
Eigenvectors and Surjectivity 
for ~-Lipschitz Mappings in Banach Spaces. 
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Summary.  - The main purpose o / th is  paper is to ]~nd the conditions under which an lipschitz 
mapping, de]ined in a Banaeh space, a d ~ t s  eigenvectors. We then apply the obtained results 
to some subjectivity problems proving theorems which contain, as particular cases, the well 
knowu theorems o] 2~othe, Krasnoselskij and Sehae]er. 

1. - Introduct ion .  

In  this paper we consider surjectivity and eigenvector problems involving 
~-Lipschitz mappings, defined in a real Banach space X. 

Such mappings will be defined below (see Section 2). 
We recall here some of the simplest examples of a-Lipschitz mappings: completely 

continuous mappings (i.e. those that  are continuous ~nd map bounded sets into 
precompact ones); Lipschitz mappings (i.e. L: X - >  X such that  IIL(x) - -  L(y)II < 

< K ] I ~ - - y [ I  for any pair x,  y e X ,  and 0 < K < o o ) ;  sums of these two types of 
mappings; mappings of semicontraetive type (see [7]); ~-contraetions (see [2]). 

The main purpose of this paper is to find conditions under which an ~-Lipschitz 
mapping admits eigenvectors. At the same time we obtain some surjeetivity results 
for those mappings. 

Our results contain, as particular cases, some Theorems proved by W. V. PE- 
TRYSH¥~ (see [7] and [8], see also [14]) and well known theorems of E. R O T ~  
(see [10]), M. K~AS~OS]~LS~ (see [11]) and H. SC~rAE~E~ (see [12]). 

2.  - N o t a t i o n s  a n d  def ini t ions .  

The fo]lowing list contains our basic notations and definitions. 

1) X indicates a Banach space; 
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B(0, n) ={x  e Xl IIxl] <n};  

4) given uny A c X, c-o (A) indicates the convex closure of A; 

5) the mappings considered axe ~lw~ys continuous; 

6) given T: X - > X  we say thut  x e X  is un eigenvector of T if T(x )=  ix  
for some reul number 1. 

By :¢(A), where A is ~ny bounded set of X, we denote the imeimum of ~11 e >  0, 
such tha t  A can be covered by ~ finite f~mily of subsets with diameter less than e 
(see C. K~XmOWSKI [1]). 

We will use the following properties of the number a (~equeatly called measure 

of noncompaetness) 

a) ~ (A)=  0 iff A is precompaet; 

b) (A))= (see G. [23); 

e) ct(L(A))<II.LiI~(A) for ~ny linear mapping . L : X - + X ,  where by I].Lll we 

indicate the norm of the m~pping L. 

A m~pping T : X - > X  is said to be ~-I~psehitz with constunt k, 0 </~ < ~ ,  

if for ~ny bounded ~n4 non precompact A c X 

< 

If  0 < k < 1, then it is c~lled a.contractive with constant k. 
Some examples of a-contractions c~n be found in ~ recent p~per by A. VIG~o~I [3]. 

I f  k = 1 ,  then T is e'~lled gensifying [4]. I f  ~(T(A)) <a(A), then T is called o:-q~on- 
expansive; moreover T is completely continuous if a(T(A)) = 0 for ~ny bounded 

subset A of X. 
We will use the following result proved by ~ .  Fv~I ~nd A. VIG~o~I (see [6]). 

P~OPOSITI0~ 1. - .Let T: Q-> Q be densifying mapping of a boun~ed, closed and 
convex subset ol a Banaeh space X.  Then T has a fixed poin$ in Q. 

The idea of densifying mapping was first introduced by B. N. SADovs~ff (see [13]) 
though he used a different measure of noacompactness. B. ~=. SADovs~J called 
those muppings condensing nnd proved ~ theorem unalogous to Proposition 1. Here 
we use Proposition 1, which is ~ consequence of more general results obtained by 
1VL Fc-~I and A. VIG~O~I [6], since all of our results will be related to the Kur~towski 

me~sure of noncomp~ctness. 
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The m~pping n: X->B(0 , / t )  4efine4 by 

~(x) ---- / X if 

t ~x/l[~[l if 

is called the radial retraction of X onto B(0~/~). 

Ilxll < R ,  

Ilxl[ > n ,  

3. - Some results. 

We begill by stating a Lemma due to 1%. D. NVSSBAI~I [5]. In  view of its im- 
po~ance and for completeness sake we will prove it. Our proof is simpler than tha t  
one given by Nussbaum. 

