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Summary - Some basic properties of algebraic cones are derived using methods o/ an ele~nen. 
tary geometric nature. 

In t roduc t ion .  

We prove here some fundamental  theorems involving the projection of 
a variety from a l inear variety. I t  is probably safe to say that most of what 
we prove is classical, in the sense that special cases of our theorems have 
been known for many years. In  fact our interest in the subject has been 
motivated by the importance of the cone construction in the intersection 
theory of cycles, where it seems to play an essential  role (see, for instance, 
Chow [2], p. 458). This theory can be traced to SEVERI [7], VA~ DER WAERDEN 
[9], HOD~E and PEDOE [4], SAMUE~ [6], and 0~ow [2], among others. 

Special cases of many of our theorems occur in these paperrs;  but often 
the theorems are either stated without proof or dismissed as easily seen. 

Moreover, when a theorem is proved, the proof frequently involves a tedious 
use of GRASSMAN~ varieties (for example [1], p. 3-03). We have attempted 
here to remedy this situation. In keeping with tile foundational  nature of 
the subject, we have succeeded in employing only elementary tools, with 
the exception of the criterion for unit  multiplici ty and its converse ([11], 
theorem 6, p. 152). CHow has shown, however, that the criterion itself may be 
proved without intersection mult ipl ici ty [3], so it is only in the use of the converse 
to this cri terion at the end of section 2 (in theorem 2 . 1 0 ) t h a t  these r'esults 
depend on intersection theory. 

Our language is that  of WEIL .[11]. Projective n-space  will be denoted 
by P"  and affine n-space by S ' .  In section 1 we prove a theorem (the 
dimension theorem) relat ing the dimension of a cone having a l inear  vertex 
to that of the base variety. In  section 2 we prove a theorem relat ing the 
degree of the cone to that of the base variety (the degree theorem) and a 
theorem (the simple point thorem) connecting the simplicity of a point on 
the base variety with the simplicity of the corresponding fiber on the cone. 

(t) This research was began while tile author was a National Science Foundation 
postdoctoral fellow at Johns Hopkins University; it was completed while the author received 
partial support from @-14362 and NO~R 1202(11) at the University of Wisconsin. 
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Sec t ion  3 is devoted  to p rov ing  tha t  u n d e r  ce r t a in  cond i t ions  a cone with a 
gene r i c  v e r t e x  in t e r sec t s  a n o t h e r  va r i e ty  in c o m p o n e n t s  which  o c c u r  with 
mu l t i p l i c i t y  i and which  do not  i n t e r sec t  in a point  r a t iona l  over  the g ro n n d  
field, and sec t ion  4 d iscusses  some e x a mp l e s  in the c h a r a c t e r i s t i c  p =f = 0 case. 

I n  conc lus ion ,  we a re  i ndeb ted  to PROF. A. SEIDENBERG for  r e a d i n g  a 
p r e l i m i n a r y  ve r s ion  of the m a n u s c r i p t  and  for  m a k i n g  m a n y  he lp fu l  sugge- 
s t ions which  have  been  i n c o r p o r a t e d  in the p r e se n t  vers ion .  

1. T h e  d i m e n s i o n  t h e o r e m .  

1.1 Def in i t ion .  Le t  V, W b e  va r i e t i e s  in S ~ de f ined  ove r  a f ie ld  k and  
h a v i n g  i n d e p e n d e n t  gene r i c  po in ts  (x), (y) r e sp e c t i v e l y  over  k. I f  ), is a tran- 
s cenden ta l  q u a n t i t y  over  k(x, y), the poin t  (x) + )~ ((y) -- (x)) has  a locus  over  

k Which we shal l  deno te  by I VWI. F u r t h e r m o r e ,  if W =  t VWI,  we sh a h  say 
tha t  W is a cone  wi th  V in its ve r t ex .  

I t  is t hen  c lear  tha t  i V W I - - I  WVt  and tha t  ! V W  t is i n d e p e n d e n t  of the 
cho ice  of (x), (y), ~ and  k. W e  also f ind it  c o n v e n i e n t  to make  the c o n v e n t i o n  

tha t  dim (I) - -  - -  1 and  I(1)V1-" IV(I)[ = V. 

1.2 L E p t A  - Let V be a variety in S n having a generic point (x) over 
a field k, let (a) be a point in S" with coordinates in k, and let V' be the 
variety in S" having generic point ( x ' ) - - - ( a ) -  (x) over k. Then V is a cone 
with (o~) in its vertex i f  and only i f  17' is a cone with 0 (the origin)in its vertex. 
Moreover, i l L  is the linear variety attached to V at a point (y) in V and L' the linear 
variety attached to V' at the point ( y ' ) - ( ~ ) -  (V), then (z) is a generic point 
over k(y) for L i f  and only i f  (z') - -  (~) - -  (z) is a generic point over k(y) for L' .  

PROOF. - The  f i rs t  a sse r t ion  is immed ia t e  f rom the def in i t ions .  S u p p o se  
then  tha t  (z) is a gene r i c  po in t  over  k(y) for  L. L e t  Fe(X) - - 0  be a set of 
equ a t i ons  for  V over  k so that  G~(X)= 0 is a set of e q u a t i o n s  for  V' over  
k, where  G,.(X) ----- Fe(~ - -  X). T h e n  ~GJ3y'j = - -  3FI~/~y~, so L and L'  have  the 

t t . / t r )  
same d imens ion .  Moreover ,  d im (z)/k(y) dim (z) /k(y) ,  and ~y, Gi~(z--y  --  
= 5yF~(z - -y )  = 0 s ince  (z)~L' and  h e n c e  is gener ic  over  k(y') for  L'.  Th e  

conve r se  fol lows by  symmet ry .  

1.3 PROPOSITION. - Let V be a cone in S ~' with a point P in its vertex, 
let Q=t=P be apoint  of V and R=t=P a point of ]PQI. Then the linear variety 
attached to V at Q is also the linear variety attached to V at R. 

PROOl~. - Suppose  P - "  O, so that  V is de f ined  over  a f ie ld  of de f in i t ion  

k by  a set of h o m o g e n e o u s  equa t ions  F e ( X ) =  0. S ince  ]OQ i - -  ]OR I C V and  
hen ce  c o n t a i n e d  in  the a t t a c h e d  l i n e a r  va r i e t i e s  LQ, LR to V at Q, R 
respec t ive ly ,  OsLQ and LR. The re fo re ,  if Q = (w) and  R = (y), A~Fs(X) = 0 
is a set of equa t ions  for  LQ and  hyF~t(X)= 0 a set of equa t ions  for LB. Bu t  
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thece exists a ~.q=0 such that ( y ) =  X(x); so ) ,e~)A~F~(X)- A~F~(X) due to 
the homogenei ty .  Therefore  LQ--~LR. 

If Pq=O, let V' be the variety of lemma 1.2, and let K----k(P, Q, R). 
Using the notation of that lemma, by the above case we have L'Q, .-~ L'R,. 
Therefore,  if (z') is a generic point for L'Q, "-L'R, over K, (z) is generic for 
LQ and LR over K;  so  LQ ~ LR. 

1.4 COaOLLARY. - Let V and W be varieties in S ' ,  and let Lp, LQ be 
the linear varieties attached to V, W at distinct points P, Q respectively. Let 
R be a point of IPQI different from P and Q, and let L' be the linear variely 
attached to I VWI at R. Then ]LeLQI c L '  (~). 

