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Summary. - I n  this paper we st~+dy the stability (1) of li+~ear inviseid f luid mixtures. I n  par- 
ticular, we show that the statical stability criterion o] Gibbs is both ~ecessary a~d su]fieient 
]or the dynamical stability o] the mixture (~), using, as our main  hypotheses, only those i~e- 
gualities and symmetries which are conseque~,ces o] the second law o] ther~nody~amics (~). 

1. - Nota t ion .  

will ulways designate a three-dimensional  euclidean point space with ~U the 

corresponding vector  space; a . b  is the inner p roduc t  of a, b + ¢U. We write V, 

div, and  A, respectively, for the gradient,  divergence, and ]aplaeian.operators in ~. 
I n  m~trix operations involving elements ~ = (#~, . . . , # ~ ) e  R N the  vector  ~t will 

always be identified with a co lumn vector, and a similar assertion applies to elements 

a - - - - (a~ , . . . , a~)ecU N. I n  particular,  if a, becU~: and if M is an N × i V  matr ix  

then  

a =  M b  

is equivMent to the  ~ollowing sys tem of vector equat ions:  

N 

a i =  ~ M~jbj (i---~ 1 , . . . ,  N )  . 
J = l  

(*) Entrata in Redazione il 28 giugno 1975. 
(1) Cf. GiLiVAS [1968]. This tract studies existence, uniqueness, and stability for ~wn- 

linear chemically reacting systems using, for the most part, the first method of Liapounov 
and fixed point arguments. 

(~) Apparently the first authors to relate these two notions of stability were COLd,lAb- 
and G ~ N B ~  [1967] and COLEI~AN [1970] who showed that Gibbs' criterion is su]]icie'~t 
for dynamical stability. Their results, which are not for mixtures but rather for general 
classes of fluids, deal with the full non-linear equations of the theory. It  is a simple matter 
to extend the results of Coleman and Greenberg to mixtures. We prefer, however, to work 
within the linear theory, because within this h'amework we can establish not only the suffi- 
ciency of Gibbs' criterion, but also its ~eeessity. 

(3) Ci. GU~TIN and V~GAs [1971]. 
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We wri te  M r for the  t ranspose  of M,  and  M >  0 (resp. M > 0 )  means  t h a t  M is 
posi t ive  definite (resp. posi t ive  semi-definite).  Final ly,  if Ix: g-->R ~, then  V~: g-~¢U N 

is defined b y  

v ~  = ( v ~ ,  ..., v ~ ) .  

Throughou t  this p a p e r  B will designate a compac t  region in ~ whose b o u n d a r y  

8B is sufficiently smooth  for the  divergence theo rem to be  appl icable  (x). Given 
fields % ~ :  B- ->R;  u, vi B-->~U; ~ , ~ :  B-->RN; u , v :  B-~qY~;  we wri te  

f ( % ~ ) =  ~ ,  ( u , v ) =  u . v ,  ( ~ , ¢ , ) = ~ ( # , , , ~ , ) ,  (u, v) = ~, (u , ,  v ,)  . 
i = l  i = 1  

B 

Fur the r ,  for each of the  above  inner  products ,  I1"11 denotes  the  corresponding L ~ 
n o r m ;  i.e., e.g., liq~I( 2-= (V, q)). Most of the  t ime  we will be  concerned wi th  funct ions  

cf(x, t )  of x ~ B  and re[o ,  ~ ) .  In this instance lI ll, denotes the norm of 9(- , t ) ;  
t h a t  is, 

B 

A similar  mean ing  appl ies  to eor reponding  inner  products ,  e.g. (% ~)~. 
Under  the  above  hypotheses  on B the  Poincar6 inequal i ty  

holds for every  class C 1 field ~: B--~ R wi th  eompac~ suppor t  in the  interior  of B. 
I n  (1.1) a is ~ cons tan t  independent  of ~. 5iore generally,  the  Poincar6 inequal i ty  
can be ex tended  to the  class of all C 1 fields ~: B - > R  which vanish  on a given 
consistent subset  S of 8B. l~oughly speaking', a subset  S is consis tent  if S can be 
(< seen }} f r o m  any  point  of B under  a cone whose opening admi t s  a lower bound  (3). 

