  the cJs are  complex  cons tan ts  such  that  c~ # 0, ch # ck (h ~ k) and, 
if ck is real,  ck > - - - 1 .  H e  p roves  [4] that  

i) the above s equence  is comple te  in C°(O, 1) if and  only  if the ser ies  

(2} Z 1 - { l  + C k b l / 2  ........ 1 
k=o (l -+- Ck}~ 2 + 1 (~t 

is d ivergent .  
Assuming  the fo l lowing fu r the r  hypo theses  on the c~'s: 

(3) I arg (1 + ck} [ ~_ Oo < % I 1 --[- c~ F >_. ~ > 0, 

PORCELLI [4] p roves  that  

it) the s equence  (1) is comple te  in C°(0, 1) if and only if the ser ies  
oo  

Z tck t-1/2 is d ivergent .  
k ~ O  

This  r esu l t  was  a l r eady  known  to van HERE [6] in the pa r t i cu l a r  case  
that  the  ck's are  rea l  and such  that  c~ < ek+l, c~--> + c~ as k---> ~ .  

In  this p a p e r  a comple te  answer  to p rob lem P) will  be given and a 
genera l  theorem obta ined.  F r o m  this  resu l t  the theorems  of ~VEIERSTRASS~ 
SZEG(i, van  HERK and PORCELLI will  be  deduced  as pa r t i cu l a r  cases.  

(2) From the proof given by PORCELLI in his paper [4:], one deduces that the branch 
to be chosen for the fractional power { l +  z)~/~ is the one determined by the condition 
- -  ~ < arg(1 +z )  < ~ .  
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(4) 

1.  - P r e l i m i n a r y  lemmas .  

Let  us cons ider  the func t ion  

z = ~ +  + 

which  maps  conformal ly  the uni t  disk D, I w l <  1, of the complex  p lane  of 
the  va r iab le  w ~ w~-~ iw~ onto an open set  A, of the complex  p lane  of the 
va r i ab le  z ~ w - t - i y .  A consis ts  of the whole  complex  z -p lane ,  slit  a long the 
segment  S :  y ~- 0, 0 ~ ~v ~ 1. 

I f  z is any point  of the complex  z-p lane ,  we denote  by d(z) its d i s tance  
from S. Le t  D,~ be  the d isk  Iw[ < R (0 < R < 1). 

L E ~ : i k  1. - Let  w be any  po in t  of  D --  DR and  z its corresponding point  
in  A. Two positive constants mR and MR exist  such that 

d(z) dlz) 
(5) mR t z(z - -  1)1~/2 <:  1 - -  [ w I ~ MR I z(z - -  1){~12' 

Se t  w' - -  { w ]-~v and z' - -  2 -~ + 4-~(w ' -~ w'-l).  We  have 

, [ 1] 
= :~ ( w - -  n, '  ) 1 - - - w - ~ , .  

2 On the o ther  hand, if we set  w := w~ + iw2, r2-~ ( w ~ -  1}2+ w2, we have 

t (wl 1) 2 + 4n,~ -[- 0(r 3) 
(7 )  ,1 w 2 ---- 1 4r  2 -{- Olr 3) 

Le t  ro be such that  0 < r o < l - - R  and ]~v 2 - 1 { 2 > r :  for 0 < r < r o .  

F r o m  (7) we deduce  that  in the d isk  { w - - 1 1 <  ro we have 

(S) { w2 - i w {! _~ e, 
Iw 2 - -  1 ] 

where  c is a posi t ive  constant .  This  inequa l i ty  holds  also in the disk 
i w + 1 I < ro, I t  follows, by  even tua l ly  inc reas ing  e, that  i nequa l i t y  (8) holds  
in the  whole  d isk  D. Then  we have  in D - D R  

[wz-lwlF c{w2--1t 
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From (4) we easily deduce 

l,,v~ - I_! _ 41z (~  - i)l~J ~ 
l~vl  - 

Then from (6} we get 

I . ( i  - l ~ v  l) 1~~= - l ~ v  II a(~) ~ I ~  - ~'] = 4 I~~ I ~ -<  ( I  - I~'~ l) i ~(~ - I) I~/~, 

which proves the first of inequali t ies (5). 
Let  ER be the bounded domain, whose boundary is the ell ipse:  

x = 2 -~ + 4-~(R -{- R -~) cos % y --  4-~(R -1 -- R~ sin ~ (--  r: ~ ~ _~ ~:). 

Let  E(~ ), E(R 4, E(~ ) be the subsets  of ER defined by the conditions 

E(~): zEER--S ,  x ~ 0 ;  

E(R~) : z E E R ,  x > 0 ,  1 _ _  R)x~; 

1 
E~): zEER, O < x < 2 ,  

1(1 ) 
0 < y ~ 2  ~ - - R  x. 

