A theorem on the absolute Cesaro summability
of factored Fourier series.

By 8. M. Mazgar (Univ. Allahabad, India)

Sammary. - In this paper, the author proves a theorem on the absolute CEsAro summability
of factored FOURIER series. His theorem extends a theorem of MATsSUMOTO and genera-
lizes a theorem.of PrASAD and BHATT.

1.1. Let f(!) be a periodic function with period 2z and integrable (L.
over (— m, m) and let its FOURIER series be given by

ﬂﬂwéaw+§@h0%nt+bn&nnb

=3 4,0
We write
1
?(t)=§3f(w+t)+f(w—t)¥,
1 t
Du(f) = o) j (t — uwr—p(u)du a >0,
Do(t) = ¢(t),
and

Palt) = T 4 1)i~5Dq(t), «=0

1.2. In 1948, CEENG proved the following theorem concerning the abso-
lute summability factor of FOURIER series:

TaEoREM A. - If ¢f) (0 < a2 <1) is of bounded variation in (0, =), then
2 A,/ log (n) 1+t e>0,

at the point /=, is summable | C, «|.
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Generalizing the above theorem of CHENG [1], MATsUMOTO [2] established
the following theorem :

TaroreEM B. - If

[1atent | <o,
0
then the series
oo
2nt—R4,0)/{log (n + 2) 1
0

at the point £ =, is summable | C, y|, where 1 =7y =8=0 and ¢> 0.

The object of the present paper is to find in place of this special type
of factor 1/{log(n 4 2)}**¢ in the above theorem of MaTsumoro [2], a gene-
ral factor X,, where {A,} is a convex sequence such that X A,/n is
convergent,

2.1. In what follows we shall prove the following theorem:

THEOREM. - If {A,] is a convex sequence such that % ),/n < oo and if

f | d) Dyt ] | < oo,

then the series
I n'8, 4,00,
at the point t = x, is summable | C, y |, where 1 =y =3 =0.

It may be remarked that this theorem also generalizes the following
theorem of PrasaDp and Bmarr [3]

TegoreEM C. - If {X,] is a convex sequence such that %2,/n < oo and
vd?) is of bounded variation in (0, @), where 0 <~a =1, then the series

3 Anda(t), at the point =, is summable | C, « |.

=0
2.2. The following lemmas will be required for the proof of our theorem:

LeMma 1. (MaTsuMoro [2]). -~ Lel

k
Si(n, ) = ,ioAﬁ:lv Sin v¢, kEs=n and 1 =7>0,
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then
0 kn — kyr—1}
S y == k;
Sk(n, 1) { 0§ 1-in — Iy— | n >
and
_{ O
Sa(n, §) = 2 o).
LemMa 2. (Marsumoro [2]). - Let
2 a\
Sk(n, ) = (Zﬁ) Sk(n, t) Az=1and k <n,
then we have
O{ Bt n—Ekpr}
Sk, t) =
®(n, 1) { 0 = — k=1 | k<n,
and
O (n*+y)
X —_
S, = { 0 (Wi,

LemMa 8. - Let

Fn, v)= @ — v | A{v3A, 1 ], =y —§.

If

J(n, u) = f;t — u)—ﬁ%f[*(n, Hdi,
where

H'(n, t) = —1}— éo AL v, Sin vi,
then

O[nﬁ"" : ngvF(n, v) - nf 3,
y=0

|

0 [nﬁ—r 3 ”ilu‘lF(n, ¥) 4 n%-*lng } .

y=>0

Jn, u)=
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Proor. - By partial summation we have

"S5, DA LVOA, |+ saln, OHhs f

V=0

1
HY(n, i) = X

¥
#

g o[n-«rifivﬁ'(n, v) + nrton, H
@.2.1) = -
{ O[W*Y;E:t“‘l?'(n, v) 4t g]

by Lemma 1. Applying Lemma 2, we have

( 0[%-~,§"§1sz(”7 V) 4~ n?+5+1l”;]

d pe=
(2.2.2) i Him, )= ..,.1
| O[n"‘fz Svi-iFm, v) + ne+xz-m,,”.
y=0
Now
u-l—n"" ”
J(n, w) :(f -+ f )(t — Uy %H"(n, fdt
% u-{—n“"

= I, 4 I, say.

It is easy to see that

P,
0[%3*1*#) IV F(n, v) 4 nrtdt,

y==0

|

0 [nﬂ*l-“r’ ”2? 13u"lylf'(n, v} 4= nitu—ri, z } s

V=0

I, =

and from second mean value theorem, we have
a .y 1
I, =nP EtH(n’ Hdt u+nt<i<ry,
wpn

o{nw |5 VEm, 1+ ar| }

y=0

O[na"\' ”Elu“F(n, v) + u*m%,”.