2.  - G e n e r a l  t h e o r y .  

The classical t heo ry  of fluid mix tu res  is based  on the  following sys t em of balance  

equat ions  : 

~ +  e d i v v =  0 ,  

ed,~ = - -  d ivh~ + m~ ( ~ =  1, . . . ,  2() ~ 

(2.1) (,) ~i, + vp  = o ,  

Q(~ + v .  ~) = - a i r  (q + m h~ + pv)  . 

(1) This will be the ease if B is regular in the sense of KV, LLOG~ [1929]. 
(3) Cf. STA~PACCm~ [1965]. 
(a) The superposed dot denotes the materialtime derivative. 
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H e r e  @ is the  density, v-~  1/o the  specific volume, v t h e  velocity, p t h e  pressure, 
e t h e  inter~aI energy, q t h e  heat flux, % t h e  concentration (~) of (cons t i tuent )  ~ 

h~ the  relative mass ]lux (2) of ~, m a t he  mass supplied to  zt (due to  chemica l  reac t ions) ,  

a n d  #a t he  (relative) chemical potential (8) of ~. These  fields are  def ined  for  all x 

in t h e  reg ion  of space  B occup ied  b y  t h e  m i x t u r e  a n d  for  all t ime  t. The  m i x t u r e  

is a s s u m e d  to  c on t a i n  2 i + 1  cons t i t uen t s ,  b u t  on ly  ~Y of t he  c o n s t i t u e n t  mass  bManee  

laws are  l inea r ly  i n d e p e n d e n t ;  for  this  r eason  t he  subsc r ip t  ~ in (2.1)2 has t he  r ange  1 

to  ~V. F u r t h e r ,  s u m m a t i o n  f r o m  i to  N over  r e p e a t e d  Greek  subscr ip t s  is implied,  

so t h a t  

N 
. a h a =  Z # a h ~ .  

c¢=1 

To t h e  a b o v e  l ist  of fields we a d d  t he  (absolute)  temperature 0 a n d  t he  entropy ~. 
Then ,  defining t he  state o to be t he  fol lowing vec to r  in R~+~: 

(2.2) o = (p,  o, ~ ) ,  ~ = (#~, . . . ,  ~ ) ,  

t h e  c o n s t i t u t i v e  equa t ions  of t h e  classical  t h e o r y  t a k e  the  f o r m  

(2.3) 
= ~(a) ,  v = ~ (a ) ,  v = v(~) ,  ca-= Q(o ) ,  

q = ¢(a ,  V a ) ,  ha = ~a(a, r e ) ,  ma = ~a(a,  V a ) .  

We as sume  t h a t  each  of t he  r e sponse  func t ions  a p p e a r i n g  in (2.3) is of class C ~, 

~nd,  since t he  m i x t u r e  is a fluid, t h a t  each  of these  func t ions  is isotropic.  

F o r  our  pu rposes  i t  is conven i en t  to  i n t r o d u c e  t h e  p o t e n t i a l  

(2.~) 

so t ha t ,  b y  (2.3)1-a, 

(2.5) 

~---- e - - O ~ +  pv--t*aca,  

G u x T I ~  a n d  VAaGAS (4) have  shown t h a t  for  t he  cons t i t u t i ve  equutk)ns (2.3) to  be 

compa t ib l e  w i th  t he  second  law (in t he  f o r m  of t he  C laus ius -Duhem inequal i ty)  it 

(1) ca = ~a/~o, where ~a is the density of ~. 
(~) ha = ~a(va--v) (no sum on ~) with va the velocity of ~. 
(a) Actually, /~a is the chemical potential of ~ minus the chemical potential of constit- 

uent N + 1. 
(a) [1971], Theorem 4.1. Actually, they take o = (v, 0, e x . . . .  , e;v) and Va as independent 

variables. The slightly different version presented above involves only completely trivial 
modifications. 
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is n e c e s s a r y  a n d  sufficient  t h a t  

(2.6) , = ~ p ,  

a n d  

(~.7) 

= 30 ' c~ = - -  ~/~--~ ' 

~ ( a ,  v ~ ) . v o  + ~ , (~ ,  v ~ ) . v / ~  + ~ ( a ,  w ) # , <  o .  

