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Summary. - The higher order nonlinear deviating equations 

.x(')(t) + ~ ~ ]~(t, x[g~(t)] . . . . .  x[g~(t)]) = h(t) 
i = l  

are considered, where ~ = ~ 1. Our main pu~oose is to characterize the asymptotic behavior 
of nonoseillatory soluti(ms of above equat.~ons. 

1 .  - I n t r o d u c t i o n .  

The purpose of this paper  is to character ize the asympto t ic  behavior  of non- 
oscillatory solutions of nonlinear deviat ing equat ions 

B(a): x(~(t) + a Z ]~(t, x[g~(t)], ..., x[g~(t)]) = h(t), a = ± 1 .  
i = 1  

In  what  follows, we are only going to consider continuous solutions of E((~) which 
are extendable  on some posit ive half-line I ~ [to, oo), to>  0. We e~ll a funct ion on I 
oscillatory if i t  has arbi t rar i ly  t~rge zeros, otherwise i t  is called nonoseillatory. 

Throughout  this paper ,  we assume the following conditions always hold:  

(i) g~;, h ~ C[I ,  B ~-- (--  0% co)], i lm g~(t) ~- o0 for i = 1, 2, .. . ,  m;  i = 1, 2, . . . ,  ~. 

(if) h ( t ) : - 0  or there exists  an oscillatory ]unct ion r(t) such that 

r(')(t) = h(t) , lira r(~)(t) = 0 ]or z = O, 1 , . . . ,  n - -  1 .  
t--~. oo  

(iii) f ~ e C [ I x R  ~, R],  for x ~ >  O, j =  1, 2, ..., k and all t>~to i m p l y  

o < L(t, xl, ..., x,o) < -  ]~(t, - xl, ..., - x~) 

(*) Entrata in Redazione il 19 maggie 1978. 
(**) This research was supported by the National Science Council. 
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/or i =  1, 2, ..., m. Moreover there is an index p, l < p < n  such. that f~(t, xl,  ..., x~) 
is nondecreasing with respect to x~ r x~, ...r x~ and for all t>to.  

Using condition (ii), E(~) ma y  be wr i t ten  as 

L((~): y(~)(t)-}- ~ ~ ],fir y[g~l(t) ] + r[g~l(t) Jr ..., 

y[g~(t)]-4:- r[g~(t)]) = 0 

where y ( t ) =  x( t ) - -  r(t). 
In  order  to obtain our main results, we need the following two lemmas. The 

first lemma is an analog of ~ resul t  due to KIGL~ADZE [10], the  other  is due to 
STAIK0S and SFICAS [19]. 

LE_~A 1. - I]  x(t) is a positive (negative) solution o] E((~) /or t>tor then there is a 
T>~to for which y(t)----x( t)--r( t)  is a positive (negative) solution o] L(~) ]or t>~T. 
Also there is an integer l, 0 < l < n  with n-~-I odd i] y(~)(t)<0r n ~ - l  even i] y(~)(t)>0 
and such that ]or t>~ T 

l >  0 imply  y(~)(t) > 0 ,  u = 0, 1, ..., I - - 1  

(1) l < n - - 1  imply  (--1)~+~y(~)(t)>0, u = l , l + ] , . . . r n  

(2) x(~)(t)y(~)(t) > 0 /or ~ =- Or l r  ""r n . 

PROOF. - We only consider E ( - ~ I ) .  ~¥e assume tha t  x(t) and x[g~j(t)] are posi- 
t ive for t>to,  i =  1, 2 r ..., m, ] =  1, 2, ..., k, since x ( t ) <  0 can be discussed similarly. 
Then y ( t ) - ~ x ( t ) - - r ( t )  is a solution of L( -~I ) .  Condition (iii) implies y(~)(t)< 0. I f  
y(t) < 0  for t large enough, then  r ( t ) > -  y(t)>~O, a cont.radiction to  the  oscillatory 
character  of r(t). Hence y(t) > 0. By  KIGUICADZErS lemma [10]r we have  (1). Le t  
y(~)(t) > 0 (<  0). I f  x(~)(t) < 0 (>  0), then  r(~)(t) = x(~)(t) -- y(')(t) < 0 (>  0), a contr~- 
diction. This contradict ion proves (2). 

