
Integrals involviug E-functions and Ka, mpe de Feriet's 
functions of higher order. 

F. M. RAGAB and  A. M. HAMZA (*) 

8t immary.  - An integral involving the product of three g~.neratised hypcrgeometric functions 
is evaluated i~ terms of Kampe de Feriet's funetio~ts of higher order. 

Infinite integrals involving products of 3, 4, 5 and six Bessel functions are dedu- 
ced as particular cases. 

(1) 

1. - I n t r o d u c t i o n .  

The main theorem to be proved is: 

f ~, ..., ~ ;  - ~, ..., ~ ' ; - ~  0- 8i, ..., 8~ ~i, , 8'~ 

X ~ ~1 E(:q' "'" %, 1 : d~cx) dx 
. -  \y1, ..., T1 

r~Tt  

- -  ck x F 
1I r(v, + k) 

: q T k ,  ..., % + k  

~,1 + k, ..., y ) , + k  

~i, ~i, ..., ~ ,  ~ 

1 

where -c_<e-+-l, ~ > ) . - + - 1 ,  t iq-z_<)~q-~q--i ,  R(~r~k )>O ( r - - i ,  2,.. . ,?), 
R(~]q-~--k)>O ( j - - l ,  2, .,., ~) and a,b, c>O. 

The function appearing on the right hand side of (1) is Kampe de Feriet 's  
function of higher order (in more parameters) in two variables whese proper- 
ties are given in [1] pp. 401 and 489. This function is defined as: 

(*) E n t r a t a  in  Redaz ione  il 1 febbra io  1970. 
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(2) F 

~ ,  ~;  ..,, ~'~ 

X 
,~=o , , =o  II (y~, r e + n )  1~ {(~, m)(~;, n)i ]=I ]~1 

X (1; m)(1; n) 

where ~ _ < I - ~ - [ - 1  and neither of the quantities 7, 8, 8' is a negative 
integer. 

By speeialising the values of ~t, x, t, e; the function (2) reduces to the 
four functions of P. Appel F1, F2, F~, F4. Thus we have (see [2] p. 151): 

(3) F 
~,  ~ 

Y 
H, 

--F1 [~; ~ ,  ~ ;  y; x, y], 

(4) F x, y =/~2[~; ~ ,  ~i; 8, ~'; x, y], 

(5) ~, 
~,, ~, ~,  ~ 

x, y] -- F3[; ~i, ~;  ~2-, ~;  y; x, y] 

(6) F 
Ii ~i ~ ~2 °,. .,° 

= / ~  [al, a2 ; ~ ,  ~ ; x, y] 

Also we have [2] p. 151: 
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(7) 
° . °  ° ° .  ° , ,  

7~, "", "(k 

, , ,  , , ,  , , ,  

=F(a~,,~, ,.. ,a}t;x+y), 7 k 

(8) F 
fi~, ,~i; . . ,  13~, F'~ 

° , °  , , ,  , , .  , , °  , , ,  

~1~ ol,  ...; 8~, o, 

, . . . ,  ~ ~$~, ..., ~ / 

(9) F 

-% 

~q, ..., 7x 

• ° ,  , , °  

= F  ( ~ '  " '  ~ "  ~ + ~ ' ;  x) 

Again Kamp6 de Feriet ' s  fuuction is expressed as a double complex in- 
tegral in the form (see [2] p. 155). 

(IO) F 

~i, ~'~; ..., ~, ~'~ 

k 

_ _  ] ~ 1  j = l  
X 

r(s; r(t)11 r ( a j - - s -  t)[~ I r ( ~ j - - s ) r ( ~ - -  t)l 
] = 1  j = l  

k 

II r ( v j - - s  - t) Ii lr~j - - s )  r ( s j - - t )  l 
j=l  j=l  

X 

X (-- x)-S( - y)-' ds dr, 

where the contours are of Barne 's  type and are curved (if necessary) to se- 
parate the increasing sequences of poles from the decreasing sequences of 
poles. 

Tile function appear ing in the heft and side of (1) is Mac Robert  E-fun- 
ction whose definitions and properties are given in [3], pp. 348-358. A brief 
account  of the E-funct ions  is given in [4] p. 393. Section 2 contains a treat- 
mont of the E-funct ion  and prel iminary results and section [3] contains the 
derivat ion of our main theorem. Section 4 contains the derivation of infinite 
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integrals involving the products of three, four, five and six ]3essel functions; 
as part icular  cases. 

