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Summary. - I n  this paper, aT~ attempt has bee~ made to uni fy  the study of the qualitative and 
quantitative analysis o/systems in a general set up so as to broaden the outlook and applica- 
bility of .Lyapunov's second method. Some new notions of quasi-invariant sets are also intro- 
duced, which play an important role in application to control theory and di~erential games. 

1.  - I n t r o d u c t i o n .  

l~ecently the notions of asymptotically self-invariant sets and conditionally in- 
variant sets were introduced and their stability properties were studied [1, lap. 197-308]. 
This work, as was remarked in [1, pp. 307], suggests that  the classification of invariant 
sets and the study of LYAPu~ov stability relative to these different types of invariant 
sets does indeed provide a natural fl'ame-work to discuss weaker concepts of stability, 
that  might be useful in applications. Furthermore, once a different kind of invariant 
se]b is introduced, the consideration of its stability behaviour runs almost parallel 
to the known theorems of usual invariaat sets. On the other hand, the work in 
[2, 3, 4] shows that  it  might be possible to blend the study of the qualitative and 
quantitative analysis of systems into a general set up under less demanding requi- 
rements. 

In this paper we at tempt  to unify these ideas so as to broaden the outlook and 
applicability of LYAPUI~OV'S second method. While doing so, we are lead to the in- 
troduction of new notions, namely; quasi invariant set and quasi conditional invariant 
set, which we believe, will play a significant role in application to control theory and 
differential games. Moreover, our work is more general than the work in [3] and [4]. 

2 .  - N o t a t i o n s  a n d  d e f i n i t i o n s .  

For any set A c R",  we denote by A ° and OA, the interior and the boundary 
of A respectively. Le t /2  denote the set of all non-empty closed subsets of R ". Together 
with the ttAUSDORPF distance ~, whose values are in the extended real line, the set /2 

(*) Entrata in Redaziono il 29 agosto 1971. 
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becomes a metric space. Le t  C[R +, ~9] denote the  space of continuous set valued 
functions defined from ~+ into ~9. 

We consider the  ini t ia l  value problem 

(2.1) x ' =  ](t,  x) , x(to) = Xo , to ~ R + 

where ] 6  C[R + ×E°(t), R "] and E ~  C[R +, ~9]. Le t  x(t, to, xo) be any  solution of (2.1). 
Now we will list a few definitions concerning various kinds of invar iant  sets. 

DEFII~ITIO~ 2.1. -- Le t  A, B e C[R +, tP] such t h a t  A(t) c B(t) for t e R% The set 
B(t) is said to be 

(i) equi conditionally invariant relative to the set A(t) and the  differential sys- 
t em (2.1) if for some to>O, xoeA(to) implies 

x(t,  to, Xo) E B ( t ) ,  t > t o  ; 

(if) uni]ormly conditionally invariant relative to the  se~ A(t) and the  differential 

system (2.1) if (i) holds for every to e/~+. 

DEFINITION 2.2. -- Le t  A, B ~ [/~+, Q]. The set B(t) is said to be 

(i) equi conditionally quasi invariant relat ive to the  set A(t) and the  differential 

system (2.1) if for (to, xo)eR÷×A(to), there  exists a T = / ' ( t o ,  xo)> 0 such tha t  

x(t, to, xo)EB(t), t>to+ T;  

(if) uni]ormly conditionally quasi invariant if (i) holds for every (to, xo) s R + × A(to) 
uad  T is independent  of to. 

In  the above definitions of A ( t ) ~ B ( t ) ,  t ~ R  +, the  concept conditionally inv~- 
r iant  set reduces to the  concept of self-invariant set. Fur thermore ,  if A(t) ~ B(t) ~ A, 
t e R +, the  definition 2.1 (if) corresponds to the  invari~nt  set generally considered 
in the  theory  of LYAPv~ov stability. I n  our terminology, i t  is called uniform sefl 
invari~nt  set. See t~cmark 4.8.2. in [1] for clarification. 