LE~I~A 2. - I] y(t) is as in Lemma 1 and ]or some 0 < ~ < n - -  2 r lira y(~)(t) = e r 
t-->co 

e e R,  then 

limy(~)(t) =--0r ~ = ~-~- 1 , . . . r n - - 1 .  
~---> c ~  

2.  - M a i n  r e s u l t s .  

T~rEO]~E~ 1. -- Let n be even. Assume that 

oo 

~/r(t, eg~l(t), ..., cg~(t)) dt = -4-c~ (cl) 

/or any constant e v: o, and 

G(t, eg~l(s), .. . ,  eg~(s))  <s / , ( t ,  e, ..., e) /or 
(C~) 

/~ff, eg~l(s), ..., cgr~(s)) > sly(t, c, ..., c) /or 

c > O  

c < O  
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/or all large t and s > O. Then  each nonoscillatory solution o] .E(- -1)  has either 
x(~)(t)--~O or [x(~)(t)] ---~ c<) as t - ~  c~ ]or z :  O, 1, . . . ,  n - -  1. 

PROOF. -- Wi t hou t  any  loss of general i ty ,  we can assume t h a t  x(t) und x[g~j(t)] 

are pos i t ive  for t>to  und i =  1, 2, . . . ,  m, j = ],  2, ..., k. Le t  y(t) = x ( t ) - -  r(t). Then  
we have  L ( - - 1 ) .  Condit ion (iii) implies y(~)(t)> 0. I t  follows f rom L e m m a  1 t h a t  

there  exist  a t~>to and an integer  1 (even) such thu t  (1) and  (2) hold for t>t~.  I f  
x '(t)  > O, t hen  b y  L e m m a  1, x " ( t ) >  O. Therefore  x ( t ) ~  c~ as t---~ oz and 

lira x ( t )  = l im x ( t )  - -  x ( t~)  > x '  (t~) > O . 
~-->oo t $--->oo t - -  t I 

L e t  x ' ( t l ) =  2e. Then  there  is u t~>t~ such thu t  x ( t ) / t > c  for t>t~.  B y  (i) there  

is a T>t~  such t h a t  g~(t)>t2 for t > T .  Thus for t > T  

(3) x[g~j(t)] > cg,j( t) ,  i = 1, 2, ..., m, j = 1, 2, ..., k .  

I n t e g r a t i n g  L ( - - 1 )  f rom T to t and  using (3), (iii), we have  

t 

y("-~)(t) > y("-~)(T) ~ - f  f~(s, cg,~(s), ..., cg, k(s)) ds --> c~ 
T 

~s t --> c~. Thus  y(~)(t) --> co as t --> c~ for ~ = 0, 1, ..., n - -  1. Condit ion (ii) implies 

l im x(~)(t)= c~ for z = 0, 1, n - -  1. 
~ - - ) -  o o  " * "  ~ 

I f  x ' ( t ) < O ,  then  l imx( t )  exists and  is nonnegat ive .  Hence  b y  I~emma 2, 
$ - - >  c o  

l im x(~)(t) = 0 for u ---- 1, 2, ..., n - -  1. Since x'(t) < 0, b y  L e m m a  1, (-- 1)~x(~)(t) > 0, 

for t> to ,  ~ = 1 , 2 , . . . ,  n. I f  l i m x ( t ) = 2 c > 0 ,  then  there  exists a T > t o  such t h a t  
for t > T 

(~) x [ g , ( t ) ] > c ,  i :  1, 2, ..., m, j =  1, 2, ..., k .  

