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Summary. - The number o/ earthquakes AP~ln(M) with magnitude in the range between M and 
M ~- A2¢I satis/y the empirical law logn(M) ~ a - - b M  where a and b are parameters which 
depend on the seismic region. This paper introduces the /irst mechanical model to explain 
the empirical law and introduces a physical meaning to the parameters a and b. 

1. - Introduction. 

We should first explain why  an article on a theoret ica l  seismological p rob lem 

appears  among  others of m a t h e m a t i c a l  physics since not  all scientist  know t h a t  
theoret ical  seismology and the  theory  of elast ici ty have  always been  very  close. 

Seismology found in the  theory  of elast ici ty the  na tu ra l  env i ronment  for the  develop- 
m e n t  of i ts  theories and  some of its p roblems found immedia t e  solutions b y  means  
of t h e  use of the  results  of the  theory  of elast ici ty;  a classical example  of this is the  
de te rmina t ion  of the  geographical  coordinates  of the  epicenters of ear thquakes ,  

based  on the  different veloci ty  of p ropaga t ion  of shear and  compression waves  
discovered by  POlSSO~ in 1830. I n  other  cases theoret ical  seismology has only found 
hints  in the  results  of the theory  of elast ici ty to develop new theories based on these 
results : this was the  case of surface waves discovered b y  ]:~AYLEIGH in 1887 and studied 
b y  seismologists who de te rmined  their  dispersion proper t ies  and  used t h e m  for the  
s tudy  of elastic proper t ies  of the  crust  and  the  man t l e  of the  ear th,  for the  deter- 

mina t ion  of magn i tude  and  for discr iminat ing be tween  underground  nuclear ex- 
plosions and  ear thquakes .  

I n  some cases, i t  was left  to seismology to set  and  solve i m p o r t a n t  p roblems of 
the  theory  of elasticity,  this was the  case in de termining the  e las t ic  proper t ies  of 
layered spheres f rom the t rave l  t ime  of elastic waves  be tween  different points  of the  
sphere (HEICGLOTZ, 1918) or in the ease of de termining the  eigen frequencies of a 
layered  sphere or of the  non uniqueness of the  inversion of this p rob lem (e.g. ALTER- 
~A~- et al., 1959; BACKXZS G. and  J .  F. GLLBERT, 1968; CAPUTO M., 1963). 

(*) Entrata in Redazione il 26 ottobre 1975. 
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I n  this note,  I shall  t r e a t  t en ta t ive ly  the  i m p o r t a n t  p rob lem of the  dis tr ibut ion 
funct ion of the  faults  which caused ear thquakes  as a funct ion of the area  of the  
faults.  The solution of this p rob lem is of p r i m a r y  impor tance  for the  knowledge of 
the  ea r th ' s  crust  and  upper  m an t l e  and  for the  s tudy  of mechanisms  which cause 
ear thquakes .  The models considered here are ex t remely  e lementa ry  and  l imited to 
ea r thquakes  caused b y  compress ive  tectonic forces. 

The brief  discussion of the  models  presented  in this no te  should be  considered 
only as the  beginning of long research t ha t  the  l abora to ry  research and  the  observa-  
t ion of na tu ra l  phenomena ,  suggest to begin since long. I n  other  words, we should 

begin a sys temat ic  and  scientific t r e a t m e n t  of the  numerous  da ta  on ear thquakes  
as it  was done for the  perfect  gas, for the a tom and for other  physical  entities. The 
p rob lem can be set  as follows: let  1 be the l inear dimension of faul ts  of area  S, 
also let  

(1) w = w(~ ,  x,) 

