
An aspect  of local  p r o p e r t y  of I C, 21 s u m m a b i l i t y  

o f  t h e  d e r i v e d  F o u r i e r  s e r i e s  

By SHIVA :N'ARAI~ LAL (Allahabad, India) 

Summary. - In  this paper the author has proved that the I (7, 2 t summability of the first 
derived series of Fourier series is not the local property of the generating function and 
further he has investigated the condition under which it  becomes the local property. 

0 1. Le t  s~-~  s ,  denote  the n th par t ia l  sum of the ser ies  ~ a,~, and let  ~") 
and  t~ ) denote  the nth Ceshro means  of the order  g(a > -  1) of the sequen-  
ces /snt  and  {nant respec t ive ly .  The  ser ies  Z a ,  is said to be abso lu t e ly  

(a) 
s u m m a b l e  (C, ~), or s u m m a b l e  t C, ~ { ,  if the s e q u e n c e  {~. I is of bounded  
var ia t ion ,  that  is to say, the inf ini te  ser ies  

(a) (a) 

is conve rgen t  [3], [7]. 
The  fo l lowing iden t i t i es  are  wel l  k n o w n  for ~ > -  1. 

(1.1) 

0.2) 

t ( ~ + ' =  (~ + 1)(~? ) -(~+~), ,, - ~ n  j, [4], [8]. 

t~) • (~) (,,) ~ = n ( z , ,  - -  z n - l j ,  [7], [8]. 

2. Le t  f(t) be a per iodic  funct ion ,  in tegrab le  in the LEBESGUE sense  
over  the in te rva l  (0, 2re). Le t  the FOUJ~IER ser ies  assoc ia ted  wi th  the func t ion  
f(t) be 

1 
(2.1) 2 ao + Z (a,~ cos n t  + bn sin nt). 

Then  the f i rs t  de r ived  ser ies  of (2.1) is 

(2.2) Z n(bn cos nt - -  an sin nt) =-- Z nB,(t) .  

Annali di Matematica 9 



66 S t o w  t~qARAIN LAL: A n  aspect  of local proper ty  of  I C, 2 I, etc. 

W e  shall always wri te  

1 
~(t) = ~ t f (x  + 0 + f (~  - t) ~, 

1 
q(t)  = 2 t f ( ~  + t) - -  f ( ~  - -  0},  

where  

Then  

g(t) = { f ( x  + t) - -  P( t )  } + (--  1)~{ f ( x  - -  t) - -  P ( - -  t) } 
2t  ~ 

~-~ (~,t ~ 
P ( O  = ~ n--~ . 

~,~0 

~(t) ~ ~: A.(x)  cos nt, 

0o 

¢(t) ~ ~ B,(~)  sin nt. 

The first CESXRO mean of the funct ion g(u) for r " - 1  is 

t 

1 fg(u)du. g~(O- i 
0 

Regarding the absolute CESA_RO summabil i ty  of the derived series of FOURIER 
series HYsLoP [5] has proved the following theorem. 

THEOREM A.  - If  gl(t) is of bounded variat ion in (0, re), then the der ived 
series of FOCmER series of f(t), at t----- x, is summable I C, 2 + ~ I where  ~ > 0. 

Since a LEBES@UE integral  is absolutely continuous and therefore of 
bounded variat ion in any range (~, ~) it is an immediate  consequence of the 
above theorem that the summabi l i ty  I C,2 + 5] of the first  derived series 
of FOURIER series is a local proper ty  of t h e  generat ing function. The object 
of the present  paper  is to prove that the summabi l i ty  I C, 2 I of the same 
ser ies ' i s  not a local proper ty  and to investigate the condition under  which 
it becomes the local one. Analogous theorems f(~r the case of FOURIER series 
have been proved by BosA~QrSE~ and KESTELMA~q [2], BttATT [1] and JUnKA~ 
and PEYEm~mOFF [6]. 

In  what  follows we shall prove the following theorems. 
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TguoRsz~ 1. - I f  f(t) is a periodic function with period 27: and integrable 
iJ, the Lebesgue sense over the interval (0, 27:), then the summabili ty [ C, 2 1 
of the first derived series of the Fourier series of f (t) is not a local properly 
of the generating function. 

T t t E O R E ~  2 .  - I f  

n 

then the I U, 2 ] summability of ~ nB.(x) depends only on the behaviour of 
the generating function f(t) in the immediate neighbourhood of the point t ~ x. 

