
Differential equations with fixed critical points (~). 
By ~. ft. BUI~EAU (IA~ge, Belgium) 

S u m m a r y . .  See  sec t ion  1. 

1. This paper  is the second part  of a group of studies concerning diffe- 
rential  equations with fixed crit ical points. We shall use the methods, nota- 
tions, and terminologies employed in the first part  [denoted Par t  I] where  
second order equations where considered. In  particular,  K with or without  
a subscr ipt  will denote a constant, not always the same. 

The object of this paper is: to determine all the equations of the 
form 

(1.1) 

where P,~(y) is a polynomial  in y of degree n with analytic coefficients in 
x, whose general  integral has no parametr ic  critical points. 

/k few classes of stable equations of order four are considered (see 
Par t  I I i ) .  

PART I f .  - EQUATIOI~S OF T~E TtlIRD ORDER. 

I. T h e  t h e o r e m s  o f  s t a b i l i t y .  

2. In  this article, we introduce two theorems which are fundamenta l  in 
our investigation. 

Let  x be a complex independent  variable  and ~ a complex parameter .  
Let  y ~ (Yl, ..., Yp) be a set of functions satisfying the system of ordinary 

(*) The research reported in this document has been sponsored by the Office of Scien. 
tifie Research,  OArR through the European Office, .&erospace Research, U S A F .  

Anna~i  eli M a t e m a t i c a  1 
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d i f f e ren t i a l  equa t ions  

(2.1) d--Y----A(x; y; ~) 
dx 

wh ere  A - ~ ( A ~ ,  ..., A~) is a g i v e n  v e c t o r - f u n c t i o n  of x, y, s, h o l o mo rp h i e  

wi th in  a c e r t a i n  doma in  con t a i n i n g  the  po in t  x -~ xo, y ~ yO ~ (y o, ..., y~), ~ ~ 0. 

Genera l  t h e o r e m  o f  s t ab i l i t y .  - I f  the general solution of  the diffe- 
rential system (2.1) is single-valued in  x for all  values of  ~ in  a neigborhood 
I s l  <--~o of  z = 0 ,  except possibly ~ = 0 ,  then it will  also be single-valued 
in  ~ for ~ = O. Moreover, i f  one writes 

O~ 

(2.2} y(x) -~ y(x; ~) = v(x) + ~ up(x)sP, 

then the coefficients v(x), up(x) o f  (2.2) are also single-valued. 

F o r  fu l l e r  i n f o r m a t i o n  about  tJlis theorem,  we r e f e r  to P a r t  I, § t .  

Now, in this and  the nex t  paragraphs~ let  c~, ( i :  1, ..., p}, deno te  con- 
s tants ,  k : >  0 an  in teger ,  P ( x ;  z) a po lynomia l  in z of degree  ~ k - - 2 ,  and 
H~(x; z; u), (i----1, 2, ...), a po lynomia l  in u, u, ..., u(P -~). F u r t h e r ,  we sup- 
pose that  h(x; z), H~(x; z; u) are  ho lomorph ie  func t ions  of z at z~---0 and 
tllat P(x; z), h(x; z}, H~(x; z; u) are  ana ly t i c  func t ions  of x in a g iven  

d o m a i n  D. 

W e  cons ide r  the d i f f e r en t i a l  sys tem 

/ z = l + z P ( x ; z ) + z k u ,  

(2.3~ ~. d~'u . dr-~u d u 
z d ~  -t- c~z ~1-~ dx~_~ + ... ÷ c~_~z dx + c,~u 

-~ hlx; z) + zH1 (x; z; u) 

c o n c e r n i n g  wh ich  the fo l lowing  f u n d a m e n t a l  t h e o r e m  holds :  

THEOREM I. - In  order that the differential system (2.3) be stable, it  is 
necessary 

i. that the roots of  the indicial  equation 

(24) 
0 (0 - -  1) ... ((9 - -  r -{- 1) -{- c1(9(0 - -  1) ... {(9 - -  r + 2) ~- ... 

• .. "l- c ~ _ ~ O + c , ~ - - : O  

be distinct integers, positive, negative or zero; 
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ii. i f  one o f  these roots is  zero, that  h(x; O) -~ O. 

PROOF. - Set x - ~ a - l - - ~ t ,  z -~ -ev ;  n e d  is a constant. 
(2.3) yields 

dv 

Substi tution in 

V" dr u " d~'-l u du  
3 ~  + c~v "-~ h ~ l  + ... + c~_1 v ~i  + ~ u  

= h (a + ~t; ~v) + ~vH~ (a -l- ~t; ~v; u). 

When ~ ~ O, one finds the reduced system 

(2.5) 

i v  

vr  d~u dr-~u du  h(a ; 0). 
- ~  -F ely  ~-~ d t~_~ -F ... -F c~_i v -d-[ -F ~ u  

Therefore,  if b denotes a constant, one obtains 

v(t) ----- t - -  b, 

(2.6) d~'u ~ b)~o_l d " - l u  d u  
(t - -  b) -~t ~ ~r c~(t dt,._~ + ... + c~_~(t - -  b) clt ~- c~u 

-~ h (a ;  0). 

The EULER equation (2.6) may be t ransformed into a l inear equation 
with constant coefficients by m~ans of a substitution t - - b - - e  ~. This leads 
to the indicial equation t2.41. 

Suppose that 01 is a simple root of (2.4); then equation (2.6) has a 
solution of the form t sl. 

Suppose that 01 is a mult iple (say j-tuple) root of (2.4); then equation 
(2.6) has i distinct solutions of the form 

t ol, t °1 lg t, . . . ,  t ° , ( lg t)i-1. 

In  order that equation (2.6) be stable, it is thus necessary that the roots 
of the indieial  equation (2.4) be distinct integers. 
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Suppose now that one of the roots of ~2.4)is zero. Then, c~ ~ - 0  and 

o - ( -  1) ' - ~  (r - -  1)! + ( - -  1)~-~c~(r - -  2)! 4" ... + c~_~ ~ O. 

Equation (2.6) has the par t icular  solution 

ch(a;  0} l g ( t -  b~. 

Therefore,  in order that u(t) be stable, it is necessary that h(a; 0)~---0; 
because a e D  is arbitrary,  this condition becomes h(x; O)--~ O. 

3. For differential  equations of the 
s impler  form : 

In order that the differential system 

(3.i) 

be stable, it is 

(3.2t 

second order, theorem I takes the 

I z =- 1 -4" zP(x; z) 4. zku, 

zu ~ pu 4" h(x; z) 4" zHl(x ; z; u) 

necessary 

i. that the constant p be an integer, positive, negative or zero; 

it. i f  p : O ,  that h(x; 0 1 ~ 0 .  

This theorem was used throughout  our previous paper  ~Part I). 

Now consider, in part icular,  the ease where the differential  system is 

I z = - l E z u ,  

t .. , z~u + c~zu T c2u -= h(x; z) 4" zHl(x; z; u). 

Denote by p and q, the roots of the indicial equation 

(3.3) 0(O - -  1) -4- c10 --b e, ------ O; 
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p and q are integers and q .>p .  

(3.4) 

Suppose p > 0 and set 

t u = Pp_~(z; z) + zpv, 

v is au unknown funct ion and Pp_~(x; z) is a polynomial  in z of degree 
p - - t  whose coefficients will be determined later on. We shall write P 
instead of Pp_~qx; z} when the meaning is clear. 

Subst i tu t ion in (3.2) gives 

(3.5) z ~ 1 -~ zP -]- z2+~v 

so that from (3.4), it follows that 

u = P + zpv + pzp-~v + zpH~(x ; z; v), 

u : P -[- z~v + 2pzV-~v + p ( p  -- 1)zV-2v 

-[-p(2p --  1)PzV-~v + z~H~(x; z; v; v) 

where H2(x; z;v)  and //8(x; z; v; v) have the same propert ies  as 
H~(x; z; v). Therefore,  because  of t3.3), the second equat ion (3.2) takes 
the form 

z ~ [ ~  + (cl + 2p)zv] = - z2/~ - c l z P -  c~ '  + h(x; z) 

(3.7) 

the A's are analytic functions of x and Hs(x; z; v} has the 
a s  Hi(x; z; u). 

-i- zH~(x, z; P + zPv) + zV+lH,(x; z; v). 

Now, use (3.5) and write the right member  of (3.6) in the form 

Ao ~ Alz + ... ~ Apz v ~ zV+lHs(x; z; v); 

same propert ies  

Suppose that we determine the p coefficients :¢~ by setting 

(3.8) Ao = A1 . . . . .  Av_I = 0; 
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then, the differential  system (3.2) becomes 

(3.9) 
z -= 1 -[- zPp_~(a~; z) + zP+~V, 

z~v + (c~ + 2p)zv = Ap(~) + zRo(x; z; v). 

Then th~ condition for stability, A p ( x ) ~ 0 ,  follows from theorem I. 

It  is clear that when Ap(x )~  O, the system (3.9)has  a uuique holo- 
morphic solution z(x), v(x) such that z~xo)~--0, v(xo)-~vo, where vo is an 
arbitrar~ T constant. 

The differential  system (3.9) has thus the form 

i z = 1 --1- ~P~-l(x; z) -{- zp+lv, 
(3.10) 

I "" zv + (el + ~ , ) ;  = H~(x; ~; v); 

the related indicial equation is 

0(0 ~- 1) + i~, + 2p)0  = 0 

and has the roots (9 ~-0~ (9---~ q -  p. 

We apply again the same method to the differential  system (3.10). To 
do this, we set 

i v --~ Qq_p-l(x; z) + zq-P~v, 
(3.11) 

! 

I Qq_p_l(x; z) ~ ~¢p + ~+iZ "~ ... -~" aq-lZq-P-1; 

w is an unknown function and Qq_p_~(x; z) is a polynomial in z of degree 
q - - 1 9 -  1 whose coefficients will be determined as follows. 

Subst i tut ion of v into (3.10) gives rise to a polynomial 

Bo .J- Bzz -~- ... -J- Bq_~Z q-~ 

analogous to Ao-{- . . , - t -A~z ~. Note that a~ remains arbi t rary and may be 
assumed to be a constant  parameter ;  then %+~, .... aq_~ are determined by 
setting 

Bo -= B1 ... Bq-p-1 = 0 
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and the condition for stability is 

B q_~ (x) .~- O. 

Instead of making the substitutions (3.4) and (3.11) successively, one 
may also set 

where 

o r  

u = P~(x;  z) + ~qv 

P~(x; z) = P~_l(x;  z) + z~Qq_~_i lx;  z) 

Pq(x ; z) = ~o + ... + % - ~  z q-~. 

The coefficients So, ..., :%-1 are determined as before;  % remains 
arbi t rary  and will be assumed to be a constant parameter:. 

We shall content ourselves with these general  lines of the a rgument ;  
it is hoped that subsequent applications of the method will make these 
operations transparent .  

Finally, we note that the method applies also when the second equation 
of the differential  system (3.2) [or (2.3)] is of order r greater  than 2. In that 
case, r - - 1  coefficients % remain arbi t rary and may be assumed to .be 
constant parameters.  This method will be used below to ~letermine stable 
differential  equations of the fourth order (see Par t  III). 

4 .  - We shall conclude this section by giving formulas which will be 
used often in what follows. 

Set 

u = P ( x ;  z) + z~v, 

P = o, + ~z + ,tz ~ + ~z ~ + ~z +, 

= l + uz--~ l + z P  + z6v 

and assume ~ to be a constant. 

In  addition, set 

P~ = so + s~z + s~z ~ + s~z ~ + s~z ~ + Oiz~), 
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where 

and 

] '  ---- po + p~z + p~z ~ + p~z ~ + p , z  ~ + O(z°), 

-~ qo + q~z + q~z ~ + q~z ~ + O(z ~) 

P P  = ro + r~z + r~z ~ + r~z ~ + O(z% 

s~ = 2 ~ ,  

s~ =- ~: + 2o:~, t~ = 3 ~  ~ --~ 3 ~ ,  

~o ~ -  Ot~ 

qo = ~ + Pl , 

q~ = P3 -}- 4p, + 3~p~ + 2~p2 -4:- yp~, 

5~oreover, one also has 

= (qo -+- q~} -k- (q~ + 2q2 + ~q~)z -[- (q~ -k- 3q~ -{- 2q2~ + ~q~)z ~ + O(z"}, 

i ~ = ~ + 2~p~ + (p~ + 2~p,)~ + o (z"), 

i ) P  ~- -= poso + (p~so + pos,) z + (p~so + p~s~ + pos~) z "~ + o (z~l. 
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It is often most convenient  to rewri te  the preceding table for the case 
~ 0  and for the case ~ replaced by 2a. This is left to the reader. 

II. E q u a t i o n s  o f  t h e  t h i r d  o r d e r .  

5, - In order to be more specific, equation (1.1) is rewri t ten 

(5.1) y -~ ayy + by ~ -b cy~y ~- dY 4 + F(x, y) 

where  

as follows 

(5.2~ F(x, y) ~ a~y ~ c~yy -t- Coy q- d3y ~ q- d2y ~ ~- dly ~ do; 

a. b, c, d, with or without  subscripts,  are analytic functions of x in a 
certain domain D. 

The reduced equation corresponding to (5.1) is easily determined by 
setting x-----xo~-et, where xo is a point in D and ~ ~ 0  a parameter ;  one 

° , .  

finds y ~ 0. 

The only value of y for which CAUCH¥'S general existence theorem 
does not apply to equation (5.1) is y~---~" To determine necessary condi. 
tions for the absence of parametr ic  critical points for equation (5.1), suppose 
that in a neighborhood of x ~ Xo, y(x) takes the form 

s ( z )  
~5 .3 )  v ( x )  - (~  _ Xo)~ 

where r > 0 and s ( x ) ~  0; s(x) is a holomorphic function of x. 

Subst i tu te  y(x) given by (5.3) into (5.1) and note that 

y(~) = 

y ( x )  --  

y ( ~ )  - =  _ _  

rs(xo) [1 -]- O (x -- xo)] 
(x  - -  xo) r + l  

r (r -f- 
( x _ l ~ ° ) [ 1  + O(x-- ~o)], 

r ( r +  1)(r -]- 2)S(Xo) [1 -[- O(x--xo)] .  
( x  - Xo)~+ ~ 

Anna~i di Matemat ica  2 
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i. First, suppose that at least one of a(xo), b(xo), c(xo), d(xo) is not 

zero; then, the dominant  terms arise from y, yy ,  y:. y°y, y~ and are 
respectively proportional to 

(x  - ~ o ) - ~ - ~ ,  (x - Xo) - ~ ' - ~ ,  (~ - -  Xol - ~ ' - ~ ,  (x - X o ) - " .  

Therefore,  to obtain an identity at least two of the numbers  r if-3, 
2 r q - 2 ,  3 r q - 1 ,  4r must be equal;  this gives r----1. 

In addition, 8(xo) must satisfy the equation 

(5.4) G + (2a + b ) s - -  cs ~ +  ds ~ =  0 

so that y(x)  has at most three sets of parametr ic  poles. 

)foreover, the general  integral of the equation 

(5.5) y ~ a y y  q- by ~ q- cy~y -ff d y  4 

where a, b, c, d are constant, must be one-valued.  

These conditions will determine the possible values of a, b, c, d; the 
solution of this problem will be given below. 

ii. Second, suppose d(xo) ~ c(xo) -~ O, 2a(xo) -[- b(xo) ---- O. 

Substitution of y(x) given by (5.3) into (5.1) shows that the general 
integral  of the equation 

has no pole at x----Xo. If y{x) given by (5.6)has no parametr ic  critical 
points (algebraic or not algebraic), it must be an entire function of x; this 
is known to be impossible [see CI:[AzY [2, b] and VALIIiO~ [4, all .  Therefore,  
a --~ 0 and accordingly b ---- 0. 

[In (5.6), one may set y ~ :~y, aa---~ 1; equation (5.6) becomes 

(5.7) y --_ y y  _ 2y~.] 

iii. Third, suppose a :b - - - - -  c :  d :  0. The dominant  terms arise 

from y, yy,  y~. Therefore,  to obtain an identity at least two of the numbers  
r if-3, 2r q- 1, 3r must be equal. 
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When  c ~ 0 ,  this gives r - { - 3 - - 2 r - ~  1 or r : 2 ;  because r ~ 3 ~ 3 r ,  
one has also d~(xo)~-0 or ds(x)~  0 (because Xo is arbi t rary in D). 

Hence, the stable equations are of the form 

t5.8~ y : a~y -{- (c~y + co)y + d~y ~ + d~y ~- do; 

the general  integral of I5.8) has only one set of parametr ic  poles of the 
second order;  S(Xo) is given by 

(5.9) s (Xo) c~(Xo) = 12. 

The reduced equation corresponding to (5.8) is 

(5.10) y : c~yy 

and must be stable; c~ is a constant, not zero. 

By setting y ~ a y ,  one may suppose c~-~-12. 
then 

(5.11) y : 12 yy. 

The equation (5.10) is 

and is stable. In  fact, the integral  of 
K is a constant ;  therefore y(x} is 0, x -2 

iv. Suppose a : b ~ - c : d : c ~ - ~ O .  

y, y, y~ and r : 3 .  

The reduced equation is 

(5.12) y ~- d~y ~ 

° .  

{5.11) satisfies y ~ 6y 2 ~ K, where  
or $(x;  0, K ) .  

The dominant  terms arise from 

and S(Xo) is determined by S(xo)d~(xo)~-  60. 

This equation (5.12) is not stable except when d ~ : 0 .  To prove this, 
assume d2 ~ -  60 (by setting y ~ ~y). The equation 

~ + 60 y2 = o 

is satisfied by y ~ x-~. Then, set y ~ - $ _ 3 ~  ~z, ~(x) is determined by 

. ° .  

z q- 120 z ~ + 60~z 2 = O. 
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According to the general  theorem of stability, [see Pa r t  I, art. 2], z(x; ~) 
given by 

z(~;  ~) - -  Zo(X) + ~z,(~) + ... 

must  be s ingle-valued together  with zotx}, 

In  part icular ,  Zo(X) is de te rmined  by 

• " Z 0 

(5.13} Zo + 1 2 0 ~  

the related indicia l  equat ion is 

z ~ ( x ) ,  . . . .  

- ~ 0 ;  

r ( r  - -  1)(r - -  2) + 120 ~ (r + 4)(r ~-- 7r -~ 30) ---- 0 

and has two complex roots. Therefore,  when d2 ~: O, zo(x) and also z(x) are 
mul t ip le -va lued  fuact ions  of x. 

The stable equat ions corresponding to (5.12) where d 2 ~ 0  are thus 
of the form 

and are linear.  

y -~ aoy ~ coy -~ dly  -~ do 

6 . -  Our purpose  is now to de te rmine  a, b, c, d in order that  the 
equat ion  [cf. (5.5)] 

(6.1) ~ = ay~ + b~ + cy2y + ~y~ 

be stable;  a, b, c, d are constant .  

To do this, set 

8 
(6.2) y = ~ ,  ~ = l + u z  

where s, a constant,  satisfies the equat ion 

{6.3} ds  ~ - -  vs ~ -}- (2a -t- b)s -]- 6 -~- O. 
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Note also that 

(6.4) 

z~y-~- s (1 + uz), 

.. • 2 
, z ~ Y ~ - S ( - - Z U + z + 3 U + U 2 Z  ) ,  

... 6 • 
z~ y = - -  s (z~U + z + 1 2 u - 4 z u  + 7 u ~ -  3uuz~" + u~z~) . 

Substi tution of y(x) into (6.1) gives 

(6.5) z"u - -  zu{4 + as) + u(12 + 3as + 2bs - -  cs ~) + 

+ uz~(u ~" - -  3u) + zu2(7 + as + bs) ~- O. 

According to theorem I, a necessary condition for this equation (6.5) to 
be stab.e is that the solutions of the indicial equation 

(6.6) O(O-- t ) -  ( 4 + a s ) O + 1 2 + ( 3 a + 2 b ) s - - c s  2 - - 0  

be integers. 

For  convenience,  we set 0 ~ X - - 1 ,  so that equation (6.6) becomes 

(6.7) Z~ - -  (7 + as) × + 18 + 2 (2a  + b) s - -  cs ~ = 0. 

Hence,  we now have to solve the following problem: to determine 
a, b, c, d so that  the solutions of  (6.7} where s satisfies (6 3), will  be integers. 

We consider the following cases:  

i. c ~ - - d - ~ O ,  a or b is not zero; 

ii. d = O ,  c ~ 0 ;  

iii. d + 0 .  

7. - c : d ~ 0 ;  a or b is not zero. Then, s is given by 

(7A) (2a + b)s + 6 : 0 

and accordingly, (6.7) becomes 

17.2) X ~ - -  (7 + as) X + 6 = O. 
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In  order that the solutions X~ and X2 of (7.2) be integers, one mus~ 
have 

(7.3) X, X~ -~ 6, 

(7.4) X, -{- X2 ~ 7 ~- as.  

These conditions will determine the possible values of a and b. 
Corresponding to each solution of (7.3), there is an a given by (7.4) and 

a b given by (7.1). The possible solutions of (7.3) are  given in the following 
table together with the corresponding values of as and bs. 

