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Sunto. - Si dimostrano propriet~ di continuith e di compattezza per una classe di operatori 
di]/erenziali non tineari. In  virt~t di tali proprieth ed ~sando metodi di monotonia, si pro- 
vano teoremi di esistenza di soluzioni per alcuni problemi al contorno non lineari in domini 
non limitati. 

Introduction. 

I t  is well known tha t  elliptic boundary  value problems in unbounded  domains 
present  difficulties which are in general  more severe than  those encountered  in the  
s tudy  of similar problems in bounded  domains. 

Some of these difficulties are due to the la~ck of compact  embedding theorems 
such as tha t  of l~ell ich-Kondrachov for bounded  domains.  Some authors  have  over- 
come this difiiculty by  using suitable classes of weighted Sobolev spaces (for linear 
problems el., among others,  [1], [3], [8], [11]). 

I n  the last years also nonlinear boundary  value problems have been studied 
whether  in the f ramework  of weighted-Sobolev spaces (cf. [6]. [7]) or b y  other  
tools ([4], [9]). 

Another  difficulty in the s tudy  of the above problems is due to the fact  t ha t  the 
Poincard-inequal i ty  does not  hold in the ordinary Sobolev spaces W~'~(~), if f2 is a 
general  unbounded  domain. 

In  this paper  we prove  cont inui ty ,  compactness and coerci t i ty propert ies  for a 
class of non linear differential operators  between weighted spaces. 

In  this f ramework  i t  is then  possible, b y  applying monotonic i ty  methods,  to 
prove  existence theorems for the solutions of non linear Dirichlet  problems in un- 
bounded domains. The present  paper  is organized as follows. 

In  § 1 we s tudy  some embedding propert ies  for a class of weighted Sobolev spaces. 
In  § 2 we prove a necessary and sufficient condit ion in order t ha t  the Nemytski i  
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Ricerche. 
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opera tor  F associated to a funct ion ]: ~ × R k-+ R be  cont inuous be tween  weighted 

spaces. 
This condit ion is uti l ized to p rove  the  cont inui ty ,  the  compactness  and  the  com- 

plete  cont inui ty  of some nonlinear  differential  operators .  These results  include the  
previous  ones ([4], [6], [7]), also be tween  the  ord inary  Sobolev spaces. 

I n  § 3 we consider some b o u n d a r y  value  problems for  which the  tools developed 

in the  previous pa rag raphs  can be used:  P rob lem I is an easy appl icat ion of the 
results  conta ined  in § 2. P rob lem I I  and  p rob lem I I I  (which is linear) represent  
s i tuat ions in which the  H a r d y  inequal i ty  

f lxt'lq~(x) 1 ~ dx < const f ix l'+~ Igrad u(x) I ~ dx 
~9 .O 

(where s e/~,  s # - -  n, u e C~(9 )  and  0 ¢~) is the mMn tool. 
A t  las t  (problem IV)  we deal  wi th  a n o n c o m p a c t  pe r tu rba t ion  of the  opera tor  

- -Au-~) .u  ( ) . > 0 ) .  This  p rob lem has  more  general  assumpt ions  t h a n  p rob lems  

considered in [9] in the  case in which the  leading t e r m  is the  Laplacian.  

1. - Some pre l iminary  results .  

L e t  ~ be  an open set  in R ~ wi th  b o u n d a r y  ~ 9 ;  let  p e [ ] ,  ÷ c~] and  m an integer,  

nonnegat ive  number .  
We  shall consider the  following funct ion spaces (~): ~)(f2) is the space of the 

infinitely differentiable funct ions on ~ and  with  compac t  suppor t  in ~2, equipped 

wi th  the  induct ive  l imit  topology  of L. Schwartz .  
I f  ~ is ~ posi t ive,  (Lebesgue) measurab le  funct ion on f2, we denote  b y  L~(~2, Q) 

the  space of (equivalence class of) funct ions u on ~9, which are (Lebesgue) measur-  

able and  sat isfy 

lu(x)t~e(x)dx) < ± ~  for pe[x ,÷oo[  

[supesse(x)lu(x) ] < ÷ ~  for p = ÷ ~  

equipped with  the  no rm 
As usual,  we set L~(Y2, 1)=-L~(/2).  
I f  ~o, ..., e~ are posit ive,  measurab le  funct ions on .Q we denote  b y  F*~,~(.Q, ~o, ..., o~) 

the  space of dis t r ibut ions  u on f2 such t h a t  (~) 

(t) If  ~ = (~t, . . . , ~ )  is an n-tuple of nonnegative integers we set I~l = ~1 ÷ ... ÷ ~. 
and D ~ = ~l~x~' ... ~x~ ~. 