~ e  h e n c e f o r t h  a s s u m e  t h a t  (2.6) a n d  (2.7) a re  sat isf ied.  Then  (2.1)-(2.6) lead  to  
t he  fol lowing a l t e r n a t i v e  f o r m  (1) for  t h e  e n e r g y  e q u a t i o n  (2.1)4: 

(2.8) ~0~ = - -  d i v q  - -  h~.V#~ - -  m=#~.  

o o o 0 

G i v e n  a f ixed s t a t e  a ~  (p~ 0, !~), le t  

o o (2.9) ~(a) ---- ~(a) - -  0U(a ) + / ~ ( a )  - -  ~= c=(a) . 

T h e  classical criterion o] Gibbs ]or the stability o] ~ is t h a t  ~(a) h a v e  a s t r i c t  local  
0 

m i n i m u m  a t  a ~ a.  A s imp le  ca lcu la t ion ,  b a s e d  on (2.6), shows t h a t  

(2.10) ~(a) = ~(a) - (~ - ~ ) ~ ,  

w h e r e  ~o is t h e  gradient~ in R N+~, of ~ w i t h  r e s p e c t  to  a (and  whe re  ~o, a ,  a n d  
a r e  cons ide red  as c o l m n n  vec to r s  in R~+~). L e t  

(~.Zl) A = - ( ~ o ~ ) , ~ ,  

whe re  t he  (N @ 2) × (N @ 2) m a t r i x  ~ is t he  second  g r a d i e n t  of  ~. T h e n  (2.10) 
impl ies  t h a t  

~% = 0 and ~ at 

and we have 

PROPOSlWIO~W 2.1. - A necessary and su/ficient condition that the state ~ satis]y 

the Gibb's criterion ]or stability is that A be positive de]in ire. 

Also no t e  t h a t  if 

(2.12) f ( a )  = ( -  ~(a), ~(a),  ~(~) ,  . . . ,  e~(~)) ,  

then (2.6) t a k e s  t h e  f o r m  

(1) [197t], equation (4.8). 

A 
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Hence fo = -  ~'~ and we conclude f rom (2.11) t h a t  

(2.13) A = (]o)~_~. 

Fur the r ,  it  is clear f rom (2.11) tha t  

(2.14) A ---- A% 

3. - Linear theory.  

We now derive the  l inear theory  appropr ia te  to small depar tures  f rom a strong 
o 

equil ibr ium state  a. Note  first tha t ,  b y  (2.13), 

f ( ~ ) - f ( ~ )  = AE~- 3] + o ( l o -  a l9  

~1 ), we conclude f rom (2.12) as ~ - > 3 .  Thus, if we neglect the  t e rm  of order O ( ] a -  ° 2 
t ha t  the  const i tu t ive  equations (2.3)2-4 have the  form 

' -? / 
_ 2/=  AE°- l (3.1) c l - -  1 , 

L eN--e~ J 

where ~ =  ~(~), etc.  
We assume now tha t  ~ is a strong equilibrium state (1); t h a t  is, we suppose t h a t  

(3.2) #t~(a, Va) ft~ = 0 

for all possible values of a and  Va. Then,  using an a rgument  based on (2.7), it  is 
not  difficult to  show tha t  the  const i tu t ive  equat ions (2.3)~-7 have the following 
linear approx imat ion  (2) : 

(3;3) h~ = - - L  V~ ' = - - T [ y . - - ~ ] ,  

N 

and t ha t  the  ( N + I ) X  ( N + I )  ma t r ix  L and  the  N X N mat r ix  T ure positive semi- 
definite: 

(3.4) 

(1) Cf. [1971], § 7. 
(2) Cf. [1971], Theorem 7.1. 

