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Abstract. - On the basis of the so-called phase completion the notion of vertical~ horizontal 
and complete objects is defined in the tangent bundles over Finslerian and ~iemannian 
manifold. Such a tangent bundle is made into a manifold of almost l~aehlerian stq'u. 
cture by endowing it with Sasakian metric. The components of curvature tensors qvith 
respect to the adapted frame ure presented. This having been do~e it is shown possible 
to study the differential geometry of Finslerian spaces by dealing with that of their 
own tangent bundles. 

I n t r o d u c t i o n .  

There exist several essentially different points of view with regard to 
Finsler ian spaces. C. CAnA~n~o~ogY [2] dealt with the spaces by means of 
variat ional  calculus, while since 1925 J . L .  S Y ~  [.17] and L. BEgWALD [1] 
developed tensor calculus  by unders tanding that Finslerian space is a mani- 
fold with a metric tensor whose components are the second derivatives of 

1 2 ~ F  (x, da~) where F is a function satisfying the propert ies  that it is positive, 

homogeneous of degree one in the differentials  and convex in the latter. Regar- 
ding the differentials  involved in F as the components of the element of sup- 
port and providing with the socalled base connection, which we call ~ - d e r i .  

r a t i o n .  E. CAgwA~ [3] endowed Finslerian spaces with Euclidean connection. 
The metric tensor being functions of position and element of support,  a trend 
arose to observe that Finsler ian space can be derived from a Riemannian 
space by the application of homogeneous contact transformation [6], [8] which 
by K. Y ~ o  and E .T .  DAvi~s [19] was elevated to the contact tensor calculus.  
There the special frame of reference called the first and second contact fra- 
mes introduced by M. S. ]~E]3:ELI~AN [91 and Y. Mv~o [13J, respectively,  served 
to define the sub-dis t r ibut ions  complementary and non-holonomic in general. 

Recent ly the present  authors [24] developed the differential  geometry of 
tangent bundles  over affinely connected spaces of Fins ler ian  type, which are 
called g e n e r a l i z e d  spaces  o f  p a t h s  [6], Ell] and showed that it is always pos- 
sible to regard the geometry of such a space as that of its tangent bundle  
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by means o[ the so-cal led phase completion. There the definition of horizontal 
distr ibution was given by the use of E. CARTA~'S base connection which help- 
ed to define the first  contact frame in the contact tensor calculus. Thus  the 
geometry of spaces of Fins ler ian  type lies in this category needless to say. 

However,  the problem we face consists in giving the metrics in tangent 
bundles.  For  though it would be very natural  for which to use the so-cal led 
vertical, horizontal and complete tensor fields of type (0.2) that arise from the 
Finsler  metric g derived from the fundamental  function F of the base ma- 
nifold, ei ther of them renders the tangent bundle unable  to be a proper  Rie- 
mannian manifold. On the other hand S. SAs~xi [16] introduced a special 
metric gS so that  the tangent bundle over a Riemannian manifold may be a 
proper Riemannian manifold, and later on K. ¥ ~ o  and E. T. D~vi~s adopted 
this scheme to study the differential  geometry of the tangent bundles over 
Finsler ian and Riemannain manifolds [21]. The purpose of the present  paper  
is to deepen K. YA~o and E.T.  DAw~s' theory by applying what we obtained 
in our theory of tangent bundles  over generalized spaces of paths. The Sa- 
sakian metric gS makes them into almost Kaehler ian manifolds and we prove 
that they can not be Einstein manifolds. Also we derive the curvature  pro- 
perties of base Finsler ian manifolds uniformly by computing the curvature  
tensor of their tangent bundles, which may by all means be one of the con- 
tr ibutions to the theory of tangent bundles  to Finsler  geometry. 

§ t. - Tangent  bundle over a Fins ler ian  manifl)ld. 

Let  M be an n-dimensional  manifold whose class of differentiabil i ty is 
assumed to be as high as required. Then its tangent bundle T(M) is by defi- 
nition 

T ( M ) =  U TriM) 
P~M 

where P is a point of M and ~(2d) is the tangent plane of M at P. A point 
P of T(M) is an ordered pair  (P, yp) of a point P and a vector  ypETe(M). 
7: is the projection T(M)---->M defined by . P - - ( P ,  yp)--->P. The set 7:-1(P) is 
called the fibre over P, and M is the base manifold. 

Suppose that the manifold M is covered by a system of coordinate neigh- 
bourhoods {[7, ~cl~i (~), where (xh) is the local coordinate systems in the neighbour- 
hood U. Let  (yh) be the system of Cartesian coordinates in each tangent space 
Tp(M) of M with respect  to the natural  base (~h), where 3h = ~/3x h. Then in 
the open set ~:-I(U) of T(M) we can introduce local coordinates (~,  yh) for 
t), which we call coordinates in ~:-~(U) induced from (wh), or simply induced 
coordinates in 7r-~(U). 

(l) The indices a, b, c, d .... , h, i, j, k, ... run over the range I1, 27 ..., hi .  
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If U' is another coordinate neighbourhood of P in 21/, then u-~(U') con- 
tains P and the induced eoorclinates of /5 relative to r:-~(U ') are (w~', y~'), 
where 

(1.2) 

On writ ing (1.2) shortly as 

yh, __ ~hy~, . yh, 

(1.3) m~, = ~A,(x ) (2) 

where we unders tand that x i :  yh and x f Z = y  h', the Jacobian of the trans. 
formation (1.3) is given by 

(L4) 
y 3oe,~ ~wh, . 

Thus  the tangent bundle T(M) is orientable [21]. 
W e  suppose that there is given in T(M) a f u n c t i o n  F(x, y) satisfying 

the properties 

(a) F(x, y ) > 0  for y ~ 0 ,  

(b) F(x, ay):= :~F(x, y) for real :¢, 

(c) F(x,  y + z) = F(x, y) + F(x, z), 

(d) For ~h--X~, the surface F(Xo, y ) - - 1  is a convex surface. 