@) We shall denote by R, R +, N respectively the set of real numbers, the set of positive 
real numbers, the set oi nonnegative integers. 
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n o r m e d  b y  

Ia l~m 

m a x  l lD~ull~,~o , 

for p e [ 1 ,  + oo[ 

for  p ----- -t- oo .  

As  usual ,  we set  l~,~(t2, 1, ..., 1 ) =  W~,'(£2). 
L e t  U a nd  V be  two  B a n a c h  spaces :  a m a p  / :  U-->V is cal led c o m p a c t  if i t  

is con t i nuous  a n d  m a p s  b o u n d e d  sets  of  U in to  re la t ive ly  c o m p a c t  sets of V; / is 

cal led (sequent ia l ly)  comple te ly  con t inuous  if (3) 

( u . - ~  u0 in U) ~ (/(un)->/(Uo) in V ) .  

L e t  us n o w  recall  t he  fol lowing well k n o w n  resul t  ( t t ~ rdy  inequal i ty) .  

TBEOI~Eh~ 1.1. -- S/ p > 1, S, t E R,  s # -- n with t = s ~- p and 0 g~ ~ then there exists 

e > 0 such that /or each u ~ O(t)) 

(1.1) fix f~ lu(x)1 ~ dx < cflxl < Igrad u(x)I~ dx. 

W e  r e m a r k  tha t ,  if s - - - - - - n ,  (1.1) is t r u e  wi th  t > s ~ p .  

LE~nVZA 1.2. - Let (~, (r2 be two positive measurable/unctions on £2 and p ~ ]1, -~ c~[, 

p ' =  p / (p - -  1); then there exists an isometric isomorphism A~.~ between (L~(Y2, (~))' 
and Ld(~O, as) de//ned as /ollows (4) A a , ~ ( T ) = g ~ L d ( t g ,  (~2) s.t. V~EL~(/2,  ~ ) :  

<~, m> = fg(x)~(x)(el(x))1/ ,(sAx))~/ , 'dx.  
~2 

P~ooF .  - L e t  us obse rve  t h a t  t he  m a p  

¢o .... : L"(~9, s l ) -+L"(~9,  s : ) ,  

is an  i somet r ic  i somorphism.  

(8) We denote by ~ un-~  uo ~> and ~ u .  .÷ % ~> respectively the weak and the strong con- 
vergence of the sequence {u.} to the element %. 

(~) If  X a topological vector space, X '  denotes its topological dual and <., .> the canonical 
pairing. 
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On the other  hand  the  map 

A~:  (L~(D, a~))'--> L~' (9, ~) , A~(T) = g s.t. 

V~ ~ L~(~, ~) <T, ~> -= fg(x)~(x)~(x) dx 

is an isometric isomorphism. I t  is obvious tha t  Aa,,o ~ (/),~.,. oAo. satisfies the required 
properties.  Q.E.D. 

B y  L e m m a  2.1 it  is easily deduced tha t  L~(.0, a) (p > 1) is reflexive. 

Tm~o~E~ 1.3. - Let p e ] l ,  ÷c~[,  m E N  and assume that ]or each .OoCY2 (~Oo 

bounded and open) i~oess@i~l(x) > 0 (1~] <m). Then I"~.~(9, Po, ..., P~) is a reflexive, 

separable Banaeh space. 

P~00F. - L e t  E =  l-I L*(zP, @l,l) equipped with 
l a l ~ m  

separable, reflexive space. Le t  us consider the map 

the canonical norm:  E i s  a 

-P: u-->(D~U)l~ld,~, u~F~'~( Y2, @o, ..., @~)- 

I t  is now easy to ver i fy  tha t  P is an isometric isomorphism of _F~,~(t9, @o, ..., @~) 
into a closed subspace /~ c E.  Q.E.D. 

Le t  @ e C®(R ~) be a posit ive funct ion satisfying the following propert ies  

(1.2) e ( x ) - ~ ÷  ~ for lxl - ~ ÷  

(1.3) V r e R  ~nd ~E2¢ ~, 3e~R+ s.t. 

I(D~W)(x)l<c(dx)) ,', V x e ~  (~). 

I f  me_N, p e [ 1 ,  ÷cx~[ we set 

o m,~  
Uy,~(~) : F~,~(~, @~, ..., o~) , U~'~(.Q) : ID(Y2) (closure in U, (~)) 

and denote  by  

C~.~(~) the space of functions u on ~ which possess continuous par t ia l  derivat ives 
up  to order  m and such tha t  

I[ull o~,.(~)= max, (sup @'(x)ID~u(x)t) < ÷ O O  

(~) We set @~ the map x e ~ -> (e(x)) r. The function @(x) = (1 ÷ Ixl2) ½ satisfies the 
property (1.2). 
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TEEO~EI~ 1.4. -- Let l, m be two nonnegative integers with m ~ l there i f  ~ has 

the cone property, the ]ollowing embeddings are continuous (~): 

(1.~) ~,~(~) ~ u~,~(~), Vq e [p, p*[ (~), 

(1.5) U~,~(9) ~-> C~.~(tg) if (1-- m)p > n .  

