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Summary .  - The present paper is concerned with ]unctions analytic in the unit disc having 
rapidly increasing maximum moduli. To study the precise rates of growth of such ]unctions 
the concept of index is introduced. Several growth parameters in terms of the index are de- 
fined/or a ]unction analytic in the un4t disc and their characterizations in terms of the Taylor- 
series development of the ]unction are obtained. The results in the present paper improve 
and refine the earlier results of SoNs (J. Ma~h. Anal. Appl., 124 (1968), pp. 296-306), 
MACLANv, (Asymptotic values of iholomorphic ]unctions, Rice University Studies, Houston, 
1963), and KAPooR and J v ~ J A  (Indian 5. Pura Appl. Kath., 7 (3) (1976), pp. 241-248). 

1.  - I n t r o d u c t i o n .  

Let  J(z) a.z  ~ be analytic in the uni t  disc D = {z: {zt < 1}, 2 o :  0 and { ~}n=o 
~ = 0  

be the str ict ly increasing sequence of positive integers such tha t  a~ # 0  for n = 1, 2, .... 
The rate  of growth of ](z) as measured by its max imum modulus M(r) ~_ M(r, ])-= 
~a=xl](z)l , 0 < r < l ,  is studied in terms of the order ~ and lower order ~ of ](z) 
defined as ~(~) = l imsup  (inf) {log + log+M@)/-- log (1 -- r)}, where l o g + x = m a x  (logx, 0), 

0 < x <  c¢. A characterization of Q in terms of the coefficients a~ when ) ~ =  n was 
given independent ly by  B~T:E~fA~  [1] and MACLA~E [5, p. 47]. I n  ease ](z) is 
defined by  a gap Taylor series the methods of Beuermann and Maclane can be easily 
adopted to prove ~/(1 + ~) = l imsup  (log + log + ta~l/log L~). Coefficient equivalents of ), 

can be found in [4, 3, 13. 137]. 
Fur ther ,  So~s [6] 13roved tha t  for every function 1(z) analyt ic  in D and having 

order Q ( 0 <  ~ < c ~ ) ,  l q - 2 < ( l ~ - ~ ) l i m i n f ( l o g ~ _ ~ / l o g L ~ ) .  But ,  for the function 
oo 

/(z) = ~ e x p  (k~)zk~ where kj is an increasing sequence of positive integers such tha t  
~ = 0  

t%> 1 and k~+~= k~, it  can easily be seen tha t  ~ = ½ and Q ----- 1 so tha t  the above 
result  is not  t rue  in general. 

So~s [6] also obtained a decomposition theorem for functions ](z) analyt ic  in D 
having ~ > 4. 

However, these results do not  give any  specific information about  the growth 
of ](z) if M(r) is increasing so rapidly tha t  the order of ](z) is infinite. I n  the 

(*) Entrata in Redazione il 7 giugno 1978. 
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present  paper  we ex tend  and improve the above results for  the functions having 
rapidly  increasing max imum modulus.  

F o r  a funct ion /(z), analyt ic  i n / 9 ,  set 

log:~ M(r) 
(1.1) ~(q) --  lira sup 

~ -  - -  l o g  ( l - - r )  ' 

where logE°JM(r) = M(r) and logtqlM(r) ~- log (log:q-~lM(r))~ q = 1, 2, .... To avoid the 
t r ivial  cases we shall assume throughout  t ha t  M(r)-> c~ as r - ~  1 - .  We have the 
following definitions: 

DEFI~'I~IO~ 1. - A funct ion /(z) analyt ic  in D, is said to have  the index q if 
Q(q) < oo and Q(q-- 1) -~ c~, q = 1, 2, .... I f  q is the  index of / (z ) ,  then  ~(q) is called 

the  q-order of /(z). 

DEFI~ITI0~ 2. -- A funct ion /(z) analyt ic  in D and having the index q is said 

to have  lower q-order i(q) if 

log[=J M(r) 
(1.2) 2(q) = l iminf  q = 1, 2, 

~-~1- - -  l o g  (1  - -  r )  ' . . . .  