L E n a .  - Le~ X be a Banaeh space and B the unit ball of X about the origin. Then 
the radial re~raction 7~: X--> B is o~-nonexpansive 

PI~00F. -- Let A c Z  be a bounded set. Clearly ~(A) c ~  ({0) u A). Therefore 
~(~(A)) < ~ ( ~  ((0) u A)) = ~((0) u A) = ~(A).  

The sharpest result of this section is represented by Theorem 2, but Theorem 1 
is more useful for applications. 

TI-mOl¢]~ 1 . -  Let T: B(O,R)-->X be an a-Lipsehitz mapping with constant K 
and let L: X--> X be an isomorphism. 

Assume that 

i) IIL-*IIK<I; 

ii) T(x)----~L(x) for some x e  ~B(O, tg) implies 0 < ~ < 1 .  

Then the set M = { x l T ( x  ) =L(x)}  is nonempty and eompaet. 

P~ooF. - Consider the mapping ~ :  B(O, t~) -->X define4 by _~(x) = L -~ o T(x). 
The mapping/~ is densifying. Indeed, let A be any non preeompact subset of B(0,/t) .  
We have 

~(F(A)) = ~(Z -~ o T(A)) < IIL-III~(T(A)) < lIL-tllK~(A) . 

Since IIZ-11fK<I, it  follows tha t  ~(/~(A))< a(A). Let  ~ be the radial retraction 
of X onto B(0, ~). Since ~ is ~-nonexp~nsive~ the composite mapping G = ~ o F :  
B(0, R) - ,  B(0, B) is evi4ently de~sifying. 

Thus, by Proposition 1 there exists an element xeB(O,  R) such tha t  

/~(x) = x, i.e. :~ o L -~ o T(m) = m 
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We must show that L-to T(x)= x. This is the case if 

IIL-1 o T(x)!l < ~  

Assume t h a t  I IL- IoT(x ) I i>R.  Then  x e ~ B ( 0 ,  t~), therefore  IIxlI-----R a, n4  

L -~ o T(x) = ).x, i.e. T(x) = ~ ( x ) .  Hence  

Ii~-'  o T(x) li = i!~xil = l;.ilixli = 1 ~ l R >  

But  th is  is impossible since 0 < A < I .  Thus L - l o T ( X ) = X  and~ consequently,  
L(x) = T(x) and M={xIT(~) = L(x)}is  nonempty .  Clearly M is closed and compact .  

Indeed  since G(M)= M we have to  have t h a t  a(M)-~ 0 otherwise the  assump- 
t ion a(M) > 0 would lead to  the  eo~ltradictory inequa l i ty  a(M) = ~(G(M)) < a(M)~ 

which follows f rom the  densifying p rope r ty  of G. 

OO~OLLAaY. 1. - Let T: B(O~ R)-+ X be as in Theorem 1. 

Assume that 

i) if T ( x ) =  Am ]or some x ~ B ( O ,  R) then I)~I<h where h > K .  

Then the set M = { x I T ( x ) =  hx} is nonempty and compact. 

P~ooF. - The assertion follows immedia te ly  f rom Theorem 1 by  put t ing  L ( x ) =  hx 

for any  x e X. 

As a par t icu lar  case of Corollary 1 we have  

COrOLLArY 2 (see A. VIGNOLI [3], see also W. V. I=~ETI~YSltYN [14]). - L e t  
T: B(O~It)->X ba ~-contractive with constant k ( 0 <  k <  1) and let T satis/y the /ol- 

lowing condition o~ ~B(O~ R) 

i) i] T(x) -~ fix ]or some x e ~B(O, R), then Ifll < # where tt is any real number 

such that k < # < 2 - -  k. 

Then there exists xeB(O~R)~ such that T ( x ) = # x .  

CO~O~.A~Y 3 (see W. V. P]~T~YS~Y~ [7]). - Let T: B(O, R ) - ~ X  be a densi/y- 

ing mapping which satis]ies the boundary condition 

i) if T ( x ) =  ~x /or some x~  3B(O, R) then 0 < ) t < l .  

Then M~ the set o] ]ixed points o / T  in B(O, 2~) is nonempty and compact. 

P~oor .  - P u t  L = I~ the  iden t i ty  mapping of X, and apply Theorem 1. 

CO~OLLAa¥ 4. - Let T: B(O, R)-+ X be a gensi/ying mapping such that /or any 

x e ~B(O, R) 

i) i l x - - T ( x ) l i " >  itT(x)Ii ° -  ilxil", n > 2 .  
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Then M, the set o] /ixeg points o/ T, is nonempty and compact. 

