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Summary. - VVe prove: Le t  S be a closed n -d imens iona l  surface in an (n ~ - t ) - space  of  con. 
s tan t . curva ture  (n ~ 2); k f ~ ... ~ k~ denote i ts  pr inciple  curvatwres. Le t  ~.(~i~ ..., ~n) be 

such that  ~ ~> O. Then i f  ~(kt ,  .... k~) --~ const on S and  S is subject to some addi t ional  

genera~ conditions (those III0} or (II) n ° 1); S is a sphere. 

I. T h e  F o r m u l a t i o n  o f  T h e o r e m .  - Cons ider  an  n - d i m e n s i o n a l ,  d i f fe ren-  
t lable,  o r i en t ed  c losed su r f ace  S in an  {n ~ 1 ) s p a c e  R wh ich  is e i t he r  
Euc l idban .  or Lobochewsk ian ,  or spher ica l .  In  the last  case  S is supposed  to 
be inc losed  in an  open  halfspace~ i .e .  in a h e mi sp h e re ,  and all  f u r t h e r  con- 
s ide ra t ions  p e r t a i n  to such  a h e m i s p h e r e .  W e  suppose  tha t  the  space  R is 
o r i en ted  and  t he r fo r e  the o r i en t a t i o n  of the su r f ace  d e t e r m i n e s  the d i r ec t ions  
of its normals .  

L e t  S be of class  C ~ and  let  kl ~ ... ~ kn deno te  its p r i n c i p a l  cu rva tu re s ,  
at an  a r b i t r a r y  po in t  X E  S. 

I n t r o d u c e  two fo l lowing cond i t ions  imposed  on S. 

~I) T h e r e  ex is t s  such  a f u n c t i o n  ~ ( ~ ,  . . . , ~ , )  of c lass  C ~ wi th  the 
con d i t i on  

(1t > o (i = . . . ,  n),  

tha t  ~ ( k l ,  ... ~ k.)  = coas t  on S. 

{IIo) T h e r e  ex i s t s  in R a b o u n d e d  d o m a i n  G O with the smooth  boun-  
d a r y  S o and  a smooth  m a p p i n g  h of Go-[  - S O into R which  maps  S O onto  S. 
(S O is o r i en t ed  so tha t  h t r a n s f o r m s  its o r i e n t a t i o n  into tha t  of S).  

In  the s imples t  case  the su r f ace  S i tself  has  no mu l t i p l e  poin ts  and  t h e r e fo r e  
bounds  a d o m a i n  in R. 

I n s t e a d  of the condi t ion  (Ho)  we impose  on S the fo l lowing more  ge- 
ne ra l  condi t ion.  

( [ I )  l~here ex is t s  in R such  an n - d i m e n s i o n a l ,  o r i en ted ,  smooth  closed 
su r f ace  S O tha t  
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(a) S O bounds an open set G O so that G ° +  S O is compact  and S ° lies 
on the boundary  of G° .4 - S ° ;  

(It is not exctuded that S O has mult iple points and that some parts of 
S O do not belong to the boundary,  of G°; such parts of S O are, at least, 
twice covered). 

(b) each part  S?  of S o , which bounds  a component  G? of G o is orien- 
ted so that all normals to it are s imultaniously directed either into G? or 
out of i t ;  

(c) there exists a smooth mapping h of GOd - S O into 13 which maps 
S o onto S with or ienta t ion;  

W e  shall prove the following 

TKEORE~. - The surface S of class C ~ subject to the conditions (I),  (II} 
is a sphere. 

2. Some remarks  to the  Theorem. - (1) The simplest  form of the fun- 
ction ~ is ~ = ~1 d-...--I-~,~ and then the condition (I)  reduces to that of 
the constancy of mean curvature.  

In general, the function ~ can be non symmetr ical  and it suffice to 
consider  it for ~ ~ ... ~> ~,~ in an n- in terval  a priori prescr ibed for the cur- 
vatures  ki of the surface S. In part icular ,  if S is supposed to be of positive 
curvature  (all ki > 0}, it is suff icient  to suppose (1) only for ~ > 0. In this 
case ~ can be, for instance, an e lementary  symmetr ic  function. 