DEYI~ITIO~ 3. - A funct ion ](z) analyt ic  in D and having the index q is said 
to be of regular q-growth if ~(q)----t(q), q =  1, 2, .... /(z) is said to be of irregular 
q-growth if 9(q) > ~(q), q = 1, 2, .... 

In  the following sections coefficient characterizat ions of 9(q) and ~(q) for a func- 
o o  

t ion / ( z )= ~ a~z ~", analyt ic  in the uni t  disc, are obtained. Fur the rmore ,  a decom- 

position theorem for functions of irregular q-growth is proved.  Fo r  q----2, these 
results have  previously been the  subject  of the  papers  b y  So~s [6], KhPoo~  [4], 
BEI~EtC]gA:NI~ [1] and I~ACLAI~E [5]. 

We observe t ha t  there  iS no loss of general i ty  in restr ict ing our s tudy  to the 
functions analyt ic  in the uni t  disc D, since if g(z) is analyt ic  in D ~  {z: lz]</~},  
0 < R < ~ ,  then  by  a t r ivial  t ransformat ion  of the  variable z we can construct  a 
funct ion analyt ic  i n / )  which, in view of L e m m a  1 given below, has the same q-order 

and l o w e r  q-order as those of g(z). 

2 .  - C o e f f i c i e n t  c h a r a c t e r i z a t i o n  o f  ~ ( q ) .  

THEOICE~ 1 . -  Let / ( z ) ~  ~ a~z ~" be analytic in D having index q and q-order 
~(q), then ~=o 

(2.1) ~(q) ~- A(q) = lim~_~osnp log I n -  log + log+ lan I' q = 2, 3, . . . ,  

where, A(q )=  1 i/ q = 2 and A(q)--= 0 i~ q = 3, 4, .... 
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P~oo~. - Le t  

(2.2) l im inf log 2 .  - -  log + log + la .  I = O.  
. ~  l og  Eq-l~ n 

Firs t  assume 0 <  co. Fo r  every  s > 0 ,  (2.2) implies there  exists a sequence {n~} of 
na tura l  numbers  such tha t  

log{a%l > ~  o . ~ t q - ~  ~-(o+~) 

Using Cauehy's  estimat% this inequal i ty  gives for all r(0 < r < 1) and all k---- 1, 2, ... 

(2A) log M(r) >~ log l a% I + )--, log r > 2.~(log :q- ~ 2,~)-(° + ~) + log r~. 

Fo r  the sequence r~ defined by  

log 1__ 1 _ r~ = e (l°gC~ 1 2.~)-(0+~), k = 1, 2, . . . ,  

(2.4) gives 

{ ( 1\-11(°+~)'l[1\ --~/ J ,  log  -~/  log M(rk)> ( 1 -  e)2n~(logtq-2J2,~)-'°+~)-: (e-- 1) exp ~q-eJ e logr -  ] }{ r : ] ,  

f rom which a simple calculation would yield e ( q ) +  A(q)>1/0. This inequal i ty  is 
t r ivial ly t rue  if 0 ~ c~. 

To prove the reverse inequal i ty  le t  l im sup in (2.1) be/3 and assume tha t  f l <  c~, 
since there  is nothing to prove  if fl ~ c~. For  given e > 0 and for all n > no~ no(s)~ 
it  follows t ha t  

Thus,  

log + la,] < 2,(log~q-s~2.) -~/~ , ~ = f l +  s .  

M(r) < B ~- ~ exp {),.(logE~-~2,)-~l~} r a" , 

where B is a posit ive constant .  Choose 

I f  n > £V, then  the above est imate  of M(r) becomes 

(2.5) ~(r)  < B + :VH(r) + ~. r .~2 
N+I 
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where H ( r ) =  m ax{exp(~(log~q-~X~)-~I~)# ,~} and B is a positive constant.  Since 

r(~V + 1)t2 

1 -- r ½ 
- - ~ - - ~  as r ~ l ,  

we haxe ~ r~/~= o(1). Therefore, by  (2.5), 
2¢+1 

(2.6) log M(r) < log 2V -]2 log H(r) + o(1), 

/ X 1 i -~ 
< exp~-3q,=log- |  + logH(r)  + o(1) 

k'z r/ 
as t - + l - .  

