
R e g u l a r i t y  R e s u l t s  for  t h e  P o r o u s  M e d i a  E q u a t i o n  (*). 

E. D1 B E ~ m ) E ~ 0  (Austin Tx.) 

S u n t o .  - I n  questo lavoro si considera il problema di Cauchy per l'equazione di ]iltrazione 
~u/~t = ~2q~(u)/~x~ nella regione R × (0, T], 0 < T < co. Sotto opportune ipotesi swlla ]un- 
zione q~(u) si determina una stima dell'incremento temporale della soluzione u(x, t) (intesa 
net senso debole). Nel  caso politropico (qo(~) = u~), quando m > 2 si trova in  particolare 
un comportamento h61deriano di u(x, t) rispetto a t con l'esponeute 1 / ( m -  1); viene anehe 
dimostrato che questo esponente ~ e]]ettivamente assunto da una particolare soluzione, per eui 
la stima ottenuta ~ la ~nigliore possibile. 

1 .  - I n t r o d u c t i o n .  

The diffusion of a fluid in a porous medium is described b y  the equat ion 

~-~ ~ = A~(~) 

where A is the Laplace operator ,  u represents the distr ibution of density,  ~nd ~v(.) 
is a non-negat ive cont inuously  differentiable funct ion such t h a t  

(L1) ~ (o )=  ¢ ' ( 0 )=  o ,  ¢ ' ( u ) > 0 .  

I n  the case of poly t ropic  flow, the ~( . )  can be specified as ~o(u)= u% m >  1. I n  
the physicMly re levant  cases we have  m~>2. We will assume here t h a t  ~v(-) behaves 
like u~. I n  par t icular  ?"(u) does not  change its sign for u>~0, and 

(1.2) l~"(s)l< c ~'(s--~) , s > o 
8 

for some posit ive constant  C. 
I f  at  the  t ime t ~ 0 the fluid occupies a bounded  region of the space, and if 

the  mot ion  is laminar-unidimensiona.1, we are led to the Cauchy problem 

~2 
(1.3) ut  = ~x2 q~(u) , (x, t) ~ S~=-- R X (O, T] , O < T < oo 

(1.4) u(o) = Uo(X) 

Uo(X) > 0 for x ~ (a, b) 

(*) Entrata in Redazione il 18 luglio 1978. 
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and 

where 

Uo(X) = 0 for x ~ R , ~  (a, b) , 

(a, b) is a finite i n t e rva l .  

A consequence of the degeneracy of ~ ' ( . )  when u = 0, is t ha t  if the quan t i ty  

(1.5) "~W (s) ds 

0 

is finite, then  the fluis diffuses with finite speed, and the  solution u(x, t) of (1.2)-(1.3) 
is concent ra ted  in the region 

- {ICe(t) < x < ¢~(t)] x (0, z]}  

where ~(t) ,  i = 1, 2, t E [0, T] are two Lipschitz-continuous curves, non-increasing 
and non-decreasing respect ively with ¢~(0) ~ a, ~(0) = b. I n  o ther  words u(x, t) > 0 
for (x, t) e ~D and  u(x, t) = 0 for (x, t) ~ Sz,-~ ~ .  

I t  is known tha t  problem (1.3)-(1.4), in general does not  admi t  a classical solu- 
t ion bu t  is solvable in a weak sense. This paper  is concerned with some regular i ty  
propert ies  of the solution u(x, t) with respect  to the t ime-variable.  In  part icular ,  
in the  polyt ropie  case an H61der est imate of the form 

{u(x, t ÷  a t ) -  u(x, t)l < C(,at)~/~,~-, 

is obta ined  under  certain monoton ie i ty  assumptions on IF,~I in the v ic in i ty  of the  
interface x ~-~dt) ,  i = 1, 2. A related result, is given b y  GILDING [2]. 

The plan  of the paper  is as follows. In  Section 2 we recall the construct ion of 
the  weak solution and cer ta in  re levant  information.  In  Section 3 we prove  ~ e m m a  1 
which is itself of interest ,  and will be exploited in Section 4, where i t  is shown t h a t  

V~'(u)  ~ e ~,~oo(S~). 