Consider now the  scalar differential equation 

(2.2) u'= g(t, u), U(to) = uo, 

where gEC[R+×R, R]. Let ,  for some a6C[R +, R], S(t) denote the  set 

s(t)  = {u e R:  u < a(t), t e R + } .  

Relat ive to the  scalar differential equation (2.2), we need the  corresponding notions 
of invar iant  set in oar discussion, which may  be defined analogously. 
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:Por example, the  notion of equi self invar iant  set runs as follows: the  set S(t) is 
said to be equi sell invariant relative to the scalar differential equation (2.2) if for some 
to>O, uoES(to) implies 

u(t, to, uo) e S(t), t>to. 

3 .  - M a i n  r e s u l t s .  

The following theorems provide sufficient conditions for various kinds of inwr i -  
ant  sets. 

T ~ o m ~ [  3.1. - Assume ~ha$ 

(i) the  sets A,  B, E ~ C[R +,/2], for each t ~ R +, A(t) c B°(t) c B(t) c E°(t) and 
E°(t) is a region; 

(if) v~  C[R + ×E°(t), R] and v(t, x) is locally Lipschitzian in x; 

(iii) a e  C[R +, R], F(t) c ~B(t), t e R  + and for (t, x) E R + ×F(t), v(t, x)>a(t);  

(iv) for some to ~ R + and  xo e A(to), v(to, xo) < a(to) ; 

(v) g ~ C[R + × It, R] and (t, x) e R + × BO(t), D+v(t, x)<~ g(t, v(t, x)) ; 

(vi) the  set S(t) is equi self-inv~riant with respect to {2.2). 

Then, 

(a) there exists no t*> to such t h a t  x(t, to, xo) e B°(t), t e [to, t*) and x(t*, to, xo) e 
e _~(t*); 

(b) B°(t) is equi conditionally invar iant  relative to A(t) and the differential 
system (2.1), if, in addit ion,  /~(t) ~ @B(t), t G R  +. 

P~OO~. - Le t  toUR + be some given ini t ial  1;ime and  let  xoeA(to). This implies by  
(iv) v(to, xo) < a(to). Sett ing Uo= v(to~ Xo), we see tha t  uoe S(to). Consequently, we 
have by (vi), 

(3.1) u(t, to, Uo)< a(t), t>to, 

where u(t, to, uo) is any  solution of (2.2). 

Suppose ~hat there exists a t* > to satisfying x(t, to, Xo) e B°(t), t e [to, t*) and 
x(t*, to, xo)eF(t*). This, i a  view of (iii), gives 

(3.2) v(t*, z(t*, to, ~o))/> a(t*). 

The choice of u0 together  wi th  (if) and (v) yields, on the  basis of a well known result 
(see Theorem 3.1.1. ia  [1]), the  inequal i ty  

(3.3) v (t, x(t, to, Xo)) ~< r($, to, Uo), t e [to, t*), 
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where r(t, t~, uo) is the  maximal  solution of (2.2). The cont inui ty  of the  functions 
involved in (3.3), show that 

v(t*, re(t*, to, too)) <r(t*, to, uo) 

which, because of (3.1) and (3.2) leads to the  absurdi ty  

a(t*) <v(t*, x(t*, to, xo)) <r(t*, to, uo) < a(t*), 

proving (a). 
I f  F(t) ~ 3B(t), t ~/~+, then the  conclusion (b) is immedia te  the  proof is complete.  
Since the  si tuat ion A ( t ) ~ B ( t ) ,  t e R  + is not  covered in theorem 3.1, directly 

we s ta te  i t  as a coroll~ry. 

COROLLARY 3.1. -- Assume tha t  

(i) the  sets B, E e C[R +, tP], for each t e/~+, ¢ ~ B°(t) c B(t) c E°(t) and E°(t) 
is a region; 

(ii) v e C[R + ×E°(t), R] and v(t, x) is locally Lipschitzian in x; 

(iii) a e C[R +,/~], F(t) c ~B(t), t e R  + and for (t, x) e •  + ×F(t) ,  v(t, x)>a(t); 

(iv) moeB°(to), t o e R  + implies v(to, mo)<a(to); 

(v) g e  C[R + × R , / ~ ]  and for (t, m) e R  + xB°(t), D+v(t, m)<g(t, v(t, m)) ; 

(vi) t he  set S(t) is equi self-invariant relative to the  scalar differential equa- 
t ion (2.2). 