X, 

1 

2 

--1 

- -2  

X2 (~8 

6 0 

3 - - 2  

bs 

- - 6  

- - 2  

- -6  - -  14 22 

- -3  - -  12 18 

The related differential  equations are 

(7.5) y ~--- by ~, 0 ~-- O, 5 ; 

(7.6) y ~- a(yy + y2), 0 : 1 ,  2; 

(7.7) Y a .. -~ ~ (7yy -- 1 ly2), 

= 3y ), o = - 3 ,  - 4 .  

a ~ 0  

a ~ b  

C ) ~ - - - 2 ,  - -  7; 

l l a  -/- 7b --~0 

3a -[- 2b ~ 0 

We must now investigate the stability of these equations. For conve- 
b : - - 6  in (7.5), nieuee~ 

a ~ 2  

To 

note that by setting y ~ ~y, one may suppose 
in {7.6), a : 7  in (7.7) and a---~ 2 in t7.8). 

verify that equation (7.5) or 

(7.9) "y + 6y 2 -~ 0 
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is stable, set ~ ) ~  z 

(7.to) 

the solutions of 

stable 

where z is given by 

z -}- 6z~ = O; 

1 
(7.10) are O, - -  .~ or g(x) and therefore, z(x) and y(x) are 

To prove that equation (7.6) or 

(7.i 1 ) 'y = 2yy -[- 2y ~ 

is stabl% observe that one obtains (7.11) by differentiat ing 

(7.12) Y ----- Y~ -4- Kx d- K1 

with respect  to x; K and K1 are arbi t rary  constants. This RIccATI 
is stable and so is equation (7.11). 

The equation {7.8) or 

2yb - a b  = 

is stable as was proved by C~AZ~:. Its general 

equation 

solution has a movable 

is not stable. 

{7.15) 

By setting 

This equation is equivalent  to the differential  system 

} = l + u z  

z~u q- tOz~t -k 14u ----- O. 

X ~ et, Z ~ eZ~ 

t7.141 - 11b 

singular  line and is defined only in one region of the x-plane.  However,  
because 0----~--3 or - - 4 ,  no additional condition for stability can be 
obtained by our method;  equation {7.13) will not be considered in this 
paper. 

Now, we shall see that equat ion {7.7) or 
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where  t and Z are new variables,  one obtains 

d Z  
d--t = 1 -}- ~Zu, 

Z~ d2u d u  ~-~-{- 1 0 Z ~ ,  -l- t 4 u ~  0. 

Now set 

Z = Zo + ~Z,  + ...,  

u = Uo + ~u~ + . . .  

and de te rmine  Zo, zl, uo by 

dZo dZ1 
dl  - -  1, d t  - -  Zouo~ 

d~Uo dUo z~-d/~ + ]ozo ~ + 14uo=O; 

one has 

Zo = t, 

Uo = ell -2 ~ c~t -7 

where  cl and c: are a rb i t r a ry  constants .  Then  consider  uo-----l -~ so that  Z1 
is g iven by 

dZ1 1 
dt = t ;  

8 
therefore  Z I - =  lg t and  Zl(x) is not  stable. Accordingly ,  y(x) given by y---- - 

z 
is not  stable.  

8. - d = - 0 ,  c ~ 0 .  Denote  by s l ,  s ,  the solut ions of equa t ion  (6.3), i.e. 

(8.1) cs ~" - -  (2a n u b)s  - -  6 --- 0 

and note that  s~ ~ s~ (otherwise, one has only one fami ly  of pa rame t r i c  
poles). 
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One has 

~8.2) 

By set t ing 

~8.3) 

one finds 

818~' 

(1 1) 

6 P(s)  = 18 + 28 (2a + b) - -  c£', 

(8.4) P(sl) = 1 81 P(s~) = 1 82 
82 81 

It  then follows that  the solutions of the equat ions [cf. eq. (6.7}] 

Z ~ - -  (7 + as1) X + 6 P(sl) = 0 ,  ~8.5) 

(8.6} ~2--(7  +as~)k  + 6P(82) ----0 

must  be integers.  Therefore,  6P(sl)-----p and 6 P ( s 2 ) = q  are also integers.  

Then,  it follows from (8.4) that 

(8.7) 6qp ÷ q) = p q  

or because p . q @ O  (otherwise sl-~s~), 

1 1 1 
( 8 . 8 )  . . . .  . 

p + q 6 

(8.4) 

Our next  problem is to find all the integral  solutions of (8.8). 

Suppose one integral  solution (p, q) of (8.7) is known. Subst i tu t ion in 

gives s~. 
82 

Now, the solutions of equat ions {8.5} and (8.6), namely  

(8.9) 

(8.1o) 

must  be integers.  

An~ali dt Matematica 

X 2 - -  (7 + as1)~( + p ~- O, 

~ - -  ( 7 - t  - ass)), + q = 0 

SuppoSe that  the integral  solutions of these equat ions are 
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known. One may determine s~ and s2 and consequent ly s~. The desired 
' 82 

solutions are those which correspond to the same value s~ ~iven by (8.4). An 
82 

example will clarify the process. 

9.  - In tegra l  solutions of  (8.8).  

a. If p = 6, then q = oc and s2---- 

b. If p = q ,  then p = q = 1 2 .  

or c = O  i.e. case i. [see § 7]. 

Now we consider two cases according as to whether  p > 0, q > 0  or 
p >  0, q < O .  

c. p > 0 ,  q > 0 ;  we may suppose p < q  and thei:efore p < 1 2 < q .  
Gp 

Because q - ~ - p - - 6 '  one has p > 6 so that the integral solutions are 

(p, q)=(7,42) ,  (8,24}, (9,18}. (10,15}. 

1 1 1 
d. p > 0 ,  i f < 0 .  Set q = - - r ,  r > 0 ;  then (8.8) becomes 

p r 6 

6p one has p < 6  so that the and consequently r > p .  Because r - -  6 - - p '  

integral  solutions are 

(p, q)= (2 , - -3~ ,  (3,--6~,  (4,--12}, (5,--30). 

10. - We proceed fur ther  by considering equations (8.9) and (8.10). To 
bring out the chief features of the method, we shall use the case (p, q)=(3.6~ 
as an illustration. 

t~rom (8.4), one obtains 2s~ = s2. The equations (8.9-10) are 

X ~ - -  (7 + as~) X -{- 3 = O, 

),~ - -  (7 + as~) 7, - -  6 = 0 ;  

we give the integral  solutions (X1, X2) and ().~,),2) respectively of these 
equations, together with the corresponding values of as1 and as2: 

(X1, X2, as~)=(1,3,--3), ( - -1 ,  - -3 ,  --11);  

0,1, )~2, ass) = tl, --6, --12), (2, --3, --8), (--1, 6, --2), (--2, 3, --6). 
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Because 2sl -" s2, 

It then follows 

and from (8.2), 

the only solution of our problem is 

as l  - -  - -  3, a s 2 - - - - 6 .  

:3C  - -  - -  OI, 2,  b - -  a .  

Therefore,  the stable equation of this type is 

• ( 7 . / 2  . 

(to. it  = + y y. 

I I. - No solution arises from 

(p, qi : (2, --3), (7,42), (10,15) 

because the corresponding relation between st and s~ is not satisfied. 

We now give the results for the other eases• 

p : 3 ,  q : - - 6 .  

(11.1) 

XI-~I, X2--3, ),1----2, k2=3; 

2s~ = s2 , ctsl - -  - -  3, a s 2 - - - - 6 ;  

3 c + a  2 - - 0 ,  b = a .  

• 6 / ~  2 • 

p - - 4 ,  q = - -  12. 

Z1-- 1, X~--4,  ) ` 1 - - - - 3 ,  7,2--4; 

3 8 1 - -  s3 , a 8 1 - ~  - -  2, a 8 2 - ' - - 6 ;  

2c + a2 - -  O, b = 2 a .  
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(11.2) 

(11.3) 

(11.4) 

(11.5) 

(11.6) 

Equation: y _  a y y  -f- 2 a y  ~ -  a2 

p : 5 ,  q : - -  30. 

:Q:I ,  X2=5, )~1:--5, ~ : 6 ;  

6s~ : s~ , a s t  : - -  l ,  as~ : - -  6 ; 

c + a 2 - -  O, 

Equation : 

b --5a.  

y - -  a y y  + 5 a y  ~ - -  a~y~'y. 

p--8~ q - -  24. 

X1--2, ~(~--4, ),1--4, ~ - - 6 ;  

3s~ Z r- s~ = O, as~ = - -  l ,  as~. = 3 ; 

c = 2 a  ~, b - -  2 a .  

Equatio.: ~ = ~Y; + ~'5' + ~Y'9. 

p - -12 ,  q--12.  

X1--3, X~--4, ~1--3, ~----4; 

s~ Jr- s~ - -  O, as~ = O, as2 - -  O ; 

a - - b = O ,  c s ~ = 6 .  

Equation: y - -  cy~y .  

p --9, 

X1--3, X~--3, ~1--3, 

2s~ Jr- s2 - -  O, as~ : - -  i ,  

c - -  3 a ~  b - -  a.  

Equation : 

q = 1 8 .  

;%--6; 

a s s  - -  2 ;  

= ~y~ + ~p + 3~2y~y (not stable). 
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As will be shown in the next  articles, equations {10.1) and (11.1-5) are 
stable; equation 111.6) is not stable. 

12. Equat ion (10.1)-  A transformation y ~ : c y ,  a ~ - - 3  brings equation 
(10.1) to 

which is obtained on differentiat ing 

(12.2) y - -  3yy - -  y~ -4- K 

with respect  to x. This equation (12.2) of the second order is of type I ;  
PI ,  p - - 0 ,  3(see Par t  I, eq. (20.4)] and is stable; then equation (10.1)is 
also stable. 

V 
To integrate (12.2~, set y - - - -  

V 

o ° .  

and find v ~- K v  --  O. 

Equat ion (11.2).-  A transformation y ~  :¢y, a~ : 2 brings equation 
(1i.2) to 

Now, multiply both members of (12.3) by 2y and observe that 

(12.4) 

y is Lhus determined by 

2y y d .. 
= dx (2y y - -  y2); 

y2 y3 K 
(12.5) 

which is a stable equation of the second order~ of type I I I  

To integrate equation (12.5) set 

(12.6) y _ y2 + h -{- 2vy 

where h is given by h:-4 - 2 K :  0; therefore 

h 
(12.7) v -]- v "~ -- ~. 

and class E.16. 
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U z 
On se t t ing  v ~ - ,  y - - ~ - ,  one  sees tha t  e q u a t i o n  (12.5) is equ iva l en t  

U 

to the d i f f e r en t i a l  sys tem 

• . h .. u 
(12.8) u - - ~ u ,  z - - 2 -  z - ~ - h z = O .  

U 

Equation (11.4). 
(11.4) to 

- A t r a n s f o r m a t i o n  y ~ ~y, t e a - -  1 br ings  equa t ion  

(12.9) 9 = y~ + 2k + 2y2y. 

On m u l t i p l y i n g  both  m e m b e r s  by 2y and  t ak ing  (12.4) into account ,  one 
sees tha t  y(x) sa t is f ies  

(12.10) 

which  is a stabile 

To in t eg ra t e  (12.10)~ set 

(12.11) 

so tha t  

o r  

(12.12) 

y~ /~ ,9 =)~2+ yy + ~_ + _  
2y y 

e q u a t i o n  of the second order ,  of type H I  and claus E.6. 

12w ~ y - -  y~ 

Y Y 

72w "~ ~ K 
Y - 1 2 ~  

E l i m i n a t i o n  of y be tween  (12.11) and (12.12) gives 

• . K 
w - - -  6w ~+Y2;  

rv is thus  an e l l ip t ic  func t ion .  

E q u a t i o n  (11.5). - A t r a n s f o r m a t i o n  y ~ a y ,  ~c----6 br ings  equa t ion  
(11.5) to 

y ~ 6y2y. 
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Therefore  

and is stable; 

Equation 
(11.6-} to 

Therefore  y(x) 

y(x) satisfies 

+, 

y = 2y  3 ~ K 

y(x) is an elliptic function. 

(11.6). - A transformation y - + a y ,  

y = - -  y y  - -  y"- .~_ 3y~-y. 

satisfies 

y __ __ y y  + y3 _4,_ K 

0'+0~ ~ ~ 1 

which is an equation of the second order, of type I and class 

where V is given by 

Therefore,  

y = - - y y + y ~ - - 1 2 F y + 1 2 i  r 

V cannot be an arbi t rary constant and consequently,  
not stable except  when K =  0. 

brings equation 

vi, namely  

y(x) is 

13" - It remains  to consider equation (11.3). 
a ~ - - 1  brings this equation to 

(13.1) y = y y  -~ 5y  ~ ~ y~-y. 

Set 

A transformation y --+ ~y, 

(13.2} 

and write {13.1} in the form 

I13.3) 

P = y - -  y y  - -  y~ 
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Multiply (13.3) by P and note that  

dx 

then (13.3) becomes 

p.- __ 
. 

tY - -  y'~f (2y -{- y2) _~ K 

and y defined by (13.1) satisfies 

(13.4) y y  _ 4 
= ~ (y _ y~)~(.oy + y2) + K. 

This equat ion (13.4) is of the second degree i n  the higher  derivative y: 
this type of equat ion will be the object of another  par t  of these studies. 

However  equat ion {13.4) is stable; the proof is given below for K =  0. 

Note that  equat ion {13.4) when K =  0 is the reduced equation obtained 
on set t ing x = x o + s t  and s y - - u .  

For  convenience ,  

(13.5) 

instead of (13.4). 
iNow set 

we put o = V ~  a~d wr i~  

" ~/~ 1 

1 

y.~ 

and note that 

(13.7} y _ y y _ y 3 _ _  2zy~[z_4:_zyQ] 

where 

1 (13.8) Q : z 2 --  
b 2" 

Therefore,  equat ion (13.5) is equivalent  to the different ial  system 

q13.9) y = ¢ t o  , 

(13.10) z : - -  Qy(z - -  b ) .  



F. J. BvR~Au: Di]fere~tlal equations with, f ixed critical po~ints 25 

The function z satisfies a differential  equation which is obtained on 
eliminating y be tween {13.9) and (t3.10). 

To proceed further,  we consider ~ given by (13.9) and take the loga- y ~' 

ri thmic derivat ive of {t3.10); one obtains 

2z 2 - -  2zb - -  1 

z ~ Q(z - -  b) 

1 -b) 2(z+ 

o r  

z 6 1 4 i 

= - - -  " - - +  - " t "  z ~ 5 z - - b  o z + ?  

Therefore~ z is a solution of 

(13.11) 

The explicit  form of z($) may be obtained by setting 

I 1 
z-~- ~ ~-~  bt ~ 

t s - -  Z - -  
z - - b '  t ~ - - i  ; 

then 

5 '  

and z(~c) is a rat ional  function of x. 

x+K~ 

14. d ~ 0. - Denote by sl, s2, s8 the solutions of equation t5.4} i.e. 

(14.1) 

AnnaZi di Matemat ica  

ds 3 ~ cs 2 + 12a -~ b)s + 6 - -  0 
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and note that  sl # s2 ~ ss. One has 

6 
818~8a ' 

6 
(14.2) c ---- (s~ + s2 q- ss), 

8x828s 

6 
2a + b = - -  sls~ss(~is~ + s~s~ + s~s~) . 

By sett ing again 

6P(s) --  18 -b 2(2a :+- b)s - -  cs 2, (14.3) 

one f inds 

(1~.4~ 

(14.5) 

(14.6} 

(~4.7)  

must  be integers.  Therefore,  

(14.8) 6P(s d --  p, 

are also integers.  

These integers p, q, r satisfy 
follows. Set 

(14.9) 

P(ss} "- (1 - -  sl) (1 - -  ~ )  • 

According to the general  theory~ the solutions of the equat ions  

X ~ --  (7 + as~} X + 6 P(s~) : O, 

~,~ - (7 + as~) ~ + 6 P(s2) = O, 

~ - -  (7 -k ass) ~t q- 6P(s3) --  0 

6P(s2} - -  q, 6P(ss) --  r 

a relat ion which can 

]" - - "  8 1  - -  8 2  

be found a S  
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so that  

(14.10} P - -  s 2 s s '  q - "  - -  - - ,  r = - -  - -  818a 8i 8~ 

Then  

and f inal ly 

(14.11) 

or because pqr ~= 0, 

(14.12) 

Our next  problem 

p q + . q r + r p - - 3 6  a~7 (~ ~ 7 )  
sls s---  + + " 

s - ~ + s ~  s8 s~s2s8 

818283 

6 (pq + qr -}- rp) - -  pffr 

1 1 1 1 

is to de te rmine  all the integral  solutions o f ' t he  
D I O P ~ I ~ E  equat ion  (t4.12t. For  convenience,  we denote by X1, I2; k~, k~; 
~ ,  ~2 the solut ions of the equat ions  (14.5,6,7) respectively.  Therefore  

( 1 4 . 1 3 )  I i + X~ - -  - -  7 - -  a s ~ ,  ) u  + ).2 = - -  7 - -  a s ~ ,  i~1 -[-  ~2 - -  - -  7 - -  a s  3 . 

If  a ~ 0, then as~, cts2, as 3 are real. 
We have to consider  two cases according as a is or is not zero. 

15 .  a -  0 .  - Then  equat ion  (14.5) becomes 

l ~ - - 7 X + p - - 0 ;  

thus 

I i + X ~ - - 7 ,  X i X ~ - - p  

where p is a posit ive integer.  Because 

(X~ --  X~) ~ -- (11 + X~) 2 - -  4X~1~ --  49 - -  4p 
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must be a positive square, one has 4p ~-49 ~ h : >  0 where 
is such that 0 ~ _ h ~ 7 ;  t h e r e f o r % p  must be 6, 10 or 12. 

i. Suppose p :-- 6; 

because of (14.6), q =  6, 
because of (14.7), 4 9 -  4r 

h, an integer, 

then 1 1 __ 0 [see (14.12)]. Therefore q ~  0 and 

l0 or 12 and r - -  - -  6, - - 1 0  o r - - 1 2 .  However,  
must be a square~ which is impossible. 

Then 1 1 1 (~ d- r -" ~ ; therefore q it. Suppose p --- 10. 

equal  to 10 or 12~ 

When  q - -  10, then r - - ~ 3 0 ;  
we have the two solutions 

is positive and is 

when q - - 1 2 ,  then r - - - - 6 0 .  Thus, 

{p, q, r ) - - ( 1 0 ,  1 0 , -  30), (lO, 1 2 , -  

iii. Suppose p -- 12. The same method gives again the solutions (15.1). 

16. a ~ 0 . -  From (14.12), it follows that one 
integer. Moreover from (14.10), one obtains 

and because a s t ,  ~ts2, a s  3 

(16.1) 

where N is a positive 
integer. 

By setting r - -  - -  t, 

(16.2) 

@ q r  - -  - -  64 a:~2y:  
R 2  .~ft R 2  
v t v 2 v 3 

are real, one may write 

p q r  - -  - -  6 N  ~ 

integer. Therefore,  one 

equat ion (14.12) becomes 

1 1 

where p, q and t are positive integers. 

(16.3) 

and that 

(16.4) 

of p ,  q ,  r is a positive 

of p ,  ~t, r is a negative 

1 1 

Note also [cf. (16.1)] that 

p q t  - -  6 H  ~ 

ttp + q) = p q  + 2z 2. 
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Because (p-{-q)2>_ 4pq, one sees on using (16.4) that 

IP + q)~ - -  4t (p -t- q) - -  42/~ --> 0 

and thus that 4t ~ - 4 N  2 ~ 0 ;  therefore t_<:N. 

i. Suppose t - - N ;  t h e n p q - - 6 N ,  p - ] - q - - 6 ~ N  and 

~16.5) p - - 6 ,  q ' - N - - t .  

ii. Suppose t ~ hr. Then pq ~ 62/ and because of (i6.4), 

p -I- q ~ 6 -t- N. 

Moreover, one easily sees that P:4:q.  [If  p - - q ,  one has 
(16.4), 

p~ - -  2pt + N ~ = 0 

and p would be a complex number] .  

Now, we suppose p ~ q; then from (16.2), one obtains 

(16.6) i9 <~ 12. 

Note that p ----- 6 yields (16.5) [then q --  t, el. (16.2)]. 

Suppose p < 6. From (16.2), one obtains 

6pt 
q - -  6p - -  (6 - -  p) t ' 

= N  [6p - (6 - p )  t ] .  

6/) - -  (6 - -  p) t must  be 
of t. 

6 ~ p < 1 2 ,  one employs 

(16.7} 

and from (16.3), 

(16.8) 

Therefore,  
possible values 

When  

instead of (16.7-8). 

a positive squa re ; - t h i s  

t - -  6pq 
6 p - -  ( p - -  6) q '  

p~q2 __ N~[6p _ (p _ 6)q] 

on using 

limits the 
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The results  are given in the following table, together  with the corre. 
sponding values of I .  The  values corresponding to q -  6 are omitted. 