PRoof .  - I f  q e[p ,  p*[, the  embedding 

i: W,.,(~9) ~ W~,~($2) 

is continuous.  On the other  hand  b y  vi r tue  of (1.3), it  is easy to ver i fy  t h a t  the  maps 

~s: U ~ ~zU 

are topological isomorphisms respect ively of U~'V(~2) onto W~'~(F2) and of Wm'q(~r2) 

onto U~'q(~9). 
Therefore  the  embedding j =  (/i_~oio~b~ of U~'~(tg) into U~'~(~) is continuous.  
The cont inui ty  of the embedding (1.5) can be proved  in an analogous manner .  

Q.e.D. 

By theorem 1.~ and by  following analogous arguments  as in proving th.  2.8 of [2], 
i t  can be deduced the following resul t  

COROLLARY 1.5. - Under the same hypotheses and notations o] Theorem 1.4, i] 
e ~ R+ and p ~ ]1, -~ oo[, the embedding U~'~(~Q) ~-> U~_~(~) is compact/or each q ~ [p, p*[ ; 
moreover, i f  ( l - - m ) p  > n, U~'~([2) is compactly embedded into C~,,~_~(9). 

B y  following s tandard  arguments  i t  c~n be proved  t h a t  the topological dual 
(~)~ ( [ 2 ) ) =  U - : ' ~ ' ( 9 ) ( p e ] l , + o c [ , p ' = p / ( p - - 1 ) )  of the space U~ (tg) curt be 

(( identified ~) with the space of distributions u in [2 which are equal to a finite sum 
0 0  p of derivat ives of order  < m  of functions belonging to UL'~ (tg). 

2 . -  On the continuity and compactness of some differential 
weighted Sobolev spaces. 

Le t  us consider a map  

]: t9 ×R~-> R (kEN)  

(~) P* = I np/n - (1 - m)p ii n > (1 -- m)p ,  

t 
(7) If p* < + ~ embedding (1.4) holds Yq e [p,:p*]. 

operators between 
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satisfying the Caratheodory conditions: 

(C1) for almost every x e f2, ](x, .) is continuous in R ~, 

(C~) for every (Yl, ..., Y~)e tck, ] ( ' ,Yl ,  . . . ,Y,)  is measm'able in ~ .  

Denote  by  F the ~qemytskii operator associated to f~ i.e. 

(F(u))(x) = t(x, u(x)) , u(x) = (u~(x), . . . ,  u ~ ( x ) )  , x e r 2  . 

Let  us consider k d -1  continuous and positive functions 

~,: ~ - ~ R + ,  i e ( 0 ,  ..., k} 

then the following theorem holds: 

TltEORE~ 2.1. -- I f  p~, ..., p~, q ~ [1, ~ co[ then ]ollowing statements are equivalent: 

(a) there exist g ~ Lq(f2, ao), b ~R+ such that V(x, yl, ..., Yk)e ~ xRk,  

k 

]](x, y~, ..., Y~)I <g(x) + b ~ (a~(x)/ao(x))~]qly~]~'/q , 
i = 1  

I¢ 

(e) F is continuous jrom 1-[ L~,(D, a~) into L~(D, ~o). 
i = 1  

P~oo~.  - I t  is obvious tha t  (a) ~ (b). Let  us 9rove tha t  (b) ~ (c). Le t  us 
consider the map ]: D xRT~-->R such tha t  

( YI Y~ ) 
?x ,  y , , . . . ,  y~) = (~0(x)) ,~  x, ( ~ ( x ) ) , ~ '  ""' ( ~ ) ~  

] satisfies the Caratheodory conditions (C~), (C~), and denote by  /~ the Nemytski i  
operator  associated ~o ]. 

I~et us consider the isometric isomorghisms: 

B y  vir tue of (b) we have  

¢(1 )  = (,y~)~J~'t, 

¢ ( f )  = (~o)~f f .  

(2.1) 

i e {1 ,  ..., k} ,  

k k 
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then, by  vir tue of a well known Theorem [12], F is continuous from 
into Lq(£2). 