Then  it is clear that the n 2 symmetric  function gi~(x, y) defined in r:-~(U) by 

(1.5) 1 
gj~(x, y) - -  2 2 ~ F2/~yi~y ~: 

undergo the law of t ransformation 

(ti6) gj,~, - -  ~y,X] • ~ i , X  ~ • g p  

subject to (1.3), and when yh is replaced by the direction ~h da~ = ~  of a p o i n t  

p(~h)E U, gi~ can make M into a Finsler ian space. Then T(M) is the tangent 
bundle over a Finslerian manifold M. 

(~) The indices  A, B~ C, D, E, ... r un  over  the range  {l,  2, ..., n ;  1~ ~, . . ,  n ! .  
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We suppose moreover  that  in each ~-I(U) there are given n 2 funct ions 
F~(x, y) satisfying the propert ies  

h h (a) r~(x, ~y) = :¢r~(~, y) 

(b) l:~(x, y) undergo the law of t ransformat ion 

(1.7) l:~:(x', y') = ~ x  h' • (~x / • ]:~ + y°~ o@xh'), 

subject  to (1.3). 
By the use of r~ we in t roduce the operator  ~ defined by 

then  for any funct ion f(m, y) of class C ~, r ~ 1, 8~f can be defined in T(M) 
globally in vir tue of (1.2), (1.7) and 

a~,f = a , x  ~ . a~f + ~ , y o .  ~of. 

Since each of ~ and 3~ serves to be the base of T(M), and denot ing 
them respect ively by B~ and C[, we introduce in T(M) a special f rame of 
reference A~ = (B/t, C/), which we call adapted frame [21]. 

(1.9) B~ = (8{ - -  ]2~), C{ * = (0, ~). 

The dual  f rame B ~ - - ( B ~ ,  C~) has the components  inverse to A~ and 
they are given by 

(l.10) B~ = (~,  0), C~ --- (P~, ~'~). 

Obviously the equat ions  of a fibre are given by 

(i.1i) d~ h = B~dm B = O, 

while its complementa ry  sub-d is t r ibu t ion  is given by n equat ions  

(1.12) C~dx B = dy h q- I~(x, y)dm ~ = 0 

and it is called the horizontal distribution of  T(M).  
The non-ho lonomic  object with respect  to A~ is given by 

~¢ ~z A A 
(1.13) ~2r~ = - -  ~2~r = A~(~A~ --  ~A~) 
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w h e r e  

8a --  ~ for :¢ - -  i, and ~ - -  ~ for o~ - - - i ,  

and the non-vanishing components of ~ will be 

(1.14) 
- - - -  ~ - . -  ~ h 

Let C ' ~ h =  xh(t) be a curve of class C r, r ~ 1, in U of M and suppose 
that its natura l  lift (x h, de h) in r:-~(U) lies in horizontal distribution always, 
that is to say, xh(t) satisfies the equations 

d2x h h 
(1.15) dt 2 q_ U~(x ' ~) dX~dt dx~dt 

wh ere, 
r;%, - -  ~ j ,  

then we call U the generMized geodesic of M, or simply the geodesic. 
In  M we take a vee )r field X along such geodesic C and consider the 

infinitesimal t ransforma on 

(1.17) 

where Xh(x,(t)) are the components of X with respect to (~h). Then the dire- 
ction ~(t) of C is t ransformed into 

(1.18) xG(t) = + 

We say that if the t ransformation (1.14) carries C to a path of M within 
the preservation of the parameter  t, the vector field X defines an affine col. 
lineation. The necessary and sufficient condition for X to define an affine 
eollineation is the vanishing of the lie derivatives ~rPJ~ [11], [14], [20]: 

(1.19) 

a h " ~" GaaV h + r.)aa~V ° + V a.:Fj~ 

+ rj~ ~b~V° 

h k r , h  " b ~ a  : VJViX h + K~j~X + l)~a~ Vb~ = O, 

where we have put 

(1.20 h a v j X  h - -  ~ X ~ + ~)oX 
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(1:21) ¢, h ] ~ h  ~ a "l~h p a  

and we notice that 8iXh(x(t))-~ 31Xh(x(t)) for the case. 
Let Xh(x ,  y) and to~(x, y) be two set of functions defined in u-~(U) such 

that they obey the law of t ransformation 

X h" . ._  ~ h o ~ '  • tel' ~ ~ ,o5  ~ to$ 

subject  to (1.31). Since such functions can always be defined in U of M by 
replacing the y ' s  by  o d s  as the standard work of defining vectors and 
1-forms in Finsler  geometry, our concern is to define any vector or 1-form 
in T ( M )  b y  the use of these n functions given a priori. Such an action may 
be called p h a s e  complet iort  of  the tangent bundle over a Finsler ian manifold. 
There would be many ways for phase completion, but  we shall deal with the 
following three kinds. We define the vert ical ,  h o r i z o n t a l  a n d  comple te  vector  

f i e lds  denoted respectively by X 7, X ~ and X c which have in n-~(U) the com- 
ponents 

(1.22) X ~ = X H =  , X c = , 
X h  __ p h X  ~ y a ~  X h 

and the ver t ical ,  h o r i z o n t a l  a n d  complete  1 - f o r m ' s  denoted respect ively by 
to g, ¢o H and toc which have in 7:-~(U) the components 

t o v =  (to~, 0), ~ "  = (to~, f_Oh), ~ c  . - -  ( y a ~ a O ) ~ ,  0)~) 

where each components are expressed in terms of the natural  base (~). 
Let  P and Q be the two sets composed respect ively of n ~+~ functions 

p ~ _ ~  ... ~, h~_~ and n ~+~ functions Qh],-~ "" 11 ~k~_~...k~ such that they obey 
the law of transformation 

