
Spaces of germs and jets. 
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Summary.. In this paper +re present sense iresults on the theory of jets and ger~ns conce~'- 
ning the paralel transport and the linear st~'ucture. 

0. - Let M be a C ~_ manifold and E 2 + M  a real, or complex, vector 
bundle over M. 

]bet T~o(M) denote the space of tangent vectors to M in the point xoEM. 
Let s E C t ( M ,  E) a section. I denote by j~oS the k-jet of s in the point 

xo, and by g~os the germ of this section. 
Then Jk(E)-= L) j~oS admits in a natural  way a C~-vector bundle-  

xo~ M structure, s~C~(M, E) 
I introduce in the space ~ ( E ) =  U gxos a structure of vector bundle 

xo~ M 
s ~ C ~  (M, E) 

with fiber, a locally-convex space. I suppose that M has a Riemannian 
structure P and let L be a l inear connection in E. 

For  0 < r, sufficiently small, let B(r, xo)c  M be the ball centered in 
tile point Xo E M with radius r. The space C~(B(r, Xo), E)  is a Fr@h6t-space. 
Then ~ o ( E ) ~  lira Cc°(BIr, xo), E )  is a locally-convex space; this is the fiber 

r-->0 

of the space ~(E). Let rc k • ~x0(E).---> J~(E) be the natural  epimorphism. 
We will prove in this paper: 

THEOREM 1. 

If M is a Riemannian manifold and E 3 ~ 2 1  is a vector bundle with a 
l inear connection L ,  then there exists a l inear connection £ in the space of 
germs of sections ~(E) which prolongates L .  The connection £ is compatibIe 
with tile connection in J~(E) [5]. 

THEOREM 2. 

Let 2¢I and N be Riemannian manifolds. Let ~(M, N) be the space of 
germs of maps from M to iV, and J~(M, N )  the space of the k-jets of maps. 

Then 6(M, _N) and J%M, N) admit  a vector bundle structure on M X N. 

(*) Entrata in :Redazione 1'11 febbraio I970. 
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COnOLL~tnY 2A. 

Jk(M, Yg) - [S~(T*M) @ S2(T*M) @ ... @ Sk(T*M)]  ® TZ 7 

(S~(T*M) denotes  the l - s imet r ic  t ensor ia l  product) .  

1 .  - W e  will  r ep r e sen t  the germs and  the k- je t s  in a d i f f e ren t  m an n e r .  

Le t  1' " I - ->M be a C a - p a t h  in M, ' ( ( 0 ) ~  xo, ,((1) N x~. 
T h e  connec t ions  F and L d e t e r m i n e  two i somorph i sms :  

g;r(.~) • T~0(M) -- )  T~(M) 

~L(T) ' E~o ~ E ~ .  

I f  s E ~,~(M, E), we associa te  an e l emen t  s E ~0~o(T~o(M), E~o) in the follo- 
wing m a n n e r :  

s(0) ~--- (c~L(Tr(0)))(s(exp~ o 0)), for  

0 E T~JM), and 1,r(0) is t, he  geodes ic  f rom exp~ 0(0) to xo. 
The  e l emen t  s is well  de f ined  because  exp is a local  d i f feomorphism.  
The  app l i ca t ion  ~ : s - - > s  is an i somorphism.  
F r o m  this momen t  we will  iden t i fy  the ge rms  s with s .  
Now we c~tn def ine  wha, t we mean  by a C~-sec t ion  in ~(E). 
Le t  o) be the p ro jec t ion  a):  T(M)-->M, and  U c M  a open  set in M. 
Le t  V, W c T(M)]~ be two open ne ighborhoods  of the ze ro - sec t ion  in 

I'(M) o v e r  U. 

I f  23. E Ca(V, (,*E), then g(ES!rAM), (xE U) is a germ in 6~o(T~, E~). 
We say that  E E r(U, ~(M, E)) is a C~-sec t ion  on U with va lues  in 

~(M, E), if the re  exis ts  an open set V as above,  and E~ E C~(V, ~*E) such  that  

Clearly,  two C a sec t ions  Ev, Zw d e t e r m i n e  the same seet iou in ~(M, E)  
over  U, if and  only if, there  exis ts  an open  set R as V and W, R ~  VN W, 
such that  (E~-)[R = (E~v)IR. 

Now, we can def ine  the pa ra le l  true, spor t  ~£  in ~(M, E)  and  the corre-  
spond ing  eova r i an t  de r iva t ive  V £. 

I f  1" " I-->M is a Ca -pa th  in M, then ~(~r) " ~y(o)(M, E)--->~(1)(M, E) is 
de f ined  in the fo l lowing m a n n e r :  

(t) (~;(z)g) (o) --=- ~;~(,~) i~[~;r(~ ,-1) (0)] }, 0 ~ Tr(1)(M) , s E ~(o)(_~, E).  
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If X is a C~-section in T(M) and E E C~(M, ~(M, E)), we will define 
V ~ .  Let  xEM, and y : I-->M, y(0 )=  x, y(0)=X(x) .  

Then, by definit ion: 

(2) (v~) (~)  = ~ [ ' ~  (y(t)-:)] (~ 0r(t)) ,=o. 

We will prove that the definition (2) is correct. To verify this afferma- 
tion, we will calculate in a local chart.  