3. W e  r equ i r e  the fo l lowing l e m m a s  for the proof  of our  theorems.  

LE~I~A 1. ([2], T h e o r e m  1). - Suppose f,(x,) to be measurable in (a, b), 
where b -  a <. o~, for n - - 1 ,  2, ..., then a necessary and sufficient condition, 
that for every function ¢?(x) summable over (a, b), the functions fn(~)?(x) should 
be summable over (a, b) and 

b 

o ~  

is that ~ t f .(x) t is essentially bounded in (a, b). 

LE~)IA 2. - I f  the serie~ 

n + l  

is convergent, then the series Y,a~ is summable [ C, 2 [ .  

P n o o F  oF THE LE~[~[A. - W e  have  f rom the iden t i ty  (1.1) 

n n 

n n 

by hypo thes i s  and the cons i s t ency  theorem for the abso lu te  CESARO 
summabi l i t y .  
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The l emma follows from the ident i ty  (1.2) and the def ini t ion of absolute 
C]~sXno summabi l i ty .  

4. PROOF OF THEORE]~ 1 . -  For  proving the theorem it is essential  to 
establish that  if 0 < a < ~ < 27:, there is a funct ion summable  over (:¢, ~) 
and zero in the remainder  of (0, 2u) whose first der ived series of F o u R I ] ~  
series is not summable  L C, 2 t  at l ~ 0 .  

I t  is known that  if EnB~ is summable  ] C, 2 I then ~ I B ~ I  is eonver- 
n 

gent  [8]. 
I t  is, therefore,  enough to  show that  there is a funct ion  f(t), summable  

over (a, ~), such that  

But ,  if 0 < t  < 2~: ( t : 4 :u )  

t sin nt t >  ~ sin2nt 
n 

1 1 - -  cos 2nt 

1 1 1 cos 2nt 

The  resul t  therefore  follows from L e m m a  1. 

PROOF oF TttEOREM 2. - We have 

(4.1) S,,(w)- ~ eBb(w) 

_-} f cq),, sin  tdt 
0 

T~ 

- -  - -  ~( t )  dt  

0 

sin (n + 1) t 

2 sin t/2 
dt 
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The sequence {Sdm)} will  be summable I C, 2 1 ,  if the sequences {/~(n) } 
and {Idn) f are summable [ C, 2 [ .  We observe that, for positive ~, however 
small, but fixed, the summabili ty [ 6', 2 [ of the sequence {L(n)} depends 
on the behaviour of the generating function f(t) in the immediate neighbourhood 
of the point m defined by x -- 8, x-+- ~. gence  the theorem will be established 
if we prove that under  the hypothesis of the theorem the sequence {L(n)} is 
summable I C, 21 .  

Let G, denote the ari thmetic mean of the sequence {Idn) }. Then we have 

(n + 1)~ [ . - i  ~\a :~ 
t Y-, v +  cos v + , 2  tdt 

v = O  

+ i f s in~ t 

+ 
2(n + 1)7: i t a s i n ~ t  ~ sin v +  tdt 

sin ~8 ~=o 

+ 
"/z 

i sm ~ t ~=o 

8 

1 ( f  +(t) . ~ 1 1 sm 
( n + l ) 7 :  o_~ (s in~8)  8 

d I sin = (n + 1) t/2 } 
t dt I sin t/2 dt 

-ff 

+ f  +(t)l 
s i n ~ t  

d I sin~ (n + 1)t/2 t~ 
dt ~ sin t/2 t d 

I 

1 
+ 2 (n + 1)z: 

[o; 1 +(t) cos ~ t 
sin = (n -4- 1)t/2 dt 

f ~(0 co~ t12 + ) -  ~ sin ~ (n + 1)~t~dt 
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- - - ~ _  (sin~) ~ 
1 

- -  sin 2 t sin (n + 1)tdt 

7~ 

f + +(t---L) sin (n + 1)tdt 
sin 2 t/2 

1 is i ,eos i 1 + (n + 1)7: sin ~, 
sin 2 (n + 1)t/2dt 

+ f +(t) cos t/2 1 3 s i n S ( n +  1)t/2dt 
(~io~) 

~_ (sioUx) ~ 
1 

sin ,~ t sin (n + 1)tdt 

7~ 

+f +(0 sin ~ t/2 
- -  sin (n + 1)tdt + 0 

Now let  Us def ine  a func t ion  Q(t) as fol lows:  

~(t) - 

1 )_3 1 
sin ~ ~ sin ~ t (0 ~_ t _ ,  $) 

1 
( s in~  t) -2 (~ ~ ' t  <, 7:). 