- ~ {~ h ~ 

Qjrt  . . .  td T.~* . k , l  j,~ ~ "" ~ ~ = 3j,~x~J~ ... 3i,~xjl • 3k m k', ... 3 klx, k'~ Q]t ... ] k~ ... , 

and denote by P X O the formal product  of these two sets of functions. 
We  define the vertical,  horizontal and complete tensor fields by 

(P X Q)7 __ p v ®  OT, 

( P  X O)" - -  P "  ® QV + p 7  ® Q , ,  

( p  × O)c -.. p c  ® Ov + p v  ® Oc, 

respectively [24]. 
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From these definitions the vertical, horizontal and complete tensor fields 
G o[ type (0.2) have in 7:-~(U) the components 

O r =  , G~----- , G c - -  

0 Gj~ 0 Oj~ 0 

respectively. Thus, on taking gj~ given by (1.5), we can metrize T(~/) by go, 
However, such g~ makes T ( M )  into a pseudo Riemannian manifold [23], and 
we now introduce in T ( M )  a special metric gS which we call S a s a k i a n  lift  
of the metric g of M and was adapted by S. SASAl<I [16] in order to make 
the tangent  bundle over a Riemannian  manifold with the metr ic  gj~(~v) into 
property Riemannian.  On putt ing g i , r ~ y ~ :  r~i, it is given by 

(1.23) gS _~ 
r:~ gj~ 

and with respect to the adapted frame it has the components 

and consequently the element of arc length in T ( M )  is given by 

(1.25) d S  2 - -  g]~dx]dx ~ + gj~Sy]~y~. 

Thus we have proved. 

T]~EORE~ 1 . -  The tangent  bundle T ( M )  over a F ins ler  space M is a 
R i e m a n n i a n  man i fo ld  wi th  respect to S a s a k i a n  lif t  gS. 

Denoting by G s the inverse to f ,  we find G s has the components 

(1.26) GS __ ( __ ph~ 
r it~ g ~ + g • ~r b 

with respect to the natural  base (~A) and 

- g ' 0 - -  

(1.27) G s -" - 0  ~h 
g~ 

with respect  to the adapted frame, where gj~g~h ~h 
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§ 2, - Euclidean connection in T(M). 

T(M) having been made into a proper Riemannian manifold, there exists 
a unique connection V s that keeps gS covariantty constant and is torsion free. 
It  is given by [12] 

(2.1) 
2)= 2)+ 2) 

_[_ gS([~, ~z], Z ) +  gS([~, ~1, ~)_}_ gS(~:, [~, ~1), 

where ~:, ~ and ,~ are any vector fields of T(M), and in terms of the local 
coordinates (x ~, y~) of r~-~(U) the parameter  1]c~ of V s is the Cristoffel symbol. 
Its corresponding coefficients with respect to the adapted frame are given by 

(2.2) 

whence 

(2.3) 

(2.4) 

from which we obtain 

(2.5) r ~  = ~ ~ v rY~ + 8~gr~ 

where we have writ ten 

c¢ A A C B I'~ = A~(~A~ "Jr- rc~A~A ~) 

~ ]?~r = ~r~. 

S The covariant derivative of gr~ is given by 

= O, 

o~ 65 

- -  ~gr~) + ~ ( ~  + n .~ + ~.~¢, 

(2.6) t2~.,r~ = g~+g+~2~r ~. 

The part icular  values of F for different  indiees~ on taking account of 
(1.13) and (i.24), are found to be 

~ha(~ .gl (a) 2I~;~ = ~, ~ j~,~ + ~gja - -  ~ogj~) 

(b) 2P~ -- -ho_~-- 

(o) 2 r ~ y - -  ha g ~g]~ q- t2 fi 

h h 
(d) 2r~- z = - -  g~Sag]~ -[- ~ 7z -[- ~ 77" 
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(2.7) 

(f) 2r~_ : gh~g]~ + t2_: ~ + t2~._:, 
J 1 tl  

(g) 2F~ = g h . S j g ~ . + ~ F ~ + ~ _ ,  
j l  j t  

I f  we use  the nota t ions  

(2.8) 

(2.9) 

the (2.7a) becomes  

t h  I ~ 

l 
(2.10) ]:J~ = 1 

T a k i n g  accoun t  of homogene i ty  proper t ies  of C's, 

(2.11) 

and  if we now take 

(2,12) 

h l ha"~bf~ b b 
j i  - - g  (ljvb~ + r~Cbjo -- P, Cb~O. 

we have i m m e d i a t e l y  

r h j ~  t h l  J~Y Y -- j i  YJff =-- 2Gh' 

r h i - -  3~G h, 

we have  an  express ion  on the r ight  hand side of (2.10) as 

(2.13) l:j~ = ji  - -  (~TGa)Ciah - -  (3~Oa)G]ah "~ gha(~aOb)GbJi' 

which coincides  with the express ion  for ]~* in Ca r t i an ' s  theory  [3]. 

~kF = ~ F  - -  r~-~F - -  O, 

a - h a ~ ~ h  y 3Zro~ = y vT j~ y°VoQ~ h 

The  fact  tha t  

(1.16)' 

(2.14) 

(2.15) 

are  easi ly verif ied.  