The  point  here is to consider the si tuat ion where I F,~I is pe rmi t t ed  to grow to infinity 
a t  the interface. In  Section 5 finally we discuss t ime-regular i ty  and the HSlder  
cont inui ty  expressed above .  An example is given tha t  shows tha t  the tt61der coef- 
ficient 1 / ( m - - 1 ) ,  in the t ime-variable,  is the  best  possible. I wish to t hank  Pro- 
fessor R. E.  SlZOWALTE~ for having read the manuscr ip t  and for m a n y  valuable  

suggestions. 
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2 .  - The  w e a k  s o l u t i o n .  

We say t ha t  a cont inuous non-negat ive  funct ion u(x, t) is a weak solution of 
(1.3)-(1.4) in Sz, if 

(i) (~/~x)~(u) exists in the weak sense and is summable in Sp; 

(ii) u(x, t) satisfies the integral  equat ion 

f f {ul,- l Vx ~O( )} dxdt + f l(x, O)uo(x) = O 
S~,, R 

for all ](x, t) with compact  suppor t  in the space-variable, such tha t  ]~, It exist  in 
the  we~k sense and are summable in Sz, and such t h a t  ](x, T ) =  O. 

Existence,  uniqueness and continuous dependence upon the  da ta  have  been 
established in [4]. The Lipschi tz-cont inai ty  of q~(uo(x)) is required. The solution 
u(x, t) satisfies 

(2.1) O<u(x , t )<M,  (x , t )¢S:  

M = sup uo(x), 
~ER 

while (~/3t)u, (3~/~x:)~(u), exist  in the classical sense for (x, t)E ~:, and (1.3) is 
satisfied in ~ .  

The monotonic i ty  of ~o(.) in u suggests we wri te  (1.3)-(1.4) as 

(2.2) 

(2.3) 

%(x) > 0 

~,(o) = ~(Uo)= ~o(X) 

x e (a, b) ,  ~o(X) = 0 x e R--~ (a, b) ,  

where H[~(u) ]  = u, u > 0. Ago~so~  in [1] shows t h a t  the  equivalence between 
(1.3)-(1.4) and (2.2)-(2.3) is not  only formal;  i.e., the  weak solution of one of these 
allows the  recovery  of the other.  

Consider the  sequence of problems 

(2.4) 

82 
r u q 2 

= ~ (  . )~x 2 ~ ÷ ~  
(x, t) E ( -  n, n) x (o, T] 

~ ( x ,  o) = ~o~(X) 

~ (  -t- n, t) = sup ~o~ = N 

x e [ - ~ , ~ ]  

t ~ [0, Tl  
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where u~= H(~.) and {%~}'~%(x), 0<  1/n<%.(x)<N, ~o~(X)= N for 

x e E - n , -  ( n - 1 ) ] u [ ( n - 1 ) ,  n] 

and it  is smoothly connected to ~ . { ~ n ,  t) in 

[ -  ( n -  1), - ( n -  2)3 u [ ( n -  2), ( n -  1)] .  

For  all n > 2~ n eN~ yJ~(x~ t) the solution of (2.4) is C~[(-- n, n) x (0 r T]] and 

{w(x, t)}',~ ~(x, t) 

where u(x, t )-~ H(y~(x, t)) is the weak solution of (1.3)-(1.4). The convergence is 
uniform on compacts K c S~. 

By  the maximum-principle 

(2.5) qY(M)>qp'(H(~.))=qJ(u.~)>~O , n e N  , 

and the inequali ty is preserved at  the limit. For  (x, t ) e  9) we have 

~v'(u) > 0 

so t ha t  f rom classical Schauder-type estimates i t  follows tha t  for all h, k e N 

~t ~ ~ ~ ~k 
~ ax ~ yJ~ -> - ~  ~ ~ , (x, t) ~ 

and the  convergence is uniform on compact  sets contained in ~ .  In  part icular  we 
notice tha t  

(2.6) ~-~ ~p ~ C ~ ( ~ ) ,  ~ x  2 ~v ~ C ~ ( ~ ) ) .  

Final ly  we observe the following sharp result due to A~o~so~ [1] and KALASm 

~IKOV [3]. Set  

= {[x~, ~ ]  x [~ ,  ~]}, ~ > o; 

then for every n e N 

(2.7) I ~ ° x < ~ z v , ( , t )  co 

where Co is a constant  depending upon M, ~,-~. 
at  the limit~ and Co does not  depend upon r if 

1 L 
~°( ) I < 

c o n s t .  