The following formula%are  required in the proofs: 
The l~Iellin transform pair ([5], p. 7) 

(1l) 
co 

g(s) = f x ~-1 fix) dx, 
o 

(12) 

c+~oo 1; 
tlx) = 2 ~  ~-~ g(s) &,  

c--t30 

and ([3], p. 347) 

1 (1 t ~ /n+ l ;  2x) 
-- P(n 4" 1) 2 x /e -~F~ \2n 4" 1 ' (13) Io(x) 

where L(x) is the modifiec Bessel function of the first kind. 

~. - Properties of the E-funct ion:  If p < q, then the E-funct ion is defi~ 
ned as : 

(14) E(p; ~: q, )~ : z ) -  F0,0 (~) ~ ,  , )'q 

when p ~ q 4 "  1, larg z I <z: ,  then the E-funct ion (see [3], p. 353) can be shown 
to be 

P P q 
(15) E(p; or: q; X~:z)= E II Y(~,--~r){ I1 F()~--~r)I-~F(z~)z~ X 

r~ l  s~l  t~l 

(~,  ~--k~  4- I, ..., a~--k~ + 1; ( - -F-qz)  
X q+lFp-~ \ ~  __ al -k 1, ...... a~ --  % + 1 

where the dash in the product means that the factor ~r--~,  is ommitted and 
the asterisk means that the term ~--scr  4"1 is also ommitted. Also ([3] p. 37)4 
the following formula is required:  

P 

1 / ~=1 
(16) E(p; sT: q; X , : z ) = ~  I'((+)) ~ z~)d6), 

" II r(L - -  O )  
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where the integral is taken along the ~-axis with loops, if necessary, to en- 
sure that the pole at the origin lies to the left and the poles at ~ a2~ ..., % 
lie to the right of the conteur. Zero and negative values of the ~'~ and )?~ are 
excluded. When  p < q +  1 the contour is bent to the left at both ends.  Con- 
vergence is secured if: 

1 
larg z l < ~ ( p - - p q - 1  ) i f p > q + l  and t z t > l  i f p - q + l .  

From (14) and (15) it is clear that the E-funct ion is immediately related 
to the generalized hypergeometr ie  function and reduces to simple expressions 
in the ordinary or Gauss hypergeometric  function when p = 2 ,  i f - - 1 .  For 
p = q - - 1  it is also evident that the E-funct ion reduces to the confluent 
hypergeometr ic  function or Kummer  function. When  p - - 0 ,  q - ~ l  then we 
obtain the ]3essel function of the first kind. 

Thus we have:  

(17) l?(~ -{- 1)oF~(; z + 1; - -  - ~!_) F(z--l-1)E(;z_}_l;x)--x}j.~(2x~ ) 
= Y(z + 1) 

~[ore complicated parameters  in the E-funct ions lead to the equivalance 
of the E-functions,  with Bessel functions and with Hankel  functions. 

Some examples of this are:  

(18) 1 y~ 1E( I .1  1 1 2 ) 
K~(z)-- ~ - ~ _ ~  , ~ ,  2t~: ~iz e ~ ; 

where K~(z) is the modified Bessel function of the second kind and the sym- 
bol Z means that in the expression following it i is to be replaced by - - i  

i , - - i  

and the two expressions are to be added. 
Also it can be shown that:  

(19) 

1 
1 1 [1,1, , 2+m,  

Wk, .~(x) W_k,. (x) -- 2~3] j i E___, ~ E t 1 + k, 1 -- k 
1 e~ x21 ~ - m :  ~ -  . 

.1 

(20) e ~ ~ W ~, "~ (x) = , ) Y~ ~ , ~_~E ~-~m, - - m , l : l - - k : e ~ x  

1 ,, 1 (1.+-m-{-n 1--rn-[-n l + m - - n  1--m--n 
(21) K,,(x,)K,(x)--4x\,~:~ ~E 2 ' 2 ' 2 ' 2 : 

1 ) 
2 : e~r~X 2 ; 
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(22) 

(23) 

(24) 

2 \ ~  ~ 1E(~q_ 1 1 1 1 1 ) 
x~K~x)--  4 ~ , _ ~ i  2 ~ t ' - - ~ + 2 ~ t ' 2 g ' l : 2 ~ 2  :d~x2 

'1 ) 
J.~(x) J_<(x) --- IF(1 - ~) P(1 -[- "¢)}-~ IF2 (~ ; 1 - -  ~, 1 + ":; - -  x ~ ; 