(2) In the simplest  par t icular  case, when S has no multiple points and 
therefore bounds a domain, our Theorem was proved in [I]. If  in addition 
to this simplest  form of the condition ( I I )  the condition (I )  reduces  to 
kl + ... + k,~ : eonst, our Theorem asserts  that a domain bounded by a sur- 
face of constant  m e a n  curvature  is a sphere. Thus the only possible form 
of an, even unstable,  soap-bubble  is a sphere. 

Other par t icular  cases of our Theorem can be found in the papers  by 
H. HoPF and K. Voss  [7, 9]. We  don ' t  quote resul ts  got by diverse authors 
especially for convex surface. There takes place H. Hoe~'~s result  [6] which 
is not covered by our Theorem and which,  in its essence, consists of the 
s ta tement  that in the 3-space  a surface which is a regular  image of a sphere 
and is subject  to the condition (I} is a sphere. 

(3) The condition ( I [ )  is not void:  there is no diff iculty in finding 
examples  of closed surfaces which do not satisfy it. 

I t  does not seem improbabi le  that any kil~d of the condition (II} is su- 
perf luous so that :,ny closed surface subject  to the onty condition (I} is, 
necessarily,  a sphere ;  but we have no proof for that. 
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(4) As we do not exclude the existance of the multiple points (selfin- 
tersection or selfcontacts) of the surface S as well as these of the surface 
S O in the condition ( l I ) ,  the above formulat ion of this condition is not 
entirely precize. W e  have to dist inguish between a surface and the poin t -se t  
covered by the surface, as well as between a point of the surface and a 
point of this set. [The surface can be defined by means of a mapping of a 
compact  n-maifo ld  M into R, and then its point is a pa i r :  a point of M 
plus its image in R). The precize formulat ion of the condition ( I I )  offers 
no difficulties and we omit it. As welt we shall not explici tely dist inguish 
in our exposit ion between the surface and the set covered by it, be tween 
the points of the surface and the points of this set. 

(5) The condit ion (I )  can be replaced by the following one 

(I~) If  at two points X' ,  X " E  S at least two curvatures  are diffe. 
rent, e .g.  k~'> k[', then there are the differences k ( - - k i " ,  k~ ' - -k j "  of oppo- 
site signs. And there exists such a constant  A > 0 that for any pair  of such 
points 

(2~ A > 
min {k~' - -  k [ ' )  1 

max(k( - -  kj') > A-" 

The connection between the condit ions (I),  (I~) is established in [2]. 

(61 Our supposit ion that S is of class C "~ can be replaced by a weaker  
one:  the upper  curvatures  of the normal sections of S are everywhere finite. 

This implies that S is twice different iable  in a generalized sense almost 
everywhere  and therefore has almost everywhere generalized principle curva. 
tures ki. IThe generalized second differential  meant  here is defined in [6]). 
Accordingly, the condition (I )  is to be replaced by the following one 

(I2) ~tkl . . . .  , k . ) -~  const almost everywhere  on S and ~ is of class C 1 
and such that 

(3) const > ~(~1 ' "" '  ~)  ~ i  > const > 0 (i = 1, ..., n), 

at least on S, i .e.  for ~ = k~ ( i - -  1, ..., n). 

If  S is of crass C ~ this condiLion is implied by (I).  

I[  S is subject  to the condition (IIo), it can be supposed to be not of 
class C 2 but  having generalized SOBOLEFF'S second derivat ives summable  
with n - th  power. Then k~ are to be understood in the above mentioned ge- 
neralized sense and the condition ( I )  is to be replaced by (I1) or (I2). 

Annali di Matematica 39 
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3. Basic L e m m a . -  Let  S' ,  S "  be two oriented surfaces smooth up to 
their  bounderies  B', B". We say that they touch each other from one side 
at a point X,  if the following conditions are fulfilled. 

(1) Ei ther  X is a common inner  point of S '  and S", or it belongs to 
B' and B". 

(2) The normals to S '+~  B', S " - { - B "  at the point X coincide. 

(3t In t roduce  in a neighbourhood U of X the coordinates x l , . . . ,  x,~, 
~c,+1--z so that z-axis be directed along the common normal  at X. Then in 
U S', S"  are represented by the equations 

(4) ~ = ~ '¢x l ,  . . . ,  x~) ,  ~ = ~"(~1, . . . ,  ~). 