~ow,  

log H(r) < log £~(r) -=o<~<~ma'x {x (log t~ - 2~x)- 1/, _ 

and  the max imum on the r ight  hand  side occurs at  the point  x = Xo satisfying 

(log[q-2]x)-l/a-- x(togE~-z~-3 x)-lJ~ = l°g-lr' 

:¢ y [  log m x 

where the product  occuring in the denominator  is interpretd to be 1 if q = 2. The 
point Xo is uniquely determined by  the ~bove equation since the left  hand  side is 
an increasing function for l~rge v~lues of x. Thus, 

~2(log~o-~ ~)-1/~ 
logF(r)  = max  ~ _ - - y : ~ - - -  . 

*;=0 

Since, (logrq-~x)-l/~= C(q)logl/r, where C ( g ) = a / ( a - - 1 )  if q = 2  and C ( q ) : l  if 
q =  3, 4, ..., it  follows tha t  for all r sufficiently close to 1, 

log F(r) : {exptq-~](C(q)l°g(1/r))-~}(C(q)l°g (l/r)) 
4--3 
I I  exp t'j (C(q) log (l/r)) -~ 

i=O 

I t  is easily seen tha t  

( ffe p ' (O(q)log exp o-' (½1o  1/ )o 
{expt~-~(c(q) log (1/r))-~} (c(q) log 0/r)) 

-+0 n s r ~ l .  
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Therefore,  by  (2.6), for all r sufficiently close to 1, 

log M(r) < {exp:q-2:(O(q) log (1/r))-~}(O)q)log (l/r)) ( 1 -  o(1)) .  
q - - 3  

I I  expE~(C(q) log (l /r))-~ 
~ = 0  

F r o m  the above inequali ty,  simple calculations now yield t h a t  Q(q)4- A(q)</54- s. 
Since s > 0 is a rb i t rary ,  we have  ~(q)4- A(q)<fl. This completes the proof  of the  
theorem. 

3. - Coefficient characterization of  ,~(q). 

We need the following lemmas. Le mma  1 follows on the lines of the proof of a 
corresponding results of So~s  [6] for q = 2 a.nd L e m m a  3 follows on the  lines of 
the  proof of an earlier result  in [2], hence we s ta te  them wi thout  proof. 

LE~_iVIA 1 . -  Let f ( z ) =  ~ a~z~ be analytic in D having index q:, q =  2, 3, ..., 
n ~ O  

q-order ~(q) > 0 and lower q-order ~(q), then 

sup logEq: #(r) 
(3.1) ~(q)O(q) = lim,_>: inf 2--J-@ (~-~ r) 

and 

(3.2) o(q) 4- A(q) ------ lira sup logEq-~: N(r) 
r--~i - -  log (1 -- r) 

where, for Izl-~ r, # (r ) :  m~ox {la~ Irk.},/V'(r)-~ max { ~  :/,(r)---- la. I#~}, 0 < r <  1, A(q): 1 
if q-= 2 and A(q) = O i] q = 3 , 4 ,  .... 

oo 

LE:~rA 2. - Let ](z)= ~ a~zZ, be analytic in D having index q, q = 2, 3, ... and 
~ 0  

lower q-order 2(q). .Let {nk} be an increasing sequence of positive integers. Then, 

(3.3) ~(q) + A(q)> l iminf~  ~ - 
k - ~  iogz~ , - - log+log  + Ia . , l '  

where A(q) = 1 i/  q = 2 and A(q) = 0 if q = 3, 4, .... 

P:~ooF. - Le t  lira inf in (3.2) be 8. Wi thou t  loss of general i ty  we can assume 
> 0. Fo r  any  s such tha t  8 >  s > 0, and for all k >  ko-= ko(s), we have  

log la,~,I > :~-2: - :/(8-~) )~,,(log ).~_:) 
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Let r~<r<~r~+~, where 

log = e (l°gtq-2~),,~)-1/( - 0 .  

Using Cauchy's estimate,  the above est imate of log[a.~[ and the value of rk, we get  

log M(r )> log  {a.~[ + ~., log r 

> log  la., { + )~n~ log rk 

1 
> X~(log [q-~] 2~_~) -1/(~-~) -- 2~,, log r-~ 

= (1 - 1)  Xn~(logC~-~J ),,~_,) -1/(~-0. 

