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Summary. - This ~ote cor,rects au er~or in the continuous depende~ce theorem of an earlier 
paper on the subject stated in the title. Here it  is sho~vs that the topology of one of the 
spaces of functions can be modified in order to obtain the desired contiq~uity results. 

The  p roof  of T h e o r e m  3 in [t] con t a in s  a t echn ica l  f law. T h e  d i f f i cu l ty  
o c c u r s  on page  147, l ines  15-19, where  we use  the i n e q u a l i t y  

(1) /Igo(xn(s), s)l  ds  ~__ ~eKsup f lg~;x, s)IP ds, 

0 0 

which is not  va l id  u n d e r  our  a s s u m p t i o n s .  Spec i f i c a l l y  if one chooses gn(x, t) 

to be c o n t i n u o u s  and  sa t i s fy ing  

i) gn(nt, t) = n, for  al l  t, 

it) 0 <_~g~(x, t ) < n ,  for  al l  x and  t, a n d  

iii) g,~(x, t) ~ O, w h e n e v e r  Ix  - -  n t  I > n - (p+  t), 

t h e n  Ineq .  (1) fa i ls  fo r  x = ( l ) ~  hi .  T h i s  s a m e  e x a m p l e ,  which  was  sugges t ed  

by  Prof .  L v c ~  NEUStADt, also shows that  T h e o r e m  3, as s t a t ed  in [1], is 
incor rec t .  

W e  p r o p o s e  to show h e r e  that  with a s l ight ly  mod i f i ed  de f in i t ion  of the 
topo logy  T~, T h e o r e m  3 is lhen cor rec t .  W e  shall  use  the no t a t i on  of [1] in 
this note.  

N e w  d e f i n i t i o n  o f  T~: W e  def ine  a topol%oy on ~ by  de f i n ing  the  c losed 
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sets in ~ .  Specifically we shall give the conditions under which a generalized 
sequence [g,} converges to a limit g in ~ .  Then a set A is closed if and only 
if every convergent generalized sequence in A has its limits in A. 

Let  {g~l be a generalized sequence in ~p. We  say that g~-->g if for 
every compact interval I C  R+ and every compact set ~ D C(I, R ~) and every 
compact  set W C  R ~ there is a real number  F and a generalized sequence of 
positive numbers  {e~} with e~--> 0 and such that 

(2) sup f 
t 

]g~(x(s), s) -- g(x(s), r) Ipds < z~ , 

and for all J C I  and x(.) ~C(J,W) one has 

(3~ 
{ f  P/P 

lg.(x(s)s, )--g(x(s), s)[pds I < r m ( J ) +  ~o 

were re(J) is the Lcbesgue measure  of J. 

Let  Fc denote the collection of all closed sets in ~p and the Tc denote 
all open sets, i .e.  complements  of closed sets. In order to show that T~ is a 
topology one must show that Fc is closed under finite unions and arbi trary 
intersections. Both of these points are easily verified and we shall omit the 
details. 

Let g e ~ p .  One can then view g as a nonlinear mapping of C(I, R') into 
L~(I, R'). The topology T~ is tile nonlinear  analogue of the weak topology. 
Condition (2) merely assures us of uniform convergence on compact sets and 
condition (3) is an appropriate generalization of the uniform boundedness  
principle. 

Modification of the proof of Theorem 3 in [1]: We now consider Theorem 
3 with the topology T~ as defined above. In this proof we shall make use 
of the following lemma which can easily be proved by using the method 
of argumentat ion normally used in the proof of the A~ZELA-ASOOLI Theorem: 
(~ Let  {Y~} be a sequence of continuous functions defined for 0 < t < 
such that 

(4) sup sup ty.(t) I < ~ ,  
n t 

and such that for every t, O~t~, and every e ~ 0  there is a ~ 0  such 
that if ]h] ~ ~ then 

(5) l y . ( t  + h) - y~(t) t ~  ~ + ~ 
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for all n, where e,-->0. Then {y,~} contains a subsequence that converges 
uniformly for 0 < t < ~.>> 

The new proof of Theorem 3 uses the notation introduced on page 145 
and up through line 15 on page 146. 

Since g, -->g in 7'~ this means that there is a real number  F and a sequence  
of positive numbers  {~,} such that ~ , ~  1, ~.-->0 and for every interval  
I C  [0, ~] and every cont inuous function y(.) in C([0, ~], K) one has 

I 

By using the last inequal i ty with the ) / [ I h T K O W S K [  inequal i ty  we get 

whenever y(.) is in C~[O, ~], K}. 
Let B be the bound for {a.} defined by [1, Eqn. (8)]. Define y.(t) by 

y.(t) = x.(t), 0 < t < I"~, 

= x . (T) ,  7 ; < t < ~ ,  

where Tn satisfies the following condit ions:  

1) y~(.) is continuous, y,~(t)eK for 0 < t < ~ ,  and 

2) T, is maximal  with respect  to 1). 

S ince  f~-->f we can find an N~ so that T n > 0  for n ~ N 1 .  Furthermore,  for 
n ~ N 1  one has 

sup sup lY,ff) l < ~ ,  
n~N1 o<t<~ 

so that (4) is satisfied. 
Consider now the difference lye(t-f- h} - -  y~(t) l where 0 < t < t ~ h <  ~. 