Therefore 

i = 1  

is continuous from [ I  L~,([2, (~) into Lq(£2, ao). 
i = 1  

Let  us prove now tha t  (e) ~ (a): 
k 

I f  F is continuous from l~ L~,(tg, ~)  into L~(~2, a0), we have, by  vir tue of (2.1), 
i = l  
k 

t h a t / ?  is continuous from I~ L~,(D) into L~(D); therefore, by  vir tue a well known 
i = 1  

result [12], there exist ~ e L~(D), b e R+ s.t. for each (x, y~, ..., y~) ~ D ×R~: 

]](% Yx, ..., Y~)l <i f (x)+ b ~ tyii~*/q; 
i = 1  

then,  if we set g(x)-~ ~(x). (so(x)) -~l~ and z , =  y,-(s~(x))-~l~,, we have 

k l~(x)X~l~ 
Q.E.D. 

Hencefor th  we shall suppose tha t  D has the cone property.  
Le t  p e ] l , d - c ~ [ ,  m e n  and l~l<m,  we set 

(m- l I)p) if (m-- I i)p<  
(2.2) PI~I ~ [ a n y  number  in [p, + c~[ if ( m - -  Io~])p>n. 

I f  t e l l ,  + c ~ [  we set t '=  t / t - -1 .  
Let  us denote by nl and n~ the numbers of the n-tuples such tha t  respectively 

I~l<m ~nd ] ~ l < m - - 1 .  I f  k e N ~ k < m  we set 

D~u = (Dau}I~[= k . 

Let  us consider the differential operators formally defined by:  

(2.3) 

(2.4) 

(2.5) 

A u  : ~ (-- 1)lVID:'av(x, u, ..., Dr~u) 
l Y l ~ m  

Bu ~ ~ (-- 1)l:'IDYb~,(x, u, ..., D~u) 

Cu ~-- ~ (-- 1)]~tD ~' e~,(x~ u, ..., Dm-lu) 
lyl <~ m 
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where av(ly] <m) ,  bs(ly ] < m -  1) are real functions defined on ~9 × R %  and cv(ly I <m)  
are real functions defined on .Q ×/~% 

We shall give conditions on the functions av, bv, c, which are sufficient to ensure 
t ha t  A, B, C induce respectively continuous, compact, completely continuous maps 
from ~,~(Y2) to its dual -~  ~" v ~ ,  (9). 

I n  the following we shall suppose tha t  av, by, vv, satisfy the Caratheodory condi- 
tions (C~), (C2). 

T~EO~E)~ 2.2. - Let us suppose that 

(2.6) Vly l<m,  V(x, ~) e ~  x R " :  

ia~(x, ~)I < h~(x) + c~ ~: (e(x)) ~°(~,~). t~:.l~,~/~i~, 

where 

s e n ,  c~eR+, h~eV°'~' (9)  and 0(~,~)=(pr~+p[,0/pi~[ .  

With such hypotheses the operator A de]ined by 

<Au, ~> = y. fa,(x,  u(x), ..., ~)~u(x)) Drq~(x) dx , 
Ivl~<m Q 

e ~(~9) 

is continuous and bounded ]rom ° "~'~ v~ (9) to ~=~,~'(~). 

P~OOF. - By  vir tue of Theorem 1.4 the map 

d: u ~ (u, ..., D~u) 

is continuous from ° m v~, (9) to [I  ~o,~,o,(~). 

On the other hand,  by  virtue of (2.6) and Theorem 2.1, the ~emytsk i i  operator A~ 

associated to av is continuous and bounded from H u~~'~'(f2) to U°'~(~l(.Q). At last 

by  Theorem 1.4: i t  call be easily deduced tha t  the map ~ :  u ~:, Dvu is continuous 

from ~°_'~I(Y2) to UE~'¢(~Q). 
Therefore A = ~ 3voAvod is continuous and bounded from ~[°'v(Y2) to UZ~'¢(Y2). 

t~,<~,~ Q.E.D. 

Tn-EO~:E~ 2.3. -- Let us suppose that 

(2.7) Vb, l < m - -  1, V ( x , ~ ) e Y 2 x R ' l :  

Ib~( x, ~)1 < h~(x) ÷ ca Z (e(x))(~-~)°l(~'~)t~b °'~°F~ 
I~l<m 
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where 

then the map B de/ined by 

<Bu, q~} = ~ fby(x, u, ..., D"u)DYg~dx , 
lyl-<.<m- 1 C~ 

is compact ]rom ~ '~(~)  to U-~,¢(E2). 

P~OO1L - Obviously B :  ~ ~yoByod, where d: u~ , (u ,  . . . ,D"u) is continuous 
ly]~<m-:t  

o~ - - S - - ~  x - - /  f rom U~ '~(9) to l-I u°'~J~'(~°~; By (the Nemytski i  operator associated with by) is 

continuous, by  vir tue of (2.7), f rom l-[ Us-,°'~r'~(~) to ~_~+~,..,T~°'~](O~ and ~y: u~--~Dyu is 

compact,  by  vir tue of Corollary 1.5, f rom U°'~(~2) to - m e  U_~' (~2). Q.E.D. 