PnooF.  - [ P W  I is a cone with P in its vertex. Let  L'¢,  L',e denote the 
l inear variet ies at tached to I PWI at Q,R respectively.  Then L'Q ---- L'R by 1.3. 
But  W c t P W I  implies LQCL'Q, and IPWt  C ] VW i implies L'RCL'. Therefore  
L Q C L ' ~ - - L R C L ' .  Similarly,  L e c L ' ;  so the corollary follows from the 
l ineari ty of L'. 

1.5 LEMZA - Let k be a field of characteristic O, let F(X)=~:O be in 
k[X~, ..., X,] and let G(X) : OF/~X~.X~ -4:- ... + ~F/OX, , .X , .  Then G(X)---- 
= y F ( X )  for some y~k (if (~) and) only i f  ,( is an integer ~ 0 and F is 
homogeneous of deg y. 

P~tooF. - I f  n - - 0 ,  the lemma is immediate ;  so assume the lemma is true 

when n > ~  and let n - - ~ > 0 .  We can write F(X)- -  "~ ~ where 

~isk[X= . . . .  , X~] and not all ~i : 0 Then 

m ~ ( m ) 
B x ,  O(X) = i=ov' (m-i)o:~X,"-~ + ~== ~ i=o  

= 2 (m-i)~, + Y~ (o~,/aX~)X~ X~ =-~.  
i---O j = 2  

Equat ing coefficients of powers of X1 in the relation G(X)= yF(X), we get 

j , ~ 2  

(2} I t  is eas i ly  seen f rom examples  that  I LpLQI does not  a lways  equal  L ' .  F o r  
instance, let  iV be a non - l i nea r  cu rve  in S 3, let  Q be a s imple  point  of W, and let  
V : P b e  a point  of LQ di f fe ren t  from Q and (~l~Y. Then L p ~ - - - P a n d  ILI, LQ!~LQ but 
P W !  has dim 2 and there fore  LQZ~L'. 

(3) See, for ins tance  [10], p. 27. 
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o r  

y, 
j ~ 2  

o~,/ox~x~ = [ v - ( m - i ) ]  ~ , .  

Therefore by |he induction hypothesis, eilher a , = O  or a, is homogeneous 
of deg 7-(m-i). Hence F is homogeneous of deg ~,. 

1.6 PROPOSITION. - Let V ~ be a variety in S" defined over a field k of 
characteristic O, let P be a generic point  o f  V over k, and  let T be the tangent 
linear variety to V at P. [ f  W is a variety defined over k and contained in 
T. then V is a cone with W in its vertex. 

PRooF. - Suppose first W ~ O, and let P = (x). Choose a t ranscendence 
basis for k(x) over k, say xl ,  ..., x~, so the remaining xr+~, ...x,~ are algebraic 
over k(x~, ..., x,.). Let  F~(X~, .... X,., X,.+~) be the unique (up to a constant 
factor) irreducible polynomial in k[X~, .... X,.~ Xr+~] determined by (x~, ..., 
x~, x,.+-~), so that if ~FJ~x,.+~ --O, then 3FJ3X,~+~z~F(F~(X)) in k[X~, ...,X,., 
X,.+~]. But deg ~Fi/~X,.+~ in X,.÷~ is < deg F~ in Xr+~, so this is impossible. 
A~oF, (X-  x) - -  0 is a set of n - r  l inear equations such tha t rk  !I ~Fi/~xj It --  n - - r ,  
so these equations are a set of equations for T. Then A~Fi(x)-~ 0 since O~ T, 
so ±xF~(X) -~ y~F~(X) for some ~,~ e k[X~, ..., X,,  X,.+~] (and hence in  k). Therefore 
F,(X) is homogeneous of deg ~,~, by 1.5. The equations F~(X) -" 0 define n - r  
hypersurfaees,  mutt tal ly orthogonal at (x). Hence by the criterion for unit  
multiplici ty ([ll],  theorem 6, p. 152), their  intersection contains a unique  
component through (x) of dim r ,  so V is this component. But if ), is 

t ranscendental  over k(x), ).(x) is in this intersection and ) . (x)-> (x) over if; 
so k(x)e V also. Thus ]OV] = 17 and V is a cone with 0 in its vertex. 

Suppose now W=4:0~ and let (so)be a generic point of W over k(x). 
Then (x) is generic for V over K =  k(~). It follows from the previous case 
and 1.2 that V is a cone with (so) in its vertex, i .e. (st)-F-)~((x)--(sc)ieV. 
Therefore the locus of this point over k is contained in V. Bu~ this locus 
is by definition I WV[,  so iWVI = V. Q.E.D.  

Let  S" be an affine space obtained from pn by choosing a hv~perplane 
at oo. If  V, W are subvarieties of S ' ,  there exists uniquely determined 
representat ive cones V'~ W' in S "+~ for V, W. 5Ioreover, one sees immediately 
from the definit ions that the representat ive cone t VW]'  of t V W  I is the same 
as I V 'W' I .  Hence, we shall denote t he  uniquely determined subvariety of pn 
having IV 'W'I  as its representative cone also by V W '  I. 

1.7 T~EOREM (DIM TI:[EOREM}, - Let L" and V ~ be variet ies in P"  wi th  L 
linear, let k be a field of  defini t ion for L and V, and  let T be the tangent 
l inear variety to V at a genericpoint  P of  V over k. Then r -~  s - -  dim (L fl T) 
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<_ dim ]LV t ~ r -f- s -4- 1 ( where d im ~9 --  - -  1). Moreover, i f  the universal 
domain has characteristic O, then r ~ s - -  d im (L fl T) - -  d im I LVt  (~). 

PRoo~ '. - Let  Q be a generic point of L over k(P), so that if (x). (y) are 
sets of independent  homogeneous coordinates for P, Q, then the representat ive 
cone for [LV] has ~ t (x)~-v(y)as  a generic point over k, where ~, v are 
independent  variables over k(P,Q). Then dim ]LV] ~ r  + s -4- 1. On the other,, 
hand, if R is the generic point of t LVt having ~t(@-~-v(y)as homogeneous 
coordinates, then R is simple on ILV] and is in IQP[; so by 1.4, I L T I c T ' ,  
where T' is the tangent  l inear variety to ]LV 1 at R. Therefore dim T ' ~  
dim I LT1 ~ r -~ s --- dim (L fl T). This proves the first assertion, and also the 
second when L N T --  q). 

Suppose then L~ -- Lfl T:~=~P and the universal domain has characterist ic 0. 
If  L ~ = L ,  then by 1.6 V : I L V I  and the theorem is proved;  so we may 
assume L ~ c L .  By intersect ing L with a generic l inear  variety over k(P) of 

÷ 
dim n-d im L . - - 1 ,  we obtain a subvariety L~ of L such that (a) dim 
L 2 ~ r - - d i m  L ~ I ,  (b) L 2 f l L ~ = ( P ,  and (c) L2 is defined over a purely 
t ranscendental  extension k(u) of k and P is generic for V over k(u). Then 
L2 fl T = q b  implies, by the above case, that dim ]L2V I = d i m  L z + s - 4 - 1 .  If  
Q2 is a generic point of L~ over k(u, P), there exists a generic point R2 for 
IL2V I over k(u) such that R~zIQ2PI; so by 1.4, if T2 is the tangent  l inear 
variety to IL2V I at R2, then ~L~TI'CT2. Since L = !L~L~ICIL2T]CT~, by 1.6 IL2V] 
is a cone with L in its vertex. Hence, ILVt = IL2Vt, and therefore dim 
i L V I - - ( r - - d i m L ~ - - l ) - ~  s + l = r ~ - s - - d i m ( L N T ) .  

