
On the exis tence  of periodic solut ions  of a certain 
non-autonomous differential equation 
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Summary.  - Applying the Leray-Schauder fixed point theorem we pro~e the existence of a 
periodic solution for a non-autonomous differential equation with a bounded nonlinear 
term. 

Let us consider the differential equation 

(1) x(n+ 1) + alx(o) + ... + a~c' + f(~c) =p(t~ 

[ n >-- 1, p ( t  A- ¢o) ~-- p(/)] 

where the functions f and p are continuous for all values x respectively t 
and the constant coefficients a~ > 0  t l<-- i < n) satisfy the Hurwitz conditions 

D I > 0 ,  ..., D ~ > 0  

for the n-th order equation 

~.'~ --~- a l  ),'~-1 .gu ...-31- O n = 0 .  

Herein the following definition is used: 

D1 ~ ctl ~ D~ 

al  a3 a2k_l 

1 a2 a2k--2 

0 ([I O2k~3 

0 1 a2k--4 

0 0 ct~ 

( k > l ,  Om--~0 for re>n),  

(~) Ent ra ia  in Redazione il 18 agos{o 1969. 
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Later  on we have to consider the ( n +  1) - - th  order equation 

~.a'4-1 + a l  )n ..~ ,,, _~_ (_~rt~ + a = 0 

taking a sufficiently small value a >  0 and the same values ak (1 "<k < n) as 
above. It  is evident that the corresponding Hurwitz conditions 

Dda) > 0(1_< k <- n), D~+~(a)~  D,(a) > 0 

can be fulfil led too because Dga}, l ~ k ~  n, is a polynomial with respect  to 
a having the initial value Dk(O)~Dk>O. 

The purpose of this paper is to prove 

T H E O R E M  1.  - Equation (1)admits at least one periodic solution of period 
(o if 

(i) If(x,)]<F for all x, 

(it) f(x) sgn x > 0  for lx l_-->h•0 
g 

(iii) lp(t}l<m , IP(l) l=l  f p(~)d~l< M. 
0 

¢0 

[Condition (iii) is equivalent to P ( ( o ) = / p ( ~ ) d ~ 0 .  ] 
f~ 

0 

The main tool of our proof will be the Le ray -Schauder  fixed point the- 
orem (for example, see [4]). 

a) Let  ~c(t), 0 <- t < T, be a solution of equation (1); its derivative x,'-~y 
may be considered as a solution of the linear n - - t h  order differential  equation 

y(n) + al y(n-~) + ... -t- any =p(t)--f(x(t)) .  

This equation is of the asymptotic stable type and a wellknown fact is that 
the following estimation holds for 0 ~ i - -  < n - - 1 :  

n~l ] 
I y(~)(t~t <= e m + F + e-"' 21 y(/)(O) 1 , t e [0, T) 

~C and z positive constants only depending on the coefficients al, ..., a~). 
A similar estimation may be writ ten for y(n)(t I. 

Now, by a simple conclusion,  the solution considered by us can be defined 
for all t - - 0  {i.e. T~--~),  
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Fur thermore  we obtain (with a constant Co> C) 

(3) I y(O(t}t < Co(m + F} for t > To 

[To sufficiently large and depending on the initial values y(J)(0)]. 

b) Integrat ing equation (1) from t '>To to t ~ t '  we find 

1 
x(t) = z(t') - ~ [ ~(.)It) + al x(°-I)(t) + ... + a ._ l  x ' (0]  

• H x t  # + l[x(")(t')+a~m(~-~)(t')+ +a.._~" (t)] 

t 

1 fm 4 

/ + I.(,,- ,,)J 
C~n J a n  

t r 

t s 

2 _ [  ... 
P--a~ n:cCo(m+ F ) +  M], e = M a x ( 1 ,  al ,  , a~_l). 

If  x(t)>h [and consequent ly f(x(tj)>O] for this interval t>=t ' we obtain 

x(t) <- x(r) + p 

and fur thermore 

x(t) <= x(t'~ + p -- ~ ' ( t -  t') , 

a . a ' =  t inf  f(x); x(t')<__ x<= x ( t ' ) + ~ } .  