> ( e - 1 ) ( l o g  lr) pex Eq-~1( g r ) e l °  1-(~-~)  . 

This est imate of log M(r) after  some simple calculation yields 2(q)-~ A(q) > ~. Hence 
the lemma.  

F rom Lemma  2 and Theorem 1 it is clear tha t  for a function ] ( z )=  ~a~z~.~ 
analyt ic  in D and having the index q, if ~=o 

lim logE¢-~ 2.-1 log E~-~ 2. 
(i) logEq_x ~ ~ -- 1 and (ii) So ~ lira lo ~_.~ ~ g X~ -- log+ log+ I an [ exists ,  

then ](z) is of regular q-growth and 0 (q )=  2 ( q ) =  So--A(q) .  

co 
L ] ~ A  3. - Let ](z) = ~ anz~. be analytic in D having inedx q, q-order o(q) (>  O) 

and lower q-order 2(q). Further, let ~f(n) --  la,/a~+~111(~+~-~) form a nondecreasing ]unc- 
tion of n /or n > no and 

Then, 

(3.4) 

A(q) + X(q) = tim in] togEq-lJ v(r) 
~-+1  - -  t o g  ( 1  - -  r )  " 

2(q) + A(q) = lira in] 
l og  [q-l~ ~n-1 

log )~ --  log + log + {a~ I 

where A(q) =- 1 if  q = 2 and A(q) ---- 0 i/ q-~ 3, 4, .... 

The following example shows tha t  the hypothesis ~(n) is an increasing function 
of n for n > no in the  above lemma does not  imply tha t  ](z) is of regular q-growth. 
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[ExAlVI-PL]E. -- ~ e t ,  

h i =  4 , nk+ 1 = n~ (k = 1, 2, . . .)  

r~ == r~ = r8 == e ,  r,~ == exp  (m ±½) 

exp  (m -~) - -  ext) (n;~ l) 
r~  = exp  (n~+~i) -~ 

q'~+~ 

a n d  le t  

(3.5) ](z) = 1-~- ~ (r~r2 ... r~)z ~ . 
k = l  

if n~ < m < n~ 

if n~<m < n~+l 

T h e n  ~ ( k ) =  ]a~_~/a~] = 1/r~ is a dec reas ing  func t i on  of k. Le t ,  

log k 

p(k) = _ log log (1/r~) " 

Then ,  l im  p(n~) = 1 a n d  J i m  p(n~+i) = 2. I t  can  be  eas i ly  seen t h a t  l i m s u p  p(k) ---- 2 a n d  

l i m i n f p ( k ) - - - - 1 ,  so t h a t  b y  (3.2), ~ ( 2 ) =  1 a n d  2 ( 2 ) =  0. Thus ,  ](z) is of irregula, r 
]~--> o o  

2-growth .  
c o  

T I r E o ~  2. - Let ](z)= ~ a~z~,~ be analytic in D having index q~ q-order ~(q) 

(> O) and lower q-order ~(q) and 

Then, 

(3.6) 

log :q-i~ v(r) 
A(q) -+- 2(q) = liminf . 

r~i  - - l o g  ( l - - r )  

A(q) + 2(q) = m a x  [ l im inf  logE~-i~ 2.~_, ] 
o~,d [ k--.~ log ).,. - - l o g + l o g +  la.~[J 

where maximum in (3.6) is taken over all increasing sequences { n , ) ~  o o] natural num- 
bers, and A(q) = 1 i] q-~ 2, A(q)= 0 i] q =  3, 4, .... 

c o  

Pt~oor .  - L e t  S(z )= ~ a k z  ~"~, Izl < 1, whe re  { ~ } ~ o  is: t h e  sequence  of e l e m e n t s  
k=0 

in t he  r a n g e  se t  of N( r ) .  I t  is eas i ly  seen t h a t  S(z) is a n a l y t i c  in D,  a n d  for  e v e r y  z 
in D,  ](z) a n d  S(z) h a v e  the  s a m e  m a x i m u m  t e r m .  H e n c e ,  b y  (3.1), t he  q-order  a n d  
lower -q -o rde r  of S(z) are  t h e  s a m e  as those  of ](z). Thus ,  S(z) is of lower  q-order  A(q). 
F u r t h e r ,  l e t  ~(n~) = m a x  {r: N( r )  = ),%}. Then ,  ~(n~) ----- y)(n~), a n d  consequen t l y ,  w(n~) 
is a n  inc reas ing  f u n c t i o n  of k. There fo re ,  S(z) satisfies t he  h y p o t h e s i s  of L e m m a  3 
a n d  so b y  (3A) we  h a v e  