DEFINITION. - Let L s and V'" 
a field of defini t ion for L and V, 
to V at a generic point P of V 
say V is an  L-varie ty .  

be varietes in P"  with L linear, let k be 
and let T be the tangent  l inear variety 
over k. If  dim !Ly  I --  dim ]LTI, we shall 

The definit ion is independent  of the choice of k and P and is equivalent  
to requir ing that dim ILVI --  r -~ s - -  dim(Lfl  T). In  some of our~ theorems 
we shall assume one of the varieties involved is an L-variety, and the dim 
theorem tells us then that in the case of characterist ic  0 this hypothesis is 
superfluous.  However, we shall give in section 4 examples which show that  
most of these statements are actually false in general without the added 
condition. 

In the notation o[ the above definition, we list some instances of 

(4) This is a special case of [4], lemma 1, p. 144. However ,  it  is not  cleal' how one 
makes  r igorous the proof suggested there, especial ly w h e n  L fl T::~=~p. 

Annali di Maternatica 4fi 
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L varieties. V is an L variety if it satisfies any of the following: 

i) 

ii) 

iii) 

iv) 

v) 

V is l inear 

L fl T - -  Cp 

L fl T is proper 

the universal  domain has characterist ic 0 

V - -  ILW I for some variety W. 

(i)--(iv) are immediate from the definit ions and the dimension theorem. 

(v) follows from the observation that ILVI -"  V and from applying 

1.4 to obtain L C  T and hence I L T I - -  T. 

and 
the 
(L fl 

1.8 COROLLARY - Let L ~ and V'" be varieties in P" such that L is linear 
]7 is an L-variety, let k be a field of  definition for L and V, and let T 

tangent linear variety to V at a generic point P of V over k. Then dim 
T) ~-- dim (L ~ V). 

PROOF. - Suppose dim (Lf lT)  ~ d i m  (Lf]V), let t - - - - d i m ( L f l T ) ~ 0 ,  and 
let _N n-~-~ be a generic l inear variety over k(P). Then N f l L - - L ~  is a l inear 
variety of dim s - - t - - 1  (or else L1--.~ (P), and there exists an extension 
field K of k such that L~ is defined over K and P is generic for V over K. 

Moreover Nfl (Ln T) -- (1) implies L~fl T ~-- ¢P.. ' .  dim ILIV I -- (s - -  t - -  1) 
-}-r-~ 1 by the dimension theorem. Since dim ILVt = s ~ r -  t, this implies 
tL~V! - - ILVI  and hence LCiL~VI. But L~NV--~P since NN(Lfl  T) --  q) and 
dim (L fl V)<: dim (L~T), so every point of IL~V] lies on a variety of the 
form IL~QI with QzV. In  par t icular  then, every point of L lies on such a 
var ie ty;  so LCIL~V~I, where V~ is a component of LflV.  Therefore [L~V~]--L. 
Bat  dim I L~V~I ~ dim L~ ~ dim V~ ~ 1 by t h e  dimension theorem, so 
s - - < ( s - - t - - 1 ) + d i m V ~ l  and t ~  dim Vz. 

1.9 PROPOSITION. - Let L ~ and V ~ be varieties in P" such that L is linear 
and L N V --  O. Then dim I L V J -- r + s + l. ~) 

PROOF.- Suppose dim i LVI < r - ~ s - - ~  1. If  P is any point of L ,  
dim I P V I ~ - - s +  1 since P~.V.. ' .  if L - - L , . D L , . _ I D . . . D L 1 D L o  is a properly 
decreasing sequence of r + 1  l inear varieties (obtained for instance by cutt ing 
down with generic hyperplanes), then L L, ._~+~V ] - - t L , . _ ~  V t for some 
i - - 1 ,  ..., r .  For if not, r + s + l >  dim 1L,.VI > d i m  ] L , . _ ~ V I ~ . .  > 

(~) This is proved also in [1_], p. 3-03. :Note that when V is an L-~ariety the propo. 
sition follows from 1.8 and the dim theorem. 
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dim I L~VI  > d i m  I LoV i = s +  1 which is impossible. But  if Q is a point 
of L,.-i+~ such that Q ~ L ~ _ ~ ,  then IL , ._~Q t = L , . _ ~ + ~ .  Moreover, since 
L,.-i N V=(1) and Q z I L,. _ iV I , there exists a point R ~ V such that Q a ! L,._~R I. 
• ". I L , . - ~ R ]  = I L , . - IQ[  = L , . - i + ~ ,  so R~.L , ._~+~NV,  a contradict ion t o t h e  
hypothesis  that LN V = ¢P. 

2. The degree and s imple  point  theorems.  

2.1 PROPOSITION. - Let V r a n d  W t be varietes in  ~ de f ined  over a f ie ld 
l~:, a n d  let L ~ be a generic l inear  var ie ty  over k in  S"  such that L N V - -  O. 
I f  C is a component  o f t  L V  I N W not contained in  V, then C is proper  a n d  
ge~eral  over k for W(i.  e. C contains  a generic p o i n t  o f  W over k). 

P R O O F .  - Suppose first that ( r - t -s  -{- 1)-t- t - -  n ~ 0. Dim ]LV t - -  r + s + 1 
by 1.9, so we must  see in this case that l L V I  N W - - q )  outside V. Dim 
I V W I ~ _ r - ~ I - t - - 1  ~ n - - s ,  so LN I V W I  is proper  implies LN ] V W  I --cI). 
But  L N V - - 0 9  by hypothesis ;  so i [ I L V  I N W  contains a point Q~V,  there 
exists a p o i n t P e V s l ¢ c h  that Q~ I L P  t . T h e n !  QP i NL=~ (p, so IVWI NL::~q), 
a contradiction. 

Consider now the case where ( r - ~ s - t -  1) - t - t - - n - > - 0 ,  and suppose C is 
an improper  component  of l L V l  N W w h i c h  is not contained in V. Then 

- - d i m  C'.>(r - l - s n  t- 1)-1- t - - n ;  so if h r'~-~ is a generic l inear variety over 
the field K "-" k(u), where (u) is the set of coefficients in the defining equations 
of L, then 2VN C has dim 0 and NN W has dim t - - a .  Let  Q b e a p o i n t  of 
N N  C and W' a component  of N N W  containing Q. Q~ ] L V  I N t V ' a n d  Q e V  
since Q is generic over /~ for C. But we can apply the previous case to 
conclude ]LV~N W ' :  q) outside V, a contradiction. 

For  the second assertion, let C denote the k - c l o s u r e  of C. Then 
C c C c W ~  so C is a proper  component  of I L V I N W  and of I L V I N C .  This 
implies dim C - - d i m  W, and hence C - -  W. Q , E . D .  

Notice that the condition L N V - - ¢ p  in proposit ion 2.1 is equivalent  to 
the requi rement  dim ] L V  t - -  r + s -{- 1. 

We take the l iberty at this point to make a slight addition to the 
languag e for the sake of convenience :  We shall say a l inear  varie ty  L is 
t ransversal  to a var ie ty  V along a subvarie ty  U o f  L N V provided L is 
t ransversal  to V at some point of U. If k is a field of definit ion for L, V, U 
and L is t ransversal  to V along U, then L is t ransversal  to V at any generic 
point of U over k.  

The next proposit ion plays a crucial  role in what follows. In the case 
of character is t ic  0 it follows from [11], prop. 14, p. 131, v ia  the converse 
crit.erion for unit  multiplici ty.  We  give here a proof using no intersect ion 
multiplicity.  
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2.2 PROPOSITIOn. - Let k b e  a field of  definition for a variety V ~ and, 
a l inear variety L ~ in P ' ,  let V be an L variety, and  let M t be a generic 
linear variety over k in P" such that t ~ - - n -  s -  2. Moreover, suppose there 
exists a component C ~ o f  I ML I N V such that C ~ L. Then I M L  I is transversal 
to V along C. 