It  is sufficient to prove the second ineqnali ty (5), when z is a point belong- 
ing to any of the above defined subsets of ER. By obvious symmetry argu- 
ments the proof is then extended to every z E E R - - S .  
Let  w be a point of D -  DR. Suppose that the corresponding point z lies in 
E(~ ). We have from f4) 

1 - -  l w l  ~ 1  w -F I I ~ 21zI~/2(, z I ~12 -t- I z - -  1 I~/2). 

There exists a constant cR such that for z E E(~ ) we have 

CR 
19~ 2(t z 1~I ~ + i z - 1 I,~t 

I z - -  1 i~J ~" 

Then 

c R I ~ l  

which, for z E E(~ ), is the inequali ty to be proved. Let  us suppose that c• be 

large enough that (9) holds also for z E E~ ). Then, for z E E (~), we have 
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i-II,vl~c~ c,[( n - ~  - -  R} ~ + 4] ~ l y i  

which proves the inequal i ty  for z E E(R 2). F rom (4) we have 

(4') n, = 2z - -  t - -  2[zlz - -  1)]~/:, 

where  the branch of the fract ional  power is obtained by analytic cont inuat ion  
in A from the one which is positive when z is real and greater  than 1. We 
have for z E E~ ) 

1 - -  Iwl g l2iy - -  2[z(z - -  1)]~/2 + 2[x(x - -  t)]~/~ I 

Y 

2(~ + i~}--  1 d~ t 
= 1 2 i y - i  f [ ( x +  i~} ( x+  i~ ---1}] 1f2 

0 

( ' ! c~!yt  l ÷ lx(x _1)t~/2 . 

Since for z E E  (3)R, there exists a positive constant  aR such that ] x [ ~ a R I z ] ,  
I x -  1 ] ~ a R I z - - 1 ] ,  f rom the last inequal i ty  we deduce, denot ing by bR a 

proper  positive constant,  

This  completes  our proof. 

1 - - t w t < _ _  bR Jyl 
I z ( z - -  1}ll/2. 

LEM~A 2. - Let :¢ be a complex-valued measure defined on the o-ring 
{ B }s of the Borel sets contained in the segment S. Suppose that for every 
z E A we have 

(10) 

then :¢ is identically zero. 

f d ~  - - 0 ;  t 3} 

Let  ~(x) be any complex-va lued  cont inuous  funct ion def ined on the real 
axis and with a compact  support .  For  y > 0, we get from (10} 

+co +co 

O =  ~(x)dx ~ - x - -  iy ~ --  x + i y - -  
- -  "x) S - -  ~ S 

2iy dx. 

S - - 3 0  

(s) By wri t ing d ~ ,  we mean that the STI]ELTJES integration~ with  the measure ~¢ as 
integrator~ is performed with respect to the var iable  2, 
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Since 
-~o~ 

lim f ~(x) 
y-->0 + 

2iy 
(,x - ~i ~ + y2 dx  = 2~i,¢(~1 

uniformly wi~h respect to {, we have 

f ~(~Id~¢ = O. 
S 

For the arbi trariness of % the proof follows. 

LEMMA 3. - Let ~ be a complex-valued measure defined on the ~-ring 
{ B }r of  the Borel sets contained in  the boundary F of  the uni t  disk D, 
]w] < 1. The funct ion 

+Ov) = f t d-~;v 
P 

belongs to the class .N o f  R. 1Vevanlinna (~. 
For any B of {B}r,  set 

~t -1 
,<,, +,  

B 

where  s denotes a curvi l inear  abscissa on r ,  increasing counterclockwise. 
We have 

1 ~t ~ 
t - ,v  ~s  = ~sE l o g  t t - ~v i - i ~ l o g  [ t - ~ j, 

where ~ a n d ~  denote, respectively, the tangential  and the inner  normal 

differentiat ion on P, with respect to the point t of P. Set 

u(w) - -  ~ log [ t --  w l dy, , v(w) = ~ log [ t - -  w ] dy, , 
p p 

(4) Set w-----?e~0. The funct ion ~(+v) belongs to N if and only  if 

7~ 

f log+l~(pe~O)[dO ( 0 ~ p ~ l )  

is a bounded  funct ion of ,a. The proof of lemma 3 is a l ready contained in  [7] and  [8]. We  
repeat  it here for the convenience  of the reader.  
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we have  
~(w) = - -  i[u(w) + iv(w)]. 

