
On uniform dis t r ibut ion of sequences 

in G F t q ,  x l and [GFq, x]. (*) 

by Jot~¢ IL HODGES (U. S. A.) (**) 

Summary. - Analogs are proved for se~ue~Tces in ~p-~ GF[q, x] and ¢'--~ GF{ q, ~¢} of 
resulfs proved in t962 by C.L. Vanden Eynden concerning uuiform distribution of 
sequence of integers ~'elated to sequences of ~'eal numbers. The concept of uniform disfri- 
bution (rood m), m an integer, in Vanden Eynden's work is sometimes replaced here by 
modified forms of uniform distribution (rood M) ME (P. 

1. - I n t r o d u c t i o n  and  p r e l i m i n a r i e s .  

Le t  (I)'-- G F { q ,  x }  denote  the f ield of all  fo rmal  express ions  

m 

(1.1) ~ = E c~x i (cs E GF(q)), 
i ~ 5 D  

where  x is an inde te rmina te  and the coeff ic ients  c~ all belong to an a rb i t ra ry  
f ixed f ini te  field of q - - p z  elements .  Le t  ( I ) - -GF[q ,  x] denote  the subr ing  
of #9' cons is t ing  of all po lynomia ls  in x over GF(q). Throughou t  this  paper,  
lower case GREEK le t ters  will  denote  e lements  of (I)' and  i tal ic  capi ta ls  will 
denote  e lements  of ~,  except  as indicated.  

I f  0¢ has  the representa t ion  (1.1) with c,~ ~ 0, fol lowing CARLITZ [1; § 2] 
we def ine  the degree of a by d e g a  = m, where m is an in teger  which may  
be positive, negat ive  or zero. W e  also def ine deg 0 = - - c x ~ ,  where  --cx~ < k 
for all  in tegers  k. The in tegral  p a r t  and f rac t ional  par t  of ~, denoted  by [~] 
and  ((a)) respect ively ,  are def ined  by 

- - ]  

(1.2) [ ~ ] =  ~ c,~ ~ and ( ( ~ ) ) = ~ - - [ ~ ] =  r~ c,z', 

SO that  [a]E~P and deg((a) )<0.  W e  note that  for any  a, ~Eqb', [:¢ + ~] : [:¢] -~- [~] 
and ((a -~ ~))--((~)) ~ ((~)). The s ta tement  g ~- ~ (mod 1) is def ined to mean  

(*) Supported by ~NSF Research Grant GP 6515. 
(**) Entraia in Redazlone il 13 giugno 1969. 
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that ~ - - ~ - { - A  where AE4),  that is, A is a polynomial. Thus every ~E(I)' 
is congruent  (rood 1) to a unique ~, namely ~ ---- ((a)), such that deg~ < 0. 

The following deIinitions are also due to CA~LITZ [1; §4]. Given an 
infinite sequence 1 ~ --{~l~} in (I)', an arbi t rary element ~ of ~' and any posi- 
tive integers n and k, let Nk(n, ~) be the number  of ~'~ with 1 ~ i--< n such 
that 

(1.3) d e g  ((y~ - -  l~)) < - -  k.  

Then the sequence ~ is said to be uniformly distributed (mod 1), abbreviated 
as u.d. (rood 1) in (I)' if and only if for all k>_--i and all ~E(I)' 

(1.4) lira Nk(n, ~)/n -- q-k, 
n-~O0 

and is said to be semi-uniformly distributed (mod 1), abbreviated as s.u.d. 
(mod 1), in (I)' if and only if for all k >= 1 and all ~ E¢'  

(1.5) lira Nk(q', ~)/q* = q_k. 
t - . > ~  

(We note CARLICZ used the phrase weakly uniformly distributed for the concept 
we have called here semi-uniformly distributed. Since a somewhat different  
concept of weakly uniformly distributed is to be defined below for sequences 
in 4), it has seemed appropriate to rename the concept defined for (I)' by 
(1.5).) 