(2) /~ = E(/ ,  y, ,  W) = E(1, x,,  y,) 

be the  energy stored in the  elastic med ium before the ea r thquake  and t h a t  r ad ia ted  

as Mastic energy~ where xi and  y~ are pa ramete r s  which characterize the  two energies. 
Le t  also n(1) be  the  n u m b e r  of faults  of l inear dimension in the  range  be tween  1 and 

l + dl which caused ear thquakes .  The to ta l  area A of the  faul ts  of the  ea r thquakes  
occurred in a given t ime  in terva l  To sufficiently large and  in a given seismic region 

and  the  to ta l  elastic energy Eo are 

4 

A =fn(1)12dl (3) 
. 2  

4 

(4) Eo = jn(1)E(l ,  x~, y~) dl 
It 

where l~ and  l~ are the  m i n i m u m  and the  m a x i m u m  linear dimensions of the  faul ts  

which caused the  ear thquakes .  I t  is Mso assumed tha t  the pa rame te r s  x~ and  y, 
are cons tan t  in the  considered t ime  in te rva l  and  seismic region. 

The energy  E0 can be observed on the  surface of the earth,  whereas the  functionM A 

cannot  be observed and  should be  discussed tak ing  into account  the  laws of physics. 

2 .  - U n i d i m e n s i o n a l  m o d e l s .  

I n  s tat is t ical  seismology a very  simple empiric  formula  is used which gave good 
results  approx ima t ing  the  n u m b e r  of ea r thquakes  which occurred in a given region 
and  in a given t ime  interval .  The  formula  expressed as funct ion of the  magn i tude  M 

is (M. ISIIISIOTO, K.  IIDA, 1939) 

(6) lOglo n(M)A M = a~--  b~ M + loglo A M 
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where AM is a magn i tude  range  and  An is the  n u m b e r  of ea r thquakes  of magni tude  

in the  range  be tween  M and  M +  AM which occurred in a given area and in a 
given t ime  in terva l :  as and  b~ are pa r ame te r s  which represent  the given seismic 
region in the  given t ime  interval .  

I t  is known t h a t  there  are var ious definitions of magni tude ,  bu t  they  are re la ted  
linearly,  therefore  it  is i r re levant  which definition we use in formula  (6). The da ta  
quoted  in this note  are referred to the  definition based on surface waves.  I n  this 
case, if the  t ime  in terva l  is one year  and  the uni t  area is one k m  -~ we have  for the  
regions of Europe ,  lqorth Africa and  the Middle E a s t  ( K A ~ I K ,  1971) 

0 ~ a i ~ 7 ,  @ 0 . 5 ~ b i ~ +  1.5 

per  106 km2/year .  

F o r m u l a  (6) has been  used by  all seismologists, however,  to m y  knowledge, there  
is no mechanica l  model  to back  it. 

I n  this note,  we shall briefly discuss a physical  model  of s ta t is t ic  dis t r ibut ion of 
tectonic  ea r thquakes  and  we shall compare  the results wi th  (6) obta ining some 
interest ing results.  

At  this point ,  we should make  clear t h a t  it has been  unders tood  tha t  tec tonic  
ear thquakes ,  which are the  mos t  numerous ,  bel ieved to be  caused re laxat ion  of 
elastic energy,  accumula ted  in the  interior of the earth,  b y  means  of slips which 
occur along f rac tures  inside the  ear th  itself. The slips occur on planes which are 

called faul ts  and  have  areas which could be  tens of k m  -~. 
The stat is t ical  model  considered here is based on the  mechan i sm of tectonic  

ea r thquakes  and  on their  energy which is g iven b y  the  formula  (KEILIS ]301~0K, 1959) 

(7) W = EP2SS/~ 
# 

where  /£ is a coefficient of fo rm which is near  to uni ty ,  # is the  r igidi ty of rocks, 
p the  re laxa t ion  of the  elastic stress and S is the area of the slips which caused the  
ear thquake .  The  associated rad ia ted  elastic energy E is 

(8) E = ~W 

where ~ is a p a r a m e t e r  which is e s t imated  to lie be tween  ½ and  1. :Let Wo and Eo 
be the  to ta l  energy and  the  elastic energy of the  ea r thquakes  of a given region in a 
given t ime  interval ,  then  it  mus t  be 

f (9) In(t  ) ~7 dl n(l)  1 ~- dl = A 
. 3  

11 11 

Le t  us set 

( lo)  t~n(1) = ~(z) 
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then 

(11) 

(].2) 

f ~(z) 
~ - d l =  A 

II 

f~ (~) #K'p: dt = E .  
# 

the problem is to determine q~(1) which has an area Eott/~I(p~ between l~ and 12; or 

to determine the functional  A under the condition E o. 