Let U be a local chart of coordinates, (x :, ..., x") in M and ($:, ..., x ", 

~: ~) a local chart  of coordinates in T(M) if tG T(M), t----- ~ {~ ~ 
i = l  

By (2), and (I), for 0 ~ TriM), we have: 

(3) [(v~'~) (x)](0) = ~ ,=o. 

We suppose that EI~ : U X ~ (or EI~ : U X Gin), and we identify EI~, 
via this isomorphism, with U X ~= (or U X G'9. 

Then z(~r(y(t))(0)) ----- s(t, O) is a C~-section on y(t) with values in ~ (or G~). 
By (3) 

[(V~x)(x)](f)) = ~-~{¢~L(,(t)--:8(~, O)},=o = 

= v~s(*, 0 ) =  

= ( x  s(t, o))~ + Lo(X)(s(t, 0)),=o, 

where Lu is a linear, omogen, operator determined by L and U. 

3 ~ 3 0(t)----~;r(y(t))(0); then s(t, 0)~-~(y(t), ~(t)). Let X(x) = ~: ~ i  + "" + ~ , 

We have : 

(V~:~)(x)(O) = (X~Cz(O , O(t)))~ + Lo(x)c~.Cx, 0)) = 

(4) - ~ x: "'" ~ + ~-; \ dt / ,=o  + "'" ~-~ ~, a t  ],=o + 

n ~ ~i n ~ ~ r i 0 j:k 
+ L(x)(E(x, 6))--- Z ~-~ -t- ~ . ~  ~ 0--~ jk ~ q- L.(x)(Y,(x, 0)) 

j = l  . _  ra 

F i ]k being the connection coefficients of the Riomannian connection in the  
char t  U. 

The last formula allows us to conclude that V~ is well defined. 
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We must  verify the relat ions:  

i°- Vz+£ y = f A~x + V~ f E C~(M), X, YE C~(M, T(M)) 

ii o. £ v~(~ + ~2) = v ~  + v~;2, ~ ,  ~2 ~ c~(~J, ~(M, E)) 

iii °. v~(f2~) = (Xf)2~ + fvxE~. 

But these propert ies  of Vx follows easy from (4). 
This proof allows us to affirme that the assertion of the Theorem 1 

relat ive to ~(M, E) is established. 
We have cons idered  the projectiou uk: ~(M, E)--> Jk(M, E). But we can 

constraet  a smoth monomorphism: 

i ~ : Jk(M, E) ---> 6(M, E) 
such that u~i k- -  1. 

If ~ E J)o(M, E), let sE ~0(M, E) such [hat J~oS , -  ~. 
Then, by definit ion: 

i k e - - t h e  k-order  polinomial approximation of s in 0~ E T(x) by TaYLoR 
formula. 

It is easy to verify that i k is well defined. 
From this moment a k-jet  in E is a k-order  polinomial on TgM) with 

values in E~. 
It is easy to see that ~;£ invariantes Jk(M, E) and the formula (4) proves 

that V £ induces an operator Vk on Jk(M, E). 
The proof the Theorem 1 is complete. 

~. - It is known that ~(M, N) is a bundle on 31 X N, [1]. 

It  remains only to define a l inear s tructure on ~(.,y)(M, N ) .  

Let s E ~(x,y)(31, 2/); we define s E  ~%,o~)(T~(M), Ty(M)) 

s (0) = exp:y,l[s(expdO)]. 

The function ~ : s - - > s ,  

,-~ : c3(~,y)(M, N).--> ~%,%)(TdM), Tz(N)) 

is clearly bijeetive. 
~%,ou)(TgM), T/N))  has a natural  s tructure of real vector space. Then 

we can introduce a real vector s t ructure in ~(x,z)(M, N ) b y  ~ .  From this 
moment we will identify ~(~.y)(M, N) with ~(%,%)(Tx(M), Ty(N)). 
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If aEJ~.y)(M, N), then let .s '~(ojog(TJM) , T /N))  be an element such 

that j~s -= ~. 
We construct the monomorphism 

i k : Jk(M, N) --> ~(M, N) 
by the defini t ion:  

i ~ - - t h e  k-order polinomial approximation of s in 0~ (by TAYLOR formula). 

It is an easy consequence from the definition that j~i k - -  i, and that the 
operations of the linear structure in ~(M, N) invariantes ikJk(M, N ) ~  (M, N). 
We must verify that operations of the l inear s tructure in ~(M, N) and 
Jk(M, N) are continuous and smooht. This is standard. 

The theorem 2 is proved. 
As a corollary, we can deduce the structure of Jk(M, N). 
If  V and W are two real rectos spaces, then the space of the k-order 

polinomials P on V, with values in W, such that P ( 0 ) - - 0 ,  is natural ly  
isomorphic to 

( ~=~ SzV*) ® W "  

REFERENCES 

[1] S. LANG, Intro&tction to DifferentiabIe Manifold ~vith appendix by. 
R. ABRAHAM, Lectures of Smale on differential topology (Russian), Moskow 1967. 

[2] K. I~o~lzu and S. KOBtYASttr, Foundations of Differential Geometry, Interscience 
Publishers, 1963. 

[3] R. PALMS, Seminar on the Atiyah-Singer Index, Theorem Annals of Math. Study 57, 
Princeton. 

[4] "~V. POItL, Differential geometry of higher order, Topology 1, 1962. 
[5] -- --, Connections in differential geometry of higher order, Trans. Amer. Math. Soc. 

125, 2 (1966). 