( x 2 /  

1 ,1+% 1-[-2~ ) 

3. - P roof  of the ma in  theorem : F r o m  (15) and  (16), we ar r ive  at the 
f o s m u l a  

I~ r ( ~ -  O) ( °:1''''' g.*' l:ev~x) ~.f~=~ x°dO, (25) z 1-E - -  ~ 
~._~ i \71, ..., ~'~. , II l:0,~-- O) 

S : I  

where  R ( ~ - -  O) > 0 (r : 1, 2, ..., tt). 
Also from (11), (12) and  (25), we deduce  tha t  

if (26) x y-1  £ E % '  1, d x - -  z ; 

o ; ' - ;  ~ ~'~' .... ~'~ 1I l~(yj + y) 

where  R(~-~- y) > 0, (r = 1, 2, ..., ~t). 
To prove  (1), change  each ~F~ into an E - f u n c t i o n  by means  of (14), wr i te  

x 
- for x; then  the L. H. S. of (1) becomes  
C 

fi lr(~j) r(~;)l, c ~ ~ t, al, ..., a~ ) 
X 

dx. X E t , <  , . . . , <  ~,-~iE'rl, ,r~ 

H e r e  subs t i tu t e  for  each of the f irst  two E - f u n c t i o n s  f rom 16, change  
the o rde r  of i n t eg ra t ion  so tha t  the f irst  i n t eg ra l  becomes  the las t  and  so the 
las t  exp re s s ion  becomes  
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' ,  ~ H t r ( ~ j - s ) r t ~ ; - - t ) l  tI trG.)r@),c (2)~ 
j-~-1 ]~1 

X 

f X (at)' (bc)' M_ ,_ ,_  ~ ~ 1 E dx.  
~,-~ i \ '(1, • . ,  'Tx 

0 

Now evaluate this last integral by means of (26) and the L.H.S. of (1) 
becomes 

fi ~ r(+) r@} 
j=l 

l~I {r(~3 r@)} 
j=l 

• ~ x ~ j ~  r ( s )  r ( t ) X  

n r ( + + k - - 8 - O  {r(~j-s)r(~;-o} ( l ~ _ s [ l ~ _  , 
X ]=~ = z \ac' \ ~ /  ds  dr. 

n r (r j  + k - -  s - t) 1] I r(~j - s) r(~) - t)} • 
j-~-i j = l  

Here  apply (10) and so obtain the R.H.S. of (1). 

4. - Infinite integrals involving products of Bessel and Whi t takers  func- 
tions: We are now in a position to obtain a large number  of part icular  ca- 
ses of (1). 

Thus  (1) in combination with (17) and (18) gives 

oo 

f x q-1 J,v(ax) J,(bx) K~(cx) 
0 

2q--2 av  b c~ 
dx  = X 

17(1 + ":) p(1 + o) 

X 

1 1 t 1 1 z_l_ ~ q  - 

":-I- z + q  

X F  

2 " ~ + o + q + ~  
2 

0 

0 

1 1 + %  1-+-~ 

a, 2 b ~ 

62 ~ 62 

Annali di Matematica 3 
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Now apply (6) and get 

(27) f x q-1 d~(ax) JAbx) K~(cx) dx -- F(1 + ~) ]?(1 A- ~) 
O 

2q_2a~b~c_~_~_qF4[ Z - ] - a ~ q - f - ~ t  x - ~ a - ~ - q - - ~ t ;  1.1t..c, l_~_~;--a2 
2 ' 2 c 2 ' 

where 

R(q + z -{- ~ +__ ~) > O, a, b, c > O. 

>< 

In (27), write = c for c, then, since 

(28) Kett) -" i ~ G~(it) 

the formula becomes after utilizing the relation 

(29) r~ i J~(t)= Ge(l)--i2"G~(te~), 

O~ 

f x~ -1 J~(ax) Jo(bx) 
0 

gi~,(cx) = 
~t "g 

1 

X F(1 z + z . 4 - q - - ~ ) F , [  z - I - z + q + ~  
2 2 ' 

c~+~+q r(1 -t- ~) F(1 -4- z) 

Z - ~ - [ - q - - ~ t  a 2 b 2] 
2 ; x-{- 1, ~-{-  1; - -  c2' ~ ;  

3 
where R(q -4- ~ -~ a Jr- ~) > O, R(q) X ~ , a, b, c > O. 

