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Summary.  - I n  this  paper,  the author proves a theorem on the absolute CESARO summabiUty  

o f  factored FOURIER ssries. H i s  theorem extends a theorem o f  ]KATSU~OTO and  genera- 

lizes a theorem, of  PRASAD and  BHATT. 

1.1. Let f(t) be a periodic function with 
over ( - -~,  7:)and let its FOURIER series be given by 

period 2~ and integrable (L. 

1 o0 
[(t) ~ ~ ao -k- ~ (a,, Cos n t  "k- b .  Sin nt) 

1 

We write 

(30 
= y. A . ( t ) .  

o 

1 

t 

¢~=(l) " -  (t - -  u )=- 'T (u )du  = > O, 

o 

and 

Co(t) = ~(t), 

¢p=(t) = r(~ + Dt-"o=ff), = H o 

1.~. In 1948, 0 ~  proved the following theorem concerning the abso- 
lute summability factor of FOUt~IER series: 

THEOREM A .  - If ¢~=(t) (0 <:' a <-- 1) is of bounded variation in (0, 7:), then 

~, A . ( t ) / t  log (n) 1 ~+' ~ > O, 

at the point t - - ~ ,  is summable I C, a I .  
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Generalizing the above theorem of CHENG [1], ~ S U ~ O ~ O  [2] established 
the following theorem:  

T~EORE~ B . -  If 

T~ 

0 

then the series 

¢X) 

n ~-~An(t)/l log (n q-- 2) f ~+~, 
o 

at the point t : x ,  is summable I C, 7 I ,  where  l ~ y ~ 0  and ~ > 0 .  

The object o[ the present  paper  is to find in place of ~his special type 
of factor 1/1 log(n ~ 2)f :+~ in the above theorem of MA~SUMO~O [2], a gene- 
ral factor ).n, where I)'n I is a convex sequence such that ~ n / n  is 
convergent.  

2.1. In  what follows we shall prove the following theorem:  

THEORE]~:. - I f  l ~n l i8 a convex sequence such that ~ k ~ / n  < c~ and  i f  

then the series 

7~ 

f 
G 

nV-ak,A, , (  t), 

at  the point  t - - x ,  is summable  I C, Y I ,  where l ~ y ~ ~ ~ O. 

It  may be remarked  that this theorem also generalizes the following 
theorem of PRASAD and BEA~T [3]. 

T~EOI~E~ C. - If  {),n I is a convex sequence such that E) ,n /n  < c,o and 
~(t) is of bounded variat ion in (0, r:), where  0_~,~ ~:1 ,  then the seri0s 

OD 

Y~ k,,An(t), at the point t "--x, is summable I C, ~ I .  

2.2. The following lemmas will be required for the proof of our theorem : 

LEk[~A 1. (MATSUgOTO [2]). - Let 

k 

S~(n, t) - -  ~. A,~._~ Sin vt, k ~ n a~d 1 ~ y > O, 
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then 

Sk(n, t) = [ 0 1 k(n - -  k)v -~ f n > k, 
• 0 l t - ~ (  n - -  k)  ~ 

and  

S,,(n, t) = I O(nr) 
O ( t - ~  ) . 

L : ~ A  2. (MA~SVMO~O [2]). - Let  

d ~ 

then we have 

S~(n, t ) =  I 
0 i k~+~(n - -  k? -~ } 
0 t kXt-~(n - -  k)r-~ } 

and  

S~(n, t ) -  I 0 (n~+r) 
0 (n~t-~). 

LE~MA 3. - Let  

F ( n ,  v) = (n  - v)r-1 ] a / v %  / I ,  ~ = "~ - ~- 

If 

7~ 

d y 
J(n, u) - -  f (t - -  u)-~ dt  H (n, t)dt, 

where 

Hr(n, t ) =  __1 ~. ..,_~.~r-I,s~..~ Sin vt, 
A~ ~=0 

then 

J(n, u ) - -  
0 n~ -r  I~ u-~F(n ,  v) + nSu-~),,, . 