The condition demands that in U z ' ~ z "  (or z' "<.z"}. 

L E ~ A  1. - Let the surfaces S',  S "  with the bounderies B' ,  B "  be subject 

to the following conditions. 

{1) S' + B', S "  + B "  are of the class C ~ tin other words. S ' ,  S "  are of 
class C 2 up to their boundaries); 

(2) B' ,  B "  are of class C°'; 

(3) S' ,  S "  are subject to the condition (1) with the same~value of % i.e. 
~(kt' , ... , k~') - -  ~ik~", ..., k,") = const. 

(4) S',  S",  touch each other from one side at a point X.  
Then S' ,  S "  coincide in a neighbourhood of X. 

This lemma is an immediate  corollary of two following statements.  

{A} Let the surfaces S', S"  or some their parts  be represented by the 
equations (3). Denote 

~ z  = z"(x~,  ... , x , )  - z '(x~,  . . . ,  x~,), 

- ~ ( k ~ ,  . . . ,  k ,;) .  A~ = ~(k~", ..., k~/') " '~ 

The following theorem takes place ifor the proof cf. [3]). 
The diffecence h~ is representable  in the form 

and, if ¢~ satisfies the inequali t ies (3t, the expression on the right side has 
bounded coefficients and is elliptic, i .e.  there exist such a positive constant 

A that 

1 
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(B) Let  in a domain D with a boundary  F of class C 2 there be given 
a l inear  ellidtic operator  L like the right side of (5) and a function z{x~, ... 
• .., x,d of class C ~ in the closed domain D ~ F. Suppose that everywhere  in 
Dz~_O, LIz)~O and there exists at least one point X o E D ~ F  where z and 
all its derevat ives  vanish : z ----- z~ ~ ~ z ~  -- 0. Then z --  0 identical ly in D. 
(If XoED the condition z ~ ( X o ) -  ~ z ~  {Xo)= 0 follows from z ~ 0  in D, 
z(Xo}-" 0, but  if 32o E 1" this condition, obviously, is not superfluous).  

This theorem is due to E. HoPF and GIRAUD and can be found in [8] 
though in somewhat different  form. 

The statements  (A), (B) imply our Lemma 1. 

REStArtS. - The statement  IB) remains  valid if r is only smooth [4]. ]in 
accordance with this i t  is suff icient  to suppose in Lemma 1 that the boun- 
daries B', B"  of the surfaces S', S" are smooth. 

If the surfaces  S',  S"  are not supposed to be of class C ~ but  subject  
to the weaker  condition mentioned in n. ° 2 {6), i .e.  if their upper  curvatures  
are everywhere finite, and B', B" are supposed to be smooth, Lemma 1 re- 
mains valid. So it does if S', S"  have SOBOI~EF~'S second derevat ives  sum- 
mable with n - t h  power, provided B', B" are of class C :. 

These generalizations are based upon corresponding generalizations of 
the s ta tement  (B). Cf. [5], 

4. The p roof  of  the  Theorem wi th  the  condit ion (Iio). - The presen- 
ta:tion of the proof of our Theorem will be given in trams which pertain to 
tile Eucl idean or Lobachevskian space, In the case of the spherical  space 
the proof is the same;  few necessary changes in its presentat ion are so 
obvious that it would be superf luous  to mention them. 

In  this and two following paragraphs  we give the proof of our Theorem 
when the condition ( I I )  is replaced by the stronger one (IIo)/  The proof re- 
duces to that of following 

LESI~A 2. - The surface S subject to the conditions (I),  (IIo) has a plane 
of symmetry of any direction, i. e. perpendicular to any given line. This, ob. 
viousty, implies that S is a sphere. 

Let  G o be the domain bounded by S O and h the smooth mapping de- 
fined over GO-+-S O , which maps S O onto S. Let  G---" h(G°). Then G is open 
and bounded and its boundary  is contained in S. 

Take a line l and draw a support ing plane 1~ to G-~  S perpendicular  
to 1. )Iove this plane so that it starts to cross G, re ta ining its perpendicula-  
rity to I. Thus  we have a var iable  plane P perpendicular  to l, which cuts  
from S a part  -a  ~< hump >> H which grows as P moves further.  