To solve the problem it is necessary to find the extremals of A. For  this purpose, 

we find tha~ the Euler 's  equation ~ssociated with (11) ~nd (12) is degenerate. How- 

ever a direct analysis shows tha t  the extremals are 

~o# 5(1--11) (13) ~(~) = @~/~ 

for the maximum~ and 

(14) ~(1) = (?Ep:~ d(l--12) 

for the minimum. F rom these one obtains 

(15) 

for the max imum and 

(16) 

for the minimum. 

Eo# d(1--11) 

Eo# ~(1--l~) 
n(t) = ~Kp2 l~ 

Both  solutions are far from the experimental  results and therefore are unaccep- 

table. They prove tha t  the mechanism of energy release does not  extremize the 

functional  A which represents the total  area of the faults associated with the 

ear thquakes under  the hypothesis  of constant  p. 

3. - E x p e r i m e n t a l  checks .  

The empiric formula for E and n as functions of M are 

(17) E = 1012+1"44M = 10 ~+~M 

(18) n = ~10 -b~ 
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f rom which follows 

/~p~\-~l~' 
(19) ,, = 10<b')/, t - - 7 -  ) 

and  subs t i tu t ing  (9) we ob ta in  

(20) AA ~_ 12-(~b)i~ 

We can see then  t h a t  for b ~ 0.96, AA is increasing funct ion of l, for b = 0.96, 
2 A  is constant ,  and  for b = 0.96, AA is decreasing funct ion  of l. 

These results  which are val id wi th  the  hypothes is  of cons tan t  p are also val id 
if is p independen t  of 1 and  has a un i fo rm dis t r ibut ion for all the  values  of 1. 

We  m a y  now discuss the  observed values and  the  theoret ical  results. According 
to formula  (15) and  (16) one should expect  t ha t  the  elastic energy s tored in rocks 

be released pre fe rab ly  b y  means  of faul ts  wi th  largest  area,  because in this way  
the  rat io  of the  work done in the  slips which is propor t iona l  to the  area of the  
slip S, to the  energy  released, which is propor t iona l  to S ~, is minimal .  

The observat ions  ins tead give (19), which represents  a different distr ibution.  
Moreover,  l abo ra to ry  exper iments  on rock  samples subjected to compression,  have  
shown t h a t  the  elastic energy  stored is released b y  f rac tures  whose area follows a 
law similar to t h a t  of ea r thquakes  (MoGI, 1962). 

Therefore,  there  seems to be  an appa ren t  cont ras t  be tween  the results of the  
theory  of this pape r  and  the  exper imenta l  and  observed data .  B u t  this contras t  

can be e l iminated observing t ha t  in the  beginning, when tectonic  forces begin to 
act  on the  in tac t  ear th  crust,  p robab ly  the  faults  have  all the  largest  dimension;  

the  intersections of these faults  create  a sys tem of minor  faul ts  and  finally one ob- 
tMns a faul t  sys tem in which the  n u m b e r  of faul ts  is a decreasing funct ion of the 

area.  At  the  final stage,  ea r thquakes  occur mos t ly  b y  means  of ac t iva t ion  of pre- 
exist ing faults .  

bil 
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Fig. 1. 
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The analysis of the value of b for Europe,  :North Africa and the  Middle E~st, 
shows tha t  0.50 < b~ < 1.17; the average value is 0.94 relat ively close to the value  
of the equipar t i t ion of are~ which is 0.96. 