Tn:EO~E~[ 2.4. - Let us suppose that 

(2.8) Viyl<m, V(x, ~) e E2 × / ~ :  

icy(x. ~)] < by(x) + c~ ~ (e(x))(~-~)°'(~.y)I~.Io,~,/~, 

where 

e e R + ,  qI~I e[p' PIll[' hve U°_'~'~(~), 02(~, y ) =  (ql~i+pf'yl)/p~iyl, cseR+ 

then the map C de/ined by 

<Cu, q~}----~l~l<,~ (5 cy(x' u' ' ' ' ' D'~-~u)D~dx ' q~e ~)([2) 

is completely continuous from U'~,~(.Q) to - ~ "  U~" (~). 

P~OOF. - In this case C= ~ ~vo Cvod~ where 
ty]<m 

d: u e ~)'~'~(~) ~ (u,..., D•-lu) e I] U°'q-~(~) 

is compact;  Cy (the Nemytski i  operator associated to cy) is continuous from 

I I  Us-~°'~r~'([2) to U°'~i~(-Q~-s , , and ~v: u ~ U°'~t(~)_ ~-~ Dvu ~ U_ s-',¢(E2) in continuous. 
I~t<,,-1 Q.E.D. 
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(2.9) 

(2.10) 

where 

EXA~_eLE 2.5. - If $~>2 and g: t 2 × R - ~ R ,  ]: Q×R.+~-+R satisfy the Cara- 
theodory conditions, the ~Temytskii operators 

u ~ g ( . , u ( . ) ) ,  u ~ ] ( . , u ( . ) ,  gradu(.)) 

are respectively completely continuous and compact, from ~'~(~) to -1,2 U_~ (~) if 

Ig(x,y)l<h(x)+ (e(~))~Iyl ~, ~ e g ,  y e R ,  

l](x, y, z)l <h(x)  + (e(x))~lyi~+ (e(x))~Izl ~ , (x, y, z) e ~9 × R  ×R~ 

h e u°_%,(.o), 2~t 
(~ e R+, a e [2, 2n / (n -  2)[), . <  ~-~_2 s, 

#e[1, (n + 2 ) / (n -  2)[, 
< 2(~ + 1) 

s ,  (~e[1, (n -~ 2)/n[. 

For example, the Nemytskii operator associated to the function 

g(z, u ) =  (q(x))-~luI~sinIul"x (e, VeR+ ~nd f ie[ l ,  5[) 

is completely continuous from W~o'2(R 8) to W-~'2(R3). 

3. - The nonlinear Diriehlet problem. 

We shall apply the results of the previous paragraphs to some Dirichlet problems. 

P~0BLEZ~ I. - Let us consider the following nonlinear Dirichlet problem: to find u 
such that 

(3.1) 
l Eu ~ Au  + Bu ~- Cu = ] 

where A, B, C are defined by (2.3), (2.4), (2.5) respectively and ]e  U_s (zg). 
The following theorem holds. 

TttEORE~ 3.1. -- Let A, B, C satis]y the hypotheses of Theorems 2.2, 2.3, 2.4 moreover 
we suppose that 

- , V~eU~ ( 9 )  (3.2) <Au-- Av, u- -  v> > O(l[u vii tTy,~co)) ~ o,,~,. 
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where 0 is a continuous, increasing /unction, such that 0(0)= 0 and 

(3.3) (Eu, u)/tluit ~:,~(~)~+ ~ /or HuJI~:,~(~)~+ ~ . 

- -S  \ ! ° m * ~  Then ]or each. /~  U-~'~'(Y2~ there exists u~  U 8 (Y2) such that E u :  f. 
Moreover, i ] B  = 0, we can replace the assumption (3.2) with the following one 

(3.4) ( A u - -  Av, u - -  v } > 0 ,  V~ °~'~ ~ (9) 

and the same conclusion holds. 

Pt¢ooF. - By  v i r tue  of Theorems 2.2, 2.3, 2.4 and (3.2) (or (3.4) if B = 0) E is 
pseudomonotone  (cf. [5], [10]). Therefore  the  conclusion follows f rom (3.3) and 
well-known theorems on pseudomonotone  operators.  Q.E.D. 

EXA~PL]~ 3.6. - The opera tor  

E(u) : - -  ~ ~ [a(x) ~u ,-2 ~u] ~=~-~ ~x~ -~J + b(~)iui~-'u-e(x)lu?-~-~u 

satisfies the hypotheses  of Theorem 3.1 in 5 1 " ( ~  ) if e~ e ~ (x )~  ~ > ~  c2~(x) and c(x)< 
<~c3QS~-~(x) where c,, c2, ca are posi t ive constants  and ~ R + .  