Reflect ing the hump H in the plane P we get the <<reflected hump >> F. 
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As the plane P, in its movement,  reaches and passes a given point X E S ,  
there appears  on F the corresponding point Y which moves along a line T~. 
This line proceds fr()m X into G, as far as the desplacement  of the plane P 
from its initial posit ion is suff iciently small. {T~ is a straight line parallel  
to l, if the space is Euclidean, and it is an equidistant,  if the space is 
Lobachevskian).  

Consider the to~'al counter - image  H ° c~f the hump H :  H°=h- I {H} .  
Take a point X ° E H ° ;  then h(X ° ) - - X E H .  As the line T~ proceeds from X 
into G and the mapping h is locally homeomorphic,  there exists in a neigh- 
bourhood of X ° in G O an uniquely  determined line T~o - the counter - image  
of the line Tx. The mapping h being locally homeomorphic,  each line T~:o 
can be prolonged in a unique manner.  To the point ]( E F,  which corresponds 
to X, there corresponds the point yo E T~o. All such points yo  corresponding 
to a definite position of the plane P form a set F ° C  G O which corresponds 
to H ° as F corresponds to H. And evidentely, F-= h(F°}. {Although tvo is 
not, in general, the total counter  image of F) .  

W h e n  the plane P moves, the points Y~:,, move along their t rajectories  
T~0 and, correspondingly,  the set F ° varies in a determined manner.  At each 
moment  it consists of surfaces which lie in G O and have common boundar ies  
with the corresponding parts  of the set H °. Wi th  the par t  S ° -  H ° of S O it 
bounds  a par t  of the set G °, which becomes smaller  as the plane P moves 
further.  

But,  sooner or later, the set F ° must  cease to exist, for, the displace- 
ment  of the plane P being big enough, the reflected hump F leaves the set 
G and then the points of F lying beyond G have no counter - image  sin G o at all. 

We follow the change of the set F ° till it ~xists, i .e.  till to each point  
X E H there corresponds the point :yo on t rajectory T ° .  W e  fix the extreme 
plane P~ which, with the initial plane Po,  bounds the set of planes P for which 
the set F ° exists. For  this plane one of two following si tuations takes place. 

(1} The set F ° ceases to e~ist when the plane P reaches t hepos i t i on / )1 .  

~2) The set F ° still does exist, but  it ceases to as soon as the plane P 
moves beyond P1.  

Fur the r  we consider these two cases separately.  

5. The first case. - Let the first case take place. It means that at least 
one of the points yo  has reached the end of its t ra jectory at a point  be- 
longing to S o _  H °. In other words the limit F1 ° of the sets F ° corresponding 
to the planes P ~  P1 touches S O - -  H~ ° at an inner point A ° from inside of G °. 

Accordingly, ifi a neighbourhood of the point  A - - h ( A  °) the ref lected 
hump FI touches the part  S - - / / 1  of the surface S at an inner  point  from 
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one side. Hence applying Lemma 1 we conclude that F,  and S - - H 1  coincide 
in a neighbourhood of A. 

It  means that F1 ° and S O _ / / 1  ° coincide in a neighbourhood of A °. 
This consideration applies to any point of the boundary  of such a neigh- 

bourhood, and so forth. Thus we conclude that the component of the reflected 
hump F1 which contains the point A lies, as a whole, on the surface S and 
has no boundary  except  its common boundary  with the corresponding compo- 
nent  of the hump //1. 

Hence  follows, at first, that these components of F~ and //1 exhaust  the 
surface S. Secondly, /]~ and H1 being symmetr ical  with respect to the plane 
P1, this plane is the plane of  symmetry  of the surface S. 

Thus  our L e m m a  2 is proved in the first  of two above cases. 

6. The second case. - Prove that the second of two above cases is im- 
possible. 

Take a point X ° on the boundary B1 ° of the set F1 ° corresponding to 
the position P1 of the plane P. The point h(X °)-~ X lies on the. boundary 
B~ of the reflected hump F1, and therefore on the intersection /)1 S. Suppose 
that the tangent  plane Q to S at X is not perpendicular  to /)1. 