Let M be any monie (leading coefficient equal to 1) element of (I) of 
degree m > 0. The case M :  1 would be trivial here and the terminology 
would conflict with that established above). Let 0- -{A~} be any infinite 
sequence of elements of (I) and for any BE(I) and integer n ~  1, let 0(n, B, M) 
denote the number  of terms among A1, ..., A~ such that A~ ~ - B  (mod M). 
Then as in [2] we say that the sequence 0 is uniformly distributed modulo 
21I, abbreviated as u.d. (mod M), if and only if 

(1.6) lira O(n, B,  M ) / n  - :  q-G (all B E O), 
n *- )OD 

and is uniformly distributed, abbreviated as u.d., if and only if it is u.d. 
(rood M) for every monic M of degree :> 0 in ~ .  By analogy with (1.5) we 
define 0 to be semi-uniformly distributed modulo M, abbreviated as s.u.d. 
(mod M) if and only if 

(1.7) lim 0(q* B, M)/q' = q-n, (all B E (I)), 

and semi-uniformly distributed if and only if it s.u.d. (rood M) for all monic 
M of degree > 0 in ~9. 
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For certain qaest ions of interest  concerning sequences in (I) a somewhat  
different  condition than 0.6) or (1.7) must be used. Let  0 be an infinite 
sequence in (I) in which no element of • appears  infinitely many times. For  
any B E O, any monic M E • of degree m > 0, and any integer n-->-1, let 

(1.8) 

0(n)-- number  of terms of 0 such that 

N(O, n, B, M ) =  number  of terms of 0 

and A~-- B(mod M). 

deg A~ < n, 

such that d e g A ~ < n  

Then as in [2] we say that 0 is weakly uniformly distributed modulo M~ 
abbreviated as w.u.d. (rood M), if and only if 

(1.9) lim N(O, n, B, M)/O(n) = q-% (all B E (I)), 
n..~ O0 

and that 0 is weakly uniformly distributed if and only if it is w.u.d. (rood M) 
for all monic M of degree > 0 in O. 

We note that in all of the above definitions there is no loss of genera. 
lity in restrict ing M to be monic of degree m > 0 and only letting B run 
through the q'~ elements of any complete residue system (rood M). Also, all 
of the distr ibution propert ies  defined are unal tered by the omission of any 
finite number  of terms at the beginning of a sequence or the addition of a 
fixed element of the appropriate set to every term of a sequence. 

In this p a p e (  we shall prove a number  of results relating the distr ibution 
of sequences  in O' to the dis t r ibat ion of certain associated sequences in O. 
The main applicat ion of these reselts is to the proof of the fact that if f(u) 
is a polynomial of degree k with coefficients in (1)', 1 ___< k < p, and some 
coefficient of f(u) besides f(0) is irrational, that is, is not a quotient of ele- 
ments of 69, then a certain related sequence Of--{[f(A3]t  in (I) is w.u.d. 
The results  obtained here are analogous to (but somewhat more involved than) 
those proved by VA~DEZ~ E¥~DE~ [4], and reported by :NIv]~z~ [3], for uniform 
distr ibution of sequences of real number  and of integers. 

2. - Relat ionships  between uni form dis t r ibut ions  in O' and in (I). 

Using the definit ions given in Section 1 we first prove 

T~EOREM 2.1. - A sequence F-----{ 7~} in •' is u.d. (rood 1)/s.u.d.(mod 1) 
i f  and only i f  for all ,tonic M E O, the seque~me I:M = { [MT~] } is 

u.d.(mod M)/s.u.d.(mod M). 

PROOF.-  We  give the proof for uniform distributivitiy. The proof for 
semi-uniform distributivity is essentially the same. 