ExA~PL~, 3.3. - Le t  us consider the operator  

Eu~- -- A u +  ~u+ ](x~ u, gradu)  

where ]: f ) × R  ×R~-->R. I f  ] satisfies the hypotheses  (2.10), ~ ~R+,  and E satisfies 
(3.3) on ~ ,2 (~ )  = W1,.2(y2) the problem J~(u) = ] has a solution u ~ Wo~'~(tP) for each 
? e W-~'~(~9). 

P~OBLE~[ I I .  - L e t / 2  be un unbounded  domain such tha t  0 ~ .  Le t  a~ (i = 1~ ..., n) 
and f be real functions defined respect ively  in £2 × R  ~ and .Q ×/~ × R  ~ and satisfying 
the Cara theodory  conditions. We want  to find u s.t. 

(3.5) Eu = ~ a~(x, grad u) + ](x, u, grad u) = g(x) a.e. in D 

u Io~ = 0 

and verifying asymptot ic  conditions which will be specified later  (i.e. u vdll be re- 
quired to belong to a suitable weighted Sobolev space). 
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Let  us suppose tha t  

i = 1  

~t 

VxeQ, , e  R , ~ (a~(x, ~ ) -  a~(x, v ) ) ( ~ -  v~)>mlxi~']~ - ~1 ~ 
~=1 

where m is a positive constant.  

1/3) lj(x, Y, ~)l <h(x) + IxI~lyl# ÷ IxI,I~f , 

where 

V(x, y, ~) e%2 x R  x R "  

h e Ut?$~+~,(9), (q e [2, 2n/(2n-- 2)[, ~ > 0) ,  
~ n  

~ <  j :-~_ 2 ( s -  1), 

f ie [ i ,  (n ÷ 2 ) / ( n -  2)[, < 2(n ÷ ~) ( s -  1), ~ e [1, (n ÷ 2)/n[. 
q4 

t/4) ](x, y, ~ ) y > -  clxl'ly] ° , V(x, y, ~ ) e ~  ×R × i ~  

where c is u positive constant  and 0 e]0,  2[, ~ <  -- n(2--  0 ) / 2 ~  O(s-- 1)/2. 

Le t  W be the completion of OO(~9) with respect to the norm 

By  vir tue ol Theorem 1.1 we have the continuous embedding 

(3.6) w ~ f i ~ , ' ( ~ ,  Ix[~-,-~, lxl~), ~ > o  

where /%,~(~, Ixl~-~-~, Ixl~9 = bo(~) (closure in r~,~(~, Ix]~-~-~, lxl% 
The following theorem holds: 

TKEO~E~ 3.4. -- Under the hypotheses H~), ..., Hd), ]or each g e W' (and by virtue 
o] (3.6) ]or each geL2(Y2, [xl-2~+2+~)) there exists u e W solution o] (3.5). 

P~OOF. - B y  vir tue of (3.6), the embeddings 

--1,2 W ! i :  W ~ + ~  1'~ t~9~ i*: U_~+1+~/2(~9)~+ s-- l - -e /2x ! ' 

are continuous. On the other hand,  by  vir tue of Theorem 2.3 and H3) (cf. (2.10)) 
TOT1, 2 (01 ~nd the l~emytskii operator B, associated to ], is compact  between ~s-l-~mw~J 

U-I.~ IY2~ Therefore F---~ i*oBoi is completely continuous. By  vir tue of H1) - - s+Z~e]2~ l "  
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and with the same arguments  used in Theorem 2.2, i t  easily follows tha t  the operator 

Au = i(~/~x~)a~(x, grad~) is continuous from W into W'. Le t  us now prove tha t  

E - - - - A +  F is coercive on W, i.e.: 

(3.7) <Eu, u> /[luI[~z-> + c<) 

By vir tue of H4) we have 

for llullw-++ c~. 

/2 /2 

where 

= 2 / ( 2 -  0),  

sufficiently large, therefore 

(3.8) 

where 

C 1 

B y  vir tue of H~), H4) we h~ve 

s ' = s - - l - - ~ ,  ~ > 0  

f [x[,lu(x)lOdx~el(f ixl~s,]u(x) \0]2 I~dx) <e~llull ° 
s9 

.o 

(3.9) <Eu, u> = <Au, u} -}- <Fu, u> >e~!I~tH~- ef lxl'lu(x)l°dx , c~e R+. 
Q 

Because 0e l0 ,  2[, (3.7) follows from (3.8) and (3.9). Therefore, by  vir tue of welt- 
known theorems on pseudomonotone operators (cf. [3], [10]), the conclusion follows. 

Q.E.D. 