The disposition of S, H1, F1 and P1 in a neighbourhood of A is sche- 
matical ly repsesented in the Fig. 1. The h- image of a neighbourhood of the 
point X ° in G O lies at the right side of S in the Fig. 1. 

It 

S-H 
Fig. 1 

e 

From this picture one can easily conclude that a small displacement  of 
the plane P beyond /)1 (downwards in the Fig. 1) cannot interfere  with the 
existance of the set F ° at least in a neighbourhood .of the point X °. 

The surface S being smooth, we conclude that, as soon as the displace- 
ment  of the plane P beyond PI is sufficiently small, the set /~° will not 
cease to exist (in the large) if at no point of B1 the tangent  plane Q to S 
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is perpendicular  to P1. This contradicts  the condition of the case under  
considerat ion and therefore there exists a point X EB1 where the tangent 
plane Q to S is perpendicular  to /)1. 

At such a point X the surface F - ~ B  is tangent to S - - H  and, in a 
neighbourhood of X, it lies at one side of S ;  namely, at that one which, 
owing to the mapping h, corresponds to the set G O . 

Thus the surfaces  F and S - -  H touch each other from one side at the 
boundary.  (Their common boundary  is regular  because  of its being the inter- 
section of S and the plane P1}. Hence  Lemma l applies and gives that F 
and S - - H  coincide in a neighbourhood of X. 

I t  means that the set F °, in a neighbourhood of the point Xo, must  lie 
on S O . But  according to the very definit ion of the set F ° it lies in G o . This 
contradict ion proves that the case under  considerat ion is impossible. 

Thus Lemma 2 and with it our Theorem, with the condition (IIo) instead 
of ( I I ) ,  is proved. 

RE)~AnK. - If  S is not of class C 2 but  is subject  to one of two -weaker 
condit ions ment ioned in n o 2 (6), the proof of Lemma 2 is the same with the 
only difference that one has, instead of Lemma 1, to apply its suitable 
generalization quoted in a Remark  at the end of n o 3. 

7. On the multiple points of  a surface.  - A multiple point of a smooth 
surface can be of three kinds. 

(1) A point of self intersection where two pieces of the surface cross 
at an angle different  from zero. 

(2) k point X of selfcontact where two pieces of the surface have 
common tangent plane but  do not coincide in any neighbourhood of X. 

(3) A point of selfcoineidence in whose neighbourhood two pieces of 

the surface coincide. 
A point  can belong to two or all three of these classes, if more than 

two pieces of the surface meet at it. 

L E ~ A  3. - The spherical representation of the set of poits of selfcontact 
of a surface of class C 2 has no inner points. 

The sperical  representat ion being defined only in the Euclidian space, it 
is necessary to define it in the LOBACHEVSKIAN space. 

Take in the space a point 0. If  T is a tangent  plane to the surface, we 
draw through 0 a line perpendicular  to T. Thus we get the spherical  repre- 
sentat ion with respect  to 0, which is meant  in our Lemma, 0 being arbitrary. 

THE PROO:~ OF LEY~[A 3. - Let  M be the set of the points of selfcontact  
of a given surface. The surface being of class C '~, one can  easily verify that 
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in a neighbourhood of a point X EM the spherical  representat ion of M has 
no inner  points. But a countable sum of sets without  inner  points have not 
them either [5]. Hence follows Lemma 3. 

Now, let S O be the surface in the condition ( I I )  of our Theorem. We 
dist inguish two kinds of its poins of selfcoincidenee, if there are any. 

(1} The points of the essential selfcoineidence which are characterized 
by the following property. The pieces of the surface S O , which coincide in 
a neighbourhood of such a point do not belong to the boundary  of the open 
set G o bounded by S o . 

(2~ The point of non essential selfcoincidence, where two coinciding 
pieces of the surface S O belong to the boundary  of the open set G o . We 
shall not consider such points as the mult iple ones at all. Accordigly, the 
points of the first kind will be simply called these of selfcoincidence. 

We consider a mult iple point of the surface S subject to the condition 
( I I )  of our Theorem as an essential one, if and only if it is the h- image of 
a multiple point of the surface S °, {the points of the non essential selfcoinci- 
dence of S o being excluded, in accordance with the above condition}. In  the 
same sense we shall unders tand the points of selfintersection, of selfcontact 
or of selfcoincidence. 