~ 1 and  k ~ n, 

k <n~ 
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PRooF. - By partial summation we have 

H~(n, t) ---A~ = t)h ~ v~),~ ] + s.(n, t)n~),. 

(2.2A) 

by Lemma 1. Applying Lemma 2, we have 

(~.2.2) 
i O n-'r ~ v~F(n, v) + nY+S+~X, 

d H r(n ' 0 -  ~-i 

Now 

~4@~ - t  ~¢ 

= I~ + I~, say. 

It is easy to see that 

/ 1=  
0 n~-'~-v Y~ v~F(n, v) + n~+~+O,, 

0 n ~ - ~  ~ u- lvF(n,  v) + n~+~u-~.  , 
~ 0  

and from second mean value theorem, we have 

~tH (n, tldt 
u .O~  - i  

u + n - l  <~ < %  

0 n~-~ Y, u- iF(n ,  v) + u-rn~X. . 
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L E ~ f A  4. - Let 

then 

PROOF. 

I(n, u) = v T ~ J(n, v)dv, 

0 

I(n, u ) =  0 u*n e.-'t Y, vF(n, v ) +  nr+~,,, . 
V ~ O  

= u~[J(n, v)]~ 

= 0 u~na -~ Y~ vF(n, v) + nZ+~,. 
V=O 

by using the first estimation for d(n, u). 

L E M ~  5. - Let 

,r 

KCn, u) = f v ~ d ~l-~J(n, v)dv 
$6 

then, for ~ > O, we have 

u ) -  O [n,-~ l K(n, 

+ I 

PROOF. - We have 

"- '  f] 
Y~ u~-lF(n, v)+  n~X. 

~ = 0  

0 < ~  <u, 

. i  
Y, uY-~*F(n,  v) + u-~n~X,, . 

Y=O 

K(n, u) - -  [vrJ(n, v)],~ - -  y f V -IJ(n, v)dv --  Kx + K2, say. 
t4 
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Using second estimate of J(n, u) of Lemma 3, we have 

K~ -- r:YJ(n, r~) - -  u~J (n, u) 

I It = 0 n ~-~ ~u'r-~F(n, v)+n~'~, . 
y---~0 

Also 

d 
--- - - y f ~ H  (n, t ) fvV-~(t--v)-~dvdt 

7~ 1 

- - - - y f ( ~ ) H V ( n ,  t)tv-~fzV-t(1--z)--Cdzdt 
u ul t  

1 7T 

-- - -  - -  t -~ dt H (n, t)dt 

d 
-- O ! f  t~-~ jtHV(n, t)dt 1 . 

Subst i tu t ing  the second estimate of Hr(n, t) from (2.2.1), we have 

-- O[n-~ l~=-:ur-~-lF(n, v) ~ u-~n~knl ]. 

This completes the proof of Lemma 5. 

3.1. P~ooF oF ~ ~ H ~ 0 R ~ .  - Case (i): y > ~ > 0. 
It  is sufficient  to show that 

r, 1 ~ l/n < oo, 
1 
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where ~ is the n-th  CESkRO mean of order 7 of the sequence { n:+St.A,,(x) l 
i .  e .  

1 '* 

A~ ~ - - o  

(3.1.1) 

7~ 

AY. ~ = o  
0 

-ff 

= A~,,=o 
0 

7¢ 

¢~(t)-dt H (n, t)dt 
0 

t 

1 f - -  ~: ~ H r ( n ,  t) r(1 .... 2) ( t - -  u)-adO~(u) 
0 0 

2 
=r(1-- a)f do~(u) f (t -- d - -  u)--~ ~ H (n, t i l t  

0 u 

7~ 

2 
- = r ( 1 -  ~)fa~,(u)J(n, u) 

0 

m 
w 

7f 

=r(l- 2) 
o 

(3.1.2) 
2 

---- - -  ,:r(1 - -  2)[u-~Oa(u)I(n,  u)]~ + 

7~ 

2 
=r(1 - -  ~) f i(~, u)a ~ ¢~(u)u-, }. 