AnnaIi di Matematica 37 
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Suppose that f = {~'~I is u.d. (mod l) in (I)'. Let M be any monic 
element of 49 of degree m > 0 and BE 49 be arbi trary of degree < m. Then 
with ~ = B/M,  for all k => 1, by condition (1.4) we have 

lira N~(n, B / M ) / n  -- q-~. 
r~,---) C O  

If  ?~ satisfies deg ((~5-  B / M ) ) < -  k, Let 

(2.1) " 5 -  B / M  - .  F, + ((~ - B /M)) ,  F, E 49. 

If we multiply equation (2.1) by M and take the case k = m, we get 

MT~ = B + MF~ + M((~(~- B/M)),  

where d e g M ( ( T ~ -  B/M))< 0. Therefore,  for such a ~'~, 

(2.2) [M~,,] = B + MF~ ~ B (mod M). 

Conversely, if ~(~ satisfies (2.2), then (2.1) holds with d e g ( ( y ~ - - B / M ) ) < -  m. 
In view of this equivalence between (2.1) and (2.2), it is clear that for all 
positive integers n, all monic M E (I) of degree m and all B E a9, 

so that 

FM(n, B, M)--~ Nm(n, B/M), 

lim -~M(n, B, M ) / n  - -  lira N,~(n, B / M ) / n  : q - ' .  
n ---> CO n--> ~O 

Thus PM is u.d. (rood M) in ¢ .  
On the other hand, suppose that for all monic .ME O, 

u.d. (rood M) in dg. Then for any B E 49, if d e g M  = m, 
r~ ,=  {[My,I} is 

lira ~M(n, B, M)/n --- q-'~. 
n - - )  O0  

Let m be any positive integer and ~ E 49' be arbitrary.  Then ~ ---- F~ +((~)), 
with F~E49 so F~-----0 or degF~->_0 and d e g ( @ ) < 0 .  Let  M be any fixed 
monic polynomial of degree m and let 

M ( ( ~ ) ) = B + ~ ;  with B E o ,  T -- ((M(@))), 

so that d e g B  < m and deg T < 0. 
Now for any positive integer n, if l < i - - < n  and [MT~ ] = B  (mod M), 

then by the equivalence of (2.1) and (2.2) we know that that deg((T~-- 
B / M ) ) < - - m  But, B = M ( ( ~ ) ) - - ' (  with deg~( <0 ,  so that B/M=((~ ) ) - - '~ /M 
with deg (T/M) < - -  m. Thus, 
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deg f l y , -  ~ + y/M)) ---- deg ((y~ --  ((~)) -[- 7/M)) < - -  m, 

which implies, since deg (y /M) < - -  m, that deg ((7~ - -  ~)) < --  m. Conversely, 
if d e g ( ( ' 5 - - ~ ) ) < - - m ~  then [My~]--B (mod M) so that for all integers n - -  > 1 
N~(n, B ) -  rM(n, B, M). Therefore, 

lim N~(n, ~)/n --  lim PM(n, B, M) /n  -= q-~. 

Therefore P = {y~} is u.d. (mod 1) and Theorem 2.1 is proved. 
As an immediate consequence of this theorem we can prove 

COROLLARY 2.2. - I f  ( 7~} is any sequence in O' suzh that for all monie 
K E O  the seque~we {y+/K I is u.d. (mod 1)/s.u.d. (rood 1), then the sequence 
{[7~]} is u.d./s.u.d, in ~), that is, it is u.d. (mod K) for all monic K E ¢). 

PROOF.- Again we only give the proof for uniform distributivity. Let 
{'5} satisfy the hypothesis and K be any monic element of ¢) so that {yJK}  

2.1, M ~ [M>/K] is u.d. (mod 1) in O'. Then by Theorem for all monie O, { } 
is u.d. (rood M). In particular,  with M ' - - K  it follows that /[Y~]} is u.d. 
(mod K). Since K is arbitrary,  it follows by definition that { [y~] } is u.d. in O. 