The figure shows the distr ibution of the a~, b~ values and one ma y  see tha t  they  
are l inearly related,  in the most  active areas the value of b~ tends to be larger. 

Concerning the l~boratory experiments ,  one should keep in mind tha t  rocks 
are formed by  aggregates of crystals which are joined together  along their  faces. 
These are the  weak points where fractures occur and which condition the format ion  
of other  fractures.  

4 .  - B i d i m e n s i o n a l  m o d e l s .  

The stat ist ical  distr ibution of ear thquakes  can be studied also from a geometr ic  
and mechanical  point  of view with un e lementary  model  which gives results v e ry  
close to reality.  In  this model ear thquakes  are represented with u system of faults  
of area S, ond direction of uni t  vectors l~, 1,2, l~3 in a solid (the ear th  crust) 
subject  to uniform force ] per unit  area of direction d~, d2, d3 and intensi ty  
l inearly increasing with t ime 

Given the  friction paramete r  ]~ between the faces of the faults, each f~ult  will release 
energy when the component  of the force parallel to the of the fault  

(22) s~ vt{1 - (,/i ~,~ + ,/~ ~;~ + ,~ z,~)-'}~ 

will be larger t han  the friction between the two faces 

(2~) 

where F is a cohesive constant  which depends on the contact  between the faces 

of the faults. Assuming 

(24) ]o = ]o{q, lal  + ~,~ a~ + ~,~ d~)t, t} = ]o{t cos ~, t} 

this will occur when 

(25) n t { 1 -  c o s ~ } ~  = nt eos ~]o{t cos ~, t} + ~ .  

I n  this mechanism the elastic energy released by  a faul t  of area S in a given t ime 
interval  To, depends on :To, on /~ and on the angle between the  uni t  vectors  
1~-i, l~, l~a, and dl, d~, ds; the energy should be released periodically, and always in 
the same amount ,  with a period given by  equation (25). 
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Given the  vector  d~, d~, d3, the  coefficient ~ of (21), F, and the friction mechanism, 
the  value of T and the energy released by  ~ fault  of direction l~, 1~2, l~a, will be 
inversely proport ional  to the value of l~ldl+ l~dz-~ l~d3. 

To explain this with other  words, let  us consider two faults with the same area 
and with directions given by  the uni~ vectors I~1, 112, 118 and 1~1, l~, 12~ such tha t  

(26) llld~ Jr 112d2-~- 113d3 = w(l,ldl + 122d2 + 1~8d8) 

t hen  the number  of ear thquakes  released by  the two faults will be about  in the ratio w. 
I f  :the elastic energy is supplied to the  ear th  crust  cont inuously the energy will be 
released periodically and with quanta ,  bu t  the to ta l  elastic energy released by  the 
two faults  will be  near ly  the same. I n  a system of Y faults  of different areas and 
directions one should find tha t  the  energy is released with N frequencies which are 
generally different. 

In  this model, the  swarms of ear thquakes  are represented by  systems of faults 
whose directions are ve ry  close; also the energy released by  a system of faults with 
the same area should depend only on ~ ( d ~ l ~ - d ~ 2 - ~  d3~3). 

In  the case of a system of faults with the some area, if i11, [12, [~ is the uni t  vector  
of the direction of the faul t  of area S which releases the max imum energy E~ ,  
assuming l~d~-[-I~2d2~-/13d3:1 for any  other  faul t  i t  will be 

E~ = E~(l~ld~-[- ll~d~ ~ l~d~) 

The distr ibution of ear thquakes  in a given t ime interval  as funct ion of the energy 
should be given by  the distr ibution of the  cosinus of the angles between the direc- 
t ions of the faults  and the direction of the acting tectonic force. I f  one introduces 
the re tu rn  period T of the  ear thquakes  of energy E~, in a given t ime interval  To, ~he 
number  of ear thquakes  with energy E~ will be n(E~) 