There must be a t".:> t' such that 

and for t > t  '' the estimation 

is valid. 

x(t"~ = h, 

z(t) -< h + p 

A similar result  may be derived for --x(t). 
Let  be T1 2)To sufficiently large and 

2no, Co ~ 
k - - M a x  (CQ, ); 

Of n ~ C~ 
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then we can summarize:  

(4) 

{x(t~t<=h + k(m + M + F) 

I x0)(01 ~/vim + FI, 1 ~ i ~ n 

for t > T~. 

1 
c) Choosing (like above) a sufficiently small constant a e(0, ]~1 we in- 

vestigate the more general  equation 

(5) ~("+~) + a~x~(~) + ... + a~x' + ax  --- p.[ax - -  [(x) +p( t ) ]  

(0- < p~ =< 1). 

For  i~= 1 we obtain the originM equat ion (1). 
If  on the right hand side the variable x is replaced by a continuous 

co-periodic function u(t) equation (5) becomes a non-homogeneous  linear equa- 
tion with a uniquely determined co-periodic solution 

16) v(t) = ~ T{ u(0}, 0=< ~< 1. 

The following interpretat ion is possible:  
May B be the Banach space of all continuous functions u(t), 0 < t <co with 
the boundary  condition u(O)~-u(co) and the norm 

Hut0 II = ) ~ a x  { u(t) I. 
[o.~1 

Then the operator T maps B into itself. 
After replacing equation (5) by an equivalent  first order system it is easily 
be shown that the mapping 7' is continuous and compact. 

Applying the Le ray -Schaude r  f ixed point theorem we can state:  
If  there exists an a prior i  estimation for the fixed points of the operator 
~T~0_--<~ < 1) i.e. for the co-periodic solutions of equation (5), this equation 
will admit at least cue co-periodic solution for each value ~ [ 0 ,  1], especially 
for p. ~ 1. 

REMARI;. - If  all solutions of equation (5) are ult imately bounded and the 
bound can be chosen independently on ~t, then the needed a prior~ estimation 
follows immediately.  
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In order to apply the preceding boundedness result  (4) we write instead 
of (5} 

(7) x (n+l) + alx (~) + ... -k- a~x' +/i,(x) ---- ~ p(t), 

fl~(x) : (1 --  ~) ax + ~f(x). 

But  the term f~(x), 1~ ~ 1 doesn't  fulfil condition (i). For  this reason an 
auxil iary consideration is necessary.  
May equation (7) possess an (o-periodic solution x(t), and be 

S = fl = M a x  i x(t)  I. 
to, ~] 

Replacing fe(x) by the function 

| (1 - -~ )ax+~t f ( x ) ,  O<=]x[<=S 

f~ (x )=  i (1--1~)aS sgn 0c+ ~tf(x), ix[ >=S 

we obtain an equation which admits the same to-periodic solution x(t). This 
equation belongs to the class (1) because conditions (i) and (ii) are satisfied: 

[ / ~ ( , ) ] < ( 1 - - ~ ) a S + ~ F < a S + f f  for all x; 

f~ (~) sgn x >  0 for t xl_->h. 

Applying the estimation (4) we conclude 

S <-h + k(m-{- M + aS  + Ft ,  

h + k(m + M + F~ 
s <- 

1 - - k a  

This a priori bound for the to-periodic solutions of I7~ is only dependent  on 
the parameters  a l ,  ..., a~, m, M, F, h of the system (11 and on the arbi trar i ly 
chosen value a ;  it is evident that we can finally set a ~ 0  if I~-----1. 

R E M A R K .  - If n = 0  we have the differential  equation 

(9) x' +f(x)-----p(t). 

It is rather  easy to prove 

THEOnEM 2. - Equat ion (9) admits at least one to-periodic solution if the 
(weaker) conditions are valid: 
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(i) f(x) sgn x > 0  for [xl>~h 

(ii) IP(t) l =<_ M for all t. 

The proof is based on a boundedness result for x(t) [derived by integration 
of equation (9)] and on the Leray-Sehauder fixed point theorem. 

If n = 3  Theorem 1. is a generalization of some former results obtained 
by EZEILO [ I ]  and SEDZIWY [5]. 
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