In  [2; § 2] a sequence 0 - - t A ~ }  in • was defined to be rising if and 
only if A ~ = A  i and degAs--< degAj  for all integers l ~ i < j .  (This is an 
analog for • of a strictly increasing sequence o[ positive integers.) In  parti- 
cular, any sequence 0 containing all of the elements of ¢, each occurring 
once arranged accord ing  to monotonically increasing degree is a rising 
sequence and is easily seen to be w.u.d, although, as shown in [2 § 2], it 
need not be u.d. In  order to consider the next results, we need to extend 
the concept of rising sequence to O'. 

A sequence P = { Y~} in O' will be called rising if and only if it has 
the properties : 

(2.3) I (a) 

t (b) 

degy~--<deg)' j  for all l < i < j .  

For  every sufficiently large integer t, the number  F(t) of elements 
of P of d e g r e e <  t is ~q~. 

Furthermore,  P will be called linearly rising if and only if it has property 
(2.3a) and the additional property 

(2.4) 

I There exists a l inear polynomial g(t) "- kt + c with integral coef- 
ficients k > 0, c such that for all sufficiently large i, degy~ = 

! g(c~) >-- 0 for some integer c~ > 0 and for all sufficiently large t, 
the number  r(g(t)) of elements of P of degree < g(t) is equal to q~. 
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We note that if a sequence 0 in • is rising in (I), then it is also rising in 
O' and if, in addition, it contains all the elements of O, then is l inearly 
rising in ¢ '  with g ( t ) -  t. 

Now, as a direct  consequence of Theorem 2.1 we have 

COROLLARY 2.3. - I f  sequence P ----- { 7~ } in  O' is r is ing and u.d. (mod 1), 
then for all monic M E ¢b, the sequence 1~,~ -- [ [Myi] } is w.u.d. (mod M) in ¢9. 

PROOF. - If F satisfies the hypotheses then, by Theorem 2.1, for all 
monic ME O, PM is u.d. (mod M) in ¢. 

Since 1 ~ is rising in ~', by (2.3b) no element of O' appears infinitely 
often in F and by (2.3a) and (2.3b), for sufficiently large t > 0, the r ( t ) ~  q* 
elements of F of degree < t are the first P(t) elements of F. Therefore, for 
any sufficiently large t > 0, if P M ( t ) = j >  0, these j elements of I'M of degree 
< t are the first j elements of I'M so that for any B E O, 

N',FM, t, B, M ) =  FM(j, B, M). 

Thus, since PM is u.d. (mod _M), if deg M - "  m, 

lira N(:~, t, B, M)/P.~(t) ------ lira Pal j ,  B, M ) / j  ---- q-% 

since the subsequence of distinct quotients on the left is a subsequence of 
the convergent sequence of quotients on the right and no quotient in the 
left sequence appears infinitely often. Therefore, by definition, FM is w.u.d. 
(rood. M) in O. 

A result  which is similar to Corollary 2.3, but seems to be more useful 
in the applications we wish to consider, is 

TttEOREhlF 2.4. - I f  the sequence P-= l';~} in  O' is l inearly r is ing and  
s.u.d. (rood 1), then for all ~nonic 11IE q), the sequence P ~ - -  {[My~]l is w.u.d. 
(rood ~/I) in  O. 

PROOF. - By definition of l inearly rising, there exists a l inear polynomial 
g(t) ~ kt ~ c with integral coefficients k > 0, e such that for all sufficiently 
large i, deg,(~--g(c~) >--0 for some integer c~ > 0 and for all sufficiently large 
t, the number  P(g(t)) of elements of P of degree < glt) is F(fft)) - -  F(kt q- c) ---- q~. 