V=0
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LeMma 4. - Let

“
In, w)= f vt Zt% J(n, v)dv,

[}

then

In, u)= O[MYnﬂ-"}”glvF(n, v) 4 n'Ho,, ” .

y==0

Proor.
ud .
In, u)= uvf%.](n, v)dv O0<n<u,
n

= u'[J(n, O]

= O[u"nﬁ""} ”ZT 1vF(n, v) + n"+5“)\,,”

y=0
by using the first estimation for J(n, w).

LevMMaA B. - Let
" d
Kn, u)= f o %J(n, v)dv

then, for 8 > 0, we have

Kn, u) = o[na—r T w—Fn, v) 4 nsx,,ﬂ

y=20

Y

+ 0 [n""g lu’”ﬁ—lF(n, v) < u—Bndl, ; ] .

Proor. - We have

¥id

Ki(n, u)=[v"J(n, v)x—y j o' ~iJ(n, vidv = K, + K,, say.
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Using second estimate of J(n, u) of Lemma 3, we have
K, ==ldn, n)— uw'd(n, u)

nﬁ—Yg Elu""“lF(n, v) 4~ né‘k,,”.

V=0

=0

Also

-4

ks -
K= —y ffcf‘"—1 (t — ) T H¥n, t)dtdv

t

=—x f gi Hin, §) J v — vy-Bdodt
W %

1

=—y f ( %)‘HY(M, t)t*—ﬂfz**i(l — 2y8dedi

wit

ki

=—y fz**l(l — 2y Pde ft**ﬂ(%ﬂ*(n, hdt u<i<m,
£

wiw

™

ad
= Y 2. HY| .
OU‘t dtH (n, t)dt‘
Substituting the second estimate of HY(n, ¢) from (2.2.1), we have
ki
Ke= 0 {[H'n, 028 — (v — ) [ Htw, pr—s-sat |
£

|

Py —

= 0[%"‘?3 Elu*—ﬁ‘-lF(n, v} + wBnfh,
=0

v

This completes the proof of Lemma 5.

8.1. PROOF OF THE THEOREM. - Case (): y > 3> 0.
It is sufficient to show that

i < oo,
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where G}, is the n-th CESARO mean of order y of the sequence {n'+ox,4,(x)!}
i. e.
1z
¢, = i 2 4SO A) d=7y—5

(3.1.1) =1 %=, 2 f #(t) Cos vt dt
Ak v=o ™
1]

T
_2 1
fcp()dt§—— B 4z, vat$ dt
ki

— 2 i d H
=2 f o) 3, Htn, )it

o

n t
2rd 1

= f 7 H'(n, ) mf(t — u)~BdD(u)

—_ ____2__ ﬁdq) (u)f(t — u)y® QHT(n hdt

TRl —g) " dt™

2 ™
:rF(i f Dg(u) - an J(n, w)dw

312) = &'Iﬁg:—p) [t Dyl w); +

Thus, it is sufficient to prove that

|1, ™| _

1 n

3.1.8)

Annali di Malemalica 3
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and

= I, w)] _
1 n

3.1.4)

uniformly with respect to u, for 0 <u < m.

Proor oF (3.1.3). - Taking ¢(#) = {™#, we have easily

_ My —p+ 1
M=

therefore,
d{u0gu)} =0

Also

fcp{t) Cos vt df = f {'—8 Cos vi di
0

& y=1=T+8 Ty — 8 - 1) Cos g (v — B8+ 1) (TiroEMArsSH [4])

Hence from (3.1.1) and (3.1.2), we have

11

I(n, ﬂ)::O}A

li R

1
=) f

-

8o that

ziI”r )| _ 022”._%1%1..1%_,_032n~?-1244m1vz

(3.1.5) = 0(1) + 03 ShEm—v+ 1)**17&*'*"‘1%

0

=0+ 03, f @ — v)""lzc‘“*“‘ldwg

8

"

&

|
;= 0.

- 148

= (1) + 0?
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Proor or (3.1.4). - Let
i
o] 1 u o0
L o|Im u)|=2+4+ % =M+ M,, say.
‘n:l% 1 j:—l-].-i-l

w

Applying Lemma 4, we find that

1
M, =0 [g‘l ulpp—r—1 g ”Z‘a_lv Fn, v) 4 n'+3), % }
1 0

!

1 2
=0 [g} wnp=r—1'% v — vyt | A {1} } +0 [%u*n**il,,}
1

1 y==0

= M, -+ My;, say.