To 
(27) n(E~) = Es~(~lld1 + Zl,d2 + Z13d~) ~- 

where T is given by  (25). 
As an example let  it  be 

(28) e o s ~  = ~i~a1÷ ~2d~ ÷ l~a~, 1o = ](.) 

then  subst i tut ing into equat ion (25) one obtains 

(29) vt s in~ ---- ](~)~]t c o s ~ +  F 

f rom which the re tu rn  period and the released energy result  

F 
(30) t = 

~](sin a - - ] ( a )  cos a ) '  

(31) E -- ~ KSSle~2 t~ 
# 
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Where  ~, /~ , /~  are know with  some approx imat ion  ~ and  _F can be es t imated  as follows. 
A condit ion could be  t h a t  the  m i n i m u m  re tu rn  period T~ the given area oor- 

respons to ~ ---- z/2,  then  

(32) T~ - - T _  , ~ _ ~ g ~ 3 . F ~  

in agreement  wi th  the  exper imenta l  results of O ~ A K A  (1973). Also the n u m b e r  

of ear tqu~kes  N of the  given area and  t ime  in te rva l  :T O is 

(33) 
To d~ 

2 7 = 3  ~ " 

Equat ions  (32) and (33) could de te rmine  F and  V and then  the re tu rn  period of any  

given sys t em of faults.  
I f  we assume tha t  the  faul ts  of the  sys t em have  the  same area, the  stress drop, 

wieh is p assumed equal  to the energy accumula ted ,  is propor t iona l  to the  t ime  of 

accumula t ion  and  given b y  (31), t hen  the  number  of ear thquakes  of a given energy 

in u given t ime  in te rva l  To is 

To To~7 (sin a - -  ](o:) cos ~) (34) n -  t --  F ' 

_ f i R 1 3 v  2 t~ _ q K t ~ F ~  (sin ~ - -  ](~) cos ~)~. 
# # 

I f  we consider then  t h a t  1 is var iable  in nature ,  then  the number  of ea r thquakes  of a 
given magn i tude  M and  therefore  given energy E in assigned area and  t ime  in- 
t e rva l  To, are obta ined  f rom (34). For  this purpose  one should consider the  polar  

coordinate  sys tem ~, l in a p lane  and  the  region R defined by  ~1 < ~ < ~/2, 0 < 1 < 12 
where ~1 is the  largest  zero of t given b y  (31), in the  range  0, ~/2. 

To each point  of this region, th rough  (34) corresponds a given energy and  a g iven  
re tu rn  period;  we should therefore consider the line R~ of R for which E is cons tan t  

and  in tegra te  n(~) over  t h a t  line. 
This can be easily ob ta ined  b y  expressing ~ as a funct ion of 1 b y  means  of the 

second of (34), subs t i tu t ing  in the  first of (34) and  then  in tegra t ing  on the  p a t h  

given b y  the  second of (34) 

(35) 

½ 
d~.  

The fac tor  ~)l -~ hds been  in t roduced to t ake  into account  the n u m b e r  of faul ts  of 

l inear dimension l which are present  in the system. 
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T he  in t e rva l  of in t eg ra t ion  is 0, l~ if E >  Eo = ~KI~FP/# or 0, [~/~Fz//t] ~ if 

E < Eo for  the  in tegra l  in dl. 

F o r  the  in tegra l  in d~, ins tead,  the  r ange  of in t eg ra t ion  is ( ~ ,  ~ )  ; where  =~ = ~/2 

when  E < Eo a nd  ~ is g iven  b y  t he  second of (34) wi th  1 = l~ when  E > E0. 

I t  is no t  difficult to  ver i fy  t h a t  for  ] ( a ) =  const  a n d  E sufficiently large we 

ob ta in  n ( E ) E  ~ E½; in a g r e e m e n t  wi th  the  expe r imen ta l  values.  
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