PROOf. - By 2.1, C is proper and general over k for V. Therefore, there 
exists a point P e C  such that P is generic over k for V. P ~ L  implies 
I L P I N M ~ = O  and hence tLVt  N ] f ~ O ,  so dim I L V i ~ _ n - t .  Let T be the 
tangent  l inear variety to V at P. and consider two cases:  

CASE 1. - t -'- 0. Dim (TNL) -" dim L + dim V - -  dim ILVI ~--s ~- r - -  ( n - -  t) 
by hypothesis. Since t - - 0 ,  dim ( T N L ) ~ s ~ r - - n ;  so T N L  is proper 
if :4:(I ). Therefore T N  I M L  t is also proper if TNL:#C~.  On the other hand, 
if Tf) L - - ( I )  and T N I M L ' ~ O ,  then dim (TN I ML t ) - ~ 0  since L is a 
divisor in I ML ]. But if T N I M L t  is a point not in L, then TN I ML1  is 
improper o n l y  if r ~ ( s - - ~  1 ) -  n ~ 0; a n d  this is impossible since 

~ - - ( s d - 1 ) + r - - n .  

CASE 2 - t ~ 0. M has a homogeneous generic point over k(x °,.. . ,  x t) of 
the form ~to(w °) Jr" ... • ~t(wt), where (wo ..., xt) are algebraical ly independent  
quanti t ies  over k and the l~ are indeterminates  over k(x °, ..., a~t). Let Q -- (xo) 
and let /1/1 t - 1  be the l inear variety having homogeneous generic point 
Fl(a ~)Jr . . .~ -F t (x t )  over k(x 1, ..., ~c t ) - - K .  Then M1 is generic over k,  so 
L1- -  ]MIL I has~ dim s ~ - ( t - -  l ) ~ l : s + t  by the dimension theorem. 
Applying 2.1, any component of Llf~V not contained in L has dim (s ~ t) 

~ r - - n < ~ )  so C ~: L1. 

Also, V is an Ll-var ie ty .  For, let R be a generic point of V over K and 
let T~ be the tangent  l inear  variety to V at R. Then M~ is generic over k(R) ; 
and therefore LI f lT ,  is improper implies L1 fl T C  L.  Claim: L~N T~ is proper. 
For, if not, ~dim (LI1T~)~ d i m ( L ~ f l T ~ ) > ( s - { - t ) ~ r - - n .  But dim (LN T) 
- - s  J r - r - - d i m  I L V I  and dim i L V I  ~- n - -  t ,  by hypothesis, so d im  
(L I1 /'1) ~ s -}- r - -  (n - - / ) ,  a contradiction. Therefore L~N T~ is proper, so V 

is an L~-variety. 

Thus, we can apply case 1 to conclude [ QL~ I is t ransversal  to V along 

C. But ] QL~ ] --  ] ML I • Q, E. D. 

In what follows we use the concept of degree of a variety. To make it 
clear  that we are keeping our resolve to use no intersection mult ipl ici ty other 
than the cri terion for unit  mult ipl ici ty and its converse we shall state here 
explicit ly what is used. If  V r is a variety in pn and k a field of definit ion 
for V, let L n - r  be a generic l inear variety over k in p n  and let d be the 
number  of points in v riL. I t  follows from the criterion for unit  mult ipl ici ty 
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that if M ' - r  is any other variety such that Mfi V is proper  and such that M 
is t ransversal  to V at every point of M fl V, then d - -  number  of points 
in M N V  also. By deg V we shall mean this number  d. 

W e  use one fur ther  fact, namely that a variety is of deg 1 if and only 
if it is linear. One sees this as  follows: Let  V be a var ie ty  in P ' ,  let k be 
a field of definition for IT, and let P be a generic point of V o v e r  k.  If  then 
S ~ is an  affine space containing V at finite distance, let ( x ) b e  a set of 
coordinates for P in S ~. There exists coodinates xi~, ..., x~ algebraical ly 
independent  over k such that ~c~+~,..., x i  a r e  separably algebraic  o v e r  
k{r~, ..., x~,) - -  K. Then Xi~ - -  x~j --- 0 tj - -  1, .... r) i s a  set of equat ions for a l inear 
variety L of dim n - - r  in S ' ;  and if FI~(X~, .... X ~ ,  X~+I~) is the unique 
(up  to a constant  factor) i rreducible pol'ynominal in k[Xi~, ..., Xi  , X~r+~] 
determined by (x~,, ..., x~., x~+~), then A x F ~ ( X - - x  ) ---0 is a"set  of equations 
for the tangent l inear variety T to V at (x), by reasoning similar to that in 
the proof of 1.6. Therefore  L is t ransversal  to V at (x); and since any other 
point of L N V in S" is a conjugate  of (x) over K, we see that L is t ransversal  
to V at every point of LN V in P ' ;  so if deg V = I ,  L ~ V : P .  Therefore 
F~ has deg 1 in X'~r+~, since otherwise P specializes over K to another point 
in LN V (in P ' ) .  By the fact L does not intersect  V in the hyperplane  at ¢<~, 
F~ must then be linear. Therefore  T - - V  und V is linear. The converse 
s tatement  that a l inear variety has deg 1 follows from [11], corollary, p. 91, 
which asserts the intersection of two l inear variet ies is again a variety if it 
is ~(I) .  

2.3. LE)I~xA. - Let V'" be a cone in P"  which is not linear. Then every 
point  o f  the vertex~ is s ingular  on V. 

PRoo~ ~. - If  P is in the ver tex of V, [ P V T  - -  V; so whenever  Q=~:P is 
in V, then I PQ t ~ V. Suppose P is simple on V. and let L '~-~'-z be a generic 
l inear variety over k(P). Then if T is the tangent l inear varietiy to V at P 
T ~  1 P L  r and Vn ] P L  t are both proper,  by 2.1. Therefore  V N I P L I : P  
since if Q=~: P is in I P L  I flV, then ] PO I C I P L  I N V and the intersetion 
is improper. Thus, deg V---- 1 and V is linear, a contradiction. 

2.4. LE~I~A. - Let V be a variety in  S ~ def ined over a f ield k; let (x) 
and  (z) be points o f  V, and  (x', x') a f ini te  specialization o f , ( x ,  z) over k 
wi th  coordinates x'~ in  k .  Let t be any  ff~tantily, and  let {y) be the point  
def ined by 

(~ ~ i ~ n). 

Then every f ini te  specialization (y) - -  ~ (y') over (x, z ) -  ".> (~', x') over k is 
a poin t  o f  the l inear varie ty  attached to V at (x'). 
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PROOF. - The proof is an immediate  generalization of [11], prop. 20 p. 98. 

2.5. LE~[MA.- Let k be a field of  definit ion for a variety V r and  a 
linear variety L s in  P",  let PI ,  P~ be independent generic points  of  V over k, 
and  suppose dim ( [ LP~I fl V ) - - O .  I f  then ~t~ is the number of  points of  
I LP~I fl V which are not in  L, we have ~ = ~t~. 

PROOF. - The specialization P~ ~ ~ ~ P2 over k extends to a generic 

specialization (P1, Q1 . . . .  , Q~.~)< - - >  (P2, 0 ~  ..., ~)I,~), where the Qi are the 
points of {LP~[ flV not in L.  Then the ~ are in I LP21 f l V  and are 
dist inct  and not in L because the specialization is gene r i c . . ' ,  u~ <= ~ .  