P~OOF. - Assume t h a t  T ( x ) =  ~x for some x e  ~B(0, R), )~>0. By  assumption i) 
we have  

I I ~ -  x~I I  ~ = ix - i t  ~ I t x P >  i ~  t[x t P - I [ ~ , P  • 

Then  11-- ).1 ~/> i ~ - -  1. This inequal i ty  implies t h a t  i < 1 und T satisfies the  boundary  
condi t ion of Corollary 3. 

I ~ E ) ~ K .  -- As a special case, for n = 2, we obta in  ~ resul t  of V. and A. ISTRi- 
TESCU (see [9]) and W. V. P:ETI~YSKYN (see [7]). 

COKOLLAKY 5 (see E.  ]~OTtTE [ 1 0 ] ) .  - -  Let T: B(0, R) -+ X be a compac~ mapping. 
if for every x e  ~B(O, R), IIT(x)H < Ilxtl then T has at leas~ one/ixeg point in B(O, R). 

COROLLiRY 6 (see 3/[. KlCASNOSELSKIJ [11]). -- Let T: B(0, .~) --->H be a compact 
mapping, where H is a Hilber~ space. I] /or any x e ~B(O, tt) 

<T(x), ~> < llxll ~ 

then T has at least one ]ixed point. 

P~oos .  - Assume T(x) = Ix, i>~O. Then <ix, x> = i[Ix[l~< [lxll ~ Thus i < l ,  
and T satisfies the  boundary  condit ion of Corollary 3. 

Let  F: X - ->X  be a mapping.  We say t h a t  F is a-expansive if for any A c X  
we have  

a(~(A)) > ha(A),  h > 0 

Perhaps,  t he  simplest example  of an a-expansive mapping is the  following. Le t  

2~: X--->X be such t ha t  ltF(x)--F(y)lI>~ktlx--ytt, k > O ,  for all x, y e X ,  t h e n / ~  is 
a-expansive.  

I~  the  proof of the  following Theorem 2, which is t he  most  general  result  of this 
paper ,  we shall use for shortness sake Corollary 3, b u t  ano ther  direct  proof can be 
given. 

Ti-moms~ 2. - Let F:  X - - > X  be a homeomorphism (possibly nonlinear) a-expan- 
sive will constant h > O. 

Let T:  B(0, R)-->X be an a-Lipschitz mapping with constant k. Assume that 

i) 0 <  k < h ,  

ii) T(x) = F(flx) 

]or some xe~B(O, 1~) implies 0 < f l < l .  
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Then M = { x  eXIT(x) = ~(x)} is nonempty and compact. 

PROOF. - Le t  A be a bounded and non precompact subset of X. Clearly 
~(E-~(A)) < h-~(A) .  Inaecd ,  ~(A) ---- ~(Fo ~-~(A)) > h~(F-~(A)) i.e. ~(~-~(A)) < 
<h-~(A) .  Consider the  composite mapping G = / ~ - ~ o T :  B(0, R ) - ~ X .  We must  
show t h a t  (7 is densifying. ~or  any  subset A c B(0,/~) we have 

~((7(A)) = ~ ( ~ - 1  o T(A)) < h-~(T(A))  < kh-~(A)  

Since k < h  i t  follows t h a t  a(G(A)) < ~(A) and  G is densifying. 
Condition if) implies t h a t  (7 satisfies the  boundary  condition of Corollary 3, so 

the  ~ssertion of Theorem 2 is proved. 

4.  - A p p l i c a t i o n s .  

In th is  section we give some applications of Theorems 1 and  2 to surjectivity 
and other problems. 

THEOI~EM 3. - Let T: X-->X be an ~-Lipsehitz mapping with constant I¢ and let 
1¢: X - >  X be a homeomorphism (possibly non~inear) o:.expansive with constant h >  O. 
Assume that 

i) O<k~<h;  

if) there exists a sequence (~B(O, fl~)} o/ spheres and a sequence (y~} o/ positive 
real numbers y~--> oo as n--> co such that ]or any ~ ~ 1 an~ any x e  ~B(O, fl~) 

iI T ( x )  - -  ~ ( Z x )  11 > ~ .  

Then the mapping T - - ~  is surje~ive. 