Annali di Matematica I9 
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W i t h  (2.16)' we c a n  d e t e r m i n e  the  n o n - v a n i s h i n g  c o m p o n e n t s  of  the  n o n -  

h o l o n o m i e  ob j e c t s  tha t  w e r e  g i v e n  in  (l.14). F o r  ~lit~ we  h a v e  

. h a (2.16) Ds~ h : - -  Ki,. y 

w h e r e  Kkj~ ~ a r e  those  g i v e n  in  (1.21) w h o s e  v a r i a b l e s  ~' s a r e  r e p l a c e d  by  the y '  s. 
S i m i l a r ] y  

F r o m  this  d e f i n i t i o n  we  h a v e  

G ° = I ~ (cig~r~b)y - -  2CjhJ:Tby b 

f r o m  which,  s u b s t i t u t i n g  f r o m  (2.10), we  h a v e  

gh.Gj~ = gh~Fj~ + y V ~ ~ 
o r  

(2.17) ~2j~ I~ - -  Gj~ h - -  r]~ + VoAj~ 7' , 

w h e r e  

1 
(2.18) Aj~ h - -  FQ~ h, Vo ---- ~ Y ~ 7 . .  

W e  c a n  now r e w r i t e  (2.7) in  the  f o r m  (s) 

(a) Y}!j~ = F~  of Ca r t a n ,  

(b) 2r~ - -  2C]~ h -  K ~, 
j t  

(2.19) 
(c) 2r~v = 2 Q ? - -  K ~. u ° ] a t g t  

(d) ]:~: : voA]~ h, 

h a (e) 2r~ = - 2 c ~ , ~  - gj,o y ,  

(f) r~  = - -  VoA]~ h, 

(g) V _  = U'~, 

r - : 7  - -  c ]  ih (h) 
j r  

(s) I n  the formulas of F ~ s enlisted as 43.21} by K. YA~o a~d E. T. DAVlES' paper ['21], 
the plus sign printed in (b} and (c) should be read to be the minus sign as seen above cor- 
respondingly. 
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If we construct  the vector  field A~ by contract ing Aj~ h given in (2.18) 
with respect  to j and h, we have 

(2.20) 
1 

A~ = A/---" ~ F ~  log g,  g - -  dot. (gjO, 

and with regard to which A. DEIKE [5] proved. 

L E P T A . -  If in a Finslerian space the n functions At which are equal 
1 

to 2F3~ log g vanish identically, then the space is Riemannian.  

For the case, the function F(x, y) defined in § 1 becomes 

and P ' s  in (2.19) reduce to 

{h} 
(a) I~/f == j i  ' 

(b) 2 r  = - Kj  hy o,  

(2.21) 

(c) 2ri:= = - -  ~ ° , K ~ . j  y , 

(d) r~- i~ - - 0 ,  

• h a (e) 2 r ~ =  - -  Kj~o y , J~ 

(f) r f  = o, 
I t  

(g) r ~_ = r h 

(h) r~:  = O. 

Y2=gj~(@ySff 

(2.22) X V =  ' X ~ = _  ' X C =  Y~V o X h -  " 

respectively.  Whoa M is Riemannian,  the X '  s appearing in (2.2) are the com- 
ponents of a vector field in U, and X ~, X H and X c are called the vertical~ 
horizontal and complete lift of X [16], [23]. 

If  we express X V, X ~ and X c given by (1.22) in terms of the adapted 
frame, they have the components 
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I f  we compute  the  covar ian t  der ivat ives  of those vector  fields, we have 
by  us ing  (2.19) for the ver t ica l  vector  X V 

(2.23) 

s o l  1 1 (a) W x = (Cj~ h-~Khjb~yb)X ~, vjX h , 

(b) v S x  ~ = [(voA/,h)X ~, a7 Xh + Cj~X'], 

and for  the horizontal  vec tor  X a 

(2.24) 

S N 
(a) w x  = [ w X  ~, - -  Kj,2y°xq, 

I 1 Kh" .,,<X~ (b) V s .~= = (Q3 -- ~ ]at,.W] , --  (voA~h)X i] , 

and.  for the complete  vector  X c 

(2.25) 

(a) 

(b) 

v j X  a,-- vjXh Jl - Off h K i~y ybvbX~,2y v j ,V  + 

, ] +-gL (vJv~x~ + K~ o~X~) - -  CJ '~x~ • 

( v j X  ajX h+ C/' 1 ~ o\ --  ~ K ~ a j y  ) X - -  Cj~hybvbV~, 

aAy°vox ~) + Q?(y°vox') -- Xovo&o~ 1 . 

Espec ia l ly  if M is R i e m a n n i a n  we have for the ver t ical  l ift  X v 

(2.23)' 

1 y~£x I h 

(b) v ~ 2~ = [o, o1, 

and for the horizontal  l i f t  X H 

(2.24)' 

(a) v j X  --  VJ , g°£x a] --Y~VjVa X~ , 
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a n d  for  the  comple t e  l i f t  X c. 

s =~ [ 1 K~ h ..... b_ v~ 
(a) v j X  = vjX ~ - ~  ~ j v ~ v - - ,  

(~.251' ~ Y°VjVaX~ + ~- Y°~ ja ' 

(b/ V ~ 2  ~ = - -  Vow)X ~, vjX ~ 

f rom w h i c h  we obtain.  

T~EORE~ 2. -- The vertical, horizontal and complete lifts of a vector field 
X are parallel in T(M) i f  and only i f  X is a parallel vector field and defines 
an affine collineation. 

§ 3. - A lmos t  c o m p l e x  s t r u c t u r e  o f  T(M). 

Le t  T(M) be the t angen t  bund le  over  a F i n s l e r i a n  man i fo ld  and  have  
Sasak ian  l i f t  gS as its metr ic .  

W e  cons ide r  in T(M) a t ensor  f ie ld  /~ of type  (1.1) such  tha t  it  ac ts  on 
a ve r t i ca l  and  hor izonta l  vec tors  u n d e r  the fo l lowing  r u l e :  

(3.1) /7'XV : X ~ and  /~X ~ : - -  X F. 

