Integrals involving E-functions and Kampe de Feriet's
functions of higher order.

F. M. Ragas and A. M, Hamza (%)

Sammary. - An infegral involving the product of three generalised hypergeometric functions
is evaluated in terms of Kampe de Feriet's functions of higher order.
Infinite integrals involving products of 3, 4, 5 and siw Bessel functions are dedu-

ced as particular cases.

1. - Introduction.

The main theorem to be proved is:
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where t<e-+1, p>A+41, ptt<ide+d1, Rle,+%k)>0 (r=1,2,..,p),
RBB;+8i—k>0(y=12..,7 and a,b,¢>0.

The function appearing on fthe right hand side of (1) is Kampe de Feriet’s
fanction of higher order (in more parameters) in two variables whese proper-
ties are given in [1] pp. 401 and 489. This function is defined as:

(*) Entrata in Redazione il 1 febbraio 1970,
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where p+t1<Ai+4e-1 and neither of the quantities y, 3, & is a negative
integer.

By specialising the values of p, 1, 4, ¢; the function (2) reduces to the
four functions of P. Appel I, F., Fs;, F,. Thus we have (see [2] p. 151):
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Also we have [2] p. 1D1:
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Again Kampé de Feriet's function is expressed as a double complex in-
tegral in the form (see [2] p. 155).

Bl %1y ey Oy |

by B
1 A : ;
T2, BY e, Bey B - _—j__I:Ill“(vr])ﬁil1 IACHRRCHE:
AT, M MY j ~
sy ! I P(“p) III 3P(“p~)[‘(ﬁ})}

’, 7 Je=1 =
g8, 81 ., &, &

(10)

I(s) It) 11 Doy — 5 — #) IT T4 — 8) I3) — &)
, I

< g ff =
712 X 3
(@) Il Dy —s -0 1 170 — 8 DG —1)|

je=1 je=

X

X(— a2y (—y)~ ds dt,

where the contours are of Barne’s type and are curved (if necessary) to se-
parate the increasing sequences of poles from the decreasing sequences of
poles.

The function appearing in the left and side of (1) is Mac Robert E-fun-
ction whose definitions and properties are given in [3], pp. 348-358. A brief
account of the E-functions is given in [4] p. 393. Section 2 contains a treat-
ment of the E-function and preliminary results and section [3] contains the
derivation of our main theorem. Section 4 contains the derivation of infinite
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integrals involving the products of three, four, five and six Bessel functions;
as particular cases.

The following formulae, are required in the proofs:

The Mellin transform pair (5], p. 7)

an gls) = f w1 fla) da,
1 c-ior
(12) f(x)——-’z‘a f x= g(s) ds,

and ([3], p. 347)
i ‘w4 1; 2x>
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where [,(z) is the modifiec Bessel function of the firsi kind.

2. - Properties of the E-function: If p <gq, then the E~function is defi-
ned as:
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when p=>qg+ 1, |arg 2| <=, then the E-function (see [3], p. 363) can be shown
to be
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where the dash in the product means that the facfor «, —a, is ommitted and
the asterisk means that the term «, —a, -1 is also ommitted. Also ([3] p. 37)4
the following formula is required:
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Where the integral is taken along the n-axis with loops, if necessary, to en-
sure that the pole at the origin lies to the left and the poles at «;, a3, ..., 2,
lie to the right of the conteur. Zero and negative values of the «’* and X’ are
excluded. When p < g1 the contour is bent to the left at both ends. Con-

vergence is secured if:
1 . .
|arg z]<~2—(p—p+1) if p>qg+1and [2/>1 ifp=g41.

From (14) and (15) it is clear that the E-function is immediately related
to the generalized hypergeometric function and reduces to simple expressions
in the ordinary or Gauss hypergeometric function when p=2, g=1. For
p=g=1 it is also evident that the FE-function reduces to the confluent
hypergeometric function or Kummer function, When p=0, ¢g=1 then we
obtain the Bessel function of the first kind.

Thus we have:

\

(7 Iz + 1)0F1<, T 1 — xl) T+ 1)

-1
1, 2)= 2 ( 2
e +1) EGtd 1 o)=27J.22" >

More complicated parameters in the E-functions lead to the equivalance
of the E-functions, with Bessel functions and with Hankel functions.
Some examples of this are:
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where K,(2) is the modified Bessel function of the second kind and the sym-
bol X means that in the expression following it ¢ is to be replaced by —i

and the two expressions are to be added.
Also it can be shown that:
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3. - Proof of the main theorem : From (15) and (16}, we arrive at the
fosmula
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where Rlo,—0)>0 (r=1,2, .., 4.
Also from (11), {12) and (25), we deduce that
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where Rle,+-4) >0, (r=1,2,..,n.
To prove (1), change each .F. into an E-function by means of (14), write

%c for z; then the L. H.S. of (1) becomes
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Here substitute for each of the first two E-functions from 16, change
the order of integration so that the first integral becomes the last and so the
last expression becomes
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Now evaluate this last integral by means of (26) and the L.H.S. of (1)
becomes
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Here apply (10) and so obtain the R.H.S. of (1)

4. - Infinite integrals involving products of Bessel and Whittakers func-
tions: We are now in a position to obtain a large number of particular ca-
ses of (1).

Thus (1) in combination with (17) and (18) gives
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Now apply (6) and get
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where
Rg+t+o=p)>0,a,b,¢>0.
In (27), write g for ¢, then, since
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where Eg+1+0+ >0, ROss5, ¢ b, ¢>0.

Again, using the formula
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it follows, from (27), that
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where Rlgttdoxp)>0, a, b, ¢>0.

In (1) write .’.132,6?, 52‘, Z:

¢* .
for x, a, b, ¢ respectively.

Take t1=1, e=2, n=2, A =0

apply (18), (23) and

(34)

get
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where Rk +2n+42m=p) >0, a,b, ¢ > 0.

In (1) write

2
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apply (17) and (21) so getting
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where Rk +p 14+ m+4n)>0, a, b, ¢> 0.
In (1) write 22, C—ié, 7 ¢ for z, a, b, ¢ respectively.

Take p =5, A=2, apply (21) and (23), so getting
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where Rktm=En)>0, a,b, ¢>0.
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In (1) vrite 22, Ry ¢? for z, a, b, ¢ respectively. Take p=5H, A=2,
whith ‘(1=-12, v2=1, as=1; apply (21) and (24) and so obfain
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where Rk + 2t -+ 20:Em=n)>0 and a, b, ¢ are real and positive.
When m = n, the last formula becomes
oo
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A=1, apply (17) and (20) so getting
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Again in (1) write %, 4c¢* for z, a, b, ¢ respectively, take p =2,
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where Rig4+t4oc+2m+1)>0 and a, b, ¢ are real and positive.
In (1) write 27, Z:—z, ¢* for =z, a, b, ¢ respectively. Take p=2, A =1, apply
(20) and (23) so getting
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where R(g=+=2m + 1) > 0 and a, b, ¢ are real and positive.

In (1( write 2%, (%, %2, ¢ for z, a, b, ¢ respectively. Take p=2, A=1

apply (20) and (24) so getting
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where R(q+ 21+ 2064+ 12m)> 0 and a, b, ¢ are real and positive. Finally
(1) in combination with (20) and {13) gives integrals involving the product of
three Bessel functions.
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