Then, 

(a) the  assertion (a) of theorem 3.1 is t rue ;  

(b) if in addi t ion E(t) ~ ~B(t), Bo(t) is eqni self-invariant relative to the  dif- 
ferential  sys tem (2.1). 

Tm~o~E~ 3.2. - Let  the  assumptions (i), (ii) and (iii) of theorem 3.1 hold. Sup- 
pose tha t  

(~v*) for every (t, m) e R + × ~A(t), v(t, m) < a(t) ; 

(v*) g~ C[R + × R , / t ]  and for (t, m) e R  + ×B°(t)/A(t), 

D+ v(t, x) <g(t, v(t, x)); 

(vi*) the  set, S(t) is uniformly self-invari~nt relative to the  sca, lar, differential 

equat ion (2.2). 

Then, 

(a) there  exists no t* > to, for every to e R  + and xoeA(to) such that  

x(t, to, xo) ~B°(t), t e [to, t*) and x(t*, to, xo) e F(t*) .  
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(b) B°(t) is uniformly conditionally invariant relative to the set A(t) and the 
differential system (2.1), if, in addition, l~ ( t ) -  3B(t)~ t ~ R  +. 

PI~OOF. - Although the proof of this theorem proceeds in the general direction of 
the proof of the theorem 3.1, i* requires a certain technical details which are not 
apparellt. Hence we sketch the proof. 

Suppose that,  if possible, there exists u t *>  to such that  x(t, to, Xo) e B°(t), t e  [to, t*) 
and x(t*,to, xo)~/~(t*), where (to, xo)eI~+×A(to). Then by  the continuity of the 
functions A(t), B(t) and x(t, to~Xo), i t  follows that  there is a tz~(to, t*) satisfying 

x~ -~ x(t~, to, xo) ~ 3A(tx), 

x(t, to, Xo) eB°(t)/A°(t), t ~ (t~, t*), 

and 

(3.4) x(t*, to, xo) e F(t*) .  

Setting u l =  v(t~, xl), we have, because of (iv*), v(tl, x~)< a(t~). 
sumptions (if) and (v*) give 

(3.5) v(t, x(t, t~, ul)) <r(t, tl, u~), t e [t~, t*), 

As before, the as- 

where x(t, tl, xl) is any solution of (2.1) through (tl, x0 and r(t, t~, u~) is the maximal 
solution of (2.2) starting at (tx, ul). I t  therefore follows that  (3.5) is true for x(t, to, x0) 
on the interval Its, t*) and eonsequeI~tly, by continuity of the functions involved, 
we obtain as previously, the contradiction 

a(t*) <,(t*,  x(t*, to, xo)) <r(t*, tl, ~1) < a(t*) , 

in view of the assumptions (iii), (vi*) and (3.4). Hence part  (a) is l~roved. The proof 
of part  (b) is immediate. 

Again the case A(t )~B( t )~  t e R  + is given in the following corollary. 

COl~0LI~AI¢¥ 3.2. - Let the assumptions of corollary 3.1 hold except that  (iv) and (vi) 
are replaced by  

(iv*) for every toUR + and xo~B°(to), we have V(to, xo) < a(to); 

(vi*) the set S(t) is uniformly self-invariant relative to the scalar differential 
equation (2.2). 