T h e n  for 0 _~ t ~ u ,  ~(t) is of bounded  var ia t ion  and  cont inuous ,  ~'(t) is 
bounded  and  f]"(t) is in tegrab le  (L). 
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Now since ~(t) is of bounded  var ia t ion  in the r ange  (0, ~ ) b y  a wel l  
k n o w n  theo rem we have on se t t ing  

B_~(x) = - -  B~(~) = - -  B~ 

7~ 

'f e ' .  = ~ ¢(t)n(t) sin (n + 1)tdt 
0 

= 2-~ v~i B~ gt(t) sin vt sin (n -}- 1)tat 
0 

1 E' B,, f ft(t) cos (n v 4- 1)tdt 
~ 4 7r, v 

0 

+ o(1  B~(x) I) 

7T 

1 E' B~(x) fo ' ( t )  
0 

sin (n - -  v "4- 1 ) /d t  
n - - v + 1  

+ o(t B.(x) I), 

w h e r e  Y.' deno tes  summat ions  o v e r  - -  c,o < v <_ - -  l, l ~ v ~ n - - 1  
( n +  1) ~--v < ~ .  Le t  

~ - - m i n C [ n - - v 1 - 1 ,  ~). 

Then  we  have  

1 B/.)(f  ÷ f)o,,) G',~ = - - ~  

o 

sin ( n - -  v -{- 1) dt 
n - - v + 1  

-4- o ( I  B . (x )  I ) 

and 

T h e r e f o r e  

= - G % 1 - -  e'.,~ + O( I B.(x) I). 

I ' B~ (x )  i 
G'~,~ = o(1) ~'~ (n - ~)~ 
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and  

G' I ~, B~(o~) [f~' ~,~ = - -  ~ ~ (t) 
cos (n - -  v + 1)tl~-°," 

( n -  ~ q-" i-) ~- ; ,  ~+o 

~" _, , . .  cos (n - -  v + i) t  
I~:Z, B~(w) J .q (t) N Z _ -  v + 1) 2 at 

- -  0(1) Z' (~nBv(__.xv))!, 

the  i n t e g r a t i o n  by pa r t s  be ing  t aken  sepa ra t e ly  over  the  r a n g e s  (l~, ~) and  (8, re). 
Col lec t ing  these  e s t ima te s  we  have  

(4.2) [By(x) I / 1 \  
G , =  0(1) ~' + O( I Bn(x) L ) + 0[-=o) ( n - - v )  ~ 

i -1 ~-1 ~ + .  ~ l lB~(x )  t = o ( 1 )  ~ + ~, + ~, + y, 
v=--~ .~=1 ~=,~+:t ~=n+.~+~ (n ~ v) 2 

+ ÷ 

0(1) I31 + 32 + 33 + 35 + 1 B~(x) I + ln}, say. 

T h u s  by v i r tue  of L e m m a  2 and  (4.2) the  s e q u e n c e  i I2(n)} is s u m m a b l e  
I C, 2 [ , if we prove  tha t  

(4.3) Z 3~ < ~ (r - -  1, 2, 3, 4). 

s ince  by hypo thes i s  

n 
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and obviously 

~oW, 

1 ~ < o o .  

n_~ ,  ~ , A  ~ 1 0(1)" 

E -1 V-2 
~=2 V=I ,~my~l 

B~--V I 
n 

~ , v  -~ 
Y=l 

' B._~ [ 0(1); 
n=v+l  n -- V 

.-la~= ~. - I  ~ rB~+.E 

,o v o ( ~ )  = E v - = E n - 1  [ B ~ + . ] + E v - =  T IB-+~ r 
v=l .=1 ,~=1 ~=~+1 n -'{-=v 

and 

= o ( 1 ) ;  

1 ~ n-1~4= 0(1) ~ n -1 E 

l °I  = 0  - - 1  .~: _1 --'o(1), 
~r~ -t- 1 , = i n  

Thus  we have established (4.3) and this completes the proof of 
Theorem 2. 

The author would like to acknowledge his indebtedness ~o Prof. 
B. N. PRASAD and Dr. S, N. BI-IATT for their valuable guidance during 
the preparat ion of this paper. 
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