(x, t) ~ R 

The est imate (2.7) is preserved 
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3 .  - F u n d a m e n t a l  l e m m a .  

From now on C will indicate a generic non-negative constant~ depending upon 
quantit ies t ha t  will be specified later. 

LEPTA 1. - Le t  0 ~< ] E C[(0, 1]] (~ L~[O, 1] and ? ~> 0, Lipschitz-continuous in [0, 1] 
with ~ ( 0 ) ~  0. Assume moreover tha t  there is a ~ :> 0 such tha t  f is non-increas- 
ing in the interval  (07 (~]. Then 

• ]eL~[o,  t ] .  

P]~ooF. - The I-Iardy-Littlewood maximal  function defined by 

x + h  

M(/)(x) = sup,~>o 2h ~ f/(~) d~ 

is an operator of weak-type (1, 1), [5]7 i.e. there is u constant  C > 0 such tha t  for 
all g e LI(R) and all ~ > 0 

(3.1) re(x: M(g)(x) > 4} < ~  llgl!~ 

where m(t~) indicates the Lebesgue measure of the set .Q~ and 

liglll=~lgl dx. 
R 

By extending J to be zero outside [0 7 1] we can apply (3.1) to the ]. Notice tha t  
for x E (0 7 1) in view of the cont inui ty  of ] in % by the Lebesgtm theorem we have 

x ÷ h  

so tha t  if 2 is any  positive number  and x e[O~ 1] 

{x./(x) > 4} _c {~: i q ) ( x )  > 4}. 

To prove the lemma we will show tha t  there is a number  M ~ 0 such tha t  

~{x: ~(x)l(x) > ~ }  = o . 

Let  k be the Lipschitz-constant of ~o and let )~ be so large t ha t  

{x: ~(x)] (x)> 4} k) Ix: J (x )>  7)-~/_c [0, 6]. 
( ~'(2J 

1 7  - A n n a l l  dl  M a ~ m a t ~ a  
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~ r o m  the above remarks  i t  follows t h a t  

Hence  

Since ] is monotone  in (0, ~] 

Therefore  

~ /  ck~ 
m {x: l(x) > ~j> <--~-- Iltll, • 

{,:,cx) > - ~ • 

F Ck~ 3 
{x: ~(:c),<x)> x}z[o, llsli,j 

Using again the Lipschi tz-cont inui ty  of ~, we have  

f 2~ 1 

and 

I tera t ing,  for  all n e N 

Hence,  if ,~> C~1[]111 

re(x: v(x)S(~) > ~} < ~. 

,n{x: ~ ( x ) l ( x )  > ~}  = o . 

I~E~A~.  - I f  we had  0 ~<q, H61der continuous with exponent  a ~ (0, 1), the  same 

a rgument  would have  given for all n ~ N 

. .  rVkl l i t l , - I  ~+~+~'+,. +~o 
re{x: ~(~)S(~) > ,~ </--m--_l a 

and the  series ~ :  is convergent  for ~ e  (0, 1). 
n~>0 
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4 .  - T h e  e s t i m a t e s .  

LE~-~A 2. -- Le t  R ~ {[x~, x~] X[z~, z~]}, 0 <  r~< z~ and y e  CX(R). Moreover let n 
be so large t ha t  R c (-- n, n) x (0, T], and let F~(x, t) be the classical solution o~ (2.4). 
Then there is a constant  C, depending upon ~0, ~ ,  z~, y, bu t  not  upon n, such tha t  

f fyy}~t 'y~dxdt <~ C • 
R 

P~oo~. - 3Iult iply the first of (2.4) by  y ~ . ,  ~nd integrate over R, to get 

It ~ tt 

By vir tue of (2.7), the last integral is uniformly bounded. 

