On the existence of periodic solutions of a certain
non-autonomous differential equation
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Summary. - Applying the Leray-Schauder fimed point theorem we prove the exislence of a
periodic solution for a non-autonomous differential equation with a bounded nonlinear
term.

Liet us consider the differential equation
(1) o+ 4 a2 .+ 0, - fla) = plt)

[n=1, p(t+ o) =p(l)]

where the functions f and p are continuous for all values x respectively ¢
and the constant coefficients a; >0 (1= i< n) satisfy the Hurwitz conditions

D, >0, .., D, >0

for the n-th order equation
a4 L a,=0.

Herein the following definition is used:

a 0Oz Aot
1 427 1593
0 a . . . dos
0 1 ok
Di=a, Dy= k>1, an =0 for > nj,
60 o . .. s ;

{*} Entrata in Bedazione il 18 agosto 1969.
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Later on we have to consider the (n -+ 1} —{h order equation
A gy A ah - a=0

taking a sufficiently small value @ >0 and the same values a, (1 =k =n) as
above. It is evident that the corresponding Hurwitz conditions

Difa)>0(1=k =n), Dinifa)=a Dia)>0

can be fulfilled foo because Da), 1=k=n, is a polynomial with respect to
a having the initial value Dy0)= D, > 0.
The purpose of this paper is to prove

THEOREM 1. - Equation (1) admits at least one periodic solution of period
o if

i) |fle)]=F for all x
(ii) flx) sgn >0 for {w|=h >0

i) lpl0|Zm, | P01 | pl)dz|= 2,

[Condition (iii) is equivalent to Plw)= j plt)dt=0.}

0

The main tool of our proof will be the Lieray-Schauder fixed point the-
orem (for example, see [4)).

a) Let (), 0={<T, be a solution of equation (1); its derivative o' =y
may be considered as a solution of the linear 2 — ¢k order differential equation

(2) YO + @yt o+ day = plt) — fla(?)).

This equation is of the asymptotic stable type and a wellknown fact is that
the following estimation holds for 0=i=n— 1:

n—1

990 = C|m 4 F e ZyN0)]|, tel0, T)
j=0

(C and % positive constants only depending on the coefficients ai, ..., @.).

A similar estimation may be written for y®)({:.
Now, by a simple conclusion, the solution considered by us ean be defined
for all =0 (i.e. T=o0},
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Furthermore we obtain (with a constant Co> C)
(3 [y = Co(m + F) for ¢ 7T,

[ To sufficiently large and depending on the initial values yU)0)].

b) Integrating equation (1) from #= T, to ¢ > ¢ we find
w(t) = w(t) — }[w("w) Fayat=t) . A aua ()]

+ ai [2O¢) + a0 (£) + .. + ta 2'(E)]
— _1_ ;'(X(‘E)) dz + —1— [P{t) - P(t()]
2y an

s alt)— f flal)ds + o,

p:?[na Co(m + F)+ M], o =Max(l, a1, ..., Gu).

If x(f)=h {and consequently fix(f)) > 0] for this interval {=/¢ we obtain

2ll) Salt) + o
and furthermore

wft) = w(t) + o — St —1),
a8 = {inf flx); 2f}i= =2} 42}
There must be a ¢’ > ¢ such that
x(t"y=h,
and for i=¢’ the estimation
2(f)=h 4o
is valid.

A similar resnlt may be derived for — xff).
Let be Ty >> T sufficiently large and

onaCy 2
k= Max (OQ’ i 0?07);

n
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then we can summarize:

/
|| =h+km+ M+ F)

4) |ae®(f)) < Bim + F), 150 =n

for t=1..

¢} Choosing (like above) a sufficiently small constant a€(0, ;) we in-

k
vestigate the more general equation

(5) a0 4 @™ - ..+ anx’ - aw = plaw — flr) + p(l)]
O=p=1).

For p==1 we obfain the original equation (I1).

If on the right hand side the variable x is replaced by a continuous
w-periodic function u(f} equation (D) becomes a non-homogeneous linear equa-
tion with a uniquely determined w-periodic solution

6) vt)=pT(ul)], 0= p= 1

The following interpretation is possible:
May B be the Banach space of all continuous functions u{f), 0=¢=w with
the boundary condition %(0)= u{w) and the norm

Jt = Max (.

Then the operator T maps B into itself.
After replacing equation (5) by an equivalent first order system it is easily
be shown that the mapping 7' is continuous and compact.

Applying the Leray-Schauder fixed point theorem we can state:
It there exists an @ priori estimation for the fixed points of the operator
pTO=p=1) ie. for the w-periodic solutions of equation (5), this equation
will admit at least one w-periodic solution for each value p €0, 1], especially
for p=1,

Remark. - It all solutions of equation (5) are ultimately bounded and the
bound can be chosen independently on p, then the needed a priori estimation
follows immediately.
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In order to apply the preceding boundedness result (4) we write instead
of (5}

(7) 2D e ) A a1 = pp(l),

folt) = {1 — p)aw + pfix).
But the term f,(x), p<<1 doesn’t fulfil condition (i). For this reason an
auxiliary consideration is necessary.

May equation (7) possess an w-periodic solution x(f), and be

S=[afh = Max [z

Replacing f,(x) by the function

| (1— ) ax+ pfx), 0= |a|= S

frlek= l (1 —p)asS sgn x+ pfle), |w| 28

we obtain an equation which admits the same w-periodic solution «(f). This
equation belongs to the class (1) because conditions (i) and (ii) are satisfied:

[h = (1 —p)aS+pF < aS+ F for all x;
fy () sgn >0 for |x|=h.
Applying the estimation (4) we conclude

S=ht+km+M+4aS4-Fi,

h-kim-+ M4+ F)
8 S= 7 .

This a priori bound for the w-periodic solutions of (7} is only dependent on
the parameters a., ..., a,, m, M, F, h of the system (1) and on the arbitrarily
chosen value a; it is evident that we can finally set a =0 if p=1.

REMARK. - If =0 we have the differential equation
9 o +f () =pl(t).
It is rather easy to prove

TrEoREM 2. - Equation (9) admits at least one w-periodic solution if the
(weaker) conditions are valid:
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(i) fle) sgn x>0 for |x|=h
(ii) |P{t)| =M for all &

The proof is based on a boundedness result for x(f) [derived by integration
of equation (9)] and on the Leray-Schander fixed point theorem.

If n==3 Theorem 1. is a generalization of some former results obtained
by Ezgiro [1] and Sepziwy [5)].
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