2.6. LEMMA. - Let L ~ and  V'" be varieties in  P~ with L linear and  such 
that L fl V has dim "< 0; let P be any  point of  I L V I ; and  suppose whenever 
Q is a point of  L N V, i L P  [ intersects the linear variety attached to V at Q 
in jus t  Q. Then there exists a point R in V such that P~ [ L R  [ . 

PROOF. - I f P s L ,  the lemma is immediate;  so assume P ~ L .  Let k be a 
field of definition for L and V and the points of LN V; let R1 be a generic 
point of ]LR~ I over k(R~) and hence also a generic point of[  L V  I over k. 
Then P~ - -  > P over k extends to a specialization (P~, R~, I LRII ) - -  > (P, R, L'), 
where L '  is a l inear variety of dim s q-1 containing P, R, and L .  Also, 
L ' - - I L R I  if R ~ L ,  and in this case we are done. Suppose then R ~ L  fl V. 
(R~,ILR~], I R R ~ I ) - - ~ ( R  , L ' ,  l') over k, where l' is a line contained in the 
l inear variety T attached to V at R, by [11], prop. 20, p. 98. But then 
I ' c L '  fl T - - I L P I  fiT. This is a contradiction to the hypothesis that  ILPI rl T 
has dim 0. 

2.7 LEM~IA - Let k be a f ield of  def ini t ion for a linear variety L ~ and  
a variety V r in P",  let P be a generic point  of  V over k, let L ~ - - - ! L P  I, and  
suppose V is an L-var ie ty  and IL~V!=4=ILVI. Then both V and  I L V i  are 
L~-varieties. 

P R O O F .  - Let Q be a generic point o[ V over k(P), so that P is then 
generic for V over k(Q); and let T be the tangent  l inear variety to V at Q. 
Since dim I'L1V[ : dim ]LV  I q- 1, to see V is an Ll -var ie ty  we must verify 
that dim (TN L , ) - -  dim (Tf lL) .  If T N L  c T f l L 1 ,  then t L T ! - " I L 1 T I a n d  
therefore P ~ I L T t .  Since ILTI  is defined over k(Q), this implies : V c i L T I ;  
so I L 1 V [ c I L T I .  But then dim l L i V l ~ d i m l L T  ] : d i m  t L V t  by the 
hypothesis that V is an L-var ie ty .  This is impossible because IL1VI=4=ILVI, 
so V is an L~-variety. 

We now apply the result  to conclude ] LVJ  is also an Ll-var iety.  For, 
I L V t  is an L - v a r i e t y ; L ~ - -  L L R  t , w h e r e R i s a g e n e r i c p ° i n t f ° r  L L V  I over 
k since there exists such an R in iL / ' ] ;  and IL~LLVII~=ILLLVII because 
iL,  I L V ] ] - - ] L , V ]  and T L ] L V [ 1 - - I L V ] .  
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2.8 Tz4nonE~i (DEGREE THEOR]~M). L'et k be a field of  definit ion for a variety 
V'" and  a linear variety L ~ in  P ' ,  let P be a generic point  of  V over k, and  
suppose ILP[ fl 1] consists of  a f inite set of points  P: , . . . ,  P~+~ such that 
each P~ is simple on V and t L P  I intersects  the tangent l inear variety to V 
at Pi  in jus t  P~. Then v. deg I L V  I "- deg V-- it. 

P R O O F .  - To begin, observe that P ~ L  imples r - - 0  and the theorem is 
trivially true, so we may assume P ~ L  and hence v ~ 0. Also, since P is 
generic over k for V a n d  the tangent T to V at P intersects  I L P  I in ju s t  P~ 
T N L - - ( D ,  so by the dim theorem, dim I L V I  - ' - r - 4 - s ~ - l .  Let  L I :  I L P I  • 
If the Pi  are simple on I L V J ,  then L1NV is proper  in I L V I ;  and if in 
par t icular  I L l / I t s  linear, then L~ is t ransversal  to Va tP~  in I L V I ( w h e r e  
I L V I  is considered as P~-~+I). Therefore  in this case we have deg V =  it-~v, 
which agrees with the s tatement  of the theorem. Thus, we may fur ther  
assume I L V  ] is not linear. 

Let  now N t be a generic l inear variety over k(P) with t - -  n - - ( r ~ s ~ 2 ) .  
t _> 0 since n - -  (r Jr- s -~ 1) ~ 0 by hypothesis.  L~ has dim s-}- 1 and is defined 
over k(P), so 1VNL~ ----- 4); and therefore dim I1VL~I --  n - - r  by the dim theorem. 
By 2.1, any component  of I NL~ ' N V not in L1 is proper and general  over 
k(P) for V and hence has dim 0. Therefore  I/VL~ [N V -  P~U... UPe+~ 
0 Q~IJ ... [JQ~, with Q ~  L ,  Also, if T~ is the tangent  l inear variety to V at 
P~, [NL~ i NTi is proper.  For, T+ is defined over ktP); and therefore  by 2.1, 
either the intersection is proper  or is contained in L ~ . I f  the intersection is 
contained in L~, it must  be of dim 0 by our hypothesis.  Thus, I NL~ I is 
t ransversal  to V at P i .  Claim: I NL~ I is also t ransversal  to V at Q~. For, 
k(P) is a field of defini t ion for V and LI;  N t is generic over k(P) with 
t ~ , ~ t - - ( s d - 1 ) - - 2 ;  Q~ is a component  of I NL~ i N ls not contained in L~; 
and by 2.7 V is an L~-variety except  when I L~V t -= I L V  I • Thus, 2.2 applies 
when !L~V I :t=l L V t ,  and we can conclude in this case that I NL~ I is 
t ransversal  to V at Q~. But [ L ~ V ] - - I L V I  implies ILV]  is a cone with P i n  
its vertex;  so by 2.3 and the fact we have assumed ]LV] is not linear~ P is 
in the singular  locus of [ L V / .  But  if Q is a generic point  of L over  k(P),  
]QPI contains a point which is generic over k for I L V I  and hence which is 
simple on I L l / i .  Therefore,  by 1.3, P must be simple on I LVI ;  so !L:I /I=~tLV! 
and 2.2 always applies. Thus, deg V-- i t - -}-v  + "~. 

On the other hand, by 2.[ any component  of ]NL~ I N ]LV] not contained 
in L~ is proper,  so L~, [LQ~[, ..., iLQ~[ are components  of iNL11N ! L V [ .  
Suppose R is a point of ] N L ~ I f I i L V ~  not in L~. I L R I c I N L ,  I and INL1] 
in te rsec t s  the tangent l inear  var ie ty  to V at any point of L tl V in jus t  that 
point, so I L R  I also has this property.  Therefore  we can apply 2.6 to conclude 
there exists a point R~eV such that 1 L R  ] - - i L R ~  I • Then R~e]NL~] also, 
go R ~  I 2tL~ I NV. Thus R~ is some Q, and R s L ~ U  I LQ, I U. . .U ILQ~ I • 
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Hence  t N L : I  N I L V  [ = L : U  ILQ,  f Y. . -U I L G  I- We have already 
observed that Oi is generic over k(P) for V, so we can apply 2.5 to conclude 
t LG~I intersects  I+in the same number  of points outside L as L~. Therefore  
lLOyd; N V contains exact ly v points not in L .  Bat  these are points of 

INL~i N V, so I LQ~I --  - -  ILQ~.+t for some O~, ... O+. Thus, exactly x of 
' V 

of the varieties I LQ~ [ , . . . ,  I LQ~ I are distinct. Therefore [ NL~ I N I LV[  

contains exact ly ~ + 1 distinct components.  