Let monie ME (I) be arbi trary of degree m > 0. For all integers i>_--t, 
My~----M[y~] -[-M((y~)), so that for all sufficiently large i, 

deg [MyJ --  deg M[T, ] - -  m -{- g(cj) . :  ke~ + (m + c). 
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Since for all sufficiently large t, F(g~,l))-- q', it follows that for all sufficiently 
large t, sequence ]:M -- { [MT~] f has the property FM(kt + (m + c)) = q' and by 
property (2.3a), these q' elements of PM correspond to the first q' elements of 
F. Also, by virtue of the equivalence between conditions (2.1) and (2.2), we 
see that for all BE • 

N(l'~,  kt + (m + c), B, M) -= N,,Iq,, B/M).  

Therefore,  for all B E q), since F is s.u.d. (rood t) in 49', 

lira N(FM, n, B, M) = lira N(FM, kt + (m + e), B, M) 
~.+~ gM(n) ,=,~ I'M(kt + (m + e)) 

= lira N~(q', B / M ) / ~  l' -~ q-~. 
$-->OD 

since for sufficiently large n, the distinct quotients on the left are elements 
of a subsequence of the convergent  sequence of quotients in the niddle and 
no quotient in the left sequence appears infinitely often. Thus by definition 
FM is w.u.d. (rood M) in ¢. 

COaOLLAt~, ~ 2.5. - Let f(u) be any  polynomial  wi th  coefficients in  a)' and 
{A~} be any rising sequence in 0 which contains all the elements of  O. I f  
the sequence O-- [ f(A~) } is s.u.d. (rood 1) in a)', then for all monte M E  ~,  
the sequence 0M = {[Mf( ~)]} is w.u.d (rood M) in ¢0. 

PaooF. - Let  f(u) have degree k and c be the degree, as an element of 
eg', of the leading coefficient of f(u). Then if d e g a s - -  a~, degf(A3---- kay+  c > 0 
for all sufficiently large a~. Let ME (I) be monte of degree m. Then for all 
integers t>--l ,  d e g f ( A ~ ) - : ( k a ~ + c ) < k t + c  if and only if a~< t ,  and this 
latter condition holds if and only if 1 <  i-< q~. Thus for all sufficiently large 
t, the number O(kt-{-c) of elements of (} of degree < kt + c is q'. Also, since 
{A~} is a rising sequence, deg f (A~)<degf (Ai )  for all l_ - -< i< j .  Therefore, 
by definition, 0 is l inearly rising sequence in (I)'. Since by hypothesis 0 is 
s.u.d. (rood 1) it follows by Theorem 2.4 that for all monte ME O, the sequence 
OM---{[Mf(A~)]} is w.u.d. (rood M) in (P. 

3. - An application to sequences in (I). 

The motivation for the introduction in section 2 of the concept of a 
l inearly rising rising sequence in 49' and its role in Theorem 2.4 and Corol- 
lary 2.5 is to be found in the following result. 

T~EOnE)~ 3 .1 . -  Let f(u) be any  polnomial of degree k, 1 <= k < p ,  with 
coefficients in  O' such that f(u)=-f(O) has at least one irrational (not a quo. 
tient of  elements of  ~) coefficient and  let { A~ 1 be any  rising sequence in 
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which contains all the elements of ag. There the sequence I[f(A~)]} is w.u.d. 
in O. 

Pnoo~,. For every monic KEn9, the polynomial  f(u)/K with coefficients 
in q)' has the property of f(u) stated in the hypotheses.  Then  by a result  of 
CARL~Z [I; Theorem 9] it follows that I f(A3/K} is s.u.d. (rood 1) in ¢ '  for 
all monic KE O. 

Thus,  by Corollary 2.5, for any fixed monic KE O, the sequence { [Mf(A~)/K] t 
is w.u.d. (mod M) in O. In part icular ,  with M = K, { [f(A~)] / is w u.d. (rood K). 
Since this resul t  holds for all monic KE (I), by definition, {[f(A~)]} is w,u.d. 
in ~. 

The ease of this theorem with f ( u ) ~  ~u, where ~ is irrational,  has been 
previously proved by the author  [2; Theorem 4.2]. 
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