L > O ,  T;~O.  
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The l inearized versions of (2.1)1.B and  (2.8) are 

~6 = d i v v ,  

o@ = -- div q ,  
(3.5) 

0d~. - -  -- div h~ ~ m~, 

~ = -Vp,  

where we have wr i t ten  ~ for the  constant  densi ty  ~ in ~. To the  same degree of 
approximat ion  the  mater ia l  t ime der ivat ive  and the  spatial t ime der ivat ive coincide; 
thus,  e.g., in (3.5)] ~(x, t) is the  der ivat ive  of v(x, t) with respect  to t holding x fixed. 

Equat ions  (3.3) and (3.5) const i tu te  the  complete  sys tem of field equat ions for 
the  l inear theory ;  t hey  are easily combined to form the following mat r ix  equat ion:  

i ' l[ l 
~A 0 

(3.6) -~- 

L o ;~ ~ j 

= A  

[° ° ] 
:i!2 lit Z / i i  i : 

o o :~ o 1 

0 L 0 

. . . .  o .......... o ......... 0 . . . . .  

diVo v J 
0 

v p  

where,  for convenience,  we have  wri t ten  

(3.7) p for p - - 2 b ,  0 for 0 - - 8 ,  for ~ - -  ~. 
Equa t ion  (3.6) can be wr i t ten  more succint ly in the  form 

(3.8) Ab -~ Tu = A L u  - -  D u ,  

where the  (2V-~3)X(N~-3) matr ices  A, T, and L, the  column vector  u, and the  
ma t r ix  differential  opera tor  D have obvious definitions. Note tha t  the  field u has 
values in the  vec tor  space 

~Ib= RZ¢+~ X ~U. 

To this sys tem of equat ions we add the  (homogeneous) boundary  conditions 

(el. (3.7)): 

p =0 on S~×[O, ¢=), v.n =0 
(3.9) 0 = O  on S2X[0, oo), q . n  = 0  

/ ~ =  0 on S3X[0, ~ )  , h ~ . n =  O 

on (~B~Sx) X [0, co),  

on (~B~S2) X [0, oo), 

on (3B\S~) X [0, ~ ) ,  
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wi th  S~ and  S~ consis tent  subsets  of ~B (1). Note  tha t ,  b y  (3.3)1, (3.9) implies t h a t  

(3.10) p v . n - -  L ~ = 0  on 0 B x [ 0 , ( x ) ) .  

B y  a process (2) we m e a n  a class C 2 func t ion  u-~ (p, O, y., v) f rom B into 'lL 
t h a t  satisfies (3.8) and  (3.9) (with q and  h a given b y  (3.3)1). Basic to  the  proof  of 
s tab i l i ty  g iven in the  nex t  section is 

THEORElV~ 3.1 (Co~s]~VATIO~ LAW). - Every process u satisfies 

$ 

(3.11) ½(u, A u ) ~ =  ½(u, Au)o--f{(u, Tu),-~ (Vu, LVu),}dT. 
0 

PnooP.  - Since 

(u, Du) = (p, d ivv )  -~ (Vp, v) ,  

the  divergence t heo rem  and  (3.10) yield 

(3.12) (u,  L A u )  - -  (u,  D u )  : - -  (Vu, L V u )  . 

Also, b y  (2.14) and  the  definit ion of A, A ~  A T, and it  follows t h a t  

(3.13) d d---t (u, Au)~ ---- 2(u, Ab) t  . 

I f  we t ake  the  Z ~ inner  p roduc t  of (3.8) wi th  u and  use (3.12) and  (3.13), we ar r ive  at  

] d  
2 dt (u, Au)~ = - -  (u, T u ) ~ - -  (Vu, L V u ) ,  

which clearly implies (3.1:1). [] 

4. - Stability. 

I n  this section we shall  es tabl ish  necessary  and  sufficient conditions for the  
s tab i l i ty  of solutions to the  s y s t em (3.8), (3.9), using, for the  mos t  pa r t ,  only the  

(1) The consistency requirement is needed only for Theorem 4.2. For the remaining 
results it suffices to use the weaker boundary condition (3.10). 