P~ooP. - We have to show t h a t  for any given y e X there exists aa  element 
s e x  such t h a t  T(x)--E(x)----y. Since ~,.-> c~ as n - >  oo, choose n sufficiently 
large t h a t  Ilyll < y , -  Evident ly ,  the  mapping G = T - - y  is ~-~ipschitz wi th  con- 
s tunt  k. Therefore, if G(x)~-F(Ax) for some xe~B(O, fl,) implies t ha t  ~<1 ,  then  
Theorem 2 gives the  existence of an  xeB(O, fl~) such t h a t  G(x)~- 2~(x) a n d w e u r e  
done. Take )~ :> 1. Then 

o = II G(x)  - F ( ~ ) l  = lI T ( x )  - -  F ( ~ )  - -  y II > II ~'(x)  - -  ~ ( ~ ) f ]  - -  ilY If > ~'~ - -  lIY tf > o .  

This contradict ion shows t h a t  2 < 1 and the  theorem is proved. 
The following result,  al though being less general t h a n  Theorem 3, is more useful 

for applications. Theorem ~ below can be regarded as a Corollary of Theorem 3, 

bu t  here we give a proof based on Theorem 1. 
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Tm~O~E~ 4. - Let T:  X-. . .  X be an c¢-Ilipschitz mapping with constant k and let 
L:  X--> X be an isomorphism. Assume that 

ii) there exists a sequence {bB(0, fl~)} o/ spheres and a sequence {7~} o] positive 
rea~ numbers 7n ---> pc as n ->. oo such that for any A > 1 ang any x e ~B(O, ft.) 

II T ( x )  - lL(x)II  > 7~ 

Then the mapping T - - L  is surjeetive. 

P ~ o o ~ . -  Le t  y e X .  We must  show tha t  there  exists an x e X  such tha t  
T ( x ) - - L ( x )  = y .  Choose n so large that i/yll < 7 . -  

The mapping G-- - -T - -y  is c¢-Lipschitz wi th  constant  /~. I f  G(x)= )~L(x) for 
some xe~B(O,  ft.) implies t h a t  4 < 1 ,  then,  by  Theorem 1, there exists xeB(O,  fl~) 
such t h a t  G(x)=  L(x) i.e. T ( x ) - - L ( x ) =  y. Assume 4 >  1. Then 

0 = II a ( ~ )  - 4i(x)II = II T ( x )  - -  ~L<x) - -  y [1 > II T ( x )  - -  ~ ( x ) I I  - -  IlY l1 > 7 .  - -  tl Y II > 0 ,  

But  th is  is impossible, so 4 < 1  and the  assertion is proved. 

Co~0L~A~¥ 7. - Let T: X--> X be an a-Lipschitz mapping with constant k and 
let h > k. Assume that 

i) there exists a sequence {~B(0, ft,)} of spheres ang a sequence {7~} o] positive 
real numbers, 7~-+oo as n-+oo,  such that /or any ] 2 1 > h  and any 
x e ~B(O, ft.) 

l iT(x) - ~xlt > 7 ~ .  

Then the mapping T - - h i  is surjeetive. 

PI~OOF. - Le t  ~/¢X.  We must  show tha t  there exists an x e X ,  such tha t  
T(x) - -  hx = y. 

Choose n so large t h a t  I[Yl/<7~ and consider the mapping G = T -  y. I f  
G ( x ) = / x  for some xe~B(O,  fl~) imphes  t h a t  IA]<h, then,  by  Corollary 1, there 
exists xeB(O,  fl~), such tha~ G ( x ) = h x ,  i.e. T ( x ) - - h x = y .  Assume ] t I > h .  We 
have 

o = l i e ( x ) -  Zxll = l iT(x)  - -  Z x - - y f l  > l iT(x)  - -  ~ i l  - -  I]y[l > 7 . - -  IIul] > 0 .  

But  th is  is a contradiction,  so ] i ]<h .  

I ~ R K .  -- Theorem 3 and  Corollary 7 give extensions to ~-Lipsehitz mappings 
of some results proved by  W. V. ]?E~Ys~v~ (see [8]) for nonlinear P-compact  
operators. 
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CO~O~.LA~Y 8 (see A. VIGNOLI [3], see also W. V. ~PETRYSHYN [1~]). - Let 

T:  X - - > X  be an g-contractive mapping with constant k, 0 < k < l ,  and let #, 

k < # < 2 - - k .  I f  there exists a sequence (~B(O~ fl~)} of spheres and a sequence (~}  o] po- 

sitive real numbers, ~ . ->oo as n.--> oo, such that]or any A > l ~ and any x e  ~B(O, fl,) 

Then the mapping T ~ # I  is surjective. 

As another  appl icat ion of the  results obta ined in section 3 we will give a ge- 

neral izat ion of a ve ry  well known result  of SCHAEFE~ (see [12]). We prove  a ge- 
neral  theorem (see Theorem 5 below) and  we obtain Schafer~s result  as a Corollary 

to t h a t  t heorem (see Corollary 10). 