ExA~rPLn 6.5. - I f  DcR~ and h(x) ~ $(D) 

E u  = - A n ÷  h(x)lub °-~ , (0+[1, 2[) 

[u, v] = i f ~u ~v ~=1 ~ (x) ~ (x) ax 

.C2 

satisfies the assumptions of Theorem 3.4 on the space /%,~(g2, [xl-~-~ , 1). 

P~o~L~.~ I I I .  - Le t  .Q be an unbounded domain such tha t  0~fJ ,  and g be a 
measurable, real function on £2. We consider the following scalar product  in ~D(~2) 
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and we denote by V the Hilbert space, completion of ~)(T2) with respect to the scalar 
product [. ,  .]. 

In  the following we study the linear problem: 

(3.10) ~ u ~ V 
l - A u  + ),g(x)u = ? 

where 2 is a real parameter. 

THEOlCEIvi 3.6. - ,Let us suppose that 

(3.11) sup ess g(x) 2 ix l ~+~e < + oo 

then there exists a discrete set A o] real numbers bounded ]rom below such that: 

I) ]or ~ A  problem (6.10) has only one solution u ]or each ] e V '  (and in par- 

eular lot each f~Z~(9, Lxl~+9, e>o) ,  

II)  /or ). e A the homogeneous problem 

{ u ~ V  

-- Au + ~g(x)u = 0 

has a / in i te  number o] linearly independent solutions. Moreover/or each ~ the Theorem 
o] the Fredholm alternative holds in V. 

PI~ooF. - Let us consider the canonical isomorphism 

f t :  u ~[ . ,  u], 

By virtue of (3.11), the map 

u e V,  t t ( u )  e V ' .  

GI: u ~-~gu 

is continuous from L2(~2, Ixl -~-~) into Z2(/2, txl~+~); on the other hand, by virtue 
of Theorem 1.1 and Corollary 2.9 of [2] the embedding 

i: r ~ z % e ,  txl-~-O 

is compact, therefore also the embedding 

i .  "L~(~, Ix?+O ~ v' 
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is compact. We deduce that  G = i*oG~oi is compact from V into V'. On the other 
hand problem (3.10) is equivalent to the following functional equation 

where H-*oG: V-->V is compact and H-*( / ) eV .  Q.E.D. 

PRO]~L]~ IV. - Let ~ be an unbounded domain in R ~. Let us consider the fol- 
lowing problem 

(3.12) ~ -- Au ~- )~u -~ ](x, u, grad u) = g(x) 
( u ~ W~'~(~) 

where ) .eR+,  g e  W-~,~(f2) and ] is a real flmction defined in ~ ×R × R ' ,  satisfying 
the Caratheodory conditions and the following properties: 

(3.13) 

where 

V(x, t, ~) e ~ x - ~  x R  ~ , t](x, t, ~)t <h(x) + blltl~- ~ b~l$] ~ 

h e L ¢ ( Q ) ,  q e [ 2 , 2 n / ( n - - 2 ) [ ,  f l e [ 1 , ( n + 2 ) / ( n - - 2 ) [ ,  

~eV1, ( n ~  2)/n[ , b~, b2el~+ 

(3.14) V ( x , t , ~ ) e E 2 x R x R  ~, ](x,t,~)t>~--~[~t~--r(x) 

where 8 <  rain(l ,  ~}----- 21/1, r e L l ( ~ ) .  
Let us observe that,  by virtue of (3.13), the ~emytskii  operator F associated 

to ] is continuous from WI'~(.Q) to W~'e(~)  but it  is not, in general compact; therefore 
we c~nnot directly use the Theorem 3.1. However the following theorem holds: 

Tn~olcE~ 3.7. - Under the hypotheses (3.13), (3.14), the problem (3.12) has at least 
one solution u e Wlo'2(~) ]or each g eL¢(.O). 

The proof of Theorem 3.7 easily follows from the following lemm~ 

LE_~f~A 3.8. - For each s e R+ the problem 

(3.15)  { u~e  W1'2(~)  

E~u~= -- A% ~- 2% ~ ~-~f(x, %, grad %) ~- g 

has a solution u s. Moreover the sequence of solutions {%} is bounded in W~,~(~) and 
we can select a subsequence (u~} with the properties: s~---> 0 /or n-->.~-c~ and there 
exists Uoe Wlo'2([2) s.t. 

u~ --. uo in Wlo'2(D) and u~.--> uo in U1.2(~), Vs .< 0 . 