Suppose w - -  pd °, t = e% Since  

we obtain 

01) 

1 ~2 __ 1 1 
a l o g { t _ w  i 2 1 + p  "~ ~ _ _  an, = ~p cos (~: - -  0) 2 '  

--TT 

1 - - ~  1 
1 + ~2 __ 2~ cos (x - -  0) d'(, ~ ~ ?(I~}. 

F r o m  a known proper ty  of the POISSON-STIELTJES in tegra l  we deduce 
(11) 

~ gg 

f f ' , f  lira q(d°Iu(Od°)dO = --  ~ q(d°)dyo - -  ~ ?(r q(dO)dO, 
E,-..>t 

from 

for any  complex -va lued  func t ion  q con t inuous  on ]:. I t  follows, by the 
BANAoH-S~EIN~AUS un i form boundedness pr inciple  (see [9], p. 26) tha t  

f t  u{~d°)[ dO ~ L, 

L be ing  u cons tan t  independen t  on ~. 
Since u and v are a pair  of ha rmonic  func t ions  sa t i s fy ing the CAUCH¥- 

RIEMAN~ system, u~, --  vw~, uw~ --  - -  vw,, then  the KOL~OGOROV inequa l i ty  (see 
[io]) 

- - ~  - -Tr  

for  any  p sach  tha t  0 < p  < 1, holds. Mp is a cons tan t  only  depend ing  on p. 
F r o m  (121 and  (i3) it fol lows that  

7T 

f l ~(~e% ?d0 < ep, 

cp being a cons tant  independen t  on ~. Consequen t ly  
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f l o g t  +{cd 0) ' dO c> {5). ] 
P 

2. - ] l a i n  t h e o r e m .  

In  the s t a t emen t  of the n e x t  t h e o re m we need  to give a m e a n i n g  to the 

fun c t i on  
d~zi 

F(z) - -  i z(z __ 1) ]~/~- 

even  when  z = oz .  S ince  Fiz) is well  de f ined  in A for  eve ry  z ~ oo,  it is 

na tu r a l  to def ine  /~(c~) by a s suming  

dtz) 
F(oo) z ~olim , z(z - -  111 ~/2 -- 1. 

T~Eoa~)~. - The set R is dense in  C°(O, I) i f  a n d  only  i f  the sequences 
( zk} a n d  {vkl sa t i s fy  the fo l lowing condi t ion  

(14) ! - = + 

Condi t ion  {14) is suf f ic ien t .  Le t  ~ be a c o m p l e x - v a l u e d  measure  de f ined  

on I B }s such  that,  for  any  r(z) E R~ 

(15) j r ( ~ ) d ~  = O. 
5 

Le t  us i n t roduce  the func t ion  

which  is ana ly t i c  in A. Condi t ions  (15) mean  that  f(z) has in zk a zero o[ 
o rde r  not  less than  vk Irk + 1 if zk----cx~]. In  o rde r  to p rove  the t heo rem we 
need  to show, because  of l e m m a  2, tha t  f(z) van i shes  iden t i ca l ly  in A. F o r  

any  w of the un i t  d i sk  D, set 

(~) I t  must be remarked that we have proved the stronger result +eHP for any p 
such that 0 ~ p  < L 
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Let 1]+ {let I?-) be the subset of the boundary l] of D defined by the conditions 
I w l = l  , ~ , , > 0  [ I , + 1 = 1 ,  ~ ,+<0] .  We have r = r + u > u t l } V / - 1 / .  

Denote by /~+ (by /~-) the subset of S corresponding, through the (4), to the 
Bo~E~, set B contained in ]?+ (contained in I~-). Let P be the measure,  defi- 
ned on {B/p,  which is determined by the following conditions 

[ = z¢(/~÷) if B C]]+, 

I =<iT-) if BCr-, 
I =2~1{1})if B={ll ,  

After e lementary  computations we obtain 

2, tf 
P 

Let us set, using (4'), 

The function 

f w - -  d 9  ~ w - -  e - ~ ,  
i 

I' 

W -  e, - ~ ,  
P P 

has in ~vk a zero of order at least vk. Since (I)o(W) - -  because of lemma 3 - -  
belongs to N, the series 

(17) E vk(l - - / w k  jl 
k ~ l  

must be convergent  (6), unless ¢o(W) is identically zero in D. From lemma 
1 and from (14), it follows that the series (17) diverges. Hence Oo(w) must 
vanish identically in D, i.e. {(z) must vanish identically in A. 