Fur thermore,  L~ is simple on I L V  } because  it contains a generic point 
of I LV [ over k. Therefore there exists a point A~ L~ such that A is rational 
over k(P) and simple on I L V I .  If TA is the tangent l inear variety to t LVI 
at A, INL~I fl TA is proper  by 2 .1 ; so  INL~[is t ransversal  to ] L V I  along L~. 
But also dim f L~ I L V t  I ~  dim I LVI s i n c e l L V  t is not a e o n e  with P in its 
vertex, as we have seen previously;  so, since by 2.7 ] LV I is an L~-variety, 
2.2 applies and I NL~ I is t ransverval  to t L V i  along each I LOl I • Thus, 

+ 1 This combined with the above relation for deg Vis the deg [ L V[ : -~ . 

desired result.  Q . E . D .  

In the next  theorem we make use for the first time of the converse 
criterion for unit mult ipl ici ty ~[11], theorem 6, p. 152). We use the criterion 
in the fol lowing fo rm:  Let  V r be a variety, and let L " - r  be a l inear variety 
such that L fl V - -  P1 N ... N P~. Suppose moreover  that L is t ransversal  to I' 
at P~, ..., Pl~ and deg V - - l ~ .  By the cri terion for unit  multiplici ty and its 
converse, we can then conclude that L is t ransversal  to V at P1 3Iore 
generally, suppose M is a l inear variety such that M N P is proper 
and "- M1 U ... U M~ with the M~ all l inear;  and suppose M is t ransversal  to 
V along 3G, ..., Mi~ and deg V : ~. Then by cutt ing down with an appropria te  
l inear var ie ty  and reducing to the previous case, we see that M is also 
t ransversal  to V along M~. By the converse cri terion it now follows that 
if P is any point of M~ which  is not in any other M~,  then P is simple 
O n  V. 

2.9 LEPTA. - Let V be a variety in P ' ,  lel L and  L~ be linear varieties 
in  P" such that L C L~, and  suppose V is an  L-variety .  Then V is an  
L~-variety i f  and only i f ]  L V ] is an L~-variety. 

PRoo]~ ~. - L e t  P, Q be independent  generic points of L, V respect ively 
over a field k of definition for both L and V; and let T be the tangent 
l inear  var ie ty  to V at Q and T' the tangent  l inear variety to I L V I  at a 
generic point of I PQ[  over k(P,  Q). Then since V is an L - v a r i e t y  and 

• ". I L J " I  iL~ ]LTI I  IL~Ti, and i L ~ I L V l l - -  I L T [  C T ' b y  1.4, [ L T  t = T'. = -" 
= I L~V I ,so dim I L~TI = dim ILl ]LV]I if and only if dim ]L~T[---- dimIL~V ]. 
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2.10 TttEOREM (SIMPLE POINT TttEORE~£). - Let k be a field of  definit ion 
for a variety V'" and  a linear variety L s in P",  let P be a point  of  V not 
in  the vertex of  l L V I and such that V is an I L P  i -variety, and  let T be 
the l inear variety attached to V at P. Suppose moreover that J L P  I N V --  P ,  
and that I LQ ] N V - -  Q whenever Q is a generic ~voint of  V over k.  

Then i f  I L P  J N T = P and  P is simple on V, every point  of  ] L P  t not 
in L is simple on I L V i ; and conversely, i f  l L P  l is simple on t L V t , then 
I L P I  N T - -  P and P is s imple on V. 

PROOF. - Let  L~ = I L P i ,  and let N t be a generic l inear  variety over k(P) 
w i t h  t = n - - ( r + s + 2 ) .  Since I L V I  is a cone with L in its ver tex and 
by hypothesis P ~ t h e  ver tex of I L V ] ,  P ~ L .  Therefore  dim ]NL~ I - - ~ - - r  
and by 1.9 dim I L V I  = r - t - s - ~ l .  By 2.1 every component  of I NL~I N V 
not contained in L~ is proper and general  over k for V. Since by hypothesis 
L~N V----~'P, this implies ] NL~ ] N V is proper a n d . - - P U P 2 U . . .  UP~ with 
P ~ L ~  and generic over k for V. Similarly, ] 2VL~ { N ] L V ]  is proper and 
contains L~, [ L P z I , . . . ,  [ LP~] as components.  Suppose R is a point of 
]2~L~ I N I LV  I not in L~. I LR ] C I NL~ [ N i L V  ] and L N Vw~ (I); so by2.6, 
there exists a-point  R~sV such that ] L R I  -- I LR~ t . T h e n  R~s [ NL~ I N V. 
Therefore  R~ is some Pi and R sL~ U...U I LP~I • Hence ] NL~ I N I L V] --  
- - -L~U]LP2 t U... U ]LPI~t. Moreover, since P, is generic over k for V, 
t LP,  I N V =  P~ by hypothesis;  so I LP~ I =4 = I LP~ t for i:4=j. 

2.2, must  verify that t ~ n - - ( s  + 1 ) - -  2 and dim I L~V I ~- To apply we 
n - -  t = r + s -4- 2. The first inequali ty follows if we assume r > 0, which 

we may do because the theorem is otherwise trivially true. The second 
inequali ty follows from t h e  observation that dim I L V  I ~ r A- s -{- 1 and the 
fact that I L V ]  C [ L~VI because P is not in the ver tex of I L V f  .The re fo re  
by 2.2, we can conclude that ] NL~ I is t ransversal  to I LVI  along I LP~ [ ; for, 
the hypothesis that V is an L~-variety along with the inequali ty dim 
]L~VI~rA-s-t-2 imply V i s  an L-var ie ty ,  and then by 2 . 9 1 L V l i s  an 
L~-variety. Finally, observe that deg V :  deg I L V i b y  the degree theorem. 
For, if Q is generic for V over k, I LQ I N V - - Q  by hypothesis;  and if T~is 
the tangent  l inear variety to V at Q, I LQ[ N TQ : Q since L N TQ-~ a9 
by the condition dim I L V I  - - r + s + l  and the above observation that V 
is an L-var ie ty .  

Suppose then that l L V I  N T = P  and P is simple on V. It follows 
from 2.1 that t 2VLzl N T is proper ;  so I NL~[ is t ransversal  to V at P also. 
Therefore  deg V - -  ~ - -  deg ] LV t • Hence,  by the converse cri ter ion for uni t  
multiplicity,  every point of L~ not in L is simple on I L V I .  

Conversely, suppose Lz is simple on I L V t  • Then [ NL~ I is t ransversal  
to [ L V  I along L~; for I NL~ ! intersects properly the tangent  l inear  variety 
to ] L V  [ at any point of L~ which i s r a t i o n a l  over k(P) and simple on ILVf ,  
by 2"1. Hence  deg ] LV[ ~ ~ = deg V. Therefore  by the converse cri terion for 
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unit  multiplicity, I NL~ I is t ransversal  to V at P, i. e. P is simple on V and 
INL~I fl T - -  P. Then a fortiori, L~ f~ T = P. 

2 . t l  COrOLLArY. - Let k be a field of  def in i t ion for a variety V'" in P ' ,  
let L ~ be a generic linear variety over k in P" with s ~ n - - r - - 2 ,  let P be 
a point of V rational over k a~d simple on V aud such that V is a P-variely,  
and let P' be any point of  l L P  [ not in L .  Then P'-is simple on I LV I ; and 
i f  T is the tangent linear variety to V at P and T' the tangent li~e~r variety 
to [ LV I at P~, then T ' - -  [ LT I . 