It 

For  the first we have 

T~ 

In  this last  expression, the first two terms are uniformly bounded because of (2.5) 
and (2.7). To derive uniform bound for the last term, observe tha t  by  (1.2), (2.5), 
(2.7) we have 

~ ' ( , (~ , . ) )  <Ct u~ I = C ~2~(x , t )  <Co 

LEPTA 3. - Le t  Q -~ {[~1, ~ ]  x[~l ,  w~]}, and let Q c R  ~ {[xl, x~] x[T~, z~]}, where 
x~< ~ ~< x~, 0 ~ ~ t l<  t ~  ~ .  Le t  u(x, t), y)(x, t) be respectively weak solu- 
tions of (1.3)-(1.4) and (2.2)-(2.3). Then 

(4.1) 

PR00L -- Let  ~ e  Co(R ) such tha t  ~ = 1 for (x, t )eQ.  Multiplying the first of 
(2.4) by  or(x, t ) y~ (x ,  t) and integrating over R, we get 

R tt 
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so (2.7) implies tha t  ]I~ I is uni formly  bounded.  Fo r  1t we have 

The second integral  is uni formly  bounded  by  vi r tue  of Lemma  2, ~nd the first equals 

~31 *¢1 t~l T/1 

which can be uni formly  bounded  applyhlg (2.7). We conclude tha t  there  is a 
constant  C depending upon ~, R, F, bu t  not  upon n, such t ha t  

Taking now the lira inf as n--> c~, yields 

f fcf'(u) ~ dx dt < C 
OnO 

by  l~atou's lemma because 

H(yJ,~) -+ u ,  ~x ~ -> ~x ~ 

pointwise in ~ .  

t~]~Z~AiK. - The  ~rgument  being independent  of Q, Lemm~ 3 says t ha t  

where y ~  is defined to be zero outside ~D. 
L e m m a  3 and Fubini ' s  theorem imply  t ha t  

¢~(t) 

I(t) = f q~'(U)~(X, t) dx 
¢1(0 

is finite for almost  all t ~ [tl, t2]. 
Set ]---- qJ'(u)yJ~, (x, t) eQ c~ ~ ;  then  ] eLI(Q n ~).  Since ~'(u) is Lipschitz-con- 

t inuous in the  x-variable (uniformly on t e [tl, t2]), and ?'[u(~(t) ,  t)]----- 0, if ] is mon- 
otone in the vicini ty  of the interface by  Lemma  1 we have 

(4.2) ~'(u) ! e Lc°[~~(t), ~(t)] 
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for almost  all te[t~,t~]. Moreover if (x, t) is close enough to (~( t ) , t ) ,  then  f rom 
L e m m a  i and (2.7) i t  follows tha t  there  is a cons tant  C depending upon % tt, t~ bu t  

not  upon t ~ Its, t2], such t ha t  

(~.3) (q~'])(x)<~ Cll]It~(t) ~.e. t e[ t l ,  t~] . 

The  ~bove can be rewri t ten  as 

(~.~) , ~ 11½tt) 

for almost  all t e [t~, t,]. 

LEPTA t .  - Le t  F(x, t) a weak solution of (2.2)-(2.3). Suppose tha t  for any  rec- 
tangle Q - [ ~ ,  ~ ]  x Its, t2], 0 < t~< t~ <~ T, ~e < ~(t2), ~2 > ~(t~), there  is an e > 0 such 
t ha t  the quan t i ty  ~ ' ( u )F~  is respect ively  non-increa~sing in [$~(t), ~(t)-~-e] and non- 
decreasing in [$~( t ) -  e, ~(t)].  Then  there  is a constant  C depending upon % e, t~, t~, 
bu t  not  upon te[t~, t~], such t ha t  

~(t) 

f %~dx<~ C (~.5) ~ ( t )=  q~'(u) 
~(t) 

for  a lmost  all t ~ It1, t~]. 

P~ooF.  - Wi thou t  loss of general i ty,  we can assume tha t  ~1(0)< 0 < $~(0), i.e. 
a < 0 < b .  We will show tha t  

~(t) 

I~(t) = f q~(U)~(x, t) dx< C, 
0 

a.e. te[ t l ,  t~] . 

The proof for the analogous integral  over $~(t)<x<~O will be similar. 
B y  Fubini ' s  theorem I~(t) is finite for ~.e. t e [ t l ,  t2]; let  to be such ~ t and let  (x~} 

be an increasing sequence such tha t  

Then  

(4.6) q~' (U) ~0~ dx 
0 

(x., to) -+ (;~(t,), to). 