Then  we f ind that  _~ sat isf ies  

(3.2) /~2 = _ ~ ,  

where  E is the uni t  t ensor  f ie ld  in T(M). T a k i n g  accoun t  of (2.2) they  are  
found  to have the c o m p o n e n t s  

(3.3) /~ - -  | __  

and  

wi th  r e spec t  to the adap ted  f rame.  
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(3.2) or (3.3) implies that / ;  is an almost complex s tructure [22] and has 
the components, 

(3.5) # = r j  

- 5 r e  - 

with respect to the natura l  f rame (~.). 
An using (1.23) and (l.26) if we compute the components F ~  of 

tensor field /7 gS of type (1.1), they are found to be 
the 

(3.6) F~a = , 
g~ 0 

where  we have put 

(3.7)  ]:]~ ~ ~ - -  g~]~]y , 

and taking account of (2.10), (3.6) can be writen as 

(3.8) F ~  = Y ( ]g~= - -  ~igj~) gi~ . 

- -  gj~ 0 

This implies that the exterior differential  of the J - form 0--gj~y~dg glo. 
balls defined in T ( M )  is 

1 
dO = 2 Fc~dx c A dx2 

and consequently F ~  is closed. Thus we have 

T~EOaE~ 3. -- The  tangent  b~tndle T ( M )  over a F ins l e r ian  or a R i em a n .  

n i a n  m a n i f o l d  M whose metr ic  is S a sa k ia n  l i f t  gS is a n  almost  Kaeh le r ian  

man i fo ld .  

The Nijenhuis tensor N of the almost complex s tructure /~ is, by defi- 
nition, given by [12] 

where .X and Y are arbi t rary vector fields in T(M), and z~ has in ~z-~(U) 
the components of the form 

N c g  = Fc~(~ /~  ~ - -  ~ F / ) -  FBD(~Fc ~ - -  ~ c F / )  

w i t h  respect to the natural  frame. In terms of the adapted frame they are [21].  

(3.9) + F ~ ( F ~ 2 + #  - -  F~q2~r ~) + (%~ + Fr~F~)~+~. 
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On taking  account  of (2.16), (2.17) and (3.3) if we compute  the pa r t i cu la r  
values  of Nv~ for the d i f fe ren t  indices,  we find that  

(3.10) [ .~] j  h __ [_~]j h = __  K f i  hya 

all others  being zero. H e n c e  we have [18], [21]. 

Tn~or~)~ 4. - The tangent bundle T ( M )  over a R iemann ian  mani fo ld  M 
having Sasakian  lift gS as metric is a Kaehlerian mani fo ld  i f  and only i f  

( 3 . i l )  K g y  o = O. 

TI~EO~E:~ 5. - The tangent bundle T (M)  over a R iemann ian  manifold M 
having Sasakian  lift gS as metric is a Kaehlerian nm~i[old i f  and only i f  
M is f ia t  [21]. 

A vector  2~ with respect  to which the tensor  f f  has the van i sh ing  Lie  
der iva t ive  is said to be a lmost  analy t ic .  Denot ing  ay [~xF]~ ~ the components  
of ~xF% with  respect  to the adapted  f rame,  we have [21] 

T h e n  we obta in  for  the ver t ica l  vector  X v 

(3.12) 

[9.xvF]j h = v]X h + X~voA~: ~, [~xVF]7 h : ~7X h, 

[~:,vX]f = ~TX h, [~:,,F]7 ~ = - -  w X  ~, - -  XOVoA~ ~ . 

and for the hor izonta l  vector  X H 

(3.13) 
[ ~ x . F ] j  h = ~ T X  h, [~x.F]-:. J~ = - -  v j X  ~ - -  X " v o A o j  h, 

[£ :~-F] j  ~ - -  - -  v j X  h - -  X°VoA~j  h, [ ~ x - F ] f i - - -  - -  3 7 X  ~, 

f rom which  we have 

Tr rEor t~  6. - The necessary and sufficient condition for the vertical 
vector X v or the horizontal vector field X H to be almost analytic is that X ~' 
satisfies in the base t~inslerian manifold that 

37X h --  0, v j X  ~ + X°voA~i h -- O. 

T I ~ o a ~  7. - The necessary and sufficient condition for the vertical or 
horizontal lift  of  a vector field X in the base R iemann ian  mani fold  to be al- 
most  analytic is that X is a ~arallel  veclor field. 
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As to the complete vector field X c we have 

(3.14) [~xcF]7 h = [ ~ x c F ] f =  y~v~a7 Xh,  

[~xcF]7 ~ = y ~ / v ; v o x  ~ + K~o~X ~ + (~?r]j)y~wX~ }. 

Therefore if X h are the components of a vector field X defined along a 
geodesic C of the base Finsler ian manifold, then by taking account  of (1.19), 
we have 

T H E O R E M  8.  - The necessary and sufficient condition for the complete re. 
clot field X c lifted from a vector field X defined along a geodesic C in the 
base Fins ler ian mani fo ld  to be almost analytic is that X defines an affine 
collineation. 

We note that the equations ::of a geodesic given in (1.15) is, by taking 
the are tengths S as parameter ,  writ ten as [11], [15] 

d2x, ~ thldx~daa~ 
dS 2 +  j i  d S  d s - - O  

because of (2.10), and also that the statement similar to theorem 6 holds for 
the Riemannian case [21]. 