PnooF.  - We may assume V is not l inear since then the corollary is 
trivial. Let  k(u) be a pure ly  t ranscendental  extension of k over which L is 
defined, and let Q be a generic point of V over k ( u ) . T h e n  I L P I  f l V - P ,  
ILP[ f lT - - - -P ,  and I L Q [  N V = Q ,  by 2.1. Moreover, if TQ is the tangent  
l inear variety to Va t  Q, ] LP  I NIQ -- O. For  by2 .1 ,  if the intersection is ~=gP, 
it must  be P. But  then V is a cone with P in its vertex, by the hypothesis  
that V is a P-var ie ty .  Since P is simple on V by hypothesis,  2.3 implies V 
must  be linear, a Contradiction to our assumption. Therefore I L P  I fl TQ-- (P, 
so V i s a n l  L P I  -var ie ty  and d i m N L P i  V I ~ d i m  ] LV [ by the dim theorem. 
Thus P is not in the ver tex of l L V [ ,  and we can apply the simple point 
theorem to conclude P '  is simple on ILV[. Final ly  by the dim theorem we have 
dim [ LV ] - -  dim ] LT] since L fl To - -  L fl T =  dp. Therefore  dim T ' - - - d i m l L T I ,  
so the second assert ion follows from 1.4 when P'=[=P and 1.3 when P ' - - P .  

3. Intersection properties, 

3.1 PgoeosI~IO~. - Let V ~ be a variety an~ L ~ a linear variety in  P~' 
such that L f l i V - - O , a n d  l e t W  t be a variety in  P" such that t > _ n - - s - - 1  
and L f~ W is proper. Then (i) every component ~V1 of ] LV [ N W is proper; 
and (ii) i f  k is a field of  definition for V, L, W and P is a point of  V, 
then I L P I  contains a generic point  of  W~ over k i f  and only i f  P is 
generic over k for V. 

PRooF. - By 1.9 dim t L V t  - - r + s + l ,  and then ~¥1 c~ L since L N W  
is proper  and W~ is a component  of [ L V ]  N H 7. L e t - P ,  be a generic poin~ 
of l~/~over k and let P be a point of V such that P ~  I L P t "  There exists 
at least one such P since v f l L - ' O .  Then the locus U of P~ over k{P) is 
contained in I L P  [ and not contained in L.  Therefore UN L is proper  in iLP  I 
since L is a divisor in ] L P  I ; so dim ( U  fl L) - -  dim U - -  1 (where  
dim ffP = - -  1 ). 

Thus, dim U - - l =  d i m ( U f l  V ) ~  d i m ( W f l L ) - ~  t + s - - n ,  where  the 
inequal i ty  follows from the fact U C W if Ufl L:~=q) and from the condition 
t > _ n - - s - - 1  when U f l L - ~ .  Bnt dim P / k ~ d i m P ~ / k - - d i m P ~ / k ~ P } - -  
- - d i m  W~ - -  dim U >--- ( r ~ - s ~ l - - ~  t - - n ) - - ( t ~ - s - - n - ~ l ) - - r .  Therefore P 
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is gene r i c  over  k for  V. Also, s ince  the equa l i t i e s  now hold, we  have  
dim ~ , ~ - - d i m  U + r - - ~  ( t - [ - s - - n - [ - 1 ) - [ - r ;  so ~ is p r o p e r  i n l  L V  I f l  W. 

Converse ly  suppose  P is gener ic  over  k for  V. Le t  Q~ be a gener ic  point  
of W~ over  k ,  and  let  Q be a poin t  of V such  tha t  Q~e i L Q I .  T h e n  Q is 
gene r i c  over  k fo r  V by the above  resul t ,  so P ~ - - ~  Q ove r  k-: Th i s  
special  iza t ion ex t ends  to a gener ic  spec ia l i za t ion  ([ L Q'~, Q~) ~ --  --  ~ (ILP[, P~) 
over  k, whe re  P~ is t hen  ev iden t ly  a po in t  of I L P I  w h i c h  is gene r i c  over  
k- for  W~. 

3.2 L ] ~ A .  - Let V be a variety in S '~ defined over a field k,  let ~ denote 
lhe set of points which are in every linear variety attached to V, let 7: be the 
set of  points P of S" such that V is not a P-varie ty ,  and let S be the singular 
locus of V. Then ~ is a k -c losed  set, and either V is linear or ~ fl S --~: fl S. 

P R O O F . -  Le t  F~(X)----0 be a set of e q u a t i o n s  for  V ove r  k .  T h e n  

A.rFE~ (~" - -  X) "- 0 def ine  a k - c l o s e d  set ~ i n  S " X S " .  I f  ~' is the  set of po in t s  
wh ich  are  in eve ry  l i nea r  va r i e t y  a t t ached  to V at those poin ts  of V which  
are  r a t i ona l  over  k,  t hen  ~' is a k -c lo sed  set also. T h e n  V X  ~' is a k - c l o s e d  
set such  that  eve ry  poin t  of it  w h i c h  is r a t i ona l  over  k i s . in  ~, so V X ~ ' C ~ .  
Bu t  th is  m e a n s  ~ ' C  £,  and hence  £ ' - - £ .  

Suppose  n o w V  is not  l inear .  I f  Q~:,  t hen  e i the r  I QVI ~- V or Q is in 
the  t angen t  l i nea r  v a r i e t y  T to V at  a gene r i c  po in t  of V over  k(Q}. 
If  ! QVt  - - V ,  QeS  by 2.3. I n  e i t he r  case then,  Q~£ N ~ .  Converse ly ,  
if Qe£  and  ~ S ,  t hen  Q~T and  I QV! =~=V, so QeT:. 

3.3 TEEORE~f- Let k be a field of definition for varieties V r and W t in 
P~, and let L ~ be a generic linear variely over k in P~ such that s ~_ n - -  r - -  2 
and t ~ n ~ s - -  1.[6) I f  there exists a point P ~ V such that W is a P-var i e t y  
and P is not in the singular locus of ~ then i L V I is transversal to W along 
every component of l LV  I fl W.  ~) 

PROOF. - Le t  k(u) be a p u r e l y  t r a n s c e n d e n t a l  ex t ens ion  of k ove r  which  

L is de f ined ,  le t  P be  a gene r i c  poin t  of V ove r  k { u ) - - K ,  le t  W1 be  a 
c o m p o n e n t  of [LV[ fl W and h e n c e  not  c o n t a i n e d  in L ,  and suppose  V is 
not  c o n t a i n e d  in the s ingu la r  locus  of W. T h e n  the re  exis ts  a po in t  QeV 
s u c h  that  Q is r a t i ona l  over  k and  Q is s imple  on V and is not  in  the 

(6} One sees from simple examples that t ~  n-s-1 is needed in o'rder for the components 
of !LVI flW to be always proper; for instance, consider r----0, t ~ l ,  s ~ 0 ,  n - ~ 3 .  

(~) Chow mentions in [2], p. 459, that this is true when VOW and t ~--n-s-1; but he 
proves there a more special result. Chow however makes no mention of an extra hypothesis 
in the ease of eharaeteriste p =~=0, and we shall give in section 4 an example where VC W 
and t----n-s-1 but for which the theorem is not true without the condition that V contains 
a point P such that W is a P-variety- 
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singular  locus of W; and fur thermore,  by 3.2, Q may be chosen so that 
both 17 and W are Q-varietes.  ~]:oreover, I L P I  N W  and I LQ I N W are 
proper and t L P  I contains a point P1 which is generic over k for W1 by 3.1. 
Therefore  if C is a component of i L P  [ N W containing P1, then CC W1. 
But Wl is defined over k; so(  I L P I  , C ) - - > ( J  LQ ] , X')  ove rK ,  w h e r e X '  
is a K-c lo sed  set contained in I~\ and such that any component C' of X' is 
a component of ] LQ I N W {[8], p. 147, prop. 18). 