~rt 

f# (  2 "x =- lira u) ~ d 

=fq~'(u) 
0 

~n 

~ dx + ~-~lim fcp'(u) ~ == I~ + ~lim I . .  

The  first integral  is bounded  uniformly in t e It1, t2] since the compact  [0, ~ ( t ) -  e] x 
×[ t l ,  t~] is contained in ~D. 
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For  In we have 

G(to)-~ G(to)-s G(to)-e 

So 

Rec~lling (1.2), (1.5) we h~ve 

~'Kto)-~ ~,(&)-~ 

for some constant  C independent  of t. Hence in view of (2.7), we conclude tha t  there 
is ~ constant  C independent  of t ~nd n such tha t  

We est imate now ]I~1. F rom the monotonici ty  ~ssumptions on (f'(U)%~ it follows 
tha t  for x e (~2(to)-- e, ~2(to)) 

(i) ~ ' ( u ) ~ +  2q¢(u)v,~,w~**>o 

(ii) V~.(x, to) has a fixed sign 

(iii) V~.(x, to) and  Ivy(x, to) -- V~(¢~(to) -- e, t,)] have the s~me sign. 

Hence dividing the a, bove inequal i ty by  %o~.(x, to) ~nd mult iplying i t  by  

[~.(x,  t o ) -  ,¢~(¢~(to)- ~, to)] 

yields 

(4.7) - 2 [~.(x, to) - ~.(;~(to) - s, to)] ~(' u) w~o 

< [V~(x, to) -- ~,o(~(to) -- s, to)] ~ (u) . ,p~.  

We have 

f [ ~ ( x ,  t o ) -  ~ ( ~ ( t o ) -  e, t o ) ] ¢ ( u ) ~ a x -  
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Using (4.7), for J~ we have 

~ n  

2J~ < f i v e ( x ,  to) -- W~(Co(to) -- ~, to)] ~ ( u ) ~ d x  
~(to)- 

und uniform upper bound on IJ~[ can be obtained employing the sume procedure 
used to est imate II'~1. 

For  J~, integrating by  parts and upplying (2.7) we obtain 

1J~l < ~I~ ( u ) ~ (  o, to)l + cl~'(u)~:o~(¢~(to) - ~, to) l + ~'(u) w~dx  

where the last  integral can be uniformly bounded by  the method used for tiff. 
Now we observe t ha t  the quan t i ty  

is uniformly bounded for s > 0 fixed by  interior Schauder-type estimates~ whereas 
if x~ is close enough to ~(t0), by  (4.4) we huve 

I~'(u),p~.Jx,, to)l < c~( to)  . 

Carrying the above estimates in (4.6) gives 

IAto) < c~ ÷ ¢~I~(to) 

where C~ i ~ 1, 2 depend upon % e, t~, t2, but  not upon tE[t~, t~]. This proves the 
lemma. 

5.  - R e g u l a r i t y  re su l t s .  

Next  we will look for an essential bound on Ft(x, t). I t  is clear from (2.2) tha t  
if q~'(u)~f~eL~{R×[~, T]}, ~>0 ,  then so also does ~t(x,t). The interesting case 
occurs when l~p~(x~ t)] grows to infinity as (x, t) approaches the interface. 

Our main result  deals with this case. tIowever,  we were unable to separate 
completely the behavior of ~f~(x, t) and F~(x, t) in a neighborhood of the interface. 

T~EO~E~ 1. -- Suppose tha t  ~f(x, t) is a weak solution of (2.2)-(2.3) and assume 
tha t  for any  rectangle 
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r u 2 x ~ < ~ ( t ~ ) <  $~(t~)<~, there is un e >  0 such tha t  ~ ( )~2~( , t), (x, t) e if) is non-in- 
creasing in [~l(t), $~(t) + ~] and non-decreasing in [~(t) -- s, ~(t)]. Then ~t(x, t) exists 
almost everywhere in S~ and 

% e L ~ { R x E v ,  T]},  W > 0 .  