P 

N 

60 

29.30 

13.15 

7.10 

41 

19.2 

11.3 

6 

4 

5 

5 

5 

7 

7 

7 

8 

8 

9 

10 

11 

11.2 

8.2 

I 

10 

29 

13.2 

7.3 

41.42 

21.19 

11.14 

15 

14 

13 

11.24 

8.6 

6.15 

15.14 

66.13 

N 

I 

20 

29.5 

13.5 

7.5 

41.7 

7.19 

7.11 

8.11 

8.4 

3.15 

5.14 

11.13 

o r  

q --  10, r - -  - -  30 and proceed 

- - - - q -  - - r - - - - - k  
P 8~ s2 ss  

p ( s 2  - -  s3) - -  k s , ,  f f (s  3 - -  s i )  " -  k s z ,  r ( s ,  - -  s2} - -  ks~ 

where k is a constant  to be determined.  

17. - Now we consider the case p ~ 10, 
to de te rmine  s , ,  s2, s 8. 

F rom (14.10), one obtains 

Except  for p - -  6, q - -  t --  N [see section 19 below], no stable equation 
arises from the values of p, q, t given in this table. 

[One sees that  at least one of the corresponding O~'s is not an integer] .  
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Actually, one has 

from which 

When  

- -  ks~ q- 10s~ - -  10s s - -  0, 

- -  i0s~ --- ks2 q- 10s s --  0, 

- -  30s~ q- 30s2 - -  ks s --0, 

follows k --  ----- 10¥5. 

k - -  i o V ~  one obtains 

8~ _ _  82 _ _  8 3  

~ - W - i  + v 5 - 6  - ~  

and thus by using (14.2) 

The solutions of 
~ts - -  - -  3 respectively.  

Now set a ~ - - I  

2 2 1 
b - - - ,  c - - ~ ,  d - - - -  

4~ ~" 

(17.2) 

equations (14.5-7) are X i - -  2, X2 = 5 and ~l "-" 10, 

and write  the corresponding differential  equat ion 

~3 y4, 
~= ~ay~ + 2~y2; + ~- 

The solution of this equat ion possesses three sets of 
poles, namely 

a s i - ! -  V5, (9---1, 4; 

a s 2 - - 1 - ~ V s ,  0 - - 1 ,  4; 

a s s - - 6  , 0 - - 9 , - - 4 .  

simple parametr ic  

That  this eqnation is or is not stable remains to be investigated. 

A simple t ransformation enables one to suppose a - - 6  and to bring 
equation {17.1) to 

~j = 12y 2 + 72v2y + 5@~ 
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o r  

o r  

+ = =  s(y + + ay"!. 

W h e n  u -  3y, this equat ion takes the form 

= 4u  ~ + 8u~u + 2u ~ 

u ' -  4 (u + u=) ~ - 2u  ~. 

[When k - - - - 1 0 V 5 ,  one obtains again equat ion  (17.1)]. 

1 8 .  - Suppose  p - -  10, q-----12, r - - - - 6 0 .  

k =----- 20V3. Assume k --  20V3; then 

and 

The same method yields 

b _  3 (7 -~ 3V3) c -  40 -f- 14¥3- d - -  7 A- 3V:3 
11p ' l i p  ~ ' 11~ ~ 

By set t ing a g -  I, one obtains the different ial  equat ion 

.. 3 (7 + 3V3) ay 2 -[- 40 -~ 14V3 a..y~y 7 -1- 3V3 
(18~1) Y -- 11 11 11 a Y4" 

The solution of this equat ion has three sets of simple parametr ic  poles, 
namely  

as~ - - V 3 - - -  1, 0 - 1, 4; 

a s ~ = - - ¥ 3  , 0 = 2 ,  3; 

a s 3 , - 6 + V . ~ -  , ( 9 . 1 1 , - - 6 .  

A simple t ransformat ion enables one to assume a = -  V3-and hence to 
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br ing  equa t i on  118.1) to 

= 6y y + (9 + 7V )(y + 

T h a t  this  equa t i on  is or is not  s table  r e m a i n s  to be shown. 

19. Suppose  a : ~ 0  and p - - 6 ,  q - - ~ r - - N ,  N a pos i t ive  in teger .  

Then ,  

6(s2 - -  s~) = ks~ ,  N(s~ - -  s,) = ks~, - -  N(s, - -  s~) = ks~ 

and  k -"  : i :  h r. 

F o r  k - - N ,  one obta ins  s t - ~ 0 ,  s2 -~s~ ;  this  is not  a so lu t ion  of o u r  
p rob lem because  all  the  si mus t  be d i f f e ren t  f rom zero. 

F o r  k ~ - - N ,  one  has  

s , = 1 2 ~ ,  s ~ = ( 6 - - N ) a ,  s 3 = ( 6 + h T ) a  

w h e r e  ~ is a p a r a m e t e r .  T h e r e f o r e  

1 12 
d - -  c - -  

2(36 - -  N ~} ,a ~' (36 - -  N ~} ~z, 

2 a + b =  
180 - -  N ~ 

2 t36 - -  N ~) p" 

I~ow, cons ide r  equa t i on  (14.5) wi th  s~ - -  12~:  one  f inds the two admiss ib le  

so lu t ions  

i. 

~(j. --" 2y 

X i - -  - -  2, 

Suppose  6 a ~ - - -  1; then  

6 - - N  
as2 - -  6 

~(~ - -  3, 6a ~ - -  - -  1; 

X 2 - - - - 3 ,  a~ - -  - - 1 .  

6 + N  
as~ - -  6 

Annali di Matematica 5 
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and the solutions of equations (14.6-7~ are 

iV 
) . ~ : 6 ,  ) , ~ :  g-; [ef. ~14.61] ; 

N 
~ : 6 ,  ~ 2 :  6 "  [cf. (14.7)]. 

Therefore,  one must  have N : 6k, 

13 - -  k ~ 

b - -  l__k~  a, c - -  

and the desired equation is 

(19.1) t 3 - -  k ~ • + 6 t y  2 
y = a y~  1 - k~ 

k ~  1 an integer. Consequently, 

12a 2 3a 3 
d_~__ - -  

1 - -  k ~ ' 1 - -  k ~ 

12a~ y2---y ~_ 3a3 y~. 
1 - -  k ~ 1 -- k ~ 

This equation has three sets of simple parametr ic  poles, namely 

a s i a - - - 2 ,  0 = 1 ,  2; 

a s s - - k - - l ,  0 - - 5 ~  k - - l ;  

as 3 : - (k + l ), 0 - - 5 ,  - - k - - t .  

1 - -  ]~2 
A simple transformation enables one to set a - -  2 and tO 

equation (19.1} to 

"- 1 - -  k ~ .- / 1  - -  

Y -  2 YY + [  2 

or to 

if 

k ~ ) y~ • 3 (1 --k~)~-y ~ 

d 2 
( y -  A y  ~) = G ( y -  Aye;  - 

dx'~ 

1 - -  k ~ - -  4 A .  

bring 

To prove that this equation is stable, we only have to observe that it 
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is equ iva len t  to the d i f fe ren t i a l  sys tem 

_ _  k 2 . ,  

Y - -  4 Y~ q - u '  u----6u ~. 

ii. Suppose  a g - - ~  1; then  

as~ = - -  (6 - -  ~ ) ,  (2¢ :t: 6t, a s .  = - -  (6 + N )  

and the solut ions of equat ions  (14.6-7) are 

~1-- i, ),z-- N; [cf. (14.6)]; 

I~1--1, I~2----N.  [cf. (14.7}]. 

Therefore ,  one has  

36 q- 3N 2 12a ~ a ~ . 
b - -  2 ( 3 6 - - N  ~)a' c - -  3 6 - - N  ~-' d =  2 ( 3 6 - - N ~ )  ' 

consequent ly ,  ~,he des i red  equa t ion  is 

(19.2) 3 6 q -  3N ~ . 12a2 y2y a8 
Y ' - -  ayy- i"  2(36 - -  N") aY' 3 6 - - N  ~ -}- 2 ( 3 6 - - N " }  y~" 

This  equa t ion  has  three  sets of s imple pa rame t r i c  poles, n a me l y  

as1 --  - -  12, 0 --  - -  3, - -  4; 

a s 2  - -  N w 6 ,  0 - -  O, N - -  1 ; 

a s s - - - - ( N - } - 6 ) ,  0 - - 0 , - - N - - l ;  
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we recall that ivy= 6 is a positive integer greater than 1. 
A simple transformation enables one to suppose a - - 2  and to 

equation (29.2) to 

. . . .  4 y~)~ 
(19.3)  y = 2 y ~  - 3 y  ~ + 3~  - i v  2 (6y  - . 

bring 

[Note that when N---a~, equation (i9.3)becomes y - - 2 y y - - 3 y 2 ;  
sees easily that this equation is equivalent to the differential system 

one 

Y' 1 y - :  ~ + u, uy  2 - 3 u y  + 6u 2 +  9 " u - - O  . 
O 

20. We sum up the results obtained above in the Following table where 
the relevant equations are listed together with the related values of s 
and O. 

A. One set of double parametric poles. 

Class I. 

(~o.1)  y = o l y y  + s ( x ,  y),  

(20.2) 

F(x, Yt - -  a ~  -t- coy + d2y 2 + dly + do; 

(2o.3) 

sol --  12, 0 -- 3, 

B. One set of simple parametric poles. 

Class II. 

[In the remainder of this paragraph, F(x, y) 

y -'- by ~ + F(x, y); 

bs --  6, 0 - - 0 ,  5. 

Class III. 

. 

is given by (5.2)]. 

a s - - - - 2 ,  0 - - 1 ,  2. 
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C, 

C l a s s  IV. 

(20.4) 

C l a s s  V .  

(20.5) 

C l a s s  VL 

(20.6) 

C l a s s  VII .  

(20.7) 

C l a s s  VIII .  

!2o.s) 

Two sets of s imple  pa r ame t r i c  poles. 

. a 2 . 

"y = ay~ + ay ~ - ~ y2y + F(x, y~; 

a s 1 = - - 3 ,  0 = 0 ,  2 ;  

as~ - -  - -  6, 0 = - -  5, 2. 

a 2 . 

ij = ~y}  + 2ab ~ -  ~- ,a'~v + u ( . ,  yt; 

a s , - ' - - 2 ,  0 = 0 ,  3;  

a s s - ' - 6 ,  0 - - - - 4 ,  3. 

= ayy + 5ay ~ - a~y~y + F(~,  y); 

a s l  - -  - -  1, 0 - -  O, 4; 

as2 - -  - -  6, 0 - -  - -  6, 5. 

as1 - -  - -  1, 0 "- 1, 3; 

as2 - -  3, 0 - -  3, 5. 

y _ ~2y  + ~-(x, y); 

cs~ = 6, 0 - -  2, 3. 

D. Th ree  sets of s imple  pa rame t r i c  poles. 
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Class IX. 

(20.9~ 

Class X.  

(20.10) 

Class 

(20.11) 

20 12 ( • ) 

. aa y~ 
y = 2ay 2 + 2a~y~y + 4- + Fix ,  y); 

a s ~ = l - - V f f ,  0 = 1 ,  4; 

a s , = l + ' V ~  0 = 1 ,  4; 

a s 3 = 6  , 0 = - - 4 ,  9. 

Class 

y . =  3 ( 7  + 3V~)ay~ + 4 0 +  14V3 - 
11 a2y~Y 

a s ~ =  V 3 - - 1 ,  0 = 1 ,  4; 

as2 = - V 3  , 0 = ~,~ 3 ;  

a s ~ = - 6 + V 3 ,  0 = - - 6 ,  11. 

XI. 

• 

1 - -  U ay'~ 

7 + 3 V 3  8 
11 a y + F ( x ,  y); 

12a 2 2" 3aS 
1 ~ - U  y y + 1 -- k ~ y* + Fix, y); 

a s 1 = - - 2 ,  O =  1, 2; 

a s 2 = k - - 1 ,  0 = 5 ,  k - - l ;  

as 8 = - k - l ,  0 = 5 ,  - - k - - 1 .  

XII. 

36 + 3N '~ "~ 

asx = - -  12, 

as2 = N - -  6, 

as~ = - -  N -  6, 

12 a 2 • a 8 

36 ~ N ~y~y + 2(36 - -  2V~) y~ 
+ /r(x, y); 

0 = - - 3 ,  - - 4 ;  

0 = 0 ,  N - - l ;  

0 - - 0 ,  - - N - - 1 .  
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If N --  ~:~, 

(20.13) 

this equat ion reduces to 

" 0 5  

and has only one set of simple parametr ic  poles such that  

a s = - - 1 2 ,  0 - - - - 3 ,  - - 4 .  

We shall  proceed fur ther  with the equat ions of class I - V I I I ,  leaving 
the remain ing  equat ions for another  paper.  

2 1 . -  To obtain canonical  forms for the stable equations,  it is often 
most  convenient  to use a t ransformat ion  T(),, ~, ~), namely  

(21.1) y(x) = k{x)u + ~t(x), t = ¢~(x) 

which  does not alter the main  features  of the equat ions  considered 
[),(x), ~(x), T(x) are analyt ic  funct ions  of x; see Par t  I, § 181]. 

We note for fu ture  use the following formulas  where  pr imes  denote 

dif ferent ia t ions  with respec~ to t, i.e. u' du u" d2u u"' d~u 
- -  d t  ~ - ~  ~ ' = d t  ~ ; 

(21.2) 

v = ~ ' +  iu + ~, 

ii = ~,~'~," + (2A + ¢i ~,~' + ~:~ + ~, 

v" = x~'~'" + a(A + ®)x}~" + ~X4u' + ~~ + 

where 

(21.3) "" 3~ "' A.._ ~ - _ ¢P, ) ,  q ) - -  : M - -  + 3 A ~ + ~ .  

According to (5.2), set 

d ~ (21.41 F(x, y) ~ aly + c~yy + coy + 3Y + d2y + dly + do; 
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we note that  

(21.5) 

+ [a~(2A + O)+ c~ + Co] ~u '  

-+- d~kSu 3 -{: (hc~ -{-- 3d3~t --]- d~) ),~u -~ 

+ Fix, ~). 

22. 

(22.1) 

whe re  

(22.2~ 

Set  

~22.3) 

a n d  

we 

(~2,4) 

III. E q u a t i o n s  o f  c l a s s  I. 

The stable  equa t ions  of this class are of the form 

y - -  a y y  + F(x ,  y) 

d ° F(x,  y) =- a ly  -}- Coy -+- ~y- =~ dly  -+- do. 

suppose  
have 

t 
y : ~ ,  z : l + z u  

that  t is a cons tant  (this is ob ta ined  by  a t r ans fo rmat ion  T}; 

z~y-~  2t • ] - - -  zu  -{- 5u  -{- 2zu 2 , 

z~y - -  2t - -  12 - -  
z 

z~u -{- 7 zu  - -  27u  + 6z~uu - -  19zu ~ -  4z~u~]. 

Recal l  that  t a - - 1 2  and 0----3,  5. 
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On using a t ransformation T, we may suppose that 

a - - ' 1 2 ,  6 a ~ + d 2 - - 0 ,  Co- -0 ;  

one has only to determine )., ~, ¢p by 

- + A - -  2(P : 0, 

A + 3 ( I ) : a  i + 2  d~ 

a~t : M -  ai[2A + (I)) - -  co. 

Equat ion (32.1) may be wri t ten 

i22.5) y = 12yy + a, (~) --  6y21 + d ,y  + do 

and t : l .  

Substi tution of ytx)  given by (22.3) into (22.5) shows that this equation 
is equivalent  to the differential  system 

(22.6) z = 1 + uz, 

(22.7) ~ u  - zu (7 + a,z) + 5u (3 + a,~) 

_ _  2~ - z~ do z 4 • (19 + 2a~z) 4z2u ~. _ - -  _ ~ + 6 u u z  ~ - zu  ~ 

Because 0 - - 3 ,  5, one sets [see § 3] 

(22.8) u - -  P --}- z~v, 

(22.9) P "- ~ + ~z "k- ~C z~ -{- °z3 -}- ~z~ 

where  ~ remains arbi t rary and may be assumed to be a constant. 

We note immediately that o : - - ~ - - 0  which simplifies our problem. 

An~al i  di Matemat ica  6 
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(22.10) 

Now subst i tute  u given by (22.81 into (22.7); one has 

u = z°v + 5z'v + P + O(z~), 

u = ~°~" + 1 0 ~  + 20a~v + ~ + 0 (z~), 

u ~ = p 2  _f_ 0 (zs), uu  = P t )  "4- 0 (z~), 

u ~ = P°  + o (~ )  

so that  equat ion t22.7) becomes 

. .  

(22.11) zTv + 3z6v + Ao + A~z + A2z ~ + AsZ s + A4z ~ + Asz "~ + O(z ~) = 0 

where Ao~ A i ,  A~ A3, A4, A~ are de te rmined  by 

z~25 - -  z]~(7 4- alz) + 5 (3 + a,z) P 

+ d~2__ z~ +2-d° z4 _ 6z~pp 4- z(19 + 2a~z)P ~ 4" 4z~P~ 

= Ao 4" A~z ~ 4" A~z ~ 4" Asz 3 + A~z ~ -t- A~z ~ + O(z~) • 

Define o~, ~, y, $, s by set t ing 

(22.12) Ao = 0, A l = 0, A~ = 0, A~ = 0, A~ = 0. 

Equat ion  (22.11) yields 

(22.13) z~v 4- 3zv = A~ 4" 0 (z). 

F o r  equat ion (22.13) to be stable, it is necessary that  

(22.14) Ao = 0. 

F rom Ao = 0, A~ = 0, A~ = 0, one deduces immediate ly  

~=0, ~=0, 

(22.15) 6y + d~ = 0. 
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Then  A 3 ~ - 0  gives 

(22.16) y --  a iy  ; 

there fore  ~ r ema ins  a rb i t ra ry .  Ft~rther, ~ is de t e rmined  by A4-"  0; t ak ing  
into accoun t  (22.16), one obta ins  

(22.17) ~ ---- h~y -]- 2ai~ -t- d,  ~ .  

I t  r ema ins  to cons ider  A s - - 0  or 

(22.18) ~ + cede + 3y ~ - -  0. 

Now we proceed to de te rmine  ai ,  do, d i f rom (22.15-18). 

Fi rs t ,  f rom (22.16-t8 b one deduces  

d° do y (a, + 2a,a~) + 2~(c~ + a~) + ~ + 2- a,, + 3y 2 = 0 

or because  ~ is an  arbitrars~ parameter~ 

O, (22.19) a ,  -{-a~ - -  

(22.20) do -}- doa~ -I- 67 ~ - -  0. 

Two cases are cons idered  accord ing  as to whe the r  a~ is or is not zero. 

i. a i - - 0 .  F r o m  (22.16~, (22.20) and (22.t5), one deduces  

(22.21) y -- K, d~ ----- - -  6K, d. - -  - -  6K2x -}- K ,  

where  K,  K :  are as usua l  a rb i t r a ry  constants .  Therefore ,  the des i red  s table 
equa t ion  is 

(22.22) y - -  12yy - -  6 K y  - -  6 K ' x  --}- K ,  . 

Kl 
By in t roduc ing  x in place of x - -  6K--- ~ , one may  assume K i - - 0 .  Then  

a t r aus [o rma t ion  x - , - % x ,  y ~ , y  where  ~ , - - 1  and  K ~ = - - I  reduces  
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equation (22.22) to the canonical form 

( 2.2a) = 12yy + 6y - 

Set y = u in (22.23) and integrate with respect  to x;  one obtains 

u - -  6 u  ~ = 6 u  - -  3w ~ -[- 6K 

or by replacing u ~ K  by u, 

° , ,  

(22.24) u - -  6u = = 6u - -  3x ~ 

which is an equation of class II  (see below eq. (27.3)). 

it. a~ ~ 0 .  Then from (22.19), one has 

1 

a , -  z - t - K ;  

by replacing w-{-K by w, one may assume K - - 0 .  Then, from (22.16) 

y - - K x  

and from (22.20), 

d o = K ~ - - 3 K 2 w 3 "  
w 2 

The desired stable equat ion is thus 

(22.25) y --  12yy -[- 1 (y _ 6y2) _ 4Kxy + K-A~w --  32 K~x~" 

The transformation x ~ % x ,  Y ~ i Y  where u~ ~ - - 1 ,  K : ¢ ~ - - -  2 reduces 
(22.25) to the canonical form 

(22.26) y"" --  12yy -1- xl (y- _ 6y ~ _ K) -b 12~y - -  6x ~ 

where K is again an arbi trary constant. 
i~foreover, it is clear that equation (22.26) is equivalent  to the differen- 
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tial system 

(22.27) 
i y=6y~+K+z, 

xz = z + 12x~'y ~ 6~ +. 

IV. E q u a t i o n s  o f  c la s s  II. 

23. - In the following, we are concerned with stable equations whose 
integrals have only simple parametr ic  poles. 

Assuming s to be a constant {which is obtained by a t ransformation T), 
we set 

8 
(23.1) Y --  z '  z - -  1 + us 

and note the useful  relations 

(23.2) 

y - - -  s(1 + uz), 

) • ~ y = s  - - z u + 3 u + z u  ~ , 

z~y = - -  s l :  -+- z ~ u - -  4zu + 1 2 u  + 7zu~--z2(3uu--uS) l  , 

z ~ y 2 = s  ~ + 2u + ~u= , 

z~yy - -  - -  s2(1 + uz). 