(3.7) l ° g  ~q-l~ )-~, 1 
A(q) d- ~(q) = l im  inf-  

k-+~ log ~ ,  - -  log + log+ ]aj~ 1 " 
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But ,  f rom Lemma 2, we have 

lim inf ° "~ (3.8) A(q) + ;t(q) >max(,~} [ ~-~oo log 2,*~ -- log+ log+ ]a., ]J " 

Combining (3.7) and (3.8) we get  (3.6). Hence the theorem. 
Our next  theorem generalizes a result of So?¢s [6]. The techniques employed 

here give an al ternat ive proof of Sons result. 

c o  

TI-mol~E~ 3. - Zet f(z)=- ~ a,z ~ be analytic in D having index q ( q =  2, 3, ...), 
k=O 

q-order ~(q) (>  0) and lower q-order 2(q) and 

Then, 

(3.9) 

log ~q-~ v(r) 
A(q) + 2(q) = lim inf 

~_,..x - l o g  ( 1  - -  r )  

A(q) + A(q) < (A(q) + e(q)) lira inf l°g~q-~ 2~_~ 
/ ¢ - ~  10g [q-~] 27~ 

where A(q) = 1 if  q = 2 and A(q) = 0 i] q = 3, 4, .... 

P~ooF. - F rom (3.6), we get 

F log~-l~ ] F 2, ] 
A(q) + 2(q) < sup / l im  sup.  J sup/ l i ra  inf ,  '~-q 

~.~ L ~ ,og 2 . ~ -  10g+log+ la,*A ~.~ L k ~  logE~-~J 2,*~ J 

= [lim sup log~-al 2k ] r s u p  lhm" 1~" af 1°~-~3 2 3 ~ . = ~ '  ,**-'| 

which, in view of Theorem 1, gives 

lim inf ~ ~-~ (3.10) A(~) + Z(q) < (A(q) 4- e(q)) sup / / log[q-f1 2.~ L k-->o~ J 

Now, for any  arbi t rary  sequence {nk}~'= ~ of natural  numbers, let 

~(m) -- l°g[q-~J 2,**-' for n~_,< ra<nk,  k = 2, 3, ... 
log t~-l~ 2~, 

and 

w(m) -- l°g[~-~ 2~-1 for m = 2, 3, 
log [~-~ 2~ "" " 

I t  is easily seen tha t  ~(m)<w(m) for all m. Therefore i t  follows tha t  

" . °logt~-~J 2.~ 
~m mt  . . . . .  -- l im inf ~(m) < lira inf w(m) = lim inf l°g[~-~ 2~_ 1 
~-~  log [~-~ 2~ m ~  ~ ,  ~-~ log ~-~ he 
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Since the sequence (n~} is a rb i t rary ,  this gives 

sup ,r im mi  - -  • < lira inf logt~-~l 

In  fact  equal i ty  holds in this inequuli ty  since the reverse inequal i ty  is obviously 
true.  t tence ,  (3.10) implies (3.9). 

Theorem 3 implies tha t  for functions of regular q-growth 

lim !°g[q-1] ~',~-1 ~--  1 . 

However ,  the  converse need not  to  be t rue  as is clear b y  the  funct ion (3.5) for which 

lira log 2~-1 _-- 1 
~-~o log 2~ 

bu t  the  funct ion is irregular 2-growth. 

4 .  - T h e  d e c o m p o s i t i o n  t h e o r e m .  