(2) The requirement that  u be class C 2 is far stronger than needed; indeed, it suffices to 
have u a weak solution (in the usual sense) of the system (3.8), (3.9). 
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conditions (2.14) and (3.4) and  the  usual  requ i rement  t h a t  ~ be posi t ive:  

(4.1) A = A  T, L > O ,  T > 0 ,  ~ > 0 .  

As explained in Section 3, (4.1h. 8 are consequences of the second law of thermo-  
dynamics .  I t  is impor t an t  to note  t h a t  we make  no assumptions whatsoever  con- 
cerning the  symmetry of the  matr ices  L and T. 

TItEORE~r 4.1 (LIAe0VNOV STABILITY). - .Let a be Gibbs stable. Then given any 

e > 0 there exists a ~ > 0 such that any process u with I[ul]o < 6 satisfies [lull~ < 
]or all t > 0 .  

P~ooF.  - Since ~ is Gibbs stable, Proposi t ion 2.1 implies t h a t  A > 0; hence 
(4.1)~ and the  definition of A imply  t h a t  A > 0. Thus there  exist  constants  ~, fl > 0 
such t ha t  

(4.2) 

for any  Z ~ lunc t ion  w :  B-->~tl~. On the  other  hand,  (3.11) and (4.1)~.3 imply tha t ,  
for any process u, 

and hence,  by  (4.2), 

(u ,  Au)~<(u, A u ) o ,  

Ilull,<rll.ll0, 

where 7 = (fi/a)½> 0. This inequal i ty  clearly yields the  desired result.  [] 
Theorem 4.1 has the  obvious 

COROLLARY (U~IQUE~ESS). - Let ~ be Gibbs stable. Then any process which vanishes 

at time t ~ 0 must  be identically zero ]or all time. 

By a strongly-compatible init ial  ]unction we mean a C ~ funct ion uo: B-->qL 
with compact  suppor t  in the  interior  of B. Clearly, uo satisfies the  bounda ry  con- 
ditions (3.9). In  fact ,  if uo----(p, O, ~, v), t hen  p, 0, ~, v, V0, and V~ all vanish 
on (3B)× [0, co), so t ha t  uo satisfies the  boundary  conditions (3.9) for any  possible 
choice of the  sets $1, $2, and Sa. 

Our next resul t  shows that Gibbs'  cr i ter ion is also necessary for stabil i ty.  

T]~EOREM 4.2 (I~STABILITY). - Assume that ~ is not Gibbs stable. Assume ]urther 

that A and L are invertible and that 
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Then there exists a strongly-compatible init ial  function uo and constants C, +% > 0 such 

that any  process u with u(x,  O)=  uo(x) for all x E B has 

(4.4) ll.II,> 

T h e  p r o o f  of  th is  t h e o r e m  is b a s e d  on two  l e m m a s .  

L E ~ H A  4.1. - Let (4.3) hold. Then there exists an ~ >  0 such that 

for every .c = (~, v) e R :v+~. 

P R o o f .  - B y  (2.2), (2.12), (2.13), a n d  (4.3), fi is t h e  entry in t h e  f i rs t  r ow a n d  
f i rs t  c o l u m n  of A. T h u s  -czA~ a d m i t s  t h e  r e p r e s e n t a t i o n  

(4.6) "c+A't = fix ~ + X~'o(V) + y~(v,  ,~) , 'r = (z~, v) , 

w h e r e  yo(v) is l inear  in v a n d  yl  is q u a d r a t i c  in v. L e t  ~o = ~/fl + yo(v)/2fi ~. 
(4.6) impl ies  t h a t  

1 
(4.7) x~Ax = fi3zo2 + q(v,  v ) >  ~(v,  '~) , ~(v, v) ----- 7,(v, v) - -  75 7o(v) 2 ~p 

T h e n  

w h e r e  we h a v e  u s e d  (4.3). Since q(~, v) is q u a d r a t i c  in v, t h e r e  ex is t s  an  ~ > 0, 
i n d e p e n d e n t  of ~, such  t h a t  

(4.8) v) > -   Ivl 

for  all  v e R  ~+x, a n d  (4.7), (4.8) i m p l y  (4.5). [] 

L ~ A  4.2. - Suppose that ~ is not Gibbs stable and A is invertible. Then there 

exists a strongly-compatible init ial  function uo such that 

(4.9) (Uo, Auo) < 0 .  