24. - Consider the equat ion of class I I  

(24.1) y = by ~ + F ( ~ ,  y) 

for which b s = - - 6 ,  0 - - 0 ,  5 [see § 20] and determine T(k, ~, ~) in order 
th.at 

b - - - - 6 ,  a ~ - - 0 ,  d2 - -c0 .  
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This  is achieved by set t ing 

A - - C +  - - 0 ,  3 (A + ,~) - -  a ,  = o,,  

- -  M +  2b~ + (2A + (I))a, + c ~  + co + ~[b2h 2 +  c ,A + 3da~ + d~] = 0 

so that  ~ is de te rmined  by a l inear  different ia l  equation.  

[The choice of b - - - - 6  is obvious for then  s - - 1 .  Assume the coeffi- 
cients of F(x,  y) to be arbi t rary  and apply our  method.  The  first condit ion 
for stability is 2a~ - -  c~ -{- d 3 --  0. Fur ther ,  the condi t ion d~ --  Co simplif ies 
the problem ]. 

Wi th  these simplifications,  equat ion  (24.1) takes the form 

(24.2) Y -k  6Y 2 - -  c , y y  -{- co(y -{- y~) -k  d~Y 8 + d , y  + do 

and its associated equat ion  in u is 

(24.3) 

Because 

(24.4) 

Equat ion  

(24.5) 

z : h  - 4 z u  + 7 z u  '~ - -  z 2 ( 3 u u  - u ~  - 6 u : z  

- -  e l ( 1  - t -  uz) - -  coz2u "4- d3 -t- d , z  2 + doz 3 "- O. 

0 - - 0 ,  5, there follows the condit ion for stability 

Oi ---* d 3  • 

(24.3) becomes 

z u  - -  4 u  - -  v i u  -t- d , z  .q- doz 2 - -  VoZU "k u2 - -  z ( 3 u u  - -  u 3) = O. 

According to the general  theory, one sets 

(24.6) 

where 

u = P ÷ z~v 

P =  ~ + ~ z  + ~'z ~ + ~z ~ + ~z ~; 

:¢ remains  arbi t rary and will be assumed to be a constant  parameter .  
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On using the formulas given above, this substitution brings 
{24.5) to 

*" ~ 5 "  z~v + 6z v + Ao + A~z + A2z ~" + A3z ~ + A~z ~ + O(z~ = 0 

where the A's are determined by 

z P  - -  4 P  - -  c , t  ~ + d ,z  + doZ ~ - -  CoZP + P~ - -  3 z P P  + z P  ~ 

= Ao + A~z + A~z ~ + A3z ~ + A~z ~ + O(z~). 

Now, we determine ~, T, °, ~ by setting 

A o = 0 ,  A i = 0 ,  A ~ = 0 ,  A 3 = 0 ;  

then, the condition for stability is A~ = 0. 

equation 

2 5 . -  We give the results. 

From Ao--  0, one obtains 

(~5.t) 

From A ~ - - 0  and 

(25.2} 

From 

(25.3) 

then 

(25.4) 

(25.1), one deduces 

6~ = - 2~ + c , (~  ~ - 9 ) -  CoS + g , .  

A : - - 0  and (25.1-2), one has 

A~ -- 0 yields 

4e --  (y + 2~ + sT}'-- 4a~ - -  8~T + ~2 T - -  eft - -  CoT. 

Finally, the condition for stability as given by A 4 - - 0  can be wri t ten 

(25.5) (~ + 4~ + 3 ~  + 2~T)'-- 4 ~  + 2~T - -  3T ~ + 2a~ + 3 ~  
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It is clear  that  ~, 7, ~, ~ are polynomials  in :¢ and so is also the first 
member  of (25,5). This  condit ion for stability shows that  a cer ta in polyno- 
mial  in ~ is identical ly zero; because :¢ is arbitrary,  the coefficients of 
this polynomial  must  be zero. Thus,  one obtains condit ions which de termine  
the coefficients of the stable equat ions  of class II .  

26. To simplify the problem, we replace ~, Co, c~, d~, do, by 2~, 6co, 6e~, 
6d~, 6do respect ively and obtain 

____ ~2 __ 3c~,  

i 1 ('~ + 2a~)" - 8c,a ~ 3- 4 c , ~  - -  c,y 3- co(4a ~ - -  ~) (26.l) ~ --  

- -  2~d~ 3-  do, 

(26.2) (~ 3- 4z 3- 6 ~  3- 2~y) '--  4 ~  3- 4~.(  - -  37 ~ 3- 4 ~  3-- 12 ~ 

- -  y~ - -  6 c ~  - -  60o~ = 0. 

To fur ther  simplify the notations,  we set 

(26.3) 

-~ = G ~  ~ 3-  G~ ~ + ~ 3-  G ,  

where 

(26.4) 

I ~ -- --3C~, 

y~ -- 3e, , y~ = c, + 3C~-- 2co, 

I $ 3 - - - - 4 C , ,  ~ 2 = - - ( C ~ +  15C~--3Co), 

~4 -- 20G , % = 2c~ + .04e~ 16Co. 
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The left  member  of (26.2) is a po lynomia l  in a of degree  5: however  
the coeff ic ient  of ~5 is zero and that  of ~4 i s - - 4 5 c ~ .  Because  ~ is an 
a rb i t r a ry  pa ramete r ,  one ob ta ins  

(26.5) (3, - -  0 

and  therefore  [see (24.4)], 

(26.6) d 3 - -  0. 

These  condi t ions  g rea t ly  s impl i fy  ~, 7, 5, ~; one obtains  

= 3Co~ 2 - -  2d i ~ do, 

+ + 2do - 6co4,. 

a polynomial  The  lef t  member  of (26.2) is now 
degree ;  one has  

There fo re  

(26.7) 

(26.8) 

(26.9) 

in ~ of the second 

(3co-- tSc~)~-] - [12c~ - -  2c~)" -  3(d~ - 6cod,)]= 

-4- 3d: - -  6codo - -  3d~ -4- (d~ - -  6(3od~)" - -  0. 

, °  

C o =  C 

cl ~ - -  6cod ~ , 

do --  2codo = d~i. 

2 7 .  --  

(27.1) 

F r o m  (26.7), 

Note tha t  F(x,  y) assumes  the form 

F(x,  y) = 6co(y A- Y~) A- 6 d , y , +  6do. 

one deduces  

"~ 4c~ - -  g3 (30 - - -  

A~tnali di Matemat ica  7 
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where g3 is an arbitrary constant. Therefore, one 
cases according to the values of gg, namely 

i. g ~ - - 0 ,  Co- ' 0 ;  

ii. ga- -0~ Co--W-2; 

iii. g ~ 0 ,  Co-'~(w; 0, gs). 

i. c o - ' 0 .  Then d ~ - - 0  and 

d, = K ,~  -{- K2. 

We consider again three cases, namely 

a. K ~ - - K s - - 0 ,  

b. K , - - 0 ,  K~:4:0, 

e. K~:#O, K 2 : 0 ,  

[ K~ @ 0, /£2 ~ 0  is reduced to case c. by replacing x 

a. ]~rom (26.9), one has d ~ - - 0  and 

do = K3x  + 1£+. 

The stable equation of this class is thus 

+ 6y ~ = K ~  + K~ 

and is easily reduced to the two canonical forms 

, 

(27.2) ) 

has to 

i.e. 

by 

By setting y - -  z, these equations become respectively 

z -]- 6z2 - -  K~, 

"~" + 6z" = - 

well known stable equations of the second order. 

consider three 
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b. From (26.9), one obtains c / o -  K2 and 

K2 s do = -~- x + K3~ + K~. 

The stable equation of this class is of the form 

• K s  a~ 2 
y q- 6y2 = Ksy q - y q- K~a~ q- K4; 

it may be reduced to the canonical  form 

(27.3) y + 6y ~ - -  6y ~- 3x ~ + gain q- K s . 

[see eq. (22.24)]. 

c. From (26.9), one deduces do- -Kia~  and 

do --  a~ 4 q- K3x -Jr- K~. 

The stable equat ion of this class takes the form 

~ + 6v ' = K,~V + ' ~ + K~x + K~ 

and may be reduced to the canonical form 

(27.4) y -~ 6y s = 12xy -{- i2x ~ -[- K ~  + K~. 

ii. C o - - x  -s. Then d~ satisfies 

~,- G-e,=o a~ 2 

and thus 
Ki  

d~ --  - ~  + K2x 3. 

Three cases are again considered, namely 

a. K~ = K~ : O, 

b. K ~ = 0 ,  K 3 ~ 0 ,  

c. h ' ~ 0 ,  K s = 0 ;  
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then do is determined by 

(27.5) h o 2 - - ~ d o  = d~. 

Note that  the solut ion of the homogenous  is equat ion  

] (27.6) do - -  - -  -{- K~x ~ . 
x 

a. Then d~ - - 0  and do is given by (27.6); the stable equeotion of this 
class is 

• 6 • K 3 
(27.7) y" {_ 6y~ _ ~ ( y  _~ y2) +-x- -  "{- K~x~" 

This equat ion is equivalent  to the different ia l  system 

(27.8) I 

b. 

y ~ _ y2 + u, 

4uy  ~ + 2yu - u - ~u ~ + -6-u K~ 
x.~ "{- x -  + K~x2 = O. 

One has 

d I _7_ K2x*; 

then do is de te rmined  by 

so that  

2 Clo-- ~do-- K~x 6 

K ~  xS K 3 

The stable equat ion of this class is of the form 

(27.9) • 6 ( -  5 ~  - -  Y + 6Y~ --  -2 y + y2) + K,,x~y + ~8 + K4x ~ + K3 
X 

and may be reduced to the canonical  form 

+ 6y i ._ x ~6 (y + y~) + 18~3y -[- 6x 8 + / / 4 x  ~ -{-" I (  3x 
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This last equation is equivalent to the differential system 

t y - - - - y ~ - ] - u ,  
I "" 6u K3 "- O. 4y~u + 2y(u + 9x ~) --  u --  4u ~ + ~ + 6x ~ + K~x ~ + -x- 

c. One has 

K t d i =  - ~ ,  

- -  ~do~- - - -  x-- ~- 

and 

do K~ K~ 
--  4x - ~  + K~x~ + T "  

The stable equation of this class is 

(27.10) • 6 (y + y~) + + + K~x~ + 
Y + 6Y~ = x ~ * ~  x 

and may be reduced to the canonical form 

6 • 2 y  1 K 3 

i l l .  

(27.11) 

co--~ $(x; 0, g3); then d~ and do are given respectively by 

d', - -  6 ~ ( x  ; O, g3) d ,  = O, 

(27.12) do - -  2 $ ( x ;  O, g3)do - -  d~. 

These equations are of the type (LA~E's equation) 

w - -  [n(n + 1) ~' --k h] w - -  0 

where n is a positive integer and h a constant; 
tively to n-= 2, n - -  1 and have been considered 
and HA:L:PHEH. 

the3T correspond respec- 
by ttERMITE, PICARD 
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We have to 

a. d~---0. 

This 

consider two cases~ namely d , - - 0  and d~ :~ 0. 

Then equation (27.12) becomes 

do-- 2~(~c; 0; g3)do--~O. 

Lam~'s equation has two distinct solutions 

( 2 7 .1 3 )  do~(x)_~e_~(a ) ~(x-~ h) do~(x):e~(l~)~(x--h) 

where h satisfies ~ (h) - -0 .  

The stable equations of this class are 

(27.14) y'-~ 6y ~ : 65(x; 0; g3)('Y + Y~) + K~do,(W) ÷ Ii~do2(X). 

A transformation x ~ x ,  y - ~ y ,  co~yco, a~ : 1, ~'---- 1 :¢~g~--- i brings 
equation (27.14) to 

(27.15) y + 6y 2 - -  63(x; 0, 1)(y -{- y:) -[- K, do,(x) -[- Kflo.~(x) 

where $(w) is the solution of 

° ,  

co - -  4c30 -- 1. 

b. d, =4= 0. Equation (27.11) has two distinct solutions, namely 

d , , (x )=$(x) ,  

X 

d,~(~) --  $(x) $~(t)' 
0 

The homogeneous equation associated with (27.12)has two distinci 
solutions doi(x ) and dos(x ) [see (27.13)]; one has 

d0,(x)cl0~(x) - -  do~(x ) clo~(x) : - -  ~2(h)~( h ). 

Finally, one particular solution of equation (27.12) may be obtained by 
quadratures by using the method of variation of parameters. 
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V. E q u a t i o n s  o f  c la s s  III. 

28. The stable equations of this class are of the form 

(~8.1) y = a(vy + y~-) + F(x, y); 

their  solutions have only one set of simple parametr ic  poles 
a s : - - 2  and 0 ~ - 1 ,  2. 

By a suitable t ransformation T, one may assume 

a- - ' - - -2~  ~ i - - d 3 ,  a~----0 

so that s-----1. One has only to determine )~, ~, ~ by setting' 

a(A ~ (I)) ~ a - -  O, 

a(4h 4- (I)) -b c, + 2d~ _~ 0, 

(28.2) 

a~ - -  3(A -}- (P) + a t ----- 0. 

With  these simplifications, equation (28.1) takes the form 

y + 2(yy + y~) - -  e~(yy + y~) + coy -[- d~y 2 + d~y + do; 

its associated 

(28.3) 

Because 

(28.4) 

where 

equation in u is 

z~-~'~ - -  2zu -~ 2u -~ (d2 - -  co)z + d , z  2 + do~ 8 - -  c t u z  

- -  eouz ~ + 3zu  ~" - -  z : (3uu - -  u 8) --- O. 

0 - - - t ,  2, one sets 

u = P ÷ z~v 

One sees immediately that a - - 0 ;  
and may be assumed to be a constant. 

because 0 - -  1, 

such that 

remains arbi t rary 
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Our problem is now readily solved. In fact, subst i tut ion of u given 
by (28.4) into (28.3) yields 

where Ao, A~, A~ 

z*v "a t- 2z~v "t- Ao "4- A ~z -}- A~z ~" + 0 (z s) ----- 0 

are de te rmined  by 

A o + A~z + A . y  + O(z ~) 

z~P - -  2z~ ) + 2 P  + (d2 - -  co) z -f- d~z ~ - -  c~zP - -  CoZ:P 

+ 3 z P  2 - -  3 z 2 p ~  ' + z~P 3. 

One obtains 

the condit ions for 
arbitrary,  

d e---c o, d i - - c  t - - -0 .  

The stable equat ions of class I ] I  are thus [see 

A o = 0 ,  A l = d ~ - - c o ,  A ~ - ' d l - - c ~ ;  

stabili ty are thus A~ = A2 "-  0 and therefore because ~ is 

(2s.2)] 

(28.5) 

where  co and do are arbi t rary analyt ic  funct ions  of x. 

To integrate  this equation,  observe that  it is equivalent  to the diffe- 
rent ia l  system 

i y + y 2 - - u ,  u ~ CoU ~ do 

or to the dif ferent ia l  system 

f i i =  ,,t. ! Y----i' 

! U ~- cou -~- do. 

Therefore,  y(x) is stable. 
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VI. E q u a t i o n s  o f  c l a s s  IV. 

29. The stable equat ions of this class are of the form 

• C b  2 • 

(29.1) y = ayy + ay 2 - -  5 y2y _{_ F(x ,  y). 

The solutions of this equation have two sets of simple parametr ic  poles 
determined by 

t a s ~ = - - 3 ,  0 = 0 ,  2; 
(29.2) ( a s 2 - - - - 6 ,  0 -~- --  3, 2. 

The associated equation in u is 

( a% z2u - -  zu (4 + as) + u 12 + 5as + T ]  

+ 2a~ - - c , s  + d~s ~ + z(do.s --Co) + d~z ~ + doz~ 
(29.3) s 

+ (3a~ - -  qs) zu + (7 + 2as) zu ~ --  coz~-u + a~z~-u ~ 

--  a,z~u --  z~(3uu --  u ~) - -  0 

where  s is equal  to s~ or s2. 

By a suitable t ransformation T, one may assume 

(29.4) a = - - 3 ,  a ~ c ~  + 2 d  3 = 0 ,  a ~ = O  

so that s ~ - - 1  and s 2 = 2 .  One has only to determine )., ~. ~ by setting 

0~ A--¢~+~=O, 

3c~ 18d 3 
3 A ~ a ~  q - a ,  + T +  or. ~ - - 0 ,  

3 (A + O) - -  abt - -  a~. 
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With 

(29.5) 

Now 

(29.6) 

these simplifications, equation (29.3) becomes 

° °  

t z~u - -  z u  (4 - -  3s) + u ( 1 2 - -  15s + 3s ~) 

- -  c , s  + d~s  ~ + z(d2s - -  Co) + d i z  ~ + d__o z ~ 

- -  c~s zu  + (7 - -  6 s ) z u  2 - -  CoZ~U - -  z ~ ( 3 u u  - -  u ~) = O. 

suppose s = 1, so that 

° °  

z~u - -  z u  - -  c~ + d~ -4- z (d2 - -  Co) + d~z 2 -4- doz ~ 

- -  c , z u  + z u  2 - -  CoZ'~u - -  z~(3u~t - -  u ~) = O. 

Because 0 = 0, 2, a condition for stability is ci-----ds and consequently 
[see (29.4)], 

(29.7) c~ ~ d s = 0. 

Then, substitute 

u - -  P + z2V, 

into (29.6) and rewrite the result  as 

z4v + 3z3v + do  + d i ~  + d / "  + O(z  3) = 0 

where  Ao, A t ,  Az are defined by 

Ao + A~z + A2~ 2 + O(z ~) 

= z~@ - -  z t  ) + z (d2  - -  co) + d~z 2 + z P  ~ - -  coz2P - -  3 P t ) z  ~ + z~P  ~. 

Accordingly, the conditions for stability are determined by 

A o = O ,  A ~ = O ,  A 2 = O .  

Note that Ao is identically zero~ so that ~ remains arbi t rary;  we 
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assume it to be a constant.  

(29.8) 

and from A s - - 0 ,  

(29.9) 

Subs t i tu t ing  

Then, from A~ ~ 0, 

-b ~ - -  :¢~ - -  co~ + d,  = 0. 

given by (29.8) into (29.9) yields 

d~ - -  co - -  :¢d~ - k  di --~ 0 ;  

because :¢ is arbitrary, one finally obtains 

(29-10) d~ ~ 0, d i ~--- Co. 

It  remains  to consider  the paramet r ic  poles 
Because o[ (29.7) and (29.10), equat ion  (29.5) takes 

"' d 0  3 
z2u + 2zu  - -  6 u  - -  coz + d i z  2 + ~2 z - -  5 zu  2 - -  coz~u - -  z ~" (3uu - -  u ~) --- 0. 

In  agreement  with 0 - - - - 3 ,  2, one sets 

u ~ P + z~v, 

P - - ~ +  ~z 

and de termines  Ao, A~, A~ by 

Ao -k  A~z -k  A2z ~ "Jr- O(z  ~) 

do z~ __ 5z  p2  :._ coz2 P _  3z2 p . p  "k z : P~. -~ z~P "t- 2 z P - -  6 P - -  coz q- d i z  2 "q- : i  

The condit ion for stability is given by Ao~-~A~----A2~0. 

F rom A o - - 0 ,  it follows that  a ~ 0 .  Then  A l - - 0 ,  A ~ ' - 0  yield 
spectively 

a ~ + c o - O ,  4 ~ + d ,  = o  

o r  

d I - -  Co 

which  is already satisfied [see (29.][0)]. 

corresponding to s - -  2. 
the form 

r e -  
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The stable equations of this class are thus 

(29.11) - 3 y i ; -  3? 3 -~ - - ,  y y + coy + coy -~ do 

where co and do are arbi trary analytic functions of x. 

To integrate these equations, set d o - - q  and integrate 
to ~;  then 

(29.12) y .~  - -  3yy  ~ y~ + coy q-- q -t" K. 

tion 

Equat ion (29.12) is of the 
V 

(20.4)]; by setting y - -  v ' 

second order, of type I 

it reduces  to a l inear equat ion 

of the third order;  

. o .  

v - -  Coy -t- (q q- K ) v  

therefore, y(x) is stable. 

with respect  

[see Par t  I, equa- 

VII. E q u a t i o n s  o f  c lass  V. 

30. - The stable equations of this class are of the form 

(30.1) 
a 2 o 

y == ayy  -~- 2ay 2 - -  ~- y~y q- F (~, y). 

The solutions of equation (30.1) have two sets of simple parametr ic  
poles determined by 

(30.2) 
t a s ~ - - - - - 2 ,  0 - - 0 ,  3; 

as~ = - -  6, 0 - -  ~ 4, 3. 

The associated equation in u is 

(30.3) 

i .. ( 66282 z2u - - z u ( 4  -~- as) -~ u 1 2 +  7 a s ~ T  ) ~ 2 a , - - c ~ s - { - d 3 s  2 

do ~a 
f + z(d2s - -  Co) + d,z  2 -~ - ~ -  -[- uz(3a, - -  c,s) - -  CoZ~U - -  a,z2u 

-~ aiz2u ~ -~- zu~(7 -[- 3as) - -  ~ (3uu - -  u s) - -  0 

where s is equal to s~ or s 2. 
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By a su i tab le  t r ans fo rma t ion  T, one may  a s sume  

(30.4) a ~ - - 2 ,  a ~ : 0 ,  c ~ = 0  

so that  s~ ~ 1 and s. 2 = 3 .  One has only to de te rmine  )~, t~ q~ by se t t ing  

6t 
A - - + +  a = 0 ,  

3 (h + O) - -  at~ - -  ai  ----- 0, 

6 A + ~ -  ai~ -4- cA - - 0 .  
a 

W i t h  these  s impl i f ica t ions ,  equa t ion  (30.3) becomes  

, .  

z~u ~ z u ( 4  - -  2s) q- u(12 - -  14s -[- 2s 2) -4- d3s 2 q -  z ( d ~ s  - -  co) q-  d i z  2 

(30.5) 
q_ do z~ _ coz2u + zu2(7 _ 6s) - -  z2(3u~t - -  u ~) = O. 