Then, 

(a) the assertion (a) of theorem 3.2 is true; 

(b) if, in addition, /~(t)~ 8B(t), tGR+,BO(t) is uniformly self-invariant with 
respect to the system (2.1). 
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Tm~o~E~ 3.3. - Assume Shat 

(i) the  sets A , B ,  EeC[R+,[2] ,  for each t ~ R  +, B(t)cEo(t) and A(t)cE°( t )  
and E°(t) is a region; 

(ii) v e C[R + ×E°(t) ,R] and v(t, x) is locally Lipschitzian in x; 

(iii) E°(t) is equi conditionally invar iant  with respect to A(t) und the differenti~l 
system (2.1) ; 

(iv) a ~ C[R +, R] and  for (t, x) ~ R + × E°(t)/B(t), v(t, x) > a(t) ; 

(v) g E C[R + × R,  R] ~nd for (t, x) ~ R + × E°(t), D+ v(t, x) < g(t, v(t, x)) ; 

(vi) the  set S(t) is equi quasi invar iant  relative to the scalar differential equa- 
t ion (2.2). 

Then,  

(a) the  set B(t) is equi conditionally quasi invar iant  relative to A(t) and the 
differential sys tem (2.1). 

(b) If ,  in  particular,  A ( t ) ~  B(t), the  set B(t) is equi quasi invarian~ with  
respect to the  differential system (2.1). 

P~ooF. - Le t  xoeA(to) for some to e R + and let x(t, to, xo) be any  solution of (2.1). 
Then,  by  (iii) x(t, to, Xo) ~ E°(t), t > to. ~oreover ,  by  (vi), there exists ~ T ---- T(to, Uo) > 0 
such tha t  

(3.6) u(t, to, uo) < a(t), t>to ~- T 

where u(t, to, Uo) is any  solution of (2.2). We now choose uo=  v(to, xo) and define 
T*(to, xo) =~ T(to, v(to, Xo)). Let  {~} be a sequence such tha t  tk>~to+ T* and t~--~ c~ 
as k--> c~. Assume, if possible, tha t  there exists a solution x(t, to, xo) of (2.1) sat- 
isfying x(t~, to, xo)eE°(tk)/B(t~). Then, in view of (iv) we would have 

(3.7) v(t~, x(t~, to, xo)) ~>a(t~). 

Since, as a consequence of (ii) and (v), we have 

(3.8) v(t, x(t, to, Xo)) <r(t, to, ~0), t>t . ,  

where r(t, to, uo) being the  maximal  solution of (2.2), i t  follows, because of the rela- 

tions (3.6), (3.7) and (3.8), tha t  

a(t~)<v(t~, x(t~, to, Xo)) <r(t~, to, Uo)< a(t~). 

This contradiction proves t ha t  the  set B(t) is equi conditionally quasi invariant  with 
respect to A(t) and the  differential system (2.1). 

I f  A ( t ) ~  B(t), the s tated assertion (b) readi ly  follows. 
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THE01~E~ 3A. - Le t  the  assumptions (i), (ii), (iv) ~nd (v) of theorem 3.3 hold. 
Suppose fu r the r  t ha t  

(iii*) E°(t) is uniformly condit ionally invari~nt  with respect  to A(t) and the 
differential  sys tem (2.1) ; 

(vi*) the  set S(t) is uni formly  quasi invarian¢ relat ive to (2.2); 

(vii) L e  C[E°(t), 1~] and v(t, x ) < L ( x )  for (t, x) ~ R  + ×E°(t). 

Then,  

(a) the  set B(t) is uni formly condi t ionsl ly  quasi invar i sn t  with respect  to A(t) 
and the  differential  sys tem (2.1); 

(b) If ,  in uddit ion,  A ( t ) ~  B(t), t e R  +, the  set B(t) is uniformly quasi in- 
wi th  respect  to the  differential  sys tem (2.1). 

The proof is ve ry  similar to  the  proof of the  theorem 3.3. The only nontr ivial  
change is t he  use of (vii) to  obtain T*(xo) ~- T(L(xo)). We omit  ~he de¢Mls. 

l~v.~A~;. - Notice  t ha t  our resu]ts are in the  spirit  of the  work in [1, 2]. The  con- 
clusion (b) of theorem 3.2 includes the  main  resul t  of N. I~O~-C~E, and D.~a-CKA~: 

P m E ~  [4] as a special case. Theorems 3.1 and  3.2 generalize theorems 1 and 2 of 
A. 1~. MICHEn [3]. The  not ion of quasi invar ian t  sets has been introduced for the 
first t ime in this paper. 
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