LE~[)IA 4. - Of the sur face  S satisfies the condi t ions  i I), ( I I )  of  our  
Theorem the curvat~res  k~ , k,, at  each po in t  o f  sel fcoincidence have opposit  s igns.  

PROOF. - Let X ° S be a limit point of the points of selfeoincidence. Then 
it is a point of selfcontact and belongs to the boundary of the open set G o 
bounded by S o . Owing to the condition (l ib} the normals to the part=of S O , 
which bounds a component of G o , are all directed either into or out of it, 
Hence follows that in any neighbourhood of X ° there exist points of S o with 
the normals which are almos opposite to each other. 

Therefore the normals  to the pieces of S °, which coincide near  X °, are 
opposite. The mapping h transforms the orientat ion of S" into that  of S. 
Hence at the point X----h{X") the normals to the pieces of S are opposite 
and as these pieces coincide their principle curvatures have opposite s igns:  
kl' = -- k,,", ... , k,,' = - -  kl".  

Thus either among k ~ - - s  there are those of opposite signs, or they are 
all zeros. Otherwise, the function ~ in the condition (I)  being monotonous 
the equali ty ¢gkl', ..., k,~')----~(kl", ..., k,(') would be impossible. 

But a closed surface always has points where all curvatures have the 
same sign; e.g.  such are point where a sphere which encloses the surface 
touches it. The funct ion ~(kl, ..., k,~) in the condition ([)  being monotonous 
it can not have the same value at a point where all curvatures have the 
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same sign and at a point where they are all zeros. This contradicts the 
condition (I),  and thus our Lemma is proved. 

8. The proof  of the Theorem in the general case. - We shall prove the 
following. 

LEMMA 5. - I f  the surface S is subject to the conditions of our Theorem, 
there exists such a cone that for any  straight line L E K the surface S has a 
plane of  symmelry  perpendicular to L. 

Obviously, it implies our Theorem. 
Let  S be a surface subject to the conditions (I), ( I I )  and let S O , G o , h 

have the meaning defined in the condition (II).  
In accordance with Lemma 3, u point 0 being arbi t rary fixed, we can 

take such a cone K with the vertex 0 that no line L E K  is perpendicular  
to the tangent plane to S at a point of selfcontact. Take a line L E K  and 
prove that S has a plane of symmetry  perpendicular  to L. 

Draw a suoport ing plane Po to S perpendicular  to L. I t  can not touch S 
at a multiple point. In facL such a point X C S P o  obviously can not be one 
of selfintersection. Nor can it be u point of selfcontact because of the choise 
of the cone K. It can not be a point of selfcoincidence for, owing to Lemma 4, 
at such points there are curvatures of opposite signs. 

In accordance with our definition of the multiple points of the surface S, 
as it is given in n. ° 7, the set Mo--h-~(SPo)__  the total counter  image M ° 
of the set PoS contains no multiple points of S o , and so does a neighbour- 
hood of this set. 

Hence the considerations of n. ° 4 apply. We move the plane P from its 
initial position Po and cut off S the hump H. Reflecting it in P we get the 
reflected hump F, and we deflne the set F ° C  G ~ as it was done in n. ° 4. 

We move the plane P and follow the change of the sets F ° and H ~ ' =  
- - h - ~ t H )  till F ° exists and the plane P does not meet multiple points of S. 
The last condition is equivalent to that one that nei ther  H ° nor its boundary 
contains a mult iple  point of S O 

Let  /)1 be the extreme plane which, with the plane Po, bounds the set 
of the planes P for which the discribed situation takes place. 

If P~ does not contain multiple points of S, the si tuation is analogous 
to that considered in n. o 4. Then the considerations of nn. ° 5, 6 prove that 
P~ is the plane of symmetry of S. The a priori possible existance of multiple 
points on S - - / / 1  does not interfere with these considerations. 

Thus we are left to suppose that  the plane P~ contains multiple points of S. 

9. The completion of  the proof. - Let the plane /='1 contain a multiple 
point X of the surface S. It can not be a point of selfcoincidence. Otherwise, 
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owing to Lemma 4, plane P~ would cross S in a neighbourhood of X and 
on both sides of P~ there would be mult iple points. But  this contradicts  the 
definit ion of the plane /)1. 