8 

Now suppose  s - - 1  and  note that  because  0 - - 0 ,  a condi t ion  for stabi- 
l i ty is d 3 = 0 ;  then equa t ion  (30.5) is 

(30.6) z u  - -  2 ~  "b d~ ~ co "4" d~z - b  do z~ - -  cozu + u ~ - -  z (3uu - -  u a) - -  0. 

In  a g r e e m e n t  with 0-~-- 0, 3, set  

u ~ P q- z~v, 

P = ~ + ~z + yz  ~ 

where  ~ r ema ins  a rb i t r a ry  and  will  be a s sumed  to be a cons tan t  pa rame te r .  
Fu r the r ,  de t e rmine  A o ,  A , ,  A .  2 by se t t ing 

z~ 5 - -  2.P -f- d 2 ~ ~o "f- d~z -}- doz ~ - -  c o z P  "4- P~- - -  3 z P P  + z P  ~ 

= Ao + A~z + A . y  + O(z ~) 

and note tha t  ~, 7 a re  g iven by  

(30.7) Ao -~ A, = 0 
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and that  the condit ion for stability is 

(30.8) A~ 

One obtains by using (30.7) 

(30.9) 

(30.10) 

then (30.8) yields 

----0. 

2]" - -  - -  d2:¢ -]- d~ ; 

and also to 

(30.14) Y = y2 y~ K ~-~yy-2-+~oy+ ~. 

(.30.13) 'y---- - -  2 y y -  4y 2 -  2y2y + 2coy + roy 

where co is an arbi t rary analytic funct ion  of x. 

To integrate  this equation,  mul t ip ly  both members  by 2y and note that  

equat ion  (30.13) is thus equivalent  to 

d , -. • d ( 4 y ~ y + y 4 ) + 2  d 
-d~ (2yy  - -  y~) ~ d x  d x  (c°Y2) 

(3o.11) ~ + ~ - ~ - 2 ~  + do - ~ = o. 

The left hand member  of (30.11) is a polynomial  in :¢ of degree 2; 
because a is arbitrary, one has 

d~ --- 0, 

(30.12) 2d~ ~ co, 

2 d o - -  ~o - -  2cl, - -  O. 

By vir tue of these condit ions and with co being replaced by 2Co, 
equat ion  (30.1) becomes 
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This equation of the second order is of Type III,  class E.16 and may 
be reduced by the transformation x ~  ~x, y ~ ~y, ~ = 1, K ~ 4 = - - 1  to 
the canonical  form 

Y~ - -  2yy - -  y~ 1 

iv 
it is reducible to a linear equation of the fourth order by setting y - - - .  

Therefore  y (x )  given by (30.14) or (30.13) is stable. 

31. - It may be verified that no new condition for stabili ty arises from 
the second set of parametr ic  poles. 

Taking into account  the conditions for stabil i ty obtained in the prece- 
ding article, one may write equation (30.5) as follows (note that s = 3 )  

z~u + 2zu - -  12u - -  2coz + coz ~ - -  2CoZ2U - -  1 1 z u  2 -  z~(3uu - -  u ~) = 0. 

Since 0-------4,  3, one sets 

u -" P -{- z~v~ 

P = ~  + ~z+ y~ 

and determines Ao, A~, A~, A~ by setting 

z2~ 5 + 2zP - -  12P - -  2OoZ + coz ~ - -  2coz2p - -  1 l z P  2 - -  3 z 2 P P  + z ~ P  8 

- -  Ao + Atz  + A~z 2 + A~z 8 + 0 (z4). 

Obviously, ~z ~ 0  and Ao- -  0; then A , - - ' 0 ,  A 2-- -0  give respectively 

5~t + co = 0, 30~' = co. 

The condition for stability is then A ~ - - O  or 

+ 6} - - o 

and is an identi ty.  
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VIII. E q u a t i o n s  o f  c l a s s  VI, 

32. - The stable equations of this class are of the form 

(32.1) 

The solutions of these equations have two sets of simple parametric  
poles determined by 

t a s 1 = - - 1 ,  0 = 0 ,  4 ; 
(32.2) 

I a s 2 = - - 6 ,  0 = - - 6 ,  5 .  

The associated equation in u is 

(32.3) 

z:u - -  (4 + as)zu + t12 + 13as + a~s~)u + 23~ - -  c~s + d~s ~ 

+ zid2s Co) + z2d~ + d.  - -  - -  z ~ + zu(3al  - -  c~s) - -  Cozen 
8 

- -  z~a~tu - -  u s) + zu  17 + 6as) - -  z~(3uu - -  u ~) = 0 

where s is equal to s~ or s2. 
By a suitable ~rans[ormation T, one may assume 

(32.4) a = 1, al = cl = 0 

and consequently, sl = -  1, s2 = - - 6 .  One has only to determine ),~ t~, 
by se~ting 

A ~ +  a 

3A-I- 3(I) - -  at~ - -  a~ = 0 ,  

1 2 A + e p  23~ + cl - -  - -  - - - - 0 .  
a 

For convenience, we shall write 3c instead of co. Then because of (32.4), 
equation (32.3} may be rewrit ten as 

(32.5) 
_{_ z~dl + do z~ _ 3cz2u + (7 + 6as)zu  2 - z2(3uu - u3t - -  o . 

8 
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Now suppose  s = - -  1 so that  

. ,  , , 

(32.6) z~-u - -  3 z u  + ds ~ (3e + d2)z + d~z ~ - -  doz ~ - -  3cz~u + z u  ~ - -  z2 t3uu  - -  u ~) = O . 

Since  0 = 0, 4, a condi t ion  for  s tabi l i ty  is 

(32.7) 

Fur the r ,  set  

d ~ = O .  

u = P + z~v, 

P =  0: + ~z + ?z 2 + ~z ~ 

where  0: is an a rb i t r a ry  parameter ,  and de t e rmine  A~,  A2 ,  A s ,  A4 by se t t ing 

z t  5 - -  3/5 ~ (3c + d~) + d~z - -  doz ~ - -  3 c z P  - b  p 2  _ z ( 3 P / 5  - -  P~) 

= AI -F" A,,.z + A~z ~ --}- A,~z ~ + Oiz4). 

In  a g r e e m e n t  wi th  the genera l  theory,  ~, y, ~ are  given by  

(32.8) A~ ---- 0, A2 - -  0, 

and the condi t ion  for s tabi l i ty  by 

f32.9) 

The  equa t ions  (32 .8 )y i e ld  r e spec t ive ly  

A~---- 0 .  

(3~.10) 

A ~ = O  

3 ~ --~ 0:2 ~ 3G - -  d2 ~ 

4 y = 0:d2 + d l  - -  "~, 

3 ~ = ~.(~ - 0:2~ _ d ~  - -  do + "~ + ~. 

Final ly ,  A4 = gives 

(32.11) • + 3~ + 0:t" - -  0:8 - 5~,  - -  3c? + 0:2,( = 0 

which  is a po lynomia l  in 0: of degree  3. S ince  a is a rb i t ra ry ,  the coef f ic ien ts  

A n n a l i  di M a t e m a t i e a  9 
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1 
of this polynomial  are  ident ica l ly  zero. The  coeff ic ient  of ~3 is ~=~ d~: therefore  

(3,. 12) d~ 0 

W i t h  this s implif icat ion,  one has 

3 ~ ------ ~2 __ 3c,  

(32.13) 4 y ~ dl -4- c ,  

• . 1 (d, + c) 

and (32.11) may  be r ewr i t t en  as 

1 (•: ' c ) - -  d'o + 1 1 (dl - -  c) :¢~ 1 (2do + 3c - -  bd:) :¢ + ~ - -  + ~ 2 c(d, + c) = o 

f rom which  it fol lows that  

(32.14) d:-~--c, d o = c ,  d ' o = c c = c .  

The  stable equat ions  of this class are  thus  of the form 

 32.1 )  =yy + 5y -y y + + + 

where  c is given by 

(32.16) c ~ c c .  

It  is read i ly  seen that  c sat isf ies 

(32.17) c2 1 c3 = ~ + K ~ c q - - K a  

and  is an el l ipt ic  f i lnct ion of x. 
~/[oreov er~ 

(y - -  y )  - -  ya -{- cy + c)~ : 
(32.16) 

-4- 4(y - -  y~) (2cy'  -4- cy + c) + 4c~y 2 Jr" 4c'cy -{- 2"c ~ + K 

is an in tegra l  of (32.15) [see CI-IAZY [2, a]]. 
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IX. E q u a t i o n s  o f  c l a s s  VII. 

33. - The stable equat ions  of this class are of the form 

(33.1) y" = a y y  + 2ay  ~ + 2a~'y~'y + F ( x ,  y ) .  

The solut ions  o[ this  equa t ion  have  two sets of s imple pa rame t r i c  poles 
de t e rmined  by 

(33.2} 
as1 ~ --  1, 0--~ 1, 3; 

t a s 2 = 3 ,  0 ~ 3 ,  5 .  

The associated equa t ion  in u is 

(33.3) 

(33.4) 

~33.5) 

(33.6) 

o r  

(33.7) 

z2/~ - -  (4 + as) z~ + (12 + 7as - -  2a'~s~)u + 2a~ - -  c~s + das ~ 

do 
+ (d~s - -  Co) z + dlz  2 + s z~ + (3a~ - -  c~s) uz  - -  coz2u 

+ (7 -{: 3 a s ) z u  ~ - -  a~z ~ (u - -  u:} - -  z ~ (3uu - -  u ~) : 0 .  

By a sui table  t r ans fo rma t ion  T, one may  assume 

2a~ + cl + d~ ~ 0 ,  

251 - -  3cl + 9da ~ 0 

a -~ 1 , 4al  + 3c~ ---~ 0 ,  2ai  -[- 3d3 -~  O. 

One has  only  to de te rmine  k, ~, ~ by se t t ing 

A - - ~ +  a - ~ o ,  

6 A - - 9 O + 1 6 a ~ + 4 a l - ] -  3ff~_~0, 

3d8 
6 (I) - -  2a~ - -  2al - -  a ~- = 0 .  
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Now assume a = 1 a n d  s = = -  1 ;  t h e n  (33.3)  may be rewri t ten as 

z2u ~ 3zu + 3u - -  (co + d~)z + d~z 2 - -  doz ~ + (3al + c l ) z u -  coz~u - -  a y ( u  - -  u ~) 

+ 4zu ~ - -  ~(3uu - -  u ~) = 0.  

Set 

u = P ~ z3v , 

P = ~ + ~z + ,;z ~ , 

and determine Ao, A1, A~, A8 by setting 

z h P -  3 zP  + 3 P  - -  (co + d2)z + dlz z - -  doz ~ 

+ (3al + c l ) z P -  c o z 2 P -  alz 2 (-P--~ P~) + 4 zP  2 - - z 2 t 3 P ~  ' ~ p3) 

= Ao + A~z + A~z ~ + Asz 3 + O{z4). 

Because of 133.5), A o = 0  gives ~ ~---0; since 0~---1, ~ is an arbi trary 
parameter  and a condition for stability follows from A1 = 0, namely 

(33.8) Co + d2 ~-- 0 .  

Then A2 = 0 yields 

(33.9) 7 == {2a~ + c~) ~ + d~ 

and Aa ~ - 0  in turn  results in 

(33.10} 7 + (a~ + c~) 7 - -  vo~ - -  do ~- 0 .  

From (33.9-10) and since ~ is arbitrary,  one obtains two additional condi- 
tions for stability, namely 

(33.11) 2ax + "e~ + (a~ + c~) {2al + e~) = co, 

(33.12) v~x + (a~ + c,)dx = do. 
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34. - We proceed fur ther  by consider ing the second set of s imple para- 
metr ic  poles, namely s~ ~ 3, 0 ~ 3, 5. 

For convenience,  we write 4c and 12d instead of c~ and d~ respect ively;  
then according to the preceding section 

I a 1 - ~ - - 3 c ,  d s = 2 c ,  c o + d 2 - - O ,  
(34.1) 

! co = - ~(~ + c-'~, ao = 12(h + ~d) 

so that  equat ion  (33.3) may be rewri t ten  as follows 

z~-u - -  7zu + 15u + 8(~ + c~)z + 12dz 2 + 4(d + cd)z ~ - -  21cuz  

+ 2tc + c ~) z°'u + 16zu 2 + 3cz s (u - -  u:) - -  z ~ {3uu - -  u s) -~ O. 

Because 0-~-3,  5, one sets 

u - ~  P -47 z~v , 

P ----- ~ z  + ,Cz ~ -4- ~z  s + ~z  ~ 

[obviously c¢----O] and de termine  A~, A2,  As ,  A~, A5 by 

~ P - -  7~/~ + 15P + S(c + ~) z + 12dz 2 + 4(ct + ca~ z s - 2 1 c z P  

+ 2(c .+. c ~) z2P + 1 6 z P  2 + 3czS(P - -  P~) - - z ~ ( 3 P b  - -  ps)  

-= A~z + A2z ~ + Aaz ~ + A~z ~ + Asz ~ + O(z~). 

The coefficients ~, `(, $, s of P are given by 

A1-----0, A2=O, A~-~0, A , ~ 0 ;  

the condit ion for stability is A~ = 0. 
Since 0 = 3, ~ remains  arbi, trary. ]~hen, A~-----0, A2 ~ 0 yield respect ively 

(34.2) ~ = - -  ('c + cs), 

(34.3) 3"( = 5~ + 1 8 c ~ - -  12d.  



70 F . J .  BUReAu: D i f f e r e n t i a l  e q u a t i o n s  w$th, f x c .  c r i t i c td  poi~tts 

F u r t h e r ,  A ~ - ~  0 g i v e s  

- 3~ + s~ ~ + 4(d + ~d) - -  tScy + .~(~ + ~2~ + 3 ~  = 0 

or  b y  v i r t u e  of  i34.4), 

(34.4) ~ + G(~ + 4 e ~  - 4(e + 4~d) ÷ 10 ~ ~ = o .  

l~rom A4 ~ 0, i t  f o l l o w s  

(34.5) ~ ~-- ~l ÷ 11 ~y - -  12c~  + 3 c : l .  

T h e  c o n d i t i o n  f o r  s t a b i l i t y  A~ ~ 0 y i e l d s  

(34.6) 

B e c a u s e  ~ is  a r b i t r a r y ,  the  c o e f f i c i e n t  

(34.7} c ~ 4c ~ . 

B y  v i r t u e  of  th i s  r e l a t i o n ,  one  o b t a i n s  

(34.8) ~ = - -  5~ 2 , ~ -~  - -  40c 8 , ~ = - -  40 .12c  ~ , 

(34.9) 3 y ~ - -  290~ ~ - -  12d 

a n d  f r o m  (34.4) 

(34.10) v~ + 4ed + 280~ ~ ~-  0 .  

T h e n  b y  u s i n g  {34.7! a n d  (34.10), o n e  h a s  

y - ~  16cd  - -  4 0 C ,  

y ~ - -  1 6 .  3 2 0 c  ~, 

---- - -  12 e ~ ÷ 4 • 67c°'d ÷ __2~0 c~ 

" 40 
= ~ 1 2 c ~  ÷ 42 .  6 7 c ~ d - -  -~- • 5 5 1 3 C .  

of  ~ in  (34.6) is z e r o ;  t h e r e f o r e  
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Subs t i tu t ion  in (34.6) gives 

5 
(34.11} 12d + 420cad - -  ~ • 931c 6 --~ 0 .  

By d i f fe ren t i a t ing  {34.11) and because  of (34.10), one obtains  

(34.12) 12 d ~" -[- 420c~d -}- i9355c~ ~-~-0. 

Compar ison  of (34.1t-12) shows that  c~---0, d ~ 0 .  
Therefore ,  the s table equa t ion  of this class is 

X. E q u a t i o n s  o f  c la s s  VIII. 

35 - The stable equat ions  of this class are of the form 

(35.1) y - ~  cy2y -~ F ( x ,  y ) .  

The solut ions  of this equat ion  have  
de te rmined  by c s 2 :  6, 0 ~ 2, 3. 

The associa ted  equa t ion  in u is 

two sets of s imple pa rame t r i c  poles 

(35.2) 

z2u - -  4 zu  ÷ 6 u  -t- 2a~ - -  ~ls T d~g 

doz s 
- -  Z(eo - -  d2s) + d,z  ~ + ~ -{- uz(3a~ - -  cls) - -  coz~u 

+ 7u2z + a~z"-u ~ - -  a,z~u - -  z~(3uu - -  u ~) -~- O. 

By a sui table  t r ans fo rma t ion  T, one may  assume 

{35.3} c ~ 6 

and therefore  s ~ ~ 1 and  2 a~ - -  c~s -{- d~s ~ ~- 0 or 

(35.4) cl ~ O, 2al  ~ d8 -~ O. 
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One has  only to de te rmine  ),, ~t, ~o by se t t ing 

c 
2 A - 2 q )  + ; = o ,  

- 3 q ) + a ~ +  3d_ 3 = 0 ,  
c 

3c 1~ -t- c~ = O. 

W i t h  these  s impl i f icat ions ,  equa t ion  (35.2) becomes  

Set  

and de t e rmine  

z~u - -  4 zu  ~- 6u  - -  Z(Co - -  d~s) + d~z ~ -{- dosz s 

+ 3a~uz - -  coz2u -~ 7u2~ + a~z~u 2 - -  a~z'~u - -  z '~ (3uu - -  u~l = 0 .  

Ao, A t ,  A~, 

u = P -b z3v, 

P = ~  + ~ z +  ~:z ~ 

As by set t ing 

z2]) - -  4 z [  ) + 6 P  - -  Z{Co - -  d2s} --~ d~z ~ -~ dosz 3 

-~ 3a~zP - -  coz~P -~ 7 z P  ~ + a~z~P - -  a ~ z ~ P -  3z~P~ ) -~ z "P  ~ 

= Ao + A~z + A~z ~ + Asz 3 + O(z~.  

Obvious ly  ~ = 0 and y is a rb i t ra ry .  Then  A1 = O, A2 = 0 yield r e spec t ive ly  

 35.5) 

so that,  s ince s = ~ 1, 

(35.6) 

i 2~- - - - - co - -d~s ,  
( 

/ 
i d2 ---~ aid2 

f d l  ~ Vo - -  a l t o .  
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The condition for stability, As ~ 0, is then 

(35.7~ ~ + 2~ ~ + dos + a,~, - -  ~o~--  a,~ = 0.  

Because ~, is arbitrary,  this yields 

and consequent ly  [see (35.6)]. 

al ----~- 0 

or d~ = 2K  , 

dx ~ Co • 

From (35.7), one obtains in the usual way 

~o + d~ = O, 

2do = cod~. 

Therefore,  

d~ ~ co ~ - -  4 K ~ x  ÷ K 1 ,  

co ~ - -  2 K ~ x  ~ -t- K l x  -t" K ~ ,  

do ~-- K (--  2K 2x~ + K~x -~ K2) . 

Now we have to consi4er several cases according to the values of K~ K1, K2. 

i. Suppose  K---- 0;  then 

Co ~ Klx T Ks, d~ --- do ~-- O. 

a. W h e n  K~---~ 0, the stable equation is 

(3.5.st = 6y 2 y + Ko . 

b. When  K1 & 0, the stable equation is 

(35.9) "y = 6y~y + (K,x -t" K~)y -b K~y. 

Anna~i gi Matematiea lO 
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ii. Suppose K ~ 0;  the stable equation of this class is 

y" ~-- 6y~y q- (--  2g~x 2 -}- K~x -ff K2)y q- 2Ky 2 q- ( --  4K~x if- K~)y 
(35.1o) 

+ K ( - -  2K2x ~ + K~x + K:). 

On using a linear transformation, one may suppose K~----0. 
Then by x ~ : c x ~  y ~ y  where ~ - - 1 ,  K ~ - -  ~ 1  and K2~2--  - - 4 h  

where h is a constant (arbitrary), one obtains 

(35.11) y" ~--~ 6y~y - -  (2x ~ + 4h)y - -  2y ~ - -  4xy q- 2x ~ q-- 4h.  

Subst i tut ion of y ~ u + x brings (35.11) to 

u = 6u~u + 12uux + 4(x 2 + h)u + 4u ~ + 4xu.  

This equation is obtained by differentiat ing with respect  to x, the equation 

(35.12) 2uu ~- u "~ + 3u ~ + 8xu ~ + 4(x ~- + h)u ~- if- 2K 

in order to eliminate the second constant  K. 
Equat ion (35.12) is a stable equation of the second order [see Par t  I, 

table I, eq. 4]; therefore, y(x) gives by (35.11) is also stable. 

PAR~ I I I  

E q u a t i o n s  o f  o r d e r  f o u r .  

1. - This paper  is the third part  of a group of studies concerning diffe- 
rential equations with fixed critica,1 points. We  shall again use the method~ 
notat ions and terminology employed in Parts  I and II. 