THEOREM 5. -- Let T:  _X--> X be an ~-Lipschitz mapping with constant k and let 

F :  X--> X be a (possibly nonlinear) homeomorphism ~-expansive with constant h ~  0 

such that O < k < h .  I]  there is no x e X  such that T (x )~- t~ (x ) ,  then the set M - ~  

~ - ( x  e X IT (x )  =- H(~x) /or some ~ > 1} is unbounded. 

P~ooF. - L e t  B~ = { x e  X[ I[xl[ < n }  and le t  ~= be the  radial  re t rac t ion  of X onto 
B~ (see section 2). P u t  G=--~ ~ o/~-~ o T. Clearly G~ is a densifying mapping of B= 

into itself then ,  by  Theorem A (see In t roduct ion) ,  there  exists x n e B , ,  such tha t  

Ev iden t l y  HF -1o T(xn)lf > n, otherwise g~ o F - l o  T(xn) ---- F - l o  T(x~), i.e. T(x~) =-- 
--~/~(x~), contradict ing the  hypothesis .  Now, from the  definit ion of the  radial  re- 

t r ac t ion  ~n we get  ]]xnl] = n and  T(x~) ~-- ~(Ax~), where A -~ n[llF-~o T(xn)[] > 1 and 

the  t heo rem is proved.  
The following resul t  is a l inear version of Theorem 5 (in the  sense t ha t  the  map- 

ping L is an  isomorphism). Theorem 6 below is not  only much more useful in appli- 
cations, bu t  i ts formula t ion  is ve ry  similar to  the  one of the  above ment ioned  

resul t  of SC~EFE~ (see Corollary 10). 

TI~_EO~EM 6. -- Let T:  X - > X  be an ~-Lipsehitz mapping with constant k and let 

L:  X--> X be an isomorphism such that IIL-~[Ik<l. I]  there is no x e X  such that 

T(x) -~ L(x),  then the set M - ~ ( x e X I A T ( x )  -~ L(x) /or some ~e  (0, 1)} is unbounded. 

P ~ o o F .  - L e t  B~--=(xeXlllxll<n} a n d  l e t  =~ b e  t h e  radial  re t rac t ion  of X 
onto B . .  P u t  G~ = ~,~ o L-~o T. Since G~ is a densifying mapping of B~ into itself 

there  exists  xn e B~, such t ha t  xn = G~(x~) = ~.  o L -~ o T(x~). Clearly IlL -~ o T(x~) II > n, 
otherwise ~ oL -~ o T(x~) = L -~ o T(x~), i.e. T(x . )  = L(x~), contradict ing the  hypo-  
thesis. Then  f rom the  definit ion of r~di~l re t rac t ion  ~ ,  i t  follows t h a t  ]]x~t] ~ - n  
and L -~ o T(x~) = hx~, with  h >  1. Thus h-~(Txn) = L(x~) and h -~ e (0, 1). 
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C o r o L l a r Y  9. - L e t  T: X-- -~X be a densi]ying mapping. I f  there is no x e X ,  
such that T(x) -~  x then the set 

M - ~ { x e X l A T ( x  ) = x ]or some ~ (0, 1)} is unbounded. 

P~ooF.  - P u t  L = I, the  i d en t i t y  m a p p i n g  of X,  ~nd app ly  Theo rem 6. 

CogoL~A~Y 10 (Schaefer ' s  T heo rem [12]). - Let T be a compact self-mapping of 

a Banaeh space X .  I]  there exists ~oe[0,  l ]  such that the equation x = ~oT(x) does 
not have any solution, then the set M = { x s  X l x  = ~T(x), 0 <  ) , <  2~} is unbounded. 

PaooF.  - Suppose the re  is a ) ~ [ 0 ,  1], such t h a t  the  equa t ion  x = )~T(x) does 
no t  have  any  solution. L e t  G~:X--->X defined b y  G~(x)-----s~(PoT(x)). As  in  the  

proof  of Theo rem  6, we can find x~sB., s~={xsXtllxlI<s}, such t h a t  G ( x , ) :  

= s~(2oT(x~)) = x~. Clearly ll~oT(x~)I I > n, otherwise  ~oT(x~) = x~. Then  flx~ll = n, 

and  ~oT(x~) = #-~x~ with  0 < / ~  < 1, so #~oT(x~) = x~ and  0 < #~0 < ~0. 

Acknowledgement. The authors  are g ra te fu l  to  R. D. NUSSBAU~ for a p repr in t  

of [5] and  to  W. V. PETaYSHYN for ~ p rep r in t  of [14]. 
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