Suppose X is a point of selfcontact  and let Q be the tangent  plane 
at it. Owing to the choice of the cone K, which the line L belongs to, the 
plane _P~ can not coincide with O. W e  prove that it is perpendicular  to Q. 

Suppose  it crosses Q but  is not perpendicular  to Q. Let  X ° E S O be the 
counter  image of X, which is a point of self contact  of the surface S O , and 
let S~ °, S~ ° be two pieces of S o , which touch each other at X °. In  a 
neighbourhood of X ° they enclose a part  U ° of  the set G °. 

Let  S~--h{Sl°),  S~-----h(S2°), U--h(U°).  S~, $2 having at X the common 
tangent  p lane Q, the si tuat ion is l ike that schematical ly represented in the 
Fig. 2. It is not diff icult  to observe that in a neighbourhood of X the re- 

Fig. 2 

fleeted hump F corresponding to a plane P suff icient ly near  to P1 can not 
lie in U {if P is not perpendicular  to Q!. I t  means  that there exists no 
couner image F ° of 17. I t  contradicts  the definition of the plane P1. Thus 
the plane Q is perpendicular  to P1. 

The plane Q being perpendicn.lar to /)1, the si tuation is like that consi- 
dered in n ° 6. If  //1, //2 are the parts of the hump H cut  from the surfaces 
$I ,  S~ and F1, F2 are the corresponding parts of the reflected hump, F,, F2 
thouch S ~ - / / 1 ,  $ 2 -  H2 at the point  from one side. Thus, owing to Lemma 
l, F1, F~ coincide with S ~ -  H~, S 2 - - H ~  in a neighbourbood of X and this 
coincidence spreads fur ther  up to multiple points and beyond the points of 
selfcontact  because  of the above considerations.  

Let, now~ X be a point  of self intersection of the surface S. Let  X ° 
be the counter image of X, which is a point of self interseetion of the sur- 
face S o . Two pieces S~ °, $2 ° of S o , which cross each other at X ° bound in a 
neighbourhood of X ° two parts U °, V o of the set G °. (It is not excluded that 
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at X ° there meet more than two pieces of the surface S O , but  we always 
can choose two of them so that the discribed situation takes place). 

The h-himages  S~, $2, U, V of S, °, S d ,  U °, V ~ are s i tuated in a neigh- 
bourho0d of X as it is schemat ical ly  represented in the  Fig. 3. The inter- 
section of the planes Q~, Q2 tangent  to S~ and $2 at X lies in the plane P~. 
Otherwise on both sides of P ,  there would be the points of the intersect ion 
S~S~ what would contradict  the definit ion of the plane P~. 

$2 S 1 

U 

J / 
j, 

s t '  
j ,s  

V 

Fig. 3 

The plane P1 bisects the angle between the planes Q1, O2. Otherwise 
one of two parts of the reflected hump F~ v~ould lie beyond the set U q-- V 
(Observe Fig. 3). I t  would mean that the set F ~) ceased to exist  before the 
variable  plane P reaches P1. But it contradicts  the definition of the plane P1. 

As /)1 bisects the angle between $1 and S~ at X, either part  of the refleted 
hump /7'1 touches the corresponding part of S - - / / 1 .  These parts of F1 lie in 
U and V respect ively (for otherwise we would once more, have a contradict ion 
with the definition of the plane P~). Thus these parts of F~ touch the cor- 
responding parts of S ~ / / 1  from one side (Observe the condition ( I Ib )  about  
the normals). 

Hence  Lemma 1 applies and -we see that in a neigbourhood of X the 
reflected hump F~ coincides with S ~ / / 1 .  

An obvious considerat ion using Lemma 1 shows that this coincidence 
spreads fur ther  up to mult iple points and beyond them too, as it is obvious 
from above considerat ious of the points of selfcontact and selfintersection. 
Therefore  the coincidence of the reflected hump F~ w~th S - - / / 1  spreads over 
the whole /7'1. Hence  P~ is a plane of symmetry of the surface S. 

Thus  the proof of Lemma 5 and at the some time the proof of our 
Theorem is completed.  
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