0 

Thus, it is sufficient to prove that 

(3.1.3) Y, < c ~  

Annal i  d i  M a t e m a t i c a  3 
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and  

(3.1.4) ~ [ I (n ,  u) l < 
x n 

u n i f o r m l y  wi th  respec t  to u, for  0 < u < r~. 

PRooF OF (3.1.3). - T a k i n g  ~ ( t ) -  t v-It, we have  easi ly  

¢~(t) = r ( y - -  ~ + 1)tY 
r(y + 1) 

therefore ,  

Also 

-/y 7~ 

0 0 

d { u -~ ffga(u) } -" O. 

vt dt  

7~ 
_~ v-~-~+~ r(y - -  ~ + 1) Cos ~ (~, - -  13 + 1) 

H e n c e  f rom (3.1.1) and (3.1.2), w e  have  

I(n,  ,:) = = 0 A'I ~ =oA~-%~ ' 

so that  

(3.1.5) 

(TITcl~ARS~ [4]). 

l [ I (n ,  n)[ 0 E n-~ ' - l n  't-1 + 0 Z n -~-1  ~ Y--~ 

= o(1)+ oI~ ~ . - ~  + ~1~-'.-~-'1 
(3O 

V 

= o(1) + o I ~ ?I = o(I). 
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P]~oo~ oF (3.1.4). - Let 

I(n, u) l =  ~ + 
n : l  n 

= M , + M 2 ,  say. 

Applying Lemma 4, we find that 

0 

= 0 u~u~ ''v-~ Y, v(u - -  v) v-~ t a { v% } 
~ 0  

] 1 + 0 uVnr-O.. 
L 1 ..l 

= Mn + M, . ,  say. 

Now 

and 

M** = O l uV [!] n~"v-* E (n --  v + l)V-*(v --1)  t /l i (v --1)8~.~-, } ] I 

--O{uV [!](v--1)1 A {(v-- 1)~X~_= 1 1 

X Y~ n~-v-~(n -- v + 1) r -~  

=ol U'¢ (v - 1) I ~ t(v - -  1)%_, } 1 v~-* 

= Olur Y,. (v -- 1)~+*55tv_~vl 3-~ 

I [~] 1 + 0 u r ~ vs),~va "-~ 
; t  

= M ~  + M~=, say. 
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M m  - -  0 u r r h),v_l ~ - -  0(1), s ince  A~,v ~> O, 

and  

The re fo re  M1 = 0(1). 
As r ega rds  M2, we have  

I(n,  u) = I(n,  ~) - -  k(n, u) 

and  s ince  we  have  a l r eady  p roved  in (3.1.5) tha t  

< c~a, 

il is suf f ic ien t  to prove  that  

o~ 

I k(n' u) t - -  0(1), 

u n i f o r m l y  in u, for 0 < u < r:. 
lqow 

I k(n, u) I 
°=[~]++ ++ i+[  1 - - -  o o=[~]+~ u+-~++o -~-~  ~ o ( n - - ~ ) ~ - '  l ~ ++ ~+~ l+ 
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I t  is obvious that  M== and M~ are bounded  and  

t oa n--1 { M=~ = O u r -*  ~ n ~ - Y - *  Y~ (n  - -  v) ~ - * l A { v % } ]  
o=[~]+, ~=° 

= 0 u r - t  Y, I A(v~,v){ ~ na-r--*(n - -  v) r-~ 
~=o ,.:=[~]+, 

q- 0 u r-* 2] [ h(vS),v) ] ~ n~--r-~(n ---v) r-* d 

= M=11 + M=,=, say. 

Now 

M=, = 0 t l u~-~ ~ (v~a),~ q- v~-*;.~÷,)v~ -* 

- o l ~ , - ~ l : F l =  o(11, o~ ~ _ o .  