We  write the equations concerned in the form 

(1.1) y,o = ~y~ + by; + ~y~ + dyy~ + ~y~y + ry o + F(x, y), 

where 

(1.2~ 
F(x, y ) =  ao~ + (~ly + ~o)y + doy ~ + (e2y'- + ely + ~o)y 

q- Ly  ~ q- f~y~ q- f~y~ q- fly q- fo ; 
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a, b, c, d, e f, with or without  subscripts,  are analytic functions of x in a 
certain domain D. 

The reduced equation corresponding to (1.1) is easily determined by 
setting x-----xo ~ el,  where Xo is a point in D and ~ ~ 0 a pa ramete r ;  one 
finds y~" --~ 0. 

The only value of y for which Cauchy ' s  general existence theorem does 
not apply to equation (1.1) is y ~ c,z. To determine necessary conditions for 
the absence of parametr ic  critical points for equation (1.1), suppose that in 
a neighborhood of x ~ Xo, y(x) takes the form 

s(~) 
(1.3) y(x)  - -  { X _ X o )  ~ , 

where r > 0 and s(xo)~= O; s(x) is a holomorphic function of x. 
Subst i tu te  y(x) given by (1.3) into (1.1) and note that 

rS(~o) [1 + o (~- -Xo) ]  
(x - ~o) "+~ 

y(x) - -  r(r + 1)s(xo) 
(x - -  Xo) r+~ [1 -[- 0 (x - -  Xo)], 

y(x)  : - -  r ( r  -~  1)(r -{- 2)s(xo) [1 + O(x - -  Xo)] 
(~ - -  ~°)~+~ 

y~(x) ---- r(r ~- 1) (r + 2)(r + 3)s(xo) [1 + 0 (~ - -  w.)]. 
( x  - -  Xo) "+~ 

i. First,  suppose that at least one of a(xo), b(xo), c(xo), d(xo), e(xo), f(xo) 

is not zero;  then the dominant  terms arise from y~, y y ,  y y ,  y2y, yy~, y~y, yS. 
It  is easily seen that r ~ 1 and that s(xo) must satisfy the equat ion 

(1.4) f s  4 - -  es 3 ~ (2c -t- d)s '~ N 2(3a -[- b)s - -  24 ~ 0 ; 

thus y(x) has at most four sets of parametr ic  poles. 
In addition, every solution of the equation 

(1.5) ¢o= + b yy + + ayk  + + re, 

where a, b, c, d, e, f are constant, must be single-valued.  
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These conditions restrict  the possible values of a, b, c, d, e, f, as will 
be seen in the following sections, 

it. Second, suppose f(xo) -~ e(xo) -~ O, 2c(xo) -1- d(xo) ~ O, 3aixo) -[- b(xo} ~ 0. 
Substitution of (1.3) into (1.1) shows that every solution of the equation 

m u s t  be single-valued.  However  this is known to be impossible except  when  
a ~ ~----0 [see CltAz¥]. 

iii. Third, suppose a : b : c : d : e : f - - - - 0 .  The dominant  terms 

arise from yi~ yy ,  y2, y~. Then r -~-2  and the corresponding equation is 

(1.6) y'~ -~ c~yy -{- doy ~ -[- b y 3 ;  

c~, do, fa are constant and every solution of (1 .6)must  be single-valued. 
Moreover, s(xo) must  satisfy the equation 

(1.7) fas ~ -[- 2(3c~ + 2do)s - -  120--~ 0.  

iv. Fourth,  suppose c~ ~ do ~ f~ ----- 0. The dominant  terms arise from 

y~, yy .  Then r----3 and the corresponding equation is 

(1.8) y~ : e~ y y ,  

where e~ is a constant. 
The integral  of (1.8) satisfies 

e~ y2 + K  

and is a mul t ip le-valued function except when e~--~ 0. [see Par t  II, eq. (5.12)]. 

v. Fifth, suppose e~-~-0. The dominant  terms arise from y~v and y2 so 
that r ~---4. The corresponding equation is 

(I.9) y~ : f~y~, 

where f~ is a constant. 
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This equation is not stable except  when f2-~ 0. To prove this, assume 
f 2 - ~ - - 4 . 5 . 6 . 7  ~ 840 (by replacing y by ay). The equation 

y+~ ~ 840 y: 

is satisfied by y ~ x -~. Then set y ~ x - ~ +  e z; z(x) is determined by 

z ~ = 8 4 0  - ~ - z + e z  ~ . 

According to the general theorem of stability, z (x ;  ~) given by 

z(x ; ~) -~  ~o(X) + ~ z~(x) + . . .  

must be s ingle-valued together with zo(x), z~(x), . . . .  
In  part icular ,  Zo{X) is determined by 

• Z 0 
~o ~ -  1680 ~ = O; 

the related indicial equation is 

O r  

0 ( 0 - - 1 )  ( 0 - - 2 )  (0 - -  3~ - - 1 6 8 0  : 0 

and has two complex roots. Therefore, zo(x) and also z(x) are mul t ip le-valued 
functions of x. 

2 . -  In the following 
and r----2 [eq. (1.6)]. 

W h e n  r ---~ 2, set 

sections, we consider the cases r ~ 1 [eq. tl.51] 

(2.1) y - ~  sz - 2 ,  z : l -~ u z  , 

where  s is a constant  and note that 

zZ y-~-  - -  2s -}- u , 

( ) z S y ~ -  2s 3 zu  + 5u  + 2zu  ~ , 

( 0 + 5 )  ( 0 - - 8 )  ( 0 5 - 3 0 + 4 2 ) - - - 0  
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(7 ) z~y -"  - -  2s + z2u - -  7zu  + 27u - -  6z2uu + 19zu  z + 4z2u s , 

z ' y "  = 2s [60 + 1 6 8 u  + z ( - -  48u  + 1 6 5 u  s) 

+ z 2 ( g u - -  7 t u u  + 6 5 u  3) 

u + 6 u ~ + 8 uu - 24 u2u + s u')]. + 

Subs t i tu te  y(x) given by (2.1) into (1.6) i.e. 

(2.Q' 9, y~ - -  cyy  + dy  2 + fy~ 

[we omit  the subscr ipts] ;  then~ s(x) is de t e rmined  by 

(2.3) f s  2 + 2(3o + 2 d ) s  - -  120 - -  0 .  

Moreover  the roots of the indic ia l  equa t ion  cor responding  to 

z a u -- 9 z ~ u + (48 - -  cs) zu - -  (lgS - -  5 cs - -  4 ds) u - -  0 ,  

i .e. ,  

i2.4) 0 ( 0  ~ 1) ((9 - -  2) - -  90(0 - -  1) + (48 - -  cs)O ~ 168 + 5cs + 4ds  - -  0 

must  be in tegers .  

Set  (9 - -  X - -  1 ; then  (2.4) becomes 

(2.5) X 3 - -  15 X 2 + (86 - -  cs)X - -  240 + 2s (3e + 2d) --  0 .  

:Now, we have to consider  two cases accord ing  as f is or is not zero. 

i. f - - 0 .  Equa t ion  (2.3) is 

(2.6) ~ (3c + 2d) s --  120 

and the re la ted  stable d i f fe ren t ia l  equat ions  have 
pa ramet r i c  poles. 

only one set of double  

On t ak ing  (2.6) into account ,  equa t ion  (2.5) may  be rewri t ten  as 

(2.7) X ~ - -  15 X 2 + (86 - -  cs) X - -  120 --  0 .  



F. J. BuRnau: Di] f e ren t ia l  equat ions  w i t h  f i x e d  cr i t ical  po in t s  79 

Because the roots Xt, X2. X8 of this equation must be integers, our problem 
is now:  to determine all the integral  solutions of 

)1 X2 )8 = 120, )1 + X~ -t- X8 --  15. 

With  these values of X1, X2, Xs, one finds 

cs -- 86 - -  (X1)~ + X2 X3 + ;(8 X~). 

The only solutions of our problem are :  

a) ;(1 = 4 ,  ;(2 - -  5 ,  ;(8 = 6 ; 

c s =  12, d s - -  12, c - - d ;  

the desired equation is 

(2.8) y,o= ~(y~ + y-'~. 

To 

By a t ransformation y ~ ~y, one may assume c = 12 so that (2.8) becomes 

y~ = i 2 ( y y  + y2). 

prove that this equation is stable, integrate with respect to x and find 

•= t2y9 + 

y - -  6 y2 -t - K x  + KI  

i.e. a stable equation. [see Par t  I, Table I, eq. 1]. 

X1----- - -  2, X 2 = - - 3 ,  X8----20; 

cs - -  180, ds  - -  - -  480, 

b) 

the desired equation is 

y~=g- 

We shall not consider this equation in this paper. 

t2.9). 

8 c + 3 d - - 0 ;  
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ii. f ~  0. Let sl and s,., be two solutions of equation (2.3); then 

2 
(2.10) sl + s~ - -  f t3c + 2d) ,  

120 
(2.11) s~s2-.---.-- f , 

(2.12) 
( 84) 

240 -- 2 (3c -t- 2d)s l  - -  120 I - -  

so that equation (2.5) becomes 

(2.13) ( 81) 
;~3 _ 15;~2 -f- ( 8 6 - -  cs~) 7, - -  1 2 0  1 - -  ~ -  = O .  

The roots of this equat ion must be integers and similarly for 

(2.14) ( 85) 
k s - 1 5 ) ,  2 + ( 8 6 - c s 2 )  7 , - 1 2 0  1 - - s l -  - - 0 '  

Now set 

- -  = p ,  1 2 0  1 - -  - - q  

so that 

1 1 1 
(2.15) - -  + 

p q --  120 " 

Our next problem is thus :  to find the integral solutions of (2.15). This pro- 
blem has a number  of solut ions;  we leave it for another occasion. 

3. - Suppose r -  1 and set 

(3.1) y - -  sz  -1 ,  z =  1 -t- z u  . 

Subst i tute  y(x) given by (3.1) into the reduced equation 

(3.2) 

and determine s(x) by 

(3.3) f s  4 -  es ~ + (2c + d ) s  2 - -  2(3a -b b)s ~ 24 --  0 .  
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Moreover  the roots of the indic ia l  equa t ion  cor responding  to 

z~u - -  (5 -}- as) z~u+[20+(4a-{-b)s--cs  2] z u - - [ 6 0 + ( 1 2 a + 5 b ) s  - - (3c+2d)£- I -es~]u- -O,  

0 ( 0  - -  1) (0  - 2) - (5 + ~,s) 0 ( 0  - -  1} + [20 + (4a + b ) s  - -  ~s~]O 
(3.4) 

- -  [60 -+- (12a q- 5b}s - - ( 3 c  2c 2d)s  ~ -f- es ~] = O, 

must  be integers .  

Set @ ---- X - -  1 ; t hen  (34) becomes 

X ~ - -  ( 1 1  -{- as) X 2 + [46 ~- (7a -b b)s  - -  cs 2] X 
(3.5) 

--  [96 A- 6(3a -4- b)s - -  2{2c -l- d ) £  A- es ~] - -  O . 

We have to consider  several  cases according  to the va lues  of a, b, c, d, e, f .  

i. Suppose  tha t  f - -  e --  c - -  d --  0 and tha t  a and b are not both zero. 
T h e n  s is g iven by 

(3a -4- b) s + 12 = 0 ; 

moreover ,  the solut ions  X1, X2, Xa of 

X 3 - -  (11 -4- as) X ~ + (34 -t- 4as) X - -  24 --  0 

mus t  be in tegers .  
One obta ins  two solutions,  namely ,  

a. X1-- 1,  X~----4, X~-- 6 ;  

a = 0 ,  b s - - - - 1 2 .  

The  cor responding  equat ion 

is stable.  To prove this, observe that  a t r ivia l  t r ans fo rma t ion  enables  one to 
assume b------  12 and br ings  (3.6) to 

(3.7t y,o + ~ 2 y y  = o .  

AnnaZi  eli M a t e m a t i e a  11 

i . e . ,  
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Now in tegra te  {3.7) with respec t  to x and  f ind 

y =  - -  6 y  2 + K ;  

there fore  y - -  z is a solut ion of z - -  - -  6z 2 + K and iu an el l ipt ic  func t ion  3(x). 
Thus,  y ( x )  is s table .  

Note  that  0----0,  3, 5. 

b. X~ - -  2 ,  X2-- 3 , X3 ~--4;  

a s  - -  - -  2 , b s  - -  - -  6 , 3 a  - -  b . 

The  co r re l a t ed  equa t ion  is 

To provo that  this equa t ion  is stable,  observe  that  a t r iv ia l  t r ans fo rma t ion  
enab les  one to a s sume  a - - - - -  2. b " - -  6 and br ings  (3.8) to 

(3.9) y"~----- - -  2y 'y  - -  6 y y .  

This  equa t ion  is equ iva len t  to the d i f fe ren t ia l  sys tem 

z - - y + y  ~ , z - - 0 ;  

therefore ,  y ( z )  is stable.  
Note  that  0 ~- 1, 2, 3. 

ii. Suppose  that  f - - e - - 0  and that  c and d are not bothzero.  Then  s 
is de t e rmined  by  

(3.10) (2c + d } s  2 - -  2 ( 3 a  + b)s  - -  2 4  - -  O . 

~[oreover,  the so lu t ions  X~, X~ X3 and ),~, )-2~ ;% of 

(3.11) X 8 - -  (11 + as1) X ~ + [46 + (7a + b) s l  ~ cs~] X - -  P~s~)  - -  O ,  

(3.12) )3 _ (11 -[- as2) ),2 + [46 -I- (7a + b)s2 - -  cs2~] ;~ - -  P(s2) - -  0 ,  

respec t ive ly ,  mus t  be i n t e g e r s ;  we have  set  

(3.13) P ( s )  - -  96 + 6(3a + b)s  - -  2 ( 2 c  + d ) s  2 . 
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From (3.10}, one obtains 

24 
(3.14) 2c + d --  , 

8182 

24(sl + s~) 
(3.15) 2(3a + b) - -  - -  

8182 

and thus 

(3.16) 

Therefore,  

t p~P(s~l=24(1-- S-s~ ) , 

24(p + q) = pq 

o r  

1 1 1 
(3.17) - -  _ . 

p " { - q  24 

Since X~ and )~ must  be integers: p and q are also integers. Our next problem 
is thus :  to determine all the integral solutions of (3.17). 

The solutions of this problem are given in the following table together 

with the corresponding value of s--L given by (3.16). 
82 

P 

6 

8 

12 

15 

16 

18 

20 

21 

22 

23 

q 

- - 8  
--12 
- - 2 4  

- - 4 0  

- - 4 8  

- - 3 . 2 4  

- - 5 . 2 4  

- - 7 . 2 4  

- - 1 1 . 2 4  

- - 2 3 . 2 4  

81/82 

3/4  

2/3 
1/2 
3/8 

1/3 

1/4 
1/6 

1/8 
1/12 
1/24 

P 

26 

27 

28 

30 

32 

33 

36 

40 

42 

48 

24.25 

24.13 

24.9 

24.7 

24.5 

24.4 

8.11 

72 

60 

84 

48 

- -  8 1 / s 2  

1/24 
1/12 
1/8 
1/6 
1/4 
1/3 
3/8 
112 

2/3 
3/4 
1 
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4 . -  Suppose 

the value of s !  . 
82 

Corresponding 
and (3.12) whose 
therefore,  

that a solution (p~ q) of (3.17) is k n o w n ;  then (3.16) gives 

to these values of p and q, there are equat ions  (3.I1) 
solut ions (X~, X:, 7~) and (),~, k~, ).8) mus t  be in tegers ;  

(4.1) Xi X~ X3 =P, ),i k~ k8 = q 

and these relat ions give a finite number  of possible values for (X~, X2, Xs) 
and ()~1,),2, ),~). 

Wi th  these par t icu lar  values of X~ and )`i, one has 

(4.2) 
a s ~ = Y , x ~ - - l l ,  

as2 - -  ~ ) , ~ -  11 

and consequent ly  a value of sl/s2. The desired solutions are those which 
correspond to the value of si/s2 previously given by (3.16), [see the prece- 
ding table]. 

Fur ther ,  bs~ and bs2 are de te rmined  by (3.15); then, cs~ and cs~ are given 
by [of. (3.11-12)] 

(4.3} cs~ = 46 + (Ta -~ b)s~ - -  Z X, Xj , 

(4.41 

Finally,  ds~ and ds~ are de te rmined  by (3.14). 
Except  for {p. q ) =  (12, - -24)  and (20, --5.241, the values obtained for 

sl/s2 are not consis tent  with those given by (3.16). 
To br ing out the chief features  of the method,  we consider the case 

(p, q) = (12, - -  24). 

F rom (3.16), one has sl/s2 = 1/2.  The integral solutions of (4.1) are 

(4.b 
I X I = I  , X 2 = 3 ,  X 3 = 4 ,  a s 1 = - - 3 ,  

I ) ` 1 = - - 2 ,  ) ` 2 = 3 ,  ~ 8 = 4 ,  as,  = - -  6;  

(4.6) 
X I = - - i ,  X 2 = - - 3 ,  X ~ = 4 ,  a s l = - - l l ,  

),1 = - -  1 ,  k2 = - -  4 ,  )~3 = - -  6 ,  as2 = - -  22 ; 
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X I - - - - 1 ,  X~=-3 , X ~ - - - - 4  , 
(4.7) 

),1 - -  ~ 1 , ~2 " -  ~ 2 ,  k~ - -  - -  1 2 ,  

Now we cons ide r  (4.5). From t3.15), one has 

(4.8) b s ~  = ~ 9 ,  b s 2  = ~ 18. 

T h e n  (4 .3--4)  yie ld  

(4.9) v s ~  - -  - -  3 ,  c s~  - -  - -  1 2  

and  f ina l ly  [cf. (3.14)] 

(4.10) d s ~  - -  - -  6,  d s ~  - -  - -  24.  

a s 1  - -  - -  1 3 ,  

a s ~  - "  - -  26 . 

i a s ~  ~ -  - -  1, 
(4.13} 

F o r  (4,6), one obtains  success ive ly  

b s l  - -  1 5  

which  is not  cons is ten t  with 2s~---s2 
for our  problem.  

0 ~ 0 ,  2 ,  3 ;  

0 - - - - 3 ,  2, 3 .  

b s ~  ~ 30 ; 

c s~  - "  ~ 112 

Thus  (4.6) does not  fu rn i sh  a solut ion 

F r o m  (4.5, 4 .8- -9) ,  one conc ludes  tha t  

(4.tl)  b - -  3 a  , 3 c  - -  - -  a 2 ,  3 d  - -  - -  2 a  2 . 

The  des i red  equa t ion  is thus  

a2 y2 y ~ " 

or on wr i t ing  3a ins tead  of a ,  

(4.1~ y,~ = 3 . y ~  + 9 . y  ~ - 3~ 2 y2y - ~ y  y~; 

for (4.12), the two sets of s imple  pa rame t r i c  poles are  given by 
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The same incons is tency  ar ises  for (4.7}. 
I t  r ema ins  to ver i fy  that  equa t ion  (4.12} is stable. By a su i tab le  transfor- 

mat ion,  one may  assume a - - 1  which  br ings  (4.12) to 

(4.14t = 3yi)  + , y  ;9 - 3y ;) - Gy 

In teg ra t ion  of (4.14) wi th  respect  to x yields  

y -= 3 y  y + 3 y  ~ - -  3 y 2 y  + K ,  

where  K is as usua l  an a rb i t r a ry  constant .  This  is a s table equat ion of the 
thi rd  order  and  of class iv [see Pa r t  I I ,  eq. t29.11)]. 

~. - For  p --  20, q --  - -  5.24, 6s~ --  s2, one obtains  two possible solutions,  
namely  

~5.1} I X l - - 1 ,  X ~ = 4  , X ~ - - 5 ,  a 3 ~ - - - - 1 ,  

I kl --  4 ,  k2 - :  - -  5 ,  ) , 8 - - 6 ,  a s ~ = - - 6 ;  

1 X I = - - I ,  ) ~ = - - 2 ,  ) ~ = 1 0  , a s 1 = - - 4  , 
(5 .2 )  , 

f X ~ = l  , ) ' 3 = 6  , ) ~ = - - 2 0 ,  a s s = - - 2 4 .  

For  (5 .2) ,  one has 

b s l  - -  - -  2 ,  bs~ - -  - -  1 2  ; 

cs~ - -  44 , cs~ - -  0 , 
~ 

which  are incons is ten t  wi th  6 s l - - s 2 .  

For  15.1), one f inds  

Therefore ,  

bs~ - "  ~ t i ,  bs~ - -  - -  66 ; 

cs~ --  - -  1, cs~ = - -  36 ; ds~ " -  - -  2 .  

b -" l l a ,  c = - -  a ~ , d - -  - -  2ct 2 
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and the desired equation is 

15.3) y'o= ~yy + ~ 1 ~ -  ~2y2~- 2~-~yy 2 . 

gowever ,  this equation is not stable. In  fact, by a suitable transformation, 
one may assume a : 1 which brings equation (5.3} to 

(5.4) y ~ o = y ~ +  11y~j- y 2 ~ -  2yy -~ 

Integration of (5.4) with respect to x yields 

y = yy  + 5 y ~ -  y2y + K.  

This equation of the third order and class vi is not stable [see Part I I ;  eq. (32.15t]. 