Pl~oor .  - Since ~ is n o t  G ibbs  s tab le ,  we  conc lude  f r o m  P r o p o s i t i o n  2.1 t h a t  A 
is n o t  pos i t ive -de f in i t e .  Thus ,  s ince A is s y m m e t r i c  a n d  inve r t ib le ,  A m u s t  h a v e  
a s t r i c t l y  n e g a t i v e  e igenva lue .  L e t  w E R N+~ d e n o t e  a co r r e spond ing  e igenvec to r ,  

so that 

"cZ A'c < 0. 

L e t  ~v: B -+ R (~v V= 0) be  a C ~ f u n c t i o n  w i t h  c o m p a c t  s u p p o r t  in  t h e  i n t e r io r  of  B, 
a n d  le t  uo:B-->%b be  def ined  b y  

Uo(X) = ~ ( x ) ( ~ l ,  T~, . . . ,  ~ + ~ ,  0 ) ,  

5 - A n n a l i  d i  M a t e m a t i c a  
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(so t h a t  the  initial  veloci ty  field corresponding to u0 is zero). Then  Uo is s t rongly 
compatible ,  and, in view of the  definit ion of A, 

(Uo, Auo)= ~iI~li,~A~< o ,  

so t ha t  Uo has all of the  desired propert ies .  [] 

PROOL~ OF THEORE~ 4.2. -- By  (3.11)~ (4.1)3, and  the  definit ion of L, 

t 

(4.10) (u, Auh < (u, A u ) o - - f ( v . ,  LV'~),d~ 
0 

in any  process u, provided  ~-----(0, l~). Since L is invertible,  (4.1)2 implies tha t  
L > 0. Thus there  exists a 8 > 0 such t h a t  for a n y  vector  x ~ R N+z 

u~Lx>alx l ' ;  

(v~, LV,~)> ~llWH' 

in any  process u. This result ,  (3.9), and Poinear6 's  inequal i ty  (1.1) imply  

(V~, LVv) > co llvll', 

where ~ > 0  is independent  of u; hence,  b y  (4.10), 

t 

(4.11) (u, Au), < (u, Au)o --  co][[vil~dT • 
0 

Next ,  le t t ing "c=  (p, "~), (4.1h, (4.5), and the  definition of A imply 

e-' u~Au = ~ A ~  + Ivl'>- ~lvl', 

and we conclude from (4.11) that 

t 

(4.12) ~li~ll',>-(., A.)o+ ~]ll~ll:d~, ~ = ~ > 0 
0 

in every  process u. Let  uo be the  initial field established in Le mma  4.2, and let 

(4.13) 22----- o~/~ > 0 ,  C 2: -- ~-~(Uo, Auo) > 0 ,  

hence 
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where  we have  used (4.9). Then if u is a n y  process wi th  u(x, 0 ) ~  uo(x), 

(u, Au)o~- (u0, Auo) , 

and  (4.12), (4.13) yield 
t 

0 

which is a s t anda rd  Gronwall  inequal i ty .  Le t t i ng  ~(t) denote  the  r igh t -hand  side 

of (4.14), we have  ll,ll~>~(t) a n d  ¢=2211,11~>~2~0. This differential  inequal i ty  
can be in t eg ra ted  to  give ~ ( t ) > ~ ( 0 ) e x p  [2~t] which yields 

(4.15) [1~]t~ • C ~ exp [22t].  

I f  we t ake  the  square  root  of bo th  sides of (4.15) and  use the  obvious inequal i ty  
[lull2>ll'~]i 2 we ar r ive  a t  (4.4). [] 
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