P~oor .  - I t  will be enough to show thut  for almost all te[t~, t2] 

lira sup l~t(x, t){ < C, (x, t) E 
(x,t)-+(¢t(t),t) 

and the bound does not  depend upon t. Let ' s  show this for $~(t); the proof for ~(t) 

is similar. 
For  (x, t ) e  ~ ,  (2.2) is satisfied in the classical sense, hence 

lira sup ly~t(x, t)l < l im sup t~'(u)v.~(x, t)t + lira sup to~(x, t ) .  
(x,t)-->(~,(t),t) (~,t)--->(~(t),t) (~,t)-->(~2(t),t) 

The las~ te rm is bounded because of (2.7) and a control on the first is supplied by 

(dA) and Lemma 4. 
We will now exploit the results of Theorem 1 to deduce some regulari ty properties 

for the solution of (1.3). Let ' s  pu t  ourselves in the assumptions of Theorem 1. Since 

t~ 

tF(x, t2) -- yJ(x, t~)l < f lFtl dt , 
t~ 

tl>O, 

Theorem i and (2.7) imply tha t  F(x, t) is Lipschitz-continuous in R ×[~, T], "~> O, 
i.e. there is a constant  C such thu t  

{~(xl, t l ) -  ~(x~, t2)l < C{Ix~ - x~l + I t 1 -  t~t} . 

THEO~E~ 2. -- Consider the ~f(.) defined by (1.5) as a function of u. 

(i) I f  ~'(u) > 0 for u e [0, M], then  for all h > 0 and (x, t) e (R ×[~, T]}, ~ > 0 

there is a constant  C such tha t  

(5.2) {u(x, t-~ h ) -  u(x, t){ <H(Ch) 

where H( .)-is such tha t  H[~p(u)] = u. 

(ii) I f  F"(u) < 0, u e [0, M], then for all h > 0 and (x, t) e {R × [~, T]}, t > 0, 
there is a constant  C such tha t  

(5.3) [u(x, t +  h ) -  u(x, t)[ < Ch . 
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PROOF. -- (i) F ' (U)>  0 is a convexi ty condition which can be expressed in the 
form 

~(lu(x, t +  h) - u(x ,  t)l ) < l~(u(x, t +  h)) - ~f(u(x, t)) I . 

Applying (5.1) and observing tha t  H ( . )  is monotone increasing, yields (5.2). 

(ii) If y/'(u)~<O, ue[O,  M], we have 

~ ' ( M )  = --~ > 0  

and since ~'(-) is decreasing 

(5.4) V ( u ) > ~ ' ( M ) > a >  0 .  

~ot iee  tha t  (5.3) holds for u replaced by  u. ,  for n large enough, so integrating bet- 
ween u,(z,  t) and u,(x, t +  h) and applying (5.1) gives 

atu~,(x, t-4- h ) -  u~(x, t)l < I~(u=(x, t +  h)) - -  ~(u~(x, t))l < Ch 

let t ing n --> oo proves (5.3). 
I t  is interesting to observe the results of Theorem 2 in the si tuation of poly- 

tropic flow. In  this case we have 

1 
~(u) --  - - - - =  u~-l(x ,  t) 

m - - I  

~/'(u) = (m -- 2)u'~-~(x, t) 

therefore if m > 2, y/'(u) > 0 and 

(5.5) ju(x,  t +  h) - -  u(x,  t)J < Ch 11~-~ • 

I f  m<<2, F"(u)<0~ hence by  Theorem 2 

(5.6) lu(x, t-~- h) -- u(x, t)l < Ch . 

The HSlder exponent 1 / ( m - - l )  in (5.5) is the best possible. This is shown by the 
following example 

r 
u(x , t )  = ~ - L~-~J J lxl< ;~(t) 

0 jxl > ~(t) 

[2m(m -f- 1) 11/~-t m > 1 
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Such  u u(x, t) is t he  un ique  solut ion of (1.3), wi th  ini t ia l  v~lue 

I t  is n o t  diff icult  to  see  t h a t  if  x =  2(t), t h e n  

where 

]xl<~(0).  

lu(~(t), t + / i t )  - -  u(~(t), t) l ~- F(m,  t)(~t) ~/(~-~ 

for  some ~, fl pos i t ive  cons tun ts .  The  ubove  expl ic i t  so lu t ion  of  (1.3)-(1.4) is due  

to PATTLE [6].  
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