Clearly it suffices to look at this difference for 0 < t < t + h~_ 7~. W e  then have 

(7) 
,+h 

ly.(t + h ) -  y.tt) t <--lL(t + h)-- L(ti t + f a.ft + h, s)g°(x.(s), s)ds t 
t 

t 

+ I f  [a.(~ + h, s) -- ao(~, si]g.(x.(s), s)ds[ 
0 
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<_lf~(t -+- h) - -  f~(t) l -J- B Fh + ~ + m(s)Pds 
t 

+ l f [a (t + h, s)--a.(l, s)l dsll/ l + 
0 

:'~ ]i/p 

0 

where Ineq.  (6) is used in the last step. By us ing  the a r g u me n t  s ta r t ing  at 
l ine 4 on page 148, one can associate with every ~ > 0  a ~ ( 0 < $ < ~ )  so tha t  
if th t <  ~ one then has 

I fgt  + h) - -  f/t)! ~-_ e 

l~ f l a~(t -}- h, s ) -  af t ,  s)[qds < 
0 

i : }i/? J m(s),ds l < ~" 
$ 

Thus f o r ] h  1 < ~  and n ~ N ~  we get 

l y ,~ ( t+h) - -y ,~ ( t ) ]<z  2 + B(P -{- 1) -{- ~ + m(s)pds 
0 

"~  B~n~  

since e . < t  and  $ ~ s .  We  can now apply the l emma  sta ted above and 
conclude  that  there is a subsequenee  of (y~} tha t  converges,  say that  

y ~ lira y~ (uni formly  for 0 < t < ~). 

This  implies  that  T. is bounded away from zero. Hence  yn(t)-~ x,(t) on some 
nont r iv ia l  in te rva l  [0, ~]. The  rest  of the a rgumen t  of Theorem 3 in [1] can 
be used to show that for 0 < t < ~, y(t) is a solut ion of the l imi t ing  equat ion.  
In  a s imi la r  way one can also show that  the in terva l  [0, a] can be ex tended  to 
[0, ~] by a f ini te  number  of repet i t ious  of the above a rgument .  

RE* iaaK. -  One can weaken the topology T~ somewhat  if on is in teres ted  
in only  solut ions  of d i f fe ren t ia l  equat ions ,  that is where  the ma t r ix  a(t, s) 
becomes the ident i ty  matr ix.  In  this case one can  weaken  (1) (2) and  (3) by 

(i) Recall that if [iseompaet, then L p ( D ~ L I ( I )  aacl if h a ~ h  in L?(D, thenh~, h 
in Ll(I ). 



R. K. MILLER - G. R. SELL: Existence, uniqueness and continuity, etc. 285 

bringing the absolute value signs outside the integral. That is, by replacing (2) 
and (3) with 

(8) sup ([g.(x(s), s ) - -g(x(s) ,  s)]ds < ~, 
t 

and for all J C I  and x ( . ) eC(J ,  W) one has 

f (9) [g.(x:s), s) -- g(x(s), s]ds < rm(J) + ~.. 
] 

Now Inequa l i ty  (6) becomes 

f g.(y(s) ,s)ds < Pro(I) + 
I 

+ f m(s)as, 
I 

and Inequal i ty  (7) becomes 

[y°(t + h) - y.(t) t <__ t fo(t + h) - -  f.(t)] + rh  + ~. + f m(s)ds. 
t 

The remainder  of the argument  is now unchanged. 

RE~A_RK. - One cal~ define the topology T: in other ways in order to obtain 
Theorem 3 of [1]. For  exampie consider the sets of the form 

U(~, L g~)= (g, h): sup [g(x(s), s ) -  h(x(s), s)[~4s < 
I 

and of the form 

V(~, 1, W) = (g, h): (supxe.~ s) Fds l  - -  
I 

I 

where s ~ 0, I is any bounded subinterval  of R+, W C R" is any compact set 
and g~ C C(I, R n) is any compact family of functions. This family of sets is a 
subbasis  for a uniformity on ~p. Let To(U) be the corresponding uniform 
topology. If  {q.} is a generalized sequence such that g~-->g in T~(U), then 
there exists a sequence {~.} such that 
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(s.p go<=, =))~e= - (s.ptg(~, =)I),d= t 
\ x G I V  , a ~ I g  

0 0 

Therefore if x ( . ) e C ( [ 0 ,  ~], W) and 0 < t < ~  one has 

t 

l ;  )i/p ( f  il/p I~.(~(=), =)l~a= i <=lj ( ~g~ I~.(~, =)l),a= I 
0 0 

13 I I   l/p 
~ = +  (suplg(x, =)l)=d= I 

0 

f l l lp  
m(sFds 

0 

where re(s) is any majorizing function for g(~, t). This  shows that the estimates 
in [1, p. 147] l ines 18-19 are now true. The rest of the proof Theorem 3 can 
then proced word for word as in [1]. 

The authors would like to express their sincere appreciation to LVelEN 
NEVSTAD+ for his patient and careful reading of our paper and for his 
helpful comments.  
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