The following theorem concerns the functions analyt ic  in D and having irregular 
q-growth. 

oo 

TI~EO~E~ 4. - Let ](z)= ~ a~z ~ be analytic in D having index q (q = 2, 3, ...), 
k=O 

q-order Q(q) (> O) and lower q-order 2(q)~ and let 2(q) < #(q) < ~(q). The% 

](z) = g(z) + h(z) 

where g(z) has q-order less than or equat to #(q) and 

h(z) = ~ a~ z m~ 
k = 0  

such that 
• . l o g  [q-1]mk-1 

(4.1) 2(q) ) # ( q )  h m  mf  ~ 1 ; - ~ - -  
~ l O g -  m~ 

co  

PROOP. - L e t  g(z)~  ~ a k z  ~, where 
k = 0  

a ~  c~ if log + Ickl < k(logCq-~k) -1/(~(q)+~'(q)) 

0 otherwise .  
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Then g(z) is of q-order o(q). Let  

h ( z ) = / ( z ) - - g ( z ) =  ~ a ~ z  ~ 
k=O 

and set A , , =  ]am~]. Then 

log + A~,~> mk (logEq-~am~) -v(a(q)+'~(~)) . 

Now, let r~ be uniquely defined by  the equation 

(4.2) (logEq_2 ~ m ~ ) _  l/(A(q) + ~(q) ) __ m~(log tq-~a m~) - ll(A(q) + ~(q) ) 1 

(A(q) + #(q)) 1-[ l °g~m~ 
i = 0  

and choose r such tha t  rk <<.r<~r~+l. In  view of the above est imate of log + Am~, we have 

1 
log M(r) > log A,~,, -- m,~ log r ~> log A,,.~ -- m~ log / 

r,e 

1 
> mT,(logEq- 21 m.~)- 1/(A(q) +,~(q)) _ m~ log - - .  

ft.: 

Now, using (4.2), we have, for all k, 

(4.3) log M(r) > 
m~(log[q-~ mk )- 1/(A(q) +i'(,~)) 

q--2 
(A(q) -{- #(q)) 1-[ l°g ~j mT0 

~=0 

F r o m  (4.2), it  follows tha t  

(log 1 )  - ~ -  #(2)#(2)-~- 1 m~- ~/(~'(2) +:t) if q = 2  

and 

1 
log --- : (log [q-21 mk)-l/,~(~) + o(1) as k --+ ,:x:) if q = 3, 4, . . . .  

Pk 

Thus, after  some simple calculation (4.3) yields 

~(q) >#(q) lira inf l°g[q-13 m~ 
k~oo log [a-1] m~+l 

which proves (4.1) and the proof is complete. 
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5. - Funct ions  having the same q-order. 

We observe tha t  if any  two functions analytic in D have the same q-order and 
lower q-order then  the notions in Section 1 do not  give a precise information about  
their  comparat ive rates of growth. For  this purpose, we introduce the following 
definitions: 

DE~x~I~IO~ 1. - A function ](z) analytic in D and having q-order ~(q), (~(q)> 0, 
q :  2, 3, ...), is said to have q-type l"(q) and lower q-type t(q) if 

T(q) = lira sup log ~q-~ M(r) 
t(q) ~_~ inf ( l - - r )  -q(q) " 

D ] ~ I T I o ~  2. - A funct ion/ (z)  analyt ic  in D is suid to be of growth (~(q), T(q)) 
if i t  is of q-order not  exceeding ~(q) and q-type not  exceeding T(q) if i t  is of 
q-order ~(q). 

The tecniques employed in Sections 2~ 3 and 4 can be suitably modified to give 
the following coefficient characterizations for the q-type and lower q-type. 

Tn~oRE~ 5. - Let V(q) -~ l imsup  (log tq-21 2.)(log+In.,]/2.) q(~)+a(~), ~(q) > 0, q = 2 ,  3, ..., 

A(q) -~  1 i] q =  2 and A ( q ) :  0 i] q :  3, 4, .... Zet / (z)-~ ~ a .z  ~ be analytic in D. 
~t=O 

For 0 ~ V ( q ) <  c~, the ]unction /(z) is o] q-order ~(q) and q-type T(q) i /  and only i /  
T(q) = B(q) V(q) where B(q) -~ (~(2) -]- 1)~(2)+a/(8(2))Q(2) ]or q = 2 and B(q) -~ 1 i] q = 

3, 4~ .... I f  V ( q ) =  0 or c~, /(z) is respectively o] growth (~(q), 0) or o] growth 
(~(q), c~), and conversely. 