Condition (14) is necessary. We do not need to give any proof if for 
infinitely many k we have zk = oo. Let us suppose that z~ # c<~ for any k. 
Suppose, by absurd, that R is dense in C°(0, 1) and the series (14) is conver- 
gent. From the sequence {wkl, with wk given by (16), let us deduce the 
sequence {w* } constructed by repeating vk times each wk. Since the series 

(~) S e e  [9] 10 . 273 .  
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x (1 -i~,~* i) 

is convergent ,  the BLASCRXE product  

s B(w} = w --  n'2 ~v ~- 
,=lw*w-- 1 !w2 ! 

defines  a bounded  ana ly t ic  func t ion  in the uni t  d isk  D. We set, us ing  (4'}, 

1 

f(z) - -  [ziz - -  1)] '/2 B I 2~ - -  1 -- 2[z(z - -  1}]~/21, 

The  func t ion  f(z) is ana]yt ic  in A and f ( c ~ ) - - 0 .  Set  for 0 ~ 1  

f+(~) --  l im f(~ -~ iy), 
y-~o+ 

f-(~) --  l im fl~ + iy). 
y - > 0 - -  

I t  is known  that  the l imits  f+(~} and f-(~) exist  a lmost  everywhere  in (0, 1) 
and  the func t ions  f+(~} and f-(~} are LE:BESGUE in tegrable  func t ions  in (0, 1). 
) Ioreover ,  for any  z E A, we have 

1 

1 l f+(~!-  f-t~d! 
0 

Since f(z) has  in zk a. zero of order  not less than  vk, then, for  any r(z) ER~ 
we have  

1 

f [f+{~) - f-(f)]r(ftd~ 
0 

- -  0 ,  

which cont rad ic t s  the a s sumpt ion  that  R is dense  in C°(O, 1). A s imi la r  argu- 
ment  can  be used if zk0 ~ 0% zk ~ ~ for k ~ ko. 

3. - P a r t i c u l a r  eases. 

I f  we assume z ~ - - ~  and  v~ = k, tile series in  the left  hand  side of (14} 

reduces  to ~: k. Thus  we obtain,  as a pa r t i cu la r  case of our  resul t ,  the 

c lass ical  WEIEnS~RASS polynomia l  approx ima t ion  theorem. 
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I we assume vk ----- 1~ zk -" - -  )~ with ~k real and positive and lim )~ ~ -~- ~ ,  
we have ~ 

Since lira ).~/~(1 + )~k]-~/~ : 1, the series in (14) is, in this case, divergent. 

This proves that the result  of SZEGii, which we quoted in the introduction, 
is included in our theorem. 

The problem considered by POnc]~LLI which we have mentioned in the 
- - 1  introduction, is a par t icular  case of problem P)  when we assume z k - - -  ck 

and vk " -1 .  The series (2) becomes 

I (1 - -  z-1~1/~ - -  1 !} 
k 

1 -  (1 .~-I,1/2 k=o - -  ~k J + 1 i 

which, after  some manipulations,  can be writ ten 

k ~ 0  

where wk is given by (16). It  follows, because of lemma 1, that the series 
(2) is divergent if and only if the series in (14:) - - w i t h  v k - - 1 -  is divergent. 
This proves that our theorem includes the theorem i) of PORCELH which we 
quoted in the introduction. 

Suppose  that the points zk lie in a subset  A' of A such that, given R 
(0 < R < 1), two positive constants pR and PR exist such that, for zC A' AER,  

dtzl [~/~ 
(18) pl~ z I ~/~ ~ i z ( z _  1) i~/~ ~ PRF z . 

Then in the statement of our main theorem the series in (14} can be replaced 

by the series Ztz~l~/2. 

- - 1  Assuale z k - -  ck and suppose that conditions {3) are satisfied. Let  us 
denote by 0 the origin of the z-plane,  by U the point (1, 0) and by Z the 
point (x, y). Let  C1 be the arc of circle which lies on the half -plane y ~ 0  

and is determined by the condition that, for Z E C1, the angle 0ZU is constant 
and equal  to %. Let  C2 be the symmetric of C1 with respect  to the ~c-axis. 
The first of conditions (3 ) imposes  to zk not to lie in the bounded domain 
BI,  whose boundary  is C1 (2 C2. The second condition, assuming 0 < ~ < 1, 
imposes to z~ not to belong to the disk B2 of center  [ ( I -  ~2)-~, 0] and radius 
[(1 - -  a~)-~ - -  (l - -  ~2)-111t2 Assuming A' - -  (A - -  Bll (5 IA - -  B~) and R so small 
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that ERDB~ U B~, it is easily seen that conditions (18) are satisfied. It fol- 
lows that the theorem ii) of PORCELLI, quoted in the introduction, which 
includes the one of van HE,K, is a par t icular  case of our general result. 
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