1LQt is t ransversal  to W along C' by 2.2. Also since both L N W 
and I LQ i f~ W are proper and hence C' cannot be a component  of both, 
C' ~:V. Thus, if Q' is a generic point of C' over K, then Q' is simple on W 
and the tangent l inear  variety M to W at Q' i n t e r s e c t s [ L Q ]  properly.  
Moreover, by 2.11, Q' is simple on I L V ] ,  and if T' is the tangent  l inear 
variety to I LV  I at Q' a n d  T the tangent l inear  variety to V a t  "Q', 
then T " - - f L T  I.  But M N T' is proper whenever  M N  I L Q [  is proper, 
since I LQ I CT' and M N I LQ I ~ ( I ) ;  so Mf lT ' i s  also proper. Therefore  tL F I 
is t ransversal  to W at Q'. 

3.4 PROPOSItiON - Let V ~ be a subvariety of  a variety W t in  P ' ,  let P 
be a point of V simple on W, and let T be the tangent linear variety to V~ 
at P. I f  L ~ is a linear variety in P" such that L N T -- (P and I L P ] N V • P, 
then P is in a unique component of  ] L V I N W. 

PROOF. - Suppose P is in two components W~, W~ of L L V I  N W. 
Since V C  I LV I N W, at least one of these, say W~,is not contained in V. 
Let  k be a field of definit ion for L, V, W, l ~ ,  P ;  and let 1"1 be a generic point of 
W1 over k. Since L N V-- ( I ) ,  there exists a point Q~ V such that P~ILQ~I; 
and then P~:4=Q. Moreover, P ~ L ;  for P ~ L  implies W ~ c L  and hence 
P ~ L  N T, a contradiction to our hypothesis. Therefore  dim [ L/)~ I ~- s + 1~ 
so (P1, I LP1 ] ) - -  > (P, I L P  I ) over k. This specialization then extends 
to (P,,  Q, I LP~ I , I P~Q I ) - - >  (P, Q', I L P  I , I), where 0.'s [ L P  [ N ~ - -  P. 
Therefore by 2.4, 1C T. But I P~Q I N L:#:(P, so 1N L:~:(I); and consequent ly 
T N L =I= 4), a contradiction. 

3.5. COROLLARY - Let V" be a subvariety of  a variety W t in  P ' ,  let P 
be a point  of  V simple on W, and let k be a field of  definition for V, W, P. 
I f  L" is a generic linear variety over k in P" such that t <-- n - -  s --  1, then P 
is in  a unique component of  I L V I N W. (~) 

PROOF.- Apply 3.4. 

3.6 TgEOREM - Let k be a field of  definition for V" and W t in P~,  let 
P be a point of V N W rational over k and simple on W, and L s be a generic 

(s) V a n  d e r  W a e r d e n  p r o v e s  a s p e c i a l  case  of t h i s  i n  [9], I ). 635. 
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l inear variety over k such that t ~ n - - s - - 1  and  r ~-- n - -  s - -  2. I f  W,  is 
a component of  I L V 1 N W through P such thcd every component o f  L P  I N W, 
dif ferent from P is proper, then W~ is the only component of  t L V  t N W 
through P. 

PROOF. CASE 1. - t --- n - -  s ~ 1. If  VC ~ the theorem follows from 3.5; so 
assume Vd;  W. By 3.1, W~ i s a p r o p e r  component  of I L V [  N W and hence 
has dim r. Also dim I LW~I - - - - r + s + l  by 1.9; so ILW~ t - - t L W !  Now 
apply 3 4  to conclude ! L W ~ I  N W, and hence ] L V I  N W, has a unique 
component  through P. 

CASE 2. - t ~ n -  s - - i .  Let  k(u) be a purely  t ranscendental  extension 
of k over which L is defined, let K----k(u) ,  and suppose P is in a second 
component  W~ of I L V I N IV. Let  N be a generic l inear variety over K of 
dim n - - [ t - - ( n - - s - - 1 ) ] - - l ~ n - - l . l h T P  I is t ransversal  to W at P 
by 2.1; so by the cri terion for unit multiplicity,  there exists a unique 
component  W' of I N P I  N W through P, W' has dim n - - s ~ l ,  and P is 
simple on W'. But  I L V I  fl W and I L V I  N W '  are proper  by 3.1, and 
Wi N I N P  I is proper, and every component  is general over k for W by 2.1; 
so we can conclude Wi N I N P i  contains a component  W', through P such 
that lV'~ is general over K for W~ and is also a component  of I L V[ I1 W'. 
Hence  W'~, W'2 are distinct components  of [ L V  I fl W' through P. But 

I LPI N W'-~C I LPI N(W~N INPI )--(ILPI N gQ) fl I NPI ,  

and by hypothesis  either 

dim (LP I N W ~ ) = s - } -  l - f - ( r - f - s - } -  I d a t - - n ) ~ n  or I L P 1  fl W, - - -  P. 

In ei ther eas% by 2.1, 

( I L P ]  n W , ) n  i N P I = P ;  so I L P I  n W ( = P .  

Hence  we can apply case 1 to conclude W'I is the only component  of 
! L W I N W' through P,  a contradict ion Q . E . D .  

R E M A R K  --  i t  is not clear in theorem 3.6 ju s t  when there exists a com- 
ponent W1 satisfying the condition that I L P t  N WI be proper outside P. In  
the ease t : n - - s - - 1  and V ~  W ,  there exists such a W1, namely V. 

Question: If t ~ n - - s - - 1  and V c  W, does there a lways exist  such 
a W I ?  

(9) This example was pointed out to me by A. Seidenberg.  
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4. Some Counter examples. 

Let  k be a field of character is t ic  p =~ 0, let 0~ be a transce~ldental 
quant i ty  over k, and let A be the locus of P --  (x, - -  x - -  a~ ~+~) over k in 
S ~. Then A is defined by Y - I - X + X  p+~-~0  over k, and the tangent T t o A  
at P is given by 

(1 - t -x  p) ( X - - x ) - [ - ( Y - - y ) - - - O .  

Hence  0 - - ( 0 ,  0 ) ~ T ,  but  A is not a cone with 0 in its ve r t ex . . ' .  A is not 
an O-var ie ty .  Moreover, the example shows 1.6 and 1.7 are not true without 

t h e  character is t ic  0 hypothesis.  It  also shows 2.2 is false without  the 
assumption that V is aD L - v a r i e t y ;  for, (in the notation of 2 . 2 ) t a k i n g  
V - - A ,  M - - a  generic point of T over k, and C----(x, y), then I ML I : T 
is now tangent  to V at C. For  the same reason 3.3 is false without the 
assumption W is a P - v a r i e t y  for some P e V, taking there V-~ 0, W - -  A, 
L - - a  generic point o f  T over k.( ' )  

The following example shows 1.8 is false without  the hypothesis  that 
V is an L - v a r i e t y :  let A be the curve in S ~ defined by 

X p-~ Y +  Y P - ~ X - -  I --  0 

over an appropriate  field k of characterist ic  p ~ 2. The tangent V to A at 
(x, y)  is given by 

( y ~ - ~ - - x P - 2 y ) X + ( x ~ - ~ - - y ~ - ~ x ) Y - - O  so O ~ T  but O:4:A. 

As for the simple point theorem, ii is not clear if the theorem remains 
true when one omits the hypothesis  that V b e  an l L P I  -variety.  At any 
rate, the possibil i ty of omitting this condition seems to depend on being 
able to apply [11],  prop. 14, p. 131. 
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