I~E~A~K. -- Theorem 5 generalizes ~ result in [3~ p. 156], obtained for q ~ 2. 
Luter~ the same result for q--~ 2~ with a trivial t ransformat ion of the variables z 
has again been obtained by  BAJP~, et. al. [8]. 

Tn:EO~E)~ 6. - Let ](z) : ~ a . z  ~ be analytic in 1) and have q-order ~(q), (~(q) > 0), 

and lower q-type t(q). Zet {nk} be an increasing sequence of natura~ numbers. Then~ 

B(q) t(q)>li~m_ inf[(logEq-2~A.~_l) (log÷[~.~lll  ~ . . . .  )o(~>+A(~)] 

where B(q) and A(q) are as in Theorem 5. 

Tn-EOI¢]~ 7. - Let ](z) -~ ~. a,~z ~" be analytic in D and have q-order o(q)~ (~(q) > O) 

and lower q-type t(q). I]  ~o(n) ~ la./a~+lf II(~"+1-~') ]orms a nondecreasing sequence oJ n 
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]or n ~ no, then 

B(q) t(q) ~<lim ~ i  [ ( log~q-~)  (log+la~i/~.) q(q)+~(q)] 

< ~(q) × ~ in f [(log ~-  ~ ~_~)(log+ Ian l/,~,) ~(~) ÷ ~(~)] 

where B(q) and A(q) are as in Theorem 5 and L(q)----limsup(log[q-~n/log~q-~,_~). 

The second inequality holds whenever the product on its irght hand side is de/ined. 

Theorems 6 and 7 give the following coefficient characterization of the lower 
q-type for a subclass of functions analyt ic  in D. 

THEORE~ 8. -- Let ] ( z )=  ~ anZ n be analytic in D having q-order o~(q), (Q(q)~0) 
q~=O 

and lower q-type t(q). Let y)(n) -- Ia~/a~+~l ~(~+~-~n) forms a nondecreasing function of n 
]or n ~  no and log[q-~]~nn'ilog[q-~]~n+i as n-->o% then 

B(q) t(q) = lim~nf [(log [q-n] 2n_t)(log+lan[/l~n) (~(~) +A(q))] 

where B(q) and A(q) are as in Theorem 5. 

t ~ . -  For  q =  2, Theorem 8 gives a result contained in [3] and is an 
improvement  over a similar result for q = 2 obtained later  by  BAJPAI~ et. aL [8] 
under  the addit ional  hypothesis,  log/~(r) ,-- log M(r) as r --> 00. 

Our next  theorem is a coefficient characterization of the lower q-type for the 
class of functions analytic in D having a restriction on the range set of the central 

index 2~(r). 
¢ o  

T~:EO~E~ 9. - )Let ] (z )= ~ a~z ~ be analytic in D having q-order ~(q), (~(q)> 0)~ 

and lower q-type t(q). .Let (2~} be the range set o] the centra~ index £V(r) o] ](z) such 

that log~-21~ ~log~q-2~2~÷~ as k->co.  Then, 

- l o g +  tars i  ~(q)+~(q) 

where B(q) and A(q) are as in Theorem 5 and the maximum is taken over all increasing 
sequences (n~} of natural numbers. 

~ow~ we have a decomposition theorem for iunctions analytic in D for which 
t(q) < T(q). 

oo 

T n : E O I ~  10. - Let ](z) -~ ~ a~z ~ be analytiv in D and have q-order ~(q)~ (~(q) > 0)~ 

q-type T(q) and lower q-type t(q). Let t(q) < 9~(q) < T(q). Then, 

1(z) = g(z) ÷ h(z) 
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where g(z) is analytic in D having q-type less than or equal to ~(q) and 

h(z) = ~ a~/"~ 
k=O 

such that 

t(q) >~ ~(q) lira inf [,,,,! °g~-2J ~'~ ~(q) 
k-~oo [ log  [q-~J ~ + ~ ]  ' 

where ct(q)= e ( 2 ) / ( e ( 2 ) + l )  i t q =  2 and a(q)= 1 i] q =  3, 4, .... 

The  proofs  of the  resul ts  in  this  sec t ion wou ld  ~ppe~r  elsewhere.  
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