6. - Suppose that f 4 0. Then s is determined by 

t6.1) f s  4 ~ es ~ + (20 -~ d ) s  ~ - -  2~3a -~ b)s  - -  24 -~ 0 .  

~Ioreover the solutions of 

(6.2) X ~ - - (11 -~- a s ) x  2 + [46 ~- (7a + b)s  - -  cs~"])~ - -  P ( s )  - -  O,  

where s is replaced by s~, s2, s~, s4 (the roots of (6.1)I must be integers;  we 
have set 

(6.3) P (s) -" 96 ~- 6(3a + b)s - -  2(2c -{- d ) s  ~ Jr- es ~ . 

On using (6.1), one obtains with obvious notations 

I e 2c -{- d 
E s =  - f  , Y ~ s s - -  f , 

(6.4) i 2(3a + b) 24 
( s s s  - -  f , s~ s~ s3 s4 - -  - -  ~ -  

A simple calculation shows that 

(6.5, P ( s l ) -  24 ( 1 - -  ~ ) ( 1 -  ~ ) ( 1 - - s ~ )  

and similarly for P(s2) ,  P(s3) ,  P(s~).  
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It  is left to the reader  to verify the relat ion 

1 1 1 1 i 
(6.6) P~s,) + P~;i  + P(ss) + P ( s , t -  24"  

In  order  to proceed fur ther  with our problem, it becomes necessary to 
find the integer  solutions of the DIOP~A~I~E equat ion (6.6). We hope to 
have an oppor tuni ty  to re turn  to this problem on another  occasion. 

7. - We sum up the results  obtained above in the following table where 
the re levant  equat ions are listed together  with the related values of s ~nd O. 

A. One set of double paramet r ic  poles. 

Class I, [cf. (2.8)]. 

(7.1) y'° = ~(yy + y~t + F(x, y~, 

(7.2~ F(x, y) ~- aoy + Coy + eoy + f~yZ + f~y + fo; 

(7.3) cs -- i2 ,  0 --  3, 4, 5 .  

(7.4) 

~7.5) 

(7.6) 

B. One set of s imple paramet r ic  poles. 

Class II, [cf. (3.6)]. 

v 'o = b.v~ + Y~x, y), 

F(~, y~ = ao~ + (~ly + ~o)~ + ~oy ~ + (~u ~ + e~y + ~o)y 

+ f,y~ + f~y~ + f~y~ + fly + fo; 

b s " - - - 1 2 ,  0 - ' 0 ,  3, 5.  

Class [II ,  [cf. (3.8)] 

(7.7) 

where F(x, y) is given by (7.5); 

(7.8) as = - -  2,  0 = 1 ,  2 , 3 .  
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C. Two sets of simple parametr ic  poles. 

Class IV, [el. (4"12)]. 

(7.9~ y ~ -  3ay}  + 9ayy-aa~y=4j--6a=yy= + F(x, y), 

where F ( x ,  y) is given by (7.5); 

(7.10) as~ --' - - i ,  0 - - 0 ,  2, 3 ;  

(7.11) as~-~  - -  2 ,  0 - -  - -  3, 2, 3 .  

8. - To obtain canonical  forms for the stable equations, it is often most 
convenient  to use a t ransformation T 0,, i ~, ~), namely, 

(8.1} y(,~ = x(~)u + ~(x), t = ~(x) 

which does not alter t h e  main features of the equations concerned [X(x), ~(x), 

~(x) are analytic functions of x;  see Par t  I, § a8;  Par t  II, § 21]. 
We note for future  use the following formulas where primes denote 

d u  d2u d~u 
differentiat ions with respect to l, i.e. u ' - -  ~ , u " - -  d t  2 , u ' " - -  a , u ~4) ---- 

d4u 
- -  dr--- z : 

(8.2~ 

where  

(s.3) 

+.u,,, + '' + + i ; . .  

2" 
° . .  

* ¢~ hr a(a + *) M = 3 _  + 3 A ~ +  ;-, = , 
A ¢p 

(s.4) 

y,o = z~4u,~, + ~ ( 4 A  +G ~)~" + [MZ~ 2 + (Nz~) .>  " 

AnnaZt dt Matemat i ca  12 
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(s.5) 

Por  F(x, y) given by (7.5), one obta ins  

F(x, Yt = Aou'" + (C~u + Co)u" + Dou '~ + (E~u ~ + E~u + Eo)u' 

+ F~u ~ + tqu ~ + F~u ~ + F~u + Fo, 

where  

co = [ a o N  + c,~ + ~o])` ~ ~ , Do = a o ) ` ~  ~ , 

E2 -" e,)`~cp, 

E~ - -  [c112 h + O) + 2do h + 2e~ + el] )2 ~ ,  

Eo : [aoM + c~(2A + (I))~ -]- c~(2A + ¢)  + 2do~ -]- ez~ 2 + e~  + eo]), ~o, 

~', = f,)`~, tq  = [e~h + 4 f ~  + f.] )̀ ~ , 

i% = F(x ;  ~). 

W e  also note  the fo l lowing resul t .  Suppose  

8 
y = - ,  z - - l +  zu ,  

S a cons tan t  and F(x, y) given by  (7.5); one has  

(s.6) 

i z4-~- F(x,  y) = G(z ; u) ~-- A + (Blu + B2) z 
8 

Jr" [f2s - -  e o  -}" (3eo - -  els)u -}- (4ao - -  cls)u - -  Bsu ~] z 2 

+ [f~ - -  eou -{- CoU ~ - -  you + ao(3uu - -  u 3 - -  u)] z ~ + -s  z4, 
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w h e r e  

(s.7) 

/ A = - - 6  ao+2Cls+dos--e2s  ~+f4s ~, 

I B~ = - -  12ao + 3c~s + 2dos - -  e~s 2 , 

I B 2 - - 2 c o - - e ~ s + f s s  ~, 

\ B 3 - -  7ao - -  c~s-- dos. 

E q u a t i o n s  o f  c l a s s  I. 

9. - The  s table  equat ioDs of this  class  are  of the fo rm 

(9.1) 

where  

(9.2) 

y~ --  a(yy  + y2) ÷ F(x, y),  

Set  

F(x, y) = aoy + coy + ely y + coy + f~y~ + flY + fo. 

8 
(9.3) y = -~  , z = 1 + zu 

and a s sume  s to be a cons t an t  (this is ob ta ined  by  a t r a n s f o r m a t i o n  T} [the 

r e l a t ed  fo rmulas  are  g iven  art .  2, (2.1)]. 
Reca l l  tha t  a s -  12, 0 - - 3 ,  4, 5. 
On us ing  a t r a n s f o r m a t i o n  T, we ma y  a s s u m e  

(9.4) a - -  12 ,  el + L2ao --  O, 6co + [2 - -  O. 

To this effect ,  one has  on ly  to d e t e r m i n e  )~, ~, ¢~ by  

A - -  2(I) + a 
6~ 

el 
5 0 - - a o - -  - -  - -  O, 

6~ 

f~ el aN + 2 + A2 + - h  + a A - -  [M + N + N A  + ~2,T¢] + aoA7 + Co ---- 0 .  
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With these simplifications,  equation (9.1) assumes the form 

(9.5) y'o = 12(yy --b Y~} -b aoty'-- 12yy) q- Co(y - -  6y ~) --b eoy "-b flY "b fo. 

Subst i tu t ion of y(x) given by (9.3} into (9.5) shows that  this equat ion is equi- 
valent  to the differential  system 

(9.6) z = 1 -[- z u ,  

z3u" --  9z2u q- 36zu - -  60u - -  l t7zu  2 -  65z2u ~ .q- 71z~uu 

q 6z~u "~ __ 8z~uu + 24z~u2u - -  8z~u 4 

0.7) 
+ ao[-- 15zu -+- 7z~u - -  19z~u ~ - -  z3u ~ 6z3uu - -  4z~u '] 

• f~ z~ fo z ~ =  0 
+ co[5z~u - -  z~u + 2z~u ~] - -  eoZ~(1 + zu) + y + -2- 

For  convenience,  we denote by E(u)  the left hand  member  of (9.7). 
Because 0 = 3, 4, 5, one sets [see Par t  II,  § 3], 

(9.8) u = P + z 'v  , 

{'9.9) P = :¢ q- ~z q- yz 2 -t- ~z~ -b cz~, 

where  ~ and ~ remain  arbi t rary and may be assumed to be constant  parameters .  
Subst i tute  u given by (9.8) into (9.7); one obtains 

(9.10) z~[zlv -b 6z 2v "q- 6zv] q- Ao q- A , z  -I- A2 z~ -b A3 z3 -{- A ,  z4 q- A~ z~ 'b 0 ~  ~) = O, 

where the A~' s are de te rmined  by 

(9.11) E ( P )  = Ao -b A~z -b A2z ~ q- A3 z~ --b A~z ~ q- A~z 5 q- 0(~').  

We define a, ~, ?, 5, ~ by set t ing 

A, = O, (i = O, 1, 2, 3, 4). 

Equat ion  (9.10j becomes 

(9.12) zSv + 6z~v + 6zv + A~ + O{z) = 0 .  
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For  equa t ion  (9.12) to be  stable,  it is neces sa ry  that  

A5 - - 0 .  

F rom Ao - -  A, "- 0, one immed ia t e ly  deduces  a - -  ~ ~-- 0 which  s impl i f ies  our  
problem.  

Then  As - -  0, A 3 

(9.13) 

(9.14) 

whi le  A5 - -  0 gives  

"' f° 0 t9.16) "~C--3"f~ + a ° ~ - - a ° Y  + c ° ( 2 ~ - - ' Y ) - -  e°Y':t- -2- --  " 

B e c a u s e  8 and ~ are a rb i t ra ry ,  one obta ins  

n o - - O ,  c o - - 0  (9.i7) 

and c o n s e q u e n t l y  

(9.18) 

(9.19) 

(9.20) 

- -  0, A4 - -  0 yield,  respec t ive ly ,  

6 y + e o - - 0 ,  

t 2 y  - -  6aoy + fl - -  0 ,  

7 --  aoy + coy 

Therefore ,  one de t e rmines  ~(, eo, /'1, fo sub jec t  to the fo l lowing condi t ions  

I y - - 0 ,  

6 y  -}- eo - -  O, 

f , + 1 2 y = 0 ,  

fo = e o y .  

Accord ingly ,  

So = - -  6(K~x + K : ) ,  

I fo - -  - -  6 (K,x  + I{:) ~ . 

fl  - -  - - 1 2  K ,  , 

e , = O ,  f ~ = O .  
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T h e  s table  equa t ions  of class I a re  thus  of the form 

(9.21) y~ - -  12(yy + y~) - -  6(Klx -~- K2)y - -  12Kly  - -  6 (g l x  ~- K2) 2 . 

W e  have  to cons ide r  two cases  acco rd ing  as K1 is or is not  zero. 

i. K1 ~- 0 ;  e q u a t i o n  (9.21) becomes  

(9.22) y*" - -  12(yy) ' - -  6 K ~ y -  6K~ 

or on i n t eg ra t i ng  wi th  r e s p e c t  to x, 

(9.23) y - -  12y y  - -  6K~y - -  6K~x  -t- K3 . 

This  equa t i on  ~9.23), of the th i rd  o rde r  and  of class I [Par t  I I ,  eq. (22-23)], is 
s t ab l e ;  t he r e fo r e  equa t ion  (9.22) is also stable.  

[On se t t ing  y - - z ,  equa t i on  (9.23) becomes  

(9.24) z '~ = 12z~ - -  6K2z - -  6 K ~ x  A- K~ ; 

see eq. (14.7) below]. 

ii. K1:4: 0. A t r a n s f o r m a t i o n  x -~ ~x, y ~ ~y, where  ~£-' - -  l, Kla  ~ -= 1 
r educes  equa t ion  (9.21) to the canon ica l  form 

(9.25) y'~ = t2(yy)" - -  6xy - -  12y - -  6x ~ . 

Now set y -  z ;  equa t ion  (9.25) can  t h e n  be w r i t t e n  

z = 6(x ) - 6 x  

I n t e g r a t i o n  with r e spec t  to x yie lds  

z ¢~ - -  12zz - -  6xz  - -  6z - -  2x ~ -4- K ,  

an  equa t i on  of class I I  [subst i tu te  x. y wi th  ax~ ~y, ~ z ~ - - -  1, ~ - - 1 ; s e e  
eq. (14.10) below]. 
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E q u a t i o n s  o f  c l a s s  II. 

1 0 . -  In  the r e m a i n d e r  of this  paper ,  we cons ide r  equa t ions  whose  
so lu t ions  have  s imple  p a r a m e t r i c  poles. W e  set  

8 
(10.1) y - -  - , z "-  1 -I- u z ,  

wh ere  s is a s sumed  to be a cons tan t  ithis is ob ta ined  by a t r a n s fo rma t i o n  T). 
T h e  s table  equa t ion  of class  I I  a re  of the fo rm 

(lo.2) y,o = byij + F(x, y), 

where  F ( x ,  y) is g iven  by  (7.5). 
The  gene ra l  so lu t ion  of these  equa t ions  has  one set of s imple  p a r a m e t r i c  

poles  c h a r a c t e r i z e d  by 

(lo.3) b s q -  1 2 - - - 0 ,  O----O, 3, 5 .  

Subs t i t u t e  y(x) given  by (10.1) into (10.2). In  o rde r  to s impl i fy  nota t ions ,  
we suppose  at once  s - - 1  wh ich  can  be ob ta ined  by  a t r a n s f o r m a t i o n  T 

(see be low) ;  one has  

(I0.4) 

z~ u " - -  5z~u --l- 8zu + A -{- z [ B~ + B~u - -  2u ~] 

+ z ~ [/'2 - -  eo + (3co - -  el)u - -  Bsu  2 -{- (4ao - -  c~)u - -  3u  ~ -{- 13uu] 

--[- zs[/~ - -  eoU - -  c o u +  Con ~" + ao(3UU --  u s - -  u) - -  4 u u  - -  3u ~ + 6uu  ~ -  u ~] 

+ f o z ~ = O ,  

wh e re  A,  B I ,  B~, B~ are  g iven  by (8.7). 
To d e t e r m i n e  a t r a n s f o r m a t i o n  T in o rd e r  tha t  

(10.5) b - -  - -  12,  cl ~ 0 ,  B~ - -  0 

[ then s - - 1 ] ,  one has  only  to choose )., ~0 such  that  

A - - ~ - l - b - ' O ,  

el A+ = o ;  
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then ~ is determined by a linear differential  equation of the first order in 
the form 

e2 2 . 1 2 . 1 2  ) 
b ~-~  c~ 5 - 1 2 - b -  + b~ f ,  ~ + M , - - O ,  

where M~ depends on )~, ~ and on certain coefficients of F(x, y)"-O.  
With  these simplifications, equation (10.4} can be writ ten [for convenience, 

we replace ao by a and co by c] 

(10.6~ 

! z ~ u - 5z ~ u + Szu + A + z [B~u - -  2u ~] 

5- z '~ [f2 - -  eo 5- {3c - -  e~)u - -  B~u ~ 5- 4au - -  3u ~ 5- 13uu] 

i + z~[f~ - -  eoU - -  cu + cu ~ + a ( 3 u u  - -  u - -  u ~ l  - -  4 u u  - -  3 u  ~ + 6 u u  ~ - -  u ~] 

t -4-fo z 4 - 0 ,  

where 

(t0.7) 

A = - -  6a  -l- d~ - -  e~ ÷ f4,  

B1 --  - -  12a 5- 2do - -  e2, 

B~ - -  7 a - -  do.  

We denote by E(u) the left hand member  of {10.6). 

11, - To proceed further, set 

u = P 5- z"v ,. 
{ii . l l  1 

I P = 2 ~ + ~ + ~ ' z ' + ~ z ' + ~  4,  

[2a instead of o: simplifies the notation]. Equat ion (10.6) becomes 

z[z~v'5- 10z2v 5- lSzv] 5- Ao 5- Alz -4-A~z 2 + A~z ~ 5- A,z ~ -f- A~z ~ -f- O(z~) ~- O, 

where the A~'s are determined by 

E(P)  = Ao + Alz + A~z 2 + A~z ~ 5- A~z ~ + A~z ~ + O(z6). 
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According to the general  theory, ~ and 8 remain arbi t rary and are assu- 
med to be constant parameters.  

The condition for stability are given by the relations 

A i ' -  0, ( i - -  0, 1, 2, 3, 4, 5). 

A simple but tedious calculat ion gives the following results. 

i. A o : 0  shows that 

(11.2) A : 0.  

ii. A~ = 0 gives 

(11.3) ~ _-- a~ B~ 

(11.4) 

where 

iii. From As = 0, it follows that 

6~, = ?2 :¢2 + ~,e + yo, 

(11.5) 

~2-- 4B~ -b 5 B 1 - - 4 a ,  

1 B1 (B1 + 4a) - -  2(3c - -  el), 

Yo = eo - -  f ~ .  

iv. On using (11,3), we write A s - -  0 in the form 

2"~ -~ 6 V + 4 ~ - -  12 ~? - -  S~? + 4B3~  -~ 2B1~ (~ -~ 2o: ~) 

(11.6) - -  (2c - -  e~)~ - -  4e:d + 2eo:¢ - -  f~ 

- -  a(2~ + 6 v -~ 12 ~ - - 8 : ¢ " ) - - 0 .  

The left hand member  of (11.6)is a polynomial in a of degree 3;  because 
is arbi t rary  , the coefficients of this polynomial must be zero. In particular,  

on taking into account the coefficient of :¢8 one obtains 

(il.7) B~ + B~ ------- a .  

Annal i  eli Matemat iea  13 
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We shall consider later on the other conditions for stability given by (11.6J. 

v. The condition A 4 - - 0  gives 

4~ = (~ + :c - 2 ~  - l o ~ ,  - 3~ ~ + 4 ~ )  - s ~  + (B1 + ~a)~ 

+~(~ + ~ - - ~ ) + . ( 1 6 ~  + 5~- -~  + 2~--4~-'~)+ fo, 

i .e . ,  

(1t.9} 4~ - -  ~ 8 ~  q- (B~ -4- 63)~ q- Q{:¢), 

where Q(a) is a polynomial in a. 

vi. The condition A5 = 0 is 

- -  eo7 - -  o y  -/-- a [ 4 ~  q- 1 2 ~  if- 10~7  - -  4~27  - -  7 - -  2¢¢Y1 = 0 .  

The coefficient of a~ in (11.10) is gero; this yields 

Bi Ju 2Bs =- 2a 

(11.1oi 

(11.11) 

and because of (11.7), 

(11.12) 

(11.13) 

B 1  "--" 0 ~ 

B ~ = a .  

The coefficient of ~ is also zero;  therefore 

(11.14) el --  6(a  q- a~). 

Wi th  these values of B1, B~ and on account of (10.7}, one obtains 

(11.15) do --  63 ,  e2 = 0 ,  f~ = 0 ; 
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further,  by vir tue of (11.3-5), one has 

(11.16) 6y  = yia + ~'o, 

Yi =- 2{3C-- e~}. 

12. - With these simplifications~ we rewrite A~ 

(12.1) 6~,--  12~y --  6ay  - - 6 c ~  ~ + e~ 

= 0 in the form [see (11.6)] 

This polynomial in a of the second degree is identically zero. Thus 

{12.2~ 

w h e n c e  

e I : 2V, 

(12.3) f3 = 0,  [cf. B2 = 0], 

(12.4) y~ = - - 2 0 ;  

further,  

(12.5) f= = c - a o ,  

f~ ----- To-- aTo. 

13. - Now we re turn  to 4~ [cf. {11.8)] and A5 --  0 [cf. (11.10)]. One obtains 

(13.1) 
f + c(2:¢ :~ - -  y) + 12aay + fo 

or  

(13.2) 4~ ~- 8 ~ - -  6a ~ : %0:8 + ~2a: -{- ~la + ~o, 
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where  

(13.3) 

4 

1 0 .  1 

5 " 1 (~__ c2), 
%--- - -2ayo--  ~ 70- -  

1 
~o = ~ (:}o --  ~'ro) + fo. 

F u r t h e r  we rewri te  A 5 -  0 as 

(13.4) 
(~; + 4 ~  + 4~ + 4 ~ , )  - e J  - ~o~" - c~, 

+ ~[4~ + s:¢~ + 4 ~ - - ~ -  ~ ]  = 0 .  

This  po lynomia l  in a is iden t ica l ly  zero. The  coeff ic ient  of ~8 vanishes  because  
of the va lue  (13.3) of %. The  coeff ic ient  of 0d gives 

(13.5) (2~ - -  4ac - -  f2)" + a(4c - -  4 a c  - -  f~) - -  0 ; 

on us ing  (12.4) and  because  of 

(13.6) e --  3 (a -{- a ~) 

[cf. (12.2) and  (11.14)], one obtains  ins tead  of (13.5), 

, o  

(13.7) c = c~. 

The coeff ic ient  of ~ gives 

(13.9) 3 :fo - -  2 c~o + ce - -  ceo - -  a c  ~ = 0 ; 

on us ing  the value  (11.5) of Yo and in view of (12.5), one obtains  

° o  

(13.9) yo - -  Cyo --  0 

or by a short  ca lcula t ion,  

(t3.10) eo - -  ceo - -  2a(ac)  . 
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F ina l ly ,  the coef f i c ien t  of s ° gives 

(13.11) 
* *  o 

6 [ f o  + afo] + (2  ~'o - -  c ~'o) - -  yo  eo - -  c ~'o - -  a c  yo = O .  