Let  us consider the Lie derivative of the tensor Fc,.  Denoting by 
[~xF]cB the components of xF with respect  to the adapted frame, we have 

[~xF]r ~ = X+~Fv~ + FS~SrXS + F,~+8~X+ + X~(ta~r~F~ ~ + a ~ s F r s ) ,  

so that  we have for the vertical  vector field X v 

[~xvF]j, = wX,  - -  v ,Xj ,  [~xvF]7, = -- VjX,, 
(3.15) 

[~x~P]yv = O, 
where we have put  

Xi = g1,~X ~' , v )-X ~ "--" ~ j X ~  - -  C]iaXa+ 

and for the horizontal vector field X H 

(3.16) 

[~:,-F]~, = ~ : x j  - -  ~Tx,,  

from which we have for T(M)  over a Finsler ian manifold M 
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TttEO]~E)[ 9. -- The necessary and  sufficient condition for (a) g~:VFc, 

(b) £xaFcz to vanish is that a) v ] X ~ - - v ~ X ] - - 0  and 

vTXI -- 0 (b) v ] X l  a ,Ct~ = = X v o  +0~ and a7X~ avXi 

and for T(M)  over a Riemannian manifold M [21]. 

T~EoR~)~ 10. - The ~ecessary and  sufficient condition for (a) ~xV]Yc8 

(b) ~xHFcB tO vanish is that a) the vector field X in M is closed 

(b) X in M is parallel. 

As to the complete vector field X c 

[~xcF]j~ = gbj+ WW Xb + K ~ X  c + (,,~ ,o)y Vd}y 

- -  gb~ { V/v~X b -{- K~j~X c + (3~)y~vcX~} y ~ , 

[fxcivjTT = ~rXj - ~TX~. 

Let X be a vector field defined along a curve D : m  h--  mh(S) of class 
Cr, r ~ l ,  and consider ~he infinitesimal t ransformation of the form given 
by (1.17). The necessary and sufficient condition for the t ransformation to 
preserve the are lengths of the curve D is given by the vanishing of the Lie 
derivative ~x gi~ [t t], [20] : 

(3.18) fZ, g / x ,  x) = wX~ + w X j  + C ~" °- v v o ~ = O. 

The vector field X(x(t)) of a Finsler ian manifold which satisfies this 
condition is called Kil l ing  vector. If furthermore the Kill ing vector defines 
an affine eollineation, we say that X(x(S ) )genera tes  motion [M. S. K X ~ B E L ~  
[11], p. 561]. 

Hence if in the above formula (3.17) the vector field X c is supposed to 
be constructed with the components of a vector field X defined along a geo- 
desic C of M, we have 

THEORE)[ 11. -- The Lie derivative of FcB with respect to X c vanishes i f  
X generates a motion in the base Finslerian manifold.  The similar statement 
holds for the R i emann ian  case too [21]. 

§ 4. - Curvature  tensor of  V s. 

Let _X, Y and Z be any vector fields in T(M).  

AnnaIi di Matematica 2o 
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The curvature  tensor K s of the connection V s is, by definition, given by 

S S ~ 
(4.1) Ks(X ,  Y ) Z =  [V~, V~] Z -  vSt ~, 71 

and has in a-~(U) the components 

(KS)~c~ ~ = 3 z r c / - -  aC:[*)B ~ + I : ~ a P c S  - -  : [ c ~ . l ~  E. 

If we express the Equation (4.1) in terms of the adapted frame, we have 

(WVr - -  V~W) Z~ = [KS]~'S Z~ (4.2) 

where 

(4.3) [KS]+~ ~ : 8~rr~ --  r]?+e + I~  ['~ -- P.~.,I?~ -- f l~  ]?~. 

On using the expression of r ~  for the various range of indices given in 
(2.19) and taking account of (2.16) and (2.17), we find that all the par t icular  
values of [Ks]~,:~ ~ are 

(a) [ K % "  = K~j, '~ - -  C~o ~Cj~ ° + g o ~ C ~  o 

1 

(b) [KS]~¢, h = v,Ck, h - -  vhC~/~ + ~ (v]K'%~)y ~ 

1 (Kj~ bvoAk h + KhiobvoA~k ~ -> Kq~voAi~b)y ° 
2 

1 
(c) [ItS]kT~ h = -- wCk~ ~ + v"C~/--  2 (v~K~oj)y ~ 

1 
+ ~ ( K ~ V o A ~ b  ~ + K ~ V o A ] ~  ~ + K ~ o b v o A ~ ) Y  ~, 

1 K~ (d) [KS]~/~ = WC/~ ~ -  wC~, ~ - ~ ( v ~  /~ - -  v j K ~ ' ) Y  ~ 

(4.4) + K~o~Y~VoAb~ , 

t 
i (8_~K~o: 37K~ ~y ~ _ 2 (K~ / _ K~  ) (e) [KS]-~7/~ : - -  2 

+ C~oh6'~,~-- C ~O ° -  7~ ~ v o A ~ h V o A i a  h "Or" voAjahVoA~,~ a 
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1 h a -- ~ ( Ck~ K ~b]-- C t~K ~ ~ h j~ ib* + C]~Khobk - Ck~ K abj)y 

1 h a. c b 
+ 4(Kh~K"~b] - -  K ,~]K ~bk)Y Y , 

1 ~ o 1 h 1 k ~ c b  (f) [KS]~j ;" = - -  ~ (~ kK i,,~)Y - -  ~ K j~ ~ K :~kK jb~y y 

+ ~-~cj? + c~o~cj, o - 0 / % ,  ° 

1 O~at'K]b~y~ b + 1 Ck~K~.b,y b i C aKh -b 
2 ~ - -  2 '~'~ kbo~ 

+ WVo&~ h - -  VivoA~?, 

1 h ~ 1 1 
= ~y Y (g) [KS]G_;h 2 (37Kk~)y  + T2 K%~ _ . 4  Kh.=]K% ~ b 

~ 7 0 k ? - -  C hO ~ - Ck~hQ~ ~ - -  : / a  k~  

1 1 C/Khkb~y b 1 + 2 O~ ~ K ~ ~ y  ~ - -  ~ + ~ C ~ K ~ y  

- -  V]VoA~ ~ + VWoAi~ ~, 

(h) [KS]~yff ~ = ~-~Vo&~ ~ - -  VyVoA~? 