In t eg ra t i ng  Z ( - - 1 )  f rom T to t 

(5) 

Hence  

(6) 

t 

Y("-l)(t) = Y("-I)(T) + ]~(s, x[g,l(S)], . . . ,  x[g,k(s)]) d s .  
i 

T 

co 

T 
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I n t e g r a t i n g  (5) f rom T to t and  using (i), (iii), (5) ~nd (6), we h~ve 

y(~-~)(t) = y('-~)(T) ~- ( t - -  T)y(=-~)(T) q- 

( t -  s) Z Ms, x[g,1(s)], ..., x[g~(s)]) ds = 
T 

t 

= l (s, . . . ,  xEg  (s/t/ds - -  

T 

- . . . ,  ( t - )  Ms, x[g~(s)], x[gMs)]) as < 
i 

t 
t 

T 

as t - +  ~ a contradict ion.  Hence  c ~ 0. 

E ~ L ~  1. - Consider the  equa t ion  for  t>~z 

x " ( t ) -  e . x ( t - -  ~) = e-t(e 2~ s i n t - -  2 cost) 

which has  x(t)-~ e*-~e-*sint as a nonosei l la tory solution. 

EXAmPlE 2. - Equa t i on  

x " ( t ) -  e-:~x(t - x~)----- e-t(2 c o s t - -  sint) 

h~s x(t)-~ e-~(2 - sint) us a nonosci l la tory solution. 

T~EO~E~ 2. - Let n > 3  be odd and conditions (C1), (C~) hold. I]  x(t) is a non- 

oscillatory solution o] E(-~-I) ,  then x(')(t)--> 0 as t-+ c~ ]or ~ ~ O~ 1, ..., n - -  1. 
P~ooF.  - As in the  proof  of Theorem 1, we only discuss the  case where x(t) and  

x[g~j(t)] are posi t ive  for  t>~to, i =  1, 2, ..., m, j - ~  1, 2, ..., k. L e t  y ( t ) ~  x ( t ) - -  r(t). 
Then  E ( ~ - I )  e~n be  wr i t t en  ~s L ( ~ - I ) .  Condit ion (iii) implies y( '~(t)< 0 for  t>~to. 
I t  follows f rom L e m m ~  1 thu t  there  is a t~>~to and an integer  1 (even) such t h a t  (1) 
and  (2) hold for  t>~t~. I f  x ' ( t ) ~ O  for  t>~tl, t hen  1~>2. Thus as in the  proof  of 
Theorem 1, there  is ~ c ~ 0  and  T ~ t ~  such t h a t  (3) holds for t>~T. I n t e g r a t i n g  

L ( + l )  f r o m  T to t and  using (iii), (4), we h a v e  

y(~-l)(t) <y(~-l)(T) - - f  f~(s, eg~(s), ..., cg~(s)) ds -+ -- co 
T 
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as t - ~  co, a con t rad ic t ion .  H e n c e  x ' ( t ) ~  0 for  t>~t~, t h e n  ~imx( t )  exists a n d  is non-  

nega t ive .  B y  L e m m a  2, ~-*lim~ x('°(t) = 0 for  .~ = 1, 2, ..., n - -  1. I f  l i m x ( t )  = 2c > 0, 

t h e n  the re  exists  a T ~ t ~  such  t h a t  (4) ho lds  for  t~>T. Since x~( t )<  0 for  t>~T b y  

L e m m a  1, (--  1)~x(~)(t)> 0 for  t>~T, ~ =  0, 1, ..., n.  I n t e g r a t i n g  L(-~-I)  f r o m  T to  t, 

we  h a v e  

l 

(7) y(~-~)(t) = y (~- ' (T )  - -  ]~(s, x[g~(s)], ..., x[g~k(s)]) ds . 
i 

T 

H e n c e  

(s) 

o o  

T 

I n t e g r a t i n g  (7) a nd  us ing  (~), (8), (iii) we h a v e  

t 

y(~-~)(t) >~ y(~-~)( T)  --  Ty(~-~( T)  + f ]~(s, cg~l(s), ..., cg~k(s) ) ds --> co 
T 

as t--> co, a con t rad ic t ion .  H e n c e  c ~ 0. 

EXA)~PLE 3. - E q u a t i o n  

x ' ( t )  + e -~x ( t - -  ~) = --  e-t(2 c o s t +  sint)  

has x( t ) -~  e - t ( 2 -  sint)  as a nonosc i l l a to ry  solution.  