Again, using the formula 

7~ 
(30) K~(x)- 2 s in  zu 

it follows, from (27), that 

I *rt J °X "--rt _.(~ ) - -  ~ J.(ix) 1 , 

(31) f z~ -I J~(ax) K~(bz) 
0 

K~(cx) dx - -  2 q-3 

2 z 

X ~  
~,-~ I'(1 + ~) ~q+~+~ 



F. M. RAGAB - A. M. HAMZA: Integrals involving E-Junctions, etc. 19 

i " a2 b21 XF.  " : + ( : + q + ~  "c -+- ~ + q -- ix t-{-':, 1 + ~ ; - -  2 ' 2 ' c 2' ~ ;  

where R(q -4- z +. ~ -I-- ix) > O, a, b, c > O. 
1 1 c 2 

In (1) write x.2, a2, b2 , 4 for x, a, b, c respectively. 

Take z = l ,  ~=2,  ix=2, ~--0; 
apply (18), (23) and get 

(34) f d2(ax) K~(vx) dx j2(bx) 

0 

22k+2m.+2n--2 

7.~ (~2k-~ 2n'+ 2m 

I'(--~ + 2 + n) X 2 + m + n) + m 

X ~  

I'(1 + m) 17(1 + n)I'(1 + 2re)r(1 + 2n) 

1 1 1 1 
~ + 2 k + r e + n ,  - -  2 ix -t- -2 k + m -t.- n 

1 1 5+m, ~+n 

l + m, l + n, t + 2m, 1+4-2n 

4a 2 4b 2 
02 ~ C2 

where R(k +4- 2n + 2m--t- ix) > O, a, b, c. > O. 
x 2 1 1 

In (1) write 4 '  6t 2' b 2' 4c2 for x, a, b, c respec,fively, 

apply (17) and (21) so getting 

take ix -- 5, 

(35) f x k-1 J.~(ax) Je(bx) K.~(cx) Kn(cx) dx 
0 

~312 2--'r--~ a~b~F(1 + "c) T(1 + ix) 

-" I , :+~IX+~)F  1 z +  Ck+~+e+l F(~ k_{_ ~ (.~ k +  l 2 2 ix _{_ 1 1) 

X F (  1 + k - 4 - z + i x + m + n ) l : (  1 2  - { - k - l - ' ~ + ~ t + m - - n ) 2  

XI~(1 +k-{-- ' : -{-~+n--m)l~(  1 2  + k + ' : + ~ - - m - - n ) 2  

) ,=2,  
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X F  

1 + k - + - z +  ~ t + n - m  

2 + k ' + ~ +  
2 ' 2 

1-)- z, 1-+- t~ 

l + k + v + l ~ + m - - n  
2 

1 + k  + z + ~ - - n - - m  
2 

a 2 
4c2, 

b 2 

4c 2 

w h e r e  R(k-l- fz ~- z -~ m + n) > O, a, b, c > O. 
1 1 

I n  (1) w r i t e  x 2 c 2 , a2 , b2 , f o r  x, a ,  b, c r e s p e c t i v e l y .  

T a k e  ~ - -  5, k ~ 2, a p p l y  (21) a n d  (23), so g e t t i n g  

(36) 

O~ 
f x k-1 J~(ax) J_~:(ax) J:(bx) J_~(bx) K,~(cx) K~(cx) 
0 

dx 

(i+k (k) 

X F  

k + m - - n  k + n ~ m  k - - n - - m  
' 2 ' 2 ' 2 

4 k-?m+n2 

1 1 1  1 
2'  

I 
l + k  k 

2 2 ' 2 
• l - - z ,  1 - - ~ ,  1 + ~ ,  1 - { - ~  

a 2 
C2 ' 

w h e r e  R(k ± m + n) > O, a, b, c :> O. 

b21 
C~21 
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i 1 
In  (1) vr i te  x 2, aZ , b2 , c 2 for  x, a, b, c respect ively .  Take  I~=5 ,  ),----2, 

2 
whi th  ~'~---~, "~2-" 1, a 5 -  1; apply  (21) and (24) and so obtain 

(37) f ~-~ J~(ax) Jg(bx) K,~(cx) K~(cx) dx = 4~c -k-2":-2~ 
0 

r(~ m + n x \2+~)r(~+°)r(k÷ 2 

X F  

4 

1 

2 

2 

]:(t -{-- ~:) F(I + 2z) i~(1 ÷ ~) 17(1 ÷ 2a) 