2 2  - A n n a l l  d i  M a l e m a t t c a  
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P ~ o o P . -  For  each sER+ the lgemytskii  operator  F~, associated to the func- 
tion e-El, is compact  from W~'2(/2) into W-1'2(/2). On the other hand, b y  vir tue 
of (3.14), we have 

Therefore, b y  vir tue  of Theorem 3.1, for each s e R+ the problem (3.15) has at  least 
one solution use  W~'~(~2). Moreover, b y  vir tue  of (3.14)~ we have:  

] 1 1 
Ilud ~:,,<.) < ~< 

1 ~ I 1 <-ff~ IIgI]..-,,,(,~)l]ud~,.(~)+ ~ Je-'(x)lgrad ~,(~)l~ax + ~ Ilrll~'(~) < 

where 
1 1 

Then it is easily deduced tha t  (u~} is bounded  in W~'e(~2). Therefore we can select a 
subsequence (us. } such tha t  

s~-->0 for n ~ - o o  and u~--->uo in W~'2(/2). 

Le t  us now observe t l~ t ,  b y  vir tue  of Corollary 1.5 

(3.16) u~--~Uo in U°'~(~2), V 0 < 0 ,  V p e [ 2 , 2 n / ( n - - 2 ) [  

u~ axe solutions of (3.15), therefore 

(3.17) -- A u ~  ~u~ = g--  2' (u~.). 

F r o m  which, if s < O, we have 

(3.18) l<(-- A-f- A)u~., q~(% -- u.)>[ = I<g, q~(u~ -- Uo)>-- <F (%~), e~(%.--  Uo)>[ < 

< llgll~o,(~>" I1%- %II ~:~o(~)+ IIF~(%)Ii~o,,~)"11%- %1I u::yo<~). 

:By vir tue  of (3.13), { F ~ ( u J }  is bounded  in Lq'(~), therefore f rom (3.16) and (3.18) 

i t  follows tha t  

(3.19) <(-- A -[- )~)u~., e~'(u~. - uo)> -+ 0 for n --~-[- c~ .  
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Now, b y  vir tue  of (3.17), {(-- A + %)u~,} is bounded  in Zq'(g)) therefore we m a y  
suppose (if necessary b y  passing to a fur ther  subsequence) tha t  

(3.20) (-- A q- 2)u~ --~ Zo in L¢(~2). 

On the other  hand the operator  v ~ (-- A -}- 2)v is weakly  continuous from W~'~(£2) 
into W-~>~(f2), thus 

in W-I,~(/2) . (3.21) ( -  d ÷ ~)u: ~ (-- d ÷ ;.)Uo 

From (3.20), (3.21) we deduce tha t  

( -  A ÷ k)uoeL¢(£2). 

Therefore we have  also 

(3.22) <(-- A + %)uo, e*'(u~. - Uo)> -+ 0 

F rom (3.1,9) and (3.22) it follows tha t  

(3.23) <(-- A q- 2)(Uo-- u J ,  ~2~(Uo-- u~.)} -+ 0 

i.e. 

(3.24) 

for n - ~  oo. 

for n - ~ - ~  c~,  

i = 1  
$2 t9 

÷~-~Z L ~  (x) (uo(x) - u~:(x)) (~o(x) - ~:(x)) ex -+  o for ~ -+ + 
t~ 

On the other hand 

(3.25) i j  "r~'' ~ / ] @o(~) - u.o(.)) ~x 1 

Q 

<c, ll~°-~,::II<,:,.,.,)ll~o-~o°ll~.t,=(.), c, = ~upl~e l 
I 1 

oo. ~ ( x )  . 

Therefor% b y  vir tue of (3.16) and the boundedness  of (ilu0-- 2 Ut'~. '  < )), w e  

(3.26) I ~ - + 0  for n - + ~  oo .  

Final ly  from (3.2~) and (3.26) it follows that  

Huo-- u~ltv,v,(a)-+ 0 for n - + - t - c o .  Q.E.D. 
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P ~ o o F  oF ~EE Tm~o~E~  3.7. - W e  p rese rve  the  no t a t i ons  i n t r o d u c e d  in p r o v i n g  

L e m m a  3.8. I t  is easy  to  see t h a t  the  m a p  v ~-~F(v) is con t inuous  f r o m  :,2 Wio~(~) 
in to  L~oo(~9), therefore ,  b y  v i r t ue  of L e m m a  3.8, we h a v e  

(3.27) _ ~ ( ~ t J  -->F(u0) in L~oo(f2 ) . 

On  the  o ther  h a n d  (F~,(u~o)} is b o u n d e d  in L q (Y2)~ thus  we m a y  suppose  (if neces- 

s a ry  b y  p~ssing to  ~ f u r t h e r  subsequence)  t h a t  

(3.28) F~,(u~,) --, g in Lq'(zg).  

F r o m  (3.27) a n d  (3.28) i t  follows t h a t  

F (u~,) -~ F(uo) in Lq'( t9) .  

Thus ,  pass ing  to  t he  w e a k  l imi t  in the  equa t ion  - - A u ~ + ) ~ u ~ , + ~ , ( u ) - ~  g, t h e  

conc lus ion  easi ly follows. Q .E .D .  
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