I t  is not  d i f f icu l t  to see that  (13.11) r e d u c e s  to 

1 
(13.12) /o + a, fo - -  ~) 7~ 

[use (13.9), (12.5) and yo g iven  by  (11.5)]. 

14. - W e  sum up the r e su l t s  ob ta ined  in the p r e c e d i n g  sect ions.  
F o r  convenience~ we  r ep l ace  c by  6c. 
The  coef f ic ien t s  of the s table  equa t ions  

of a f unc t i on  a d e t e r m i n e d  by  

(14.1) c = 6c  2 , 

(14.2) a + a S - -  20 

or on se t t ing  

V 
(14.3) a - -  - ,  

V 

by 

(14.4) v - -  2 cv - -  0 .  

T h e n  

i c ~ - - 0 ,  d o - - 6 a ;  
(14.5) 

e2---O, e t = 1 2 o ;  

(14.6) eo - -  6ceo - -  12 a(ac) ; 

(14 7) 

f ~ - - f 3 - - O ,  

[~ = 6 ('c - ac)  , 

1 
io+ afo= ~ ~'~, 

of class I I  a re  g iven  in t e rms  

f i  - -  Yo ~ a yo, 
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where 

(14.8) 7o = eo - -  f2, 

(14.9) ~'o - -  6 C'fo = 0 .  

The stable equations of this class are thus of the form 

/14.1o) y,~ + 12y}} = ,i~} + ~y2) + G~/~ + ~yy) + eou + f~y2 + f,y + fo. 

15. - To determine explicit ly all the stable equations (14.10)~ we begin 
by considering (14.1). One has 

(15.1) c~ : 4c~ + g3,  

where g3 is an arbi trary constant. Therefore, three cases are to be considered 
according to the values of ga, namely, 

i. g 3 = 0 ,  ~ = 0 ,  

ii. g s = 0 ,  c = x  -2, 

iii. g 3 @ 0 ,  c - - $ ( x ;  0, gs)" 

Then, we determine a by (14.2) or, which is equivalent, by (14.3-4); one 
obtains the following results 

i. g ~ - - 0 ,  c - - 0 ;  then 

v - -  K~x + K2 ; 

i.~. when K ~ - - 0 ;  

i,~. when K ,  4=O, 

a - - 0 ;  

K t 

a =  K , x + K 2  ; 

ii. g 3 : 0 ,  v : x  -2" then 

• . 2 
v - - T v : O  
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and  thus  

V i " - -  X2 ~ 

to wh ich  co r r e spond  r e spec t i ve l y  

2 
i i .~ .  a =  - -  , 

X 

1 
ii. ~. ~ - -  , 

X 

ii. '5 a - -  2K~x~ - -  K2 
x(K~x ~ + g~) " 

iii. g ~ 4 = 0 ;  then  

(15.2) v - -  2 $ (x  ; 0, g~)v = 0 

V2 - . -  X--1 

which  is a LAM]~ equa t ion .  

16. - W e  cons ide r  the case  g ~ - - 0 ,  c = 0. T h e n  

(16.1) 

(16.2) 

(16.3) 

(16.4) 

F u r t h e r ,  

(16.5) 

i .  

not zero. 

i . ~ .  K 3 

(16.6) 

(16.7) 

f 2 ~ 0 ~  

f ~ "-  eo ~ aeo , 

t o 
/o+ afo= ~ ~;, 

y~ + 12yy = a(y + 6y ~) + Coy + f,y + fo. 

Suppose  a - -  0. 

= O. T h e n  

eo = K~x + g ~ .  

W e  cons ide r  two cases  acco rd ing  as K~ is or is 

ft "--0~ 

1 K ~ x + K ~  fo=~ 
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Equat ion (16.4) is 

1 K~x-[- h~; (16.8) y¢~ + 12yy  = K4y + 

on replacing x by ~x and y by ~y, where ~ : 1, K + ~ =  6, one brings (16.8) 
to the canonical  form 

(i6.9) 

[Set y = z; then (16.9) assumes the form 

z +  12zz = 6z + 6x -]- h 

which is a stable equat ion of the third order and of class I (eq. 22.23)]. 

i. 6. / £ 3 ~ 0 "  Then  

(16.10) fi : Ks ,  

I 
(16.11) fo --  18 K~ (K~x + [£4) ~ + K~. 

Equat ion (16.4) becomes 

1 (K3x + K4) ~-k K~ (16.12) y+~ -[- 12by =(Ksx + K,)y + h~y -1- ~ 

A trivial  t ransformat ion  enables one to suppose K4 : 0;  then a substi- 
tut ion (x, y ;  ax, ~y) where  :¢~ = 1, K s~4 = 6, brings equat ion (16.12) to the 
canonical  form 

(16.i3) Y~ --b 1 2 y y  = 6xy + 6y  + 2x ~ -4- K ,  

where K is an arbi t rary constant.  

ii. 

(16.14) 

K t Suppose a = K,x + K2 
1 tr ivial  subst i tut ion or Dy a 

1 
X 

Then eo is still given by (16.5) and f~ = -  - -  
K 4  • Fur ther ,  
X 

1 1 (K~x + K~)~; ko+ to= 
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therefore ,  when  K 3 

(16.15) 

and when  K~ =4= 0 ,  

(16.16) 

- -  0, 

K~ fG= x+-x- 

1 K~  
fo - -  K ~ x  ~ + -~- K~K~x  ~ - -  - - -  Y "}- 

x 
K~ x --}- Ii5 

. X ,  

W h e n  K 3 ~ 0, the s tab le  equa t ions  (16.4) a re  thus of the form 

(16.17) 
x 

which  may  be b rough t  to the canonica l  forms 

(16.18) • .. l ( y  6y2) 1 
Y~v -4- 1 2 y y  = - -  + + .......... , 

x z 

(t6.19) 
1 

~,v+ 1 2 9 ~ =  x (; + ~y~) + 6~ - 7 y + 3~ + 6  ~'K 

[For (16.19), a~i = 1, K ~  ~ = 6]. 
On se t t ing  

equa t ion  (16.18) b e c o m e s  

and thus  

1 1 
gc x 

z - -  K G x - - 1 .  

There fo re  equa t ion  (16.18) is equ iva len t  to 

9 + G y  2 = K x - - 1  

which  is a s table  equa t ion  of the third order  [see Pa r t  II,. eq. (27.2)]. 

A n n a l i  di  M a t e m a t i c a  14 
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W h e n  K s -~: O, the s table  equa t ions  (16,4) a re  of the form 

(16.20) 

1 
- ) - y  

1 x3 i K~if+x 2 +  1 K ~ x +  K~ 
+~R~ + g  V. x" 

E q u a t i o n  (16.20) may  be b rough t  to canon ica l  forms, namely ,  

i. when  K 4 =  0, 

(16.21) 
1 x s K 

y+" 4- 1 2 y y  - -  'x- (y" + 6y2) 4- xy + ~ 4- 7 ; 

ii. w h e n  K~ :4: 0, 

(16,22) 

1 K 
y+" + 12 y y : -~- (y -{- 6 y2) + (x + K)y  - -  7 Y 

1 1 K i 
+ x++ 9 Kx~+ ~ K ~ x +  x 

E q u a t i o n s  o f  c l a s s  I l i .  

17. - The  s table  equa t ions  of class I I I  are of the form 

(17.1) y+~ - -  a ( y y  4- 3 y y )  + F(x ,  y ) ,  

where  F(x,  y) is g iven by (7.5). 
The genera l  so lu t ion  of these  equa t ions  has one set  of s imple  pa ramet r i c  

poles  charac te r ized  by 

(17.2) as -"  - -  2 ,  0 - -  1, 2, 3 .  

Subs t i t u t e  y(x) given by (10.1) into (17.1), suppose  s - -  i [which is ob ta ined  
by a T t r a n s f o r m a t i o n ;  see below] and for convenience ,  def ine  A, B~, B~, 
B 3 by (8.7); one obta ins  

t . . . . . .  
z+u - -  3z~u 4- 6~u - -  6u 4- A 4- z[B~ 4" B~u - -  t2u"] 

(17.3) . + z~[f~ --  eo 4" (3co - -  e~)u - -  B s u  2 + (4ao - -  c~)u - -  7u '~ + 13uu] 

I + zs[f, --  eou -- cou 4" cou ~ "4- ao(3UU - u s - -  u) - -  4uu  - -  3u ~ 4- 6uu  2 - -  u+l 

4-foZ + = 0 .  
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We denote by E(u) the left hand  member  of (17.3). 
Now determine  a T- t rans format ion  in order  that  

a = - - 2 ,  c i = O  , A = 0 .  

To this effect, one has only to choose )~, % V such that  

A - -  (l) + a 
a 

6 A +  3 q ) +  ~ = 0 ,  

2 A - - 3 ~ ) + a ~ -  a o +  g g  2 c ~ + d o +  - a  + 

Set  

- - 0 .  

u =  P-'{- ~av , 

P = ~ z  + ' (  z 2 

[:¢ = 0 because A = 0]. Equat ion  (17.3) becomes 

z*[z~v'+ 6z2v + 6zv] + Ao + A,z + A2z ~ + A3z ~ + OCz ~) = O, 

where Ao, A~, A2, A 3 are de te rmined  by 

E(P) = Ao + Aiz + A2~ 2 + A3z ~ + O(z~). 

According to the general  theory, ~ and 7 remain  arbi t rary and are assumed 
to be constant  parameters .  

The  condit ions for stability are given by 

(17.4) A~ = 0 ,  (i = 0, 1, 2, 3). 

For  convenience,  we rewri te  the values  of A, Bi, B2, B 3, i .e . ,  

i A = - - 6 a o + d o - - e 2 + f ~ ,  

B~ : - -  12no + 2do- -  e~, 

(17.5) i B2 --  2co - -  e~ + f~, 

\ B 3 -- 7ao --  do. 
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(18.1) 

18. - We consider the relations for stabil i ty (17.4). 

i. Because A = 0, one has A o - - 0  and there[ore 

65 " - -  0 .  

ii. From A~ = 0 ,  one deduces 

(18.2) B~ = 0 .  

(18.3) 

(18.4) 

iii. Further ,  As = 0 has the form 

(4ao + B~)~ -t- f~ - eo - -  0 

and because ~ is arbi t rary 

4ao -t- B~ = O, 

f~- -eo  = 0 .  

i v  Finally, A s - - 0  has the form 

(6ao + B~) ~, + (2Oo - -  e,) ~ + f~ = 0 

and therefore 

(18.5) 

(18.6) 

(18.7) 

6ao -[- B i -- 0 ,  

2Co - -  e i = 0 ,  

L = 0 .  

From (18.3) and (18.5), one obtains 

(18.8) ao = 0,  B~ = 0.  

From the preceding results, one easily deduces 

i e~ = 2Co, e2 = 2do ; 
(18.9) ] 

t f~ = 0 ,  A = e o ,  f s = O ,  A = d o .  

The stable equations of class 11I are thus of the form 

t ~,~o + 2y~ + Gy~ = ~o(~ + ~yy)+ do(y ~ + ~ y  + y') 
(18.10) 

t + ~o(y + y~-)+ fo, 

where co, do, co, fo are arbi trary analytic functions of x. 
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Equation (18.10) is equivalent  to the differentia[ system 

(18.11) z ---~ y -Jr- y~, 

(18.12) z - -  voz q- doz 2 -Jr eoz -b fo. 

When  y is stable, z is also stable. However, in order to be stable, 
(18.12) must  be l inear and do ~ 0 [see Par t  II. art. 5, eq. (5.12)]. 

The stable equations of class I I I  are thus of the form 

(18.13) y,~ + 2y~ + 6y ~ = ~o(;j + 2yy) + ~(y + y~) + fo , 

equation 

where  Co, eo, fo are arbi t rary analytic functions of w. 
They are equivalent  to the differential  system 

(lS.14) 

" °  

~V 

"-  CoZ + eoZ + fo ; 

therefore z, w and y are stable. 

E q u a t i o n s  o f  c lass  IY. 

19. - The sta,ble equations of class IV are of the form 

(19.1) y ~ - -  3ay  y - l -  9a.'y'y-- 6a'~yy'~-- 3a~y~y + F(x ,  y) , 

where F(x ,  y) is given by (7.5). 
The general  solution of these equations has two sets of simple parametr ic  

poles character ized by 

(19.2) as  i --~ - -  1 , 0 - -  0, 2, 3 ,  

(19.3) ass = - -  2 ,  0 - -  - -  3, 2, 3 .  

Subst i tute  y(w) given by (10.1) into (19.1), suppose that s is a constant 
[which is obtained by a t ransformation T] and for convenience, define A, B~,  
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B2,  B 3 by (8.7); one obtains 

(19.4) 

z 3 u  - -  (5 -{- 3as)z u -{- (20 -{- 21as  + 3a~s~)zu - -  (60 + 8 i a s  + 21a~s~)u + A 

-{- z[B2 + B~u - -  (50 + 57as  -{- 9a~s")u ~] 

-{-z2if2s--eo+ ( 4ao- -c  ~ s)u + (3Co--e ~s)u--  B ~ u~-{ - (25+18as )uu  - - (15-}-12as)  u~] 

-{- z~[ - aou - -  cou - -  eou -t- cou ~ + f ,  + ao(3uu - -  u 3) - -  4u'~'t - -  3u2-i-6hu2--u4] 

8 

Now deterlnine a t ransformation T in order that a - - -  1, ao - -c~  = 0 ;  
to this effect, one has only to choose )., % ,~ such that 

h - - q ) + - a  = 0 ,  
6t 

4A --}- 669 - -  3al~--  ao = 0,  

20. - We first consider the set of simple parametr ic  poles character ized by 

s i = l  , 0 = 0 ,  2, 3 .  

Equation (19.4) takes the form 

(2o.1) 

where 

t z~u - -  2z~u + 2zu + A + z(B.~ + B~u - -  2u ~) 

, + z~-[f~ - -  eo + (3Co - -  e~)u + dou 2 + 7u~ - -  3u ~] 
] 

k 
j + z~[ - ~oU - -  eoU + CoU ~ + L - -  4uu  - -  3~; 2 + 6uu  ~ - -  ~]  

(20.2) A = do ~ e2 + f4 , 
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(20.3) B~ ~ 2do --e~ , 

(20.4) B~ ----- 2Co - -  e~ "4- f~ • 

Deno te  by E(u) the lef t  hand  m e m b e r  of (20.1) and set 

u = P -l- zsv , 

P =  ~. + ~ z  -t- Y z ~ • 

Equa t ion  (20.1) becomes  

z~[z 3 v" + 7z~v + Szv] + Ao + A tz + A ~  ~ + A ~z ~ + O(z ~) = 0 

where  the A~'s are  de t e rmined  by  

E(P)  = Ao "4- A ,z  -Jr- A~z ~ + A~z ~ q- O(z~) . 

Accord ing  to the genera l  theory,  a and ~. r ema in  a rb i t r a ry  and are  a s sumed  
to be cons tan t  pa ramete r s .  

The  condi t ions  for s tabi l i ty  are  g iven by  

(20 5) A~ - -  0 ,  (i - -  0, 1, 2, 3). 

21. - F rom (20.5), one obta ins  the fo l lowing results .  

i. The  condi t ion  A o ~ 0  gives 

(21.i) A - -  0 .  

ii. F rom A t ~---0, one deduces  

(21.2) ~ ._  ~2 B~ 

iii. Then  A2 =-- 0 yie lds  

(21.5) 

B2 
2 " 

2 ~ - - B ~ +  ~ B ~ - - d o  + \ 2 B ~ + e ~ - - 3 C o  ~+eo- - f2~ - - -O .  
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This polynomial in ~ is identically zero; thus 

(21o4) B1 ---- 2do, 

(21.5) B, B~ 3 2 2 B ~ + 3 e o - - e ~ = 0 ,  

(21.6) B2 B1B2 2 + f 2 ~ e o ' ~ O .  

iv. Final ly A 3 : 0  gives 

j¢ 

(21.7) ! 

, 2 + Co--  ~ B ~  - - e o ~ + L = 0 .  

Because  y- is  an arbi trary parameter,  one has 

(21.8) B1 : 0" 

From (21.4), one deduces 

(21.9) do ~-~ 0. 

Then (20.2-4), (21.1) and (21.5) yield 

(21.10) e2 ~--- 0 ,  f~ - -  0 ,  el ~-- 3 f  3 , 

(21.11) B,, : 2(Co - -  f~). 

With  these simplifications, we rewrite (21.2-3), (21.6-7) as follows 

(21.12) 

(21.13) 

(21.14) 

B 2  ~ =  ~-~-- ~ -  , 

2~ + e o - r ~ = o ,  

- 2 ~  - f ~  + f~-~ - ~o~ + f~ = o ,  



F. J~ BUREAU: Differential equations with, fixed critical points 113 

From (21.13-14), one obtains easily 

1 
(21.16) ~ -  f ~  + ~ fsB~ + 5  

Because ~ is arbitrary,  (21.16) yields 

(21.17) f~ = 0 

and accordingly 

(21.18) B. 2 

(21.19) 

= 0 .  

~--~eo, 

2/'1 = B~ - -  f~B~ . 

Set again 

u - -  P + a~v , 

P =  ~ + ~z + yz '~ " 

and denote by E(u) the left hand member  of (22.1). Then  de te rmine  the A / s  
by set t ing 

E(P)  = Ao + Alz + A~z 2 + Aaz ~ + O(z4) ; 

the condi t ions for stability are given by 

A i = O ,  ( i = 0 ,  1, 2, 3). 

Anna~i di Matemat iea  15 

+ z=[-- eo + (ace - -  2 e l ) u  - -  llu*'t + 9u a] 

+ z~[ - cou  - -  eou + cou 2 + f l  - -  4 u u  - -  3 u  = + 6 u u  = - -  u ' ]  

f° z ~ = O  

(22.U 

22. - Consider now the second set of simple parametr ic  poles characte.  
rized by s = 2 ,  0 = -  3, 2, 3. Tak ing  i n to - accoun t  the values obtained in 
the preceding  section, one rewri tes  (19.4) in the form 

~a'u -{- z2u - -  lOzu -+- 18U + z(B= + 28u =) 
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One obtains the fo l lowing results .  

i. The condi t ion Ao'- 'O,  gives ~ ~ 0.  

ii. F rom A 1 - - 0 ,  one deduces  

(22.2) 8 ~t + B 2 = 0 .  

iii. T h e n  A= ~ 0  yields  

(22.3) 8 ~ + e o - - 0 .  

Condit ions (22.2-3) are  consis tent  because  of (21.18). 

iv. Final ly ,  A a ~---0 gives 

o r  

1 1 
(22.4) B~ - -  ~ B~ + 2 B~(co - -  e~) -~ 2f~ . 

F r o m  (21.19) and  (22.4), one obtains 

B~[B~ ~ 2(co - -  el) - -  4f3] ----- 0 ; 

hence ,  

(22.5) B~ - - -0 ,  i .e .  Co ~ f3~ 

o r  

(22.6) e~ - -  3f3, i .e .  (21.10). 

The re fo re  we have  to cons ider  two cases. 

i. c o - - f ~ .  Then  / ' I - - 0  and  eo ~ 0 [see (22.4) and  (21.18)]. 

The  stable equa t ion  is of the form 

(22.7) y'~ Jr- 3 y y  d- 9 y y  -t- 6 y y  ~ + 3y~y : 

= Co(y -t- 3yy + y~) -b fo 

w h e r e  co and  fo are  a rb i t r a ry  ana ly t ic  func t ions  of x. 
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That  this equat ion  is real ly stable may be shown as follows. 
Set 

and obtaim 

(22.9) u = cou + fo. 

The  l inear  equat ion (22.9) is stable. 

reduces  to 

v 
On sett ing y = v equat ion 

(22.10) v = uv 

and is also stable. [see Par t  I, eq. (23.1)]. 
Equat ion  (22.7) is therefore equivalent  to the dif ferent ia l  system 

(22.8) 

(22.11) 

and is stable. 

ii. 
Then  

B 2 "-'2c, 

[see 21.18-19]. 
The  desired equat ion  is 

(22.12) 

v = v y ,  
. o .  

V ~ U V  ~ 

u - -  cou + fo 

Now set 

(22.13) 

ei---f3. For  convenience,  write f instead of f3 and set c-----Co--f~. 

eo=2C, f~='~--fc 

I =~b + 2if  + ~y + f(9 + 3yy + y~)-~fy + fo. 

u = y + 3yy q- y~ - -  cy,  

[see Par t  I, eq. (23.1)]. 
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Equa t ion  (22.12) may  be r ewr i t t en  as 

u =  fu + fo. 

On setting 

(22.13) takes  the form 

(2 .14) 

v 
y ~ -- ~, 

v 

V ~--- CV -~- UV . 

Therefore ,  equa t ion  (22.12) is equ iva len t  to the d i f fe ren t ia l  sys tem 

V ~ - - v y ,  

u = f U +  fo~ 

V "-- CV -~ UV 

and is s t ab le ;  ~, f, fo are  a rb i t r a ry  analy t ic  func t ions  of x. 
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