T~[EO~E~ 3. - Zet  n ~ 2 be even. A s s u m e  that 

o o  

f tn-l f~(t ,  c, ..., c ) d t =  ~:oz  for any constant c V : O .  

I l x(t) is a nonoscillatory solution of E ( + I ) ,  then x(t)--~ ~:co as t -~-oo.  

P~ooF .  - W i t h o u t  loss of genera l i ty ,  we m a y  assume t h a t  x(t) a n d  x[g~j(t)] are  
p o s i t i v e f o r  t>to ,  i = 1, 2, ..., m~ j ~-- 1, 2, ...~ k. L e t  y(t) ---- x ( t ) -  r(t). Thus  as in  the  

p roof  of T h e o r e m  2, we have  y(~)(t)< 0 for  t> to .  B y  L e m m a  1 the re  exist  a T D t o  
and  an  in teger  1 (odd) such  t h a t  (1) a n d  (2) ho ld  for  t > T .  I f  l =  3, t h e n  we see 

easi ly t h a t  y ( t ) - ~  co. H e n c e  x(t)--> oo as t--> co. I f  1 = 1, t h e n  

(9) (-- 1)'~+ly(~)(t) ~ 0 for  = = 0, 1, ..., n .  
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I f  y(t) is unbounded~ t h e n  we h a v e  our  theorem.  ~ o w  consider  the  case y(t) is 

bounded .  ~vlultipling L(451)  b y  t ~-~ a n d  in t eg ra t ing  it  f r o m  T to  t 

( l o )  Q(t) - Q(T) + ( -  1)(~-~)(n - 1)!(y(t)  - y(T))  45 

t 

T 
n - - 2  

where  Q ( t ) =  ~., ( -  1)~[t'-l](~)y(~-~-l)(t) . 
~ = 0  

. . . ,  x[g~(s)] )  as  = o 

B y  (9), Q(t)~> O. H e n c e  

t 

v(t) > Q(I') + fsn-~/~(s, e, ..., c) as -~ 
T 

as t--> c~ 

where  c =  x(/~), a con t rad ic t ion .  H e n c e  our  p roof  is comple te .  

ExA~n)LE 4. - E q u a t i o n  x"(t) + (1/dt2)x(t) = 0 has  a nonosc i l l a to ry  solut ion x(t) = t ~. 

TI~EO]~E~ 4. - Let  n > 3  be odd and condition (C~) hold. A s s u m e  that 

co 

f/~(t,  e, ..., c) dt -~ ± co /or any constant c ¢ 0 .  

I / x ( t )  is a nonoscillatory solution oJ E ( - -  1)~ then [x(~}(t)l--> z ,  as t-~. c~ for ~-~ o, 1, ..., 

n - 1 .  

P~ooF .  - W i t h o u t  a n y  loss of genera l i ty ,  we assume t h a t  x(t) and  x[gij(t)] are 

pos i t ive  for  t>~to a nd  i =  1, 2~ ..., m~ ] ~ 1, 2, ..., k. L e t  y(t) ~- x ( t ) - -  r(t). As in the  

p roof  of T h e o r e m  1~ we h a v e  y( . ) ( t )> 0 and  (1), (2) ho ld  for  t>~to, where  to is large 

enough .  I f  y(~-~)(t) > O, t h e n  as in t he  p roof  of T h e o r e m  1, y(~)(t) -+ c~ t hus  x(')(t) ---> c~ 
as t--> co for  ~ = 1, 2~ ..., n - -  1. I f  y(~-~)(t) < O, t h e n  y'(t) > O. There  exis t  a T ~> to 

a n d  a c o n s t a n t  c >  0 such t h a t  x[g~( t ) ]>  e for  t > T .  H e n c e  

t 

T t 

> +fi (s, 
T 

as t--> c% a con t rad ic t ion .  

c, . . . ,  c ) d s  - - > ~ .  

EXAMPLE 5. -- E q u a t i o n  x " ( t ) - -  e~x( t - -  ~) --~ e-t(2 cos t45 2 s i n t -~  e 2~ sint) has  a 

nonosc i l l a to ry  solut ion x(t) ~- e ~ 45 e-* sin t. 
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