1 
K~o~Y ~) V o A i~ ~ - -  ( C]o ~K ~ y  ~)V o A~s + ( ~o~ - ~ a 

- -  Ck laVOAja  h + C f i a V O A k a  h , 

1 K ~ 
O) [ K % / =  - -  V~e~, ~ + WC~? - -  ~ ( w  ~ - -  WK~,~)Y ~ 

- -  K~]~°y~voA.i~, 

1 ~ 

l p ~  K q.~ 1 1 
+ wvoA~ ~ + 2 ~,~ ~ v - - ~  G ? K ~ y  ~ - ~  Q~K%~Y ~ 

~ K]~t~K ° ibky~y b ~ V oA~ ~V oA~ ~, 
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(k) [ K q ~ 7 (  ~ = ~ 7 ( K ~ 2 y  o) + ~jC~ ~ + go~C~ o - -  C~o'% o 

1 ~ h b 1 C or- bib 1 -- Vkv°Ai~°-- 2 Q K~b y -1- 2 ~ lxj~b y -[- ~ C ~ K % j y  b 

1 h a c 5 + j K~o~ K ibjyy + voAj~voA~ ~, 

1 

I 'C hK ~ Ojo~K~ ° + Oo~ Kkyb )y , 

1 1 
(m) [KS)7~ x = - -  veCga h + vjC~a h + 2 Ks.b,y~voA~o ~ - -  ~. K%yybvoA]~ ~, 

t 1 
(n) [KS]~ .r-i= V~Okjh + vaCkja_ 2 K%ybvoAk  ~ 2 Kj~ ~ y ~ v o A j  ' 

1 1 
(o) [KS]~7 7~ = - -  v~Cjfl ~ + v~C~ - -  ~ K%~y~voAj~ ~ --  ~ K ~ y ~ v o A y ~  , 

(p) [ K S j ~ T r ~ =  ~C~, ~ - -  ~yC~, ~ + C~."OS - -  OjohC~ ° 

2 r- ( V o A ~ , ' ) v o A j .  ~ - -  ( V ] o A ~ j ' ) V o d ~ .  ~ . 

From these it is clear that if the base Finsler ian manifold is flat, then 
Cj~ ~ and K~j~ ~. Conseversely being zero, all the components [KS]s,~ ~ vanish and 
hence T ( M )  is fiat. If  [KS]~r~ ~ vanish, then by taking account of the homo. 
geneity propert ies of C ' s  and K '  s, we find, for instance, from (4.4(j)) that 

(4.5) ~ Q - ~ ' ~  - -  C~o~%~ ~ + O~o~C~, ° = O, 

lhe left hand side being homogeneous of degree minus two in the y' s. 
Then transvecting (4.5) by y~ and by using the relations 

(4.6) y ~ C ~  ~ = - C~ ~, C~o~y ~ = O, 

we obtain 
C/~ = O, 
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which impl ies  that the base  mani fo ld  M is R iemannian ,  and 
[KS]s~,: ~ given in (4.4(a),-, (p)) r educe  respec t ive ly  to 

(4.7) 

for 

1 
(a) [KS]~j~ h --  K~j~ h + Z~ (Kd~hKJJ - -  Kd:j~Kk~/--  2K/:~hK~jb)Y b, 

1 h 
(b) [KS]~j, ~ - -  2 (vjKk=~)y , 

1 
h a (c) [KS]kT~ h = - -  ~ (v~Kjo~ )y , 

1 
(d) [KS]kiT ~ - -  - -  2 (vkK~j ~ - -  vjK~,k~)y ~, 

1 h a jca Kkb~ )y y , (e) [KS]u ,  ~ = Kki, h + 4 (Kkca Kjb~ -- K ~ ~ 

1 1Kk hK~ ...... b 

t I/C ~ ...... b (g) [KS]w~ h : + ~ K~j~ h - -  ~ j~ ~'~kb~ y y , 

(h) [KS]u7 h = 0, 

1 
(i) [KS]k j , ; :  ~ (v~Kkj.~)y a, 

1 t K:= ~K~b~ °y~y b, 

1 1 ~ ~ c  b 
(k) [KS]~yf = 2 K ~  ~ + ~ K~= Kj~, y y  , 

1 

(m) [ K S ] u d T =  0, 

(n) [ K S ] ~ - / ~ - =  0,  

(o) [KS]c-~ "~ = O, 

(p) [KS]u;-~ = O. 

the case  
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Thus, if [KSJ~v ~ vanish, then we find from (4.7(a)), for example, that 
Kkj~ h vanishes because it does not depend upon the y' S, while the second 
term in the right hand side of (4.7(a)) involves them as a l inear combination, 
and hence the base Riemannian  manifold is flat. We have proved 

T ~ o r t E ~  12. - I f  the tangent bundle T(M)  over a Finslerian manifold 
M whose metric is Sasakian lift gS is fiat, then M is fiat and the converse is 
true also. 

We have from the Equations (4.3) the relation 

(4.8) [KS]~v~ ~ + [KS]v~ ~ = 0 

immediately, into which we substitute (4.4)corresponding to the range of dif- 
ferent  indices to obtain the sole relation (It. RV~CD [15], p. t05). 

(4.9) Kk/' + Kjk? = O. 