Now
1y
M, = O(uT M ): o(1)
and
g g
My=0ju" I 0" 2 (n—v+ 1y — 1) | A{(v — 1%y} ) \
= 0wt B (v—1) | A{Y— 1] |
X ?z; nfT=(p —y f 1)f=2 €
= 0)u' § V=D —1PAal] Vﬁ"’%

i

=0,u % 0 — ALy

1
+ o}w 3 MVVH:
1

= My, + My, 8ay.
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el
M, =0ju' b—] AN, i = O(1), since AX,= 0,
i
and
i
1 v{ﬁ]k ’
My = ) { u' {;ﬂ % ;v’ﬁ = 0(1)

Therefore M, = O(1).
As regards M,, we have

In, u) = In, n)— kn, u)

and since we have already proved in (3.1.5) that

SR D

#w=1 #

it is sufficient to prove that

3 | (n, w) | __
%:[;‘;]—}-1 n - 0(1):

uniformly in u, for 0 <u < m.

Now
2 |\ 3 -
ey B0 o) wre=S = s |

Rt —
on B B
+ + n u " 2

= M, -+ M. + M., say.
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It is obvious that M,, and M,, are bounded and

@© Al
M, =0)u"—* Z nf~"" 3 (n—v—"|A{vA}]
Sr
1
=0ju™" 2 [AM%y)| X wfT(n— v)"“1}
v=0 u:{é]—}-l

+oNu— T [ A0 | D nbT—m — vy
v _1_} y4-1

= M211 + M212, Sa»y.

Now

M, = O;MY—¥ OZO (VAR - v*“‘lkv“)vﬁ*l{

3]

r_l: = 0(1), ag u — 0.

-

= 0 }MY“l

Since, in the case of Mz,, v < E] + 1, we have

ar- %} |4 {voh }]

My = O\u=t 35 np— :+ 0
e 1
wg_?_l 1 Y1
xfw (m—-—{ﬁJ—l) dx
e
— ol 4 o[ B o, 4
= lu -+ ( P - (OAx, +v y41)
o= L™
- gu . f.... o)
Hence
M, = o).

This proves the theorem for § > 0.
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Case (i6): When y > § = 0. In this case, we are given that
[1aieren) <o 0<y=1
o

o«
and we have to show that £ n'),4.x) is summable | C, y |, that is, we
0
have to establish the convergence of the series X |} |/n, where (%)

v LS =ty
Gh = ‘th. 3—:‘0 A5 vy 7&,,14,,(56)

_._.2 . d Y
=2 f 9(t) o H'(n. )
0

- 2 f(t—fcp(t))(ﬂ% H'n, t)) dt

= O;IWY%H"M, 'v)dv’g

0

i

+ 0 Ud LY o(l) gfv‘fa%m(n, Vv,
Writing
t

d
In, &)= fv" Fh HY(n, v)dv,

[
it is sufficient to show that

gD
i n

uniformly in f, for 0 <{ < wn. Patting o(f) = ', we have, as in the case (3)

1
ALy

Im, m=o0|= % A= (.
=0

{t) From this place onward we shall be using the same notations as in the case (i)
but with the obvious change ihat here 2=7.
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Hence

%’t]("’; Ml olS p=r—1 3 n—v -+ 1)T—-1)\,$ = 0(1), as shown
i i

y===0

in (3.1.5). It, therefore, remains to show that

| I(n, 9]

920 < oo,
1 n
uniformly in ¢ for O<i< .
Now
I(n, t [ti
¢4 w
§‘ (7:; )'____.:‘?‘_*_ 3 = N, + N,, say.

i

By the second mean value theorem and the first estimation of (2.2.1)

we have
{til 9—1
N, =0 ? \t*n***l Zovm — v AV t‘”n"“‘l,,]
= O;t" fE} vIA{YIA Y f?; n—"*-I(n—-—y)T“lé—[— o)
i y+1
i
= O;ir ? [A [V [g—{— O(1)y = O1).
Algo
N, = 03 3 [1 In, ™|, | K, t)#M
et " i
where

K, H= j oY %H"(u, v)dw.
£
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Now

and from the second relation for H'(n, v), we bave
K, ) = W HXn, o)f —vy f v —1HYn, v)dv
12

\ #-1
= 0in~T-1 2 (n —v)' 1| AiviA L] -{-A”i

y=f

Y3 o4

Eid
TV, f "1 Sin vo dv
Al v=o0
” ¢

= X, + X,, say.

But

|

X B (m—vW—1]Avi, ]

= 0(1),
by proceeding as in the proof of the relation:

M21 o= 0(1)-
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Also

y==l

I
)

§ Xl 0{ ST Amv‘r—lxvﬁ-—l}
n
!
\

H==y

()
PR,
A
-
L
ety
| o
FI—
=
|
[y
et
—~
[a—
~—

This completes the proof of the theorem for the case y> 3 =0.

Case (i¢4): When y = 3 > 0. The proof of the theorem for this case is
similar to that of Case (¢) and hence we omift it

Case (iv): When vy =B =0. In this case A4,(x)= 0(%), hence

A

<o
n

S| ) | =20

This completes the proof of the theorem.
The aunthor is much indebted to Prof. B. N. Prasap, F. N. I, for his
kind encouragement and helpful guidance.
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