OO 

M2~1 -" 01 ur-~ Y' na-Z o=[~]+, 
oo 

[~]+1 

H e n c e  

M~ = 0(1). 

This  proves the ~heorem for  ~ > O. 
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C a s e  ( i i ) :  When  y > ~ = O. I n  t h i s  c a s e ,  w e  a r e  g i v e n  t h a t  

7~ 

f t d t t - r g ( t ) t l  < ~ ,  0 < 7 < - -  1 
0 

co  

and we have to show that  E nr;.,M~(~) is summable  t C, 7 1 ,  that  is, we 
0 

have to establish the convergence of the series E I ~  I/n, where (~) 

~ 1 ~ v-1 v 

d Hr(n" t)dt 

0 

7~ 

0 

*ff 

I d oldvl --  O l vr -dv Hr(n' 
0 

7~ t 

oJ av 
0 

Wri t ing  
t 

i(n, t) = v Y ~ H~(n, v)dv, 
0 

it is suff icient  to show that  

~ ! i(u, t) L < ~ ,  
t n 

uniformly in t, for 0 < t < _ u .  Pa t t i n g  ~(t)-----t ~, we have,  as in the case (i) 

ot1 l- 

(~) From this plaoe onward we shall be using the same notations a~ in the case (i) 
but  with the obvious change that  here ~ ~-"h 
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H e n c e  

I 1 ~f  i (n ,  =) i _. 0 ~ n - v - *  ~. (n - -  v q- 1)v- l~ - -  0(1), as shown 
t Tb i v-~-O 

in (3.1.5). It, therefore ,  r ema ins  to show that  

~t f(n, t)l< ~ ,  

u n i f o r m l y  in  t for  0 < t < 7:. 
Now 

~ = E +  :g = h r , + h r 2 ,  say. 
, n , [~]+, 

By the second m e a n  va lue  t h e o r e m  and  the  f i rs t  e s t imat ion  of (2.2.1) 
we have  

-N'a = 0 tVn -v-1  Y~ v(n - -  v) v-1 I 5 { vvi, I I + tVnV--U(,, 
l 

= 0  t r v l h l vrX~ } l v~ n--r- - , (n_ , )v- i  + 0(1) 
i ~ + 1  

t 1 = 0  t ~ ~, l a lv r ) ,~} l  + 0 ( 1 ) = 0 ( 1 ) .  
l 

A l s o  

N ~ =  O Y~ + 

where 

T~ 

R(n,  t ) -  f vv d v g~ t t  (n, v)dv. 
t 
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Now 

I i (n,  ~:) I < c ~  

and from the second relat ion for Hr(n, v), we have 

? f  

[if(n, t) --  [v~H~(n, v)]~ - -  T f vv-lH~( n, v)dv 
t 

~,--1 t 
- - 0  n - rg  -1 ~ ( n - - v )  v - l l  h { v  ~xvl ] ~3~,  

Y--~-O 

T~ 

7 ~=o ~ av-%r~ f v  r- ,  Sin 
t 

vv dv 

--  X~ + X~, say. 

But 

+ ,x1_ =ol +   I+ol + ~T--ITb~T~I 

° - '  t Y~O 

= 0(1), 

by proceeding as in the proof  of the re la t ion :  

M21 - -  0(1). 
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Also 

- 1  } 

= 0 t ~-i ~, ¢:-1),, ~ n-~-lA,~,~-_i 

t 

- -  + 0 t ~ - I  Z vv-~).~ 

This completes the proof of the theorem for the case y > ~ - - 0 .  

Case (iii): W h e n  7 - - ~  > 0. The proof of the theorem for this case is 
similar to that of Case (i) and hence we omit it 

Case (iv): W h e n 7  - - ~  - -  O. In this case A,~(~c)= 0 ( 1 ) ,  hence 

r,;v. I I = X O  n 

This completes the proof of the theorem. 
The author is much indebted to Prof. B. N. PI~ASZD, F. iN. I., for his 

kind encouragement  and helpful guidance. 
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