>4 

,; 

k + m + n ÷ 2 z + 2 ¢ ~  k ÷ m - - n + 2 ~ + 2 ~  k + n - - m  ÷ 2~-{- 2~ 
2 ' 2 ' 2 ' 

1 1 
2+:' ~ +~ 
1 1 
~k+2+~+~,  k+~+~ 

1-t-z, 1 ÷ o ;  1-]-2~ 1 ÷ 2 ~  

k -- m - -  n + 2": -{- 2 a 

a 2 b21 

where R ( k ÷  2: ~ 2 ~ - t - m ~ n ) >  0 and  a, b, c are  rea l  and positive. 
W h e n  m - - n ,  the last  fo rmula  becomes  

o o  

(38) I xk-1 j2! ax) J~(bx) K~Icx)2 dx ---- 4~c -k-2~-2 
,2 
0 
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× 
(1 + ' : )  -r (i + 2t) I~(i + ~) l' (1 + 2~) l ~ ] + ~ + ' : + z  

X F  

l: 

k k 
2+~+~, 2+n+ 
1 1 ~+t, ~+~ 

k 1 ~+~+~+~ 

1 + %  1 + : ;  1 + 2 ~ ,  1 + 2 :  

k 
z+~, 2--n+z+~ 

_ _  a 2 

; 02 

_ b 2 
C2 ; 

where R(k + 2": + 2z ± 2n) > 0, a, b, c > O. 
x 2 1 1 

Again in (1) write 4 ' a 2' b~' @2 for x, a, b, c respectively, take 

k = 1, apply (17) and (20) so getting 

~ = 2 ,  

oo 

f 1 2q_~ (39) x q-~ J~(ax) J~(bx) e - ~ .... Wk, .~ (c 2 x 2) dx - -  cq+'~+~' 

0 

X F  

)< 

"~ ¢t F 

P ( l + q + ; + ~  - k )  

2 

0 

1 

1 

1 1 
2(1 + q + t +  ~ + 2 m ) ,  ~ ( l + q + ~ + o - - 2 m )  

1 1 
1 - - k + q + 2 x + ~ z  

1 + %  1 + ~  

_ _  a ~ _ b  2 

4c 2 , 4c2 

where R ( q + ~  + : ± 2 m +  1)> 0 and a, b, c are real and positive. 

In  (1) write x 2, aT1, 02 for x, a, b, c respectively. Take ~t-- 2, %-- 1, apply 

(20) and (23) so getting 

,9O 

f 1 e2 xi (40) x q-1J~(ax) J:~(ax) J~(bx) J_~(bx)e - ~ Wk, .~ (c2x 2) (Ix 

0 



F. M. RAGAB - A.  M. HAMZA: Integrals involving E-junctions, etc. 23 

1 1 m) 
~ ( ~ +  2 ~ + ~ ) ~ ( ~ +  ~ -- 

2cq r ( l  + ~ q -  k) r ( l  - z)r( l  + z ) ~ ( 1 - z ) r ( l  + z) 

X F  

~2 

i l  

i l  
! 

:2 

1 1 1 1 
2+~q+m, ~+2q--m 
1 1 
2 ' 2  

1 l+~q--k 
1--% l - - o ;  1 + %  l + z  

_ a 2 _ _  b 2 
02 ~ C2 

where R(q+__2m+ 1 ) > 0  and a, b, c are real and positive. 
1 1 

In (1( write x 2, a2, b2, c 2 for x, a, b, c respectively. Take 

apply (20) and (24) so getting 

p,=2, )~= 1 

J " x q _ _ l  2 2 --1--c~ v~ (41) Wk, m (c 2 x 2) dx J~(ax) d,(bx) e 2 

0 

2, 2 l1 \ \ 1 l q _ m + o + : )  

2rc~q+2~+2~ 1~(1 + z)P(1 + ~)]?(1 + 2z)13(1 + 2v) r ( 1 - -  k + a-i- 11 + }q) 

(2 
i 

f l  
X F  

1 

2 

1 1 1 1 

1 1 

1 
l - -  k-J- o q + ~ -{- ": 

1 + %  1 + ~ ;  1 .+21, 1-+-2~ 

a 2 b 2 / 

where R(q + 2z+  2~ + 1 ::t:2m)> 0 and a, b, c are real and positive. Finally 
(1) in combination ~ith (20) and (13) gives integrals involving the product of 
three Bessel functions. 
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