Also, by taking account of (2.4), we have 

(4.10) 

where we have put 
S S s [KS]~vCa ----- g~[K ]6-~ , 

into which we substitute (4.4) to obtain the sole relation (H. RwcD, [15], p. 105) 

(4.11) 2 f t  K'-- b~oa 

If  in (4.1) we change X, Y and Z cyelically and sum up the results, we 
have so-called Bianchi 's  identity, which has in terms of the adapted frame 
the expression 

[KS]~v~ ~ + [KS]v~ ~ + [KS]~v ~ 

(4.12) -~ ~ 2 v ~  + ~v&2~ + ~ 2 ~  ~ 

+ ~2~#~v# + g~w~2~ ~ + ~2~2~v ~ 

and by substituting each term of (4.4) in accordance with the various indices 
that belong to (4.12), we deduce the following four relations (H. RVND, [15], 
p. 105 and p. 110). 

(4.13) Kkj? + Ki~k h + K~ks h = 0 
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(4.14) v*K~ h + vkKz h + vjKzk~ ~ 

(4.15) (v~Kk]o h + v k K ~  h + vjK,k=h)y ~ 

+ (K~bCvoAj~ h + KkjbevoAl~ ~ + Kj~b°voA~cby b -" 0 

and 
~voA]3 = Vkg~ ~ + ybvbCkj~h 

(4.16) _ (CiahVbCkjh .2i- C].ah~bCkl a .J~ Cjla~bCka h @ 2CkohVbQ~o)yb. 

The formulas (4.13) and (4.14), or equivalently (4.15) are called by H. Rtn~i) 
B i a n c h i ' s  ident i l i tes  o f  the first a n d  second kinds ,  respectively. 

Taking account of the theorem 3 we have from (4.11) and (4.14) 

THEORE~ 13. -- I f  the tangent  bundle  T ( M )  over a F i n s l e r i a n  m a n i f o l d  
is Kaehler ian ,  the curva ture  tensor o f  the base Fins ler  m a n i f o l d  satisfies 

(4.17) Kk~j~ + Khk]~ --  0, 

v~K~]~ h + vkKj~ h + v]K~k~ ~ = O. 

§ 5. - R i c c i  and  scalar curva ture  of  V s , 

We now compute the R1ocI curvature  of V s. It is given by 

(5.1) [Kqy~ = [KS]~ ~ 

and on using (4.4) those components [KS]r~ will be 

1 , K  ~ ~K ~= i~)y y (a) [KS]]~= K ] ~ - - 4 t  j~ ~d + 2 K % ~ K ~ j ~ +  K ~K ~.  ~ ~ 

- 2 ( 0 , ° % , °  + o) 

1 
2 ~ 'b(K] iabYb)-  ~C] ia  + V]v°A '  - -  V°AbffV°Aa'~' 

1 V b(K~]~iY ~) + 1 (b) [KS]f~ - 2 2 (K~J~v°Aiee + K ~ Y ~ v ° A ° )  

(5.2) 
C a + W ,,J - -  VJ Co~°, 
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(5.3) 

or, by (1..24) 

(5.4) 

1 7 b(K ~..~y ~) + 1 K a ~ b-- A ' (e) tKS]/; - -  2 2 Kdj~bv°A~bd + jb~y VO ~) 

+ VlOoi °- vjCo~ °, 

1 
(d) [KS]]7 - -  21 K%]K"b'Y'Yb 

+ (v-~c:~ o _ ~.~TC,°a + 2C.~Cj~ o -- 2CpC~ o) 

Jr V~VoAji a -  voA~[oAj~a. 

Now, if T ( M )  i s  an Einstein space, that i s  to  s a y ,  if 

[KSb~ k s 

[KSb¢ = kgj~, [KS]7~ = [KS]/; : 0 [KS]Ty : kg~, 

then, by taking account of the homogeneity propert ies  of the functions in- 
volved, we have from the fourth equations of (5.2) and of (5.4) 

(5 .5)  K ~ .K, . . . .  ~ 0 ,  cj eabi'~J '~ 

(5.6) ~ = G  o - 2 ~ 7 c .  ~ + 2 0 o ¢ c j ~ °  - -  2 c p c ~ o  = o, 

(5.7) VoToA~ a - -  7oA~VoAj, ° --  0. 

Multiplying (5.6) by yJ and taking account  of (4.6) we find taht 

and consequently 
C~a ° - - 0 ,  

At --  0, 

which implies by D E I ~ ' s  theorem stated in § 2 that the base manifold M 
is Riemannian~ while we have from (5.5) 

Kj~h y a - -  0 

and consequent ly  M is flat. Thus 

T ~ E o a ~  14. - I f  the tangent bundle over a F ins le r ian  or R i e m a n n i a n  
mani fo ld  wi th  Sasak ian  l i f t  gS as metrio is an  Eins te in  space, then the base 
mani fo ld  i8 fiat. 
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L e t  us  c o n s i d e r  the  s c a l a r  c u r v a t u r e  of  v s :  

(5.8) 

T h e n  we h a v e  f r o m  (5.2) 

(5.9) 

w h e r e  

T h u s ,  if 

[KSl = [KS]~, ~. 

[K s] = K + 2V~voA ° - -  voAovoA ° - voA~b~VoA~ 

~ lx c eabayy "-- 2~iCo ba 

K = Kf l ,  Ca ~° = g~bCa~" 

[KSl v a n i s h e s ,  t h e n  by  t a k i n g  a c c o u n t  of  the h o m o g e n e i t y  pro- 

p e r t i e s  of  the f u n c t i o n s  i n v o l v e d  ~gain ,  we  have  

K = voA~b%-oAbJ @ VoA(,voA ~ - -  2V~VoA ~ 

(5.10) Kj~hy ~ = 0, 

~ C ;  ~ = O, 
f r o m  which we h a v e  

T~EoR~)~ 15. - I f  in the tangent bundle T(M) over a Finslerian mani- 
fold M with Sasakian metric gS as metric its scalar curvature varishes, the 
T(M) is Kaehlerian and i f  M is a Riemannian manifold, M must be fiat. 
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