
An Estimate on Convergence of Approximation by Iterations 
of a Solution to a Quasi-Variational Inequality and Some 

Consequences on Continuous Dependence and G-Convergence (*). 

MARCO BIgoT,I (Milano) 

S u m m a r y .  - Si  dh una stima per l 'approssimazione mediante iterazione della soluzione di 
una disequazione quasi-variazionale e se ne deducono risultati circa la dipendenza co~tinua 
della soluzione dall'ostacolo e dal termine noto e circa la G-convergenza. 

1. - I n t r o d u c t i o n  a n d  r e s u l t s .  

Let be . O c R  • a bounded open set with smooth boundary ~f2 and a~j~ ~ ( ~ ) ,  
i, j = 1, ..., N, such that 

N 

(I.I) ~ a ~ j ( x ) ~ > ~ ] ~ [  2 a.e. in ~ .  
i~'=1 

V~ a R ~; we suppose 0 a ~.  
We indicate, by H~(~) the subspace of Hl(~)  

where F c  8f2 is closed and regular (for the hypothesis on regularity of F cf. [16]); 
we define A: H~r( . (2 )~  (H~(~))* ((H~(.Q))* is the dual of H~(Y2)) by" 

(L2) <Au, v> = y_a.(x)u~,(x)%(x)dz + u(x)v(x)dx 
d i j  = 1 

f2 

(where t > 0  if / ' ~  8~, i > 0  if F =  8f2) and M: ~ ( ~ ) - ~  ¢_~(f2) by 

(L3) _a~(T) = Inf (~(x + ~) + K(z, ~)) 
~>~o 

V?e~( /2 ) ,  where K ( x , ~ ) e _  ( ~ × R + )  (R+ { ~ e R  ~,~>0}) K ( x , ~ ) > K o > O .  

(*) Entrata in Redazione il 29 marzo 1978. 
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Let be 1~£~([2), r >  N,  with t(x)>~O a.e. in $2; we consider the problem 

(1.4) 

<An, v--  u> > <1, v--  u>, 

Vv e H~r(~) v(x) < Mu(x) 

u ~ HI(~)  u(x) < Mu(x) 

a.e. in /2, 

a.e. in ~2. 

The problem (1.4) has been introduced by A. BENSOUSSAN, J. L. LIONS [1]~ [2]~ 
in relation to some problems in stochastic control; A. BE~S0USSA~¢, M. GOURSAT, 
J. L. LIONS [4], have shown the following existence result: 

TH. 1. - Let be u ° the solution to the problem 

A ~  O~ ] 

and u ~ defined by 

(1.4.) 

We have 

<Au", v -- no> > </, v - -  u~} , 

Vv e/~.(9); v(x) < Mu.-~(x)  

uoe/~(P~); u~(x) < Mu~-~(x) 

a.e. in 9 ,  

~.e. in ~ .  

where u is the m a x i m u m  solution o] the problem (1.4). 
Th. Laes tch  has shown the following uniqueness result. 

TH. 2. - Zet be Ko> 0; the solution to the problem (1.4) is unique. 

In the framework of Th. 1,2 some results on continuous dependence can be 
obtained from Th. 4 [4]; these results have, however, some monotonicity hypothesis, 
which reduce their applicability. 

In the framewock of Th. 1,2 some results on G-convergence for problems of type 
(1.4) can be obtained from [6]. 

These results are vMid in the following hypothesis: let be Uo a subsolution 
(ef. [20]) of the limit problem we define u~ by 

<Au,~, v--  u~> > </, v - -  u,)  

Vv e//~,(~); v(x) < Mu~_l(x) 

u~e H~(Q); u,~(x) < ~Su._~(x) 

a.e. in [2 

a.e. in .(2 

the u,~u, where u is the solution of the limit problem. 
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This hypothesis  is difficult to ver i fy  and is re la ted  to the problem of the regular i ty  
of a solution of (1.4). 

We specify, however,  t ha t  the operators M considered in [4], [6] are more general 
t han  the  operator  given by  (1.3). 

The  aim of this paper  is to  obta in  ~ more careful result  on convergence of u ~ 
to u than  this of Th. 1 and to deduce f rom it some results on continuous dependence 
and G-convergence, which improve those of [4], [6J. 

We obtain:  

T m  3. - Let be Ko>O; we have 

O < u ~ - - u < K O o ,  0 < 0 0 ~ 1  

where K ,  Oo are constants dependent only on Ko and Sup u°(x). 
F r o m  Th. 3 we have a result  shown b y  other  methods  by  C. T~OIA~InLLO [22]: 

COROt.  1. - Let be Ko> 0, K(x,  ~) ~ K(~) ~ C(R~); the solution to the problem 
(1.4) is in C(.Q). 

F r o m  Th. 3 we can deduce the following result  on continuous dependence:  

TII. 4. - Let be {]~} {K~} two sequences such that 

t im ]a = ] in ~*(~), r > N ,  ]~(x) > 0 a..e. in 
~---> + ¢v 

l imK~(x;~)  = K(x,~)  in ~°°(.Q×R~V), 
~ - - > +  co 

K ~ ( x ; ~ ) > K o > O  a.e. in ~ × R ~  

and u~ the solution to the problem 

(1.4~) 

Where 

We have 

{ (Au~,  v - -  u~} > (], v - -  u~} , 

Vv e H~r(t~) , v(x) < M~u~(x) 

u ~  Hr(Q ) , u~(x) < M~u~(x) 

a.e. in f2 ,  

a.e. in f2 .  

2]f~o(x) = Inf  (~(x ~ ~) + Ka(x, ~)) . 

~>~0 

lira u~ ~ u in ~¢°(t9) 

where u is the solution o] (1.4). 
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" ~ ( f2 ) ,  i, j 1, N,  such thut  L e t  be  now a ~  = ..., 

N 

i j = l  
u.e .  in / 2 .  

We define A~: H~.(~) -~ (H~(~))* b y  

(A'~u, v) = y_,a/~(x)u~,(x)%(x)dx + (x)v(x)dx 
J i i  = 1 

:72 

We denote  b y  u~ the solution to the  p rob lem 

(1.4~) 

(A~u~,  v --  u~) > ( / ,  v --  % ) ,  

Vv ~ H ~ ( ~ )  v(x) < Mu~(x)  

u~ ~ H~(f2) u A x )  < M u d x )  

~.e. in L), 

~.e .  i n  ~ .  

We  suppose t h a t  A~ G-converges to A (for the definition of G-convergence [SJ, [9], 
[21]). 

T~ .  5. - I ]  K o > O ,  K ( x ;  ~ ) = K ( ~ ) E C ( R ~ ) ,  M :  C(~)  -~ C(~);  ~ce have 

lira u~ --  u in C(~C)) 
~--> + c~ 

where u is the solution o/ (1.4). 

RE~.  1. - The resul t  of Th. 5 improves  a previous result  of A. BESISOUSSAN, 

J .  L. LIONS [3], in which the  A suppose 

lira a~. . : a, i j  in ~°°(f2) i, j : 1, ..., N 
~)--> ÷ ¢o 

I n  the case of homogeneisa t ion  with  ] also non posi t ive and K ( x ,  ~ ) =  K o >  0 we 

have  a more  precise es t imate .  N 
Le t  be  bij(x) i, j = ] ,  .. . ,  25 in CI(R  ~) periodic of period P =  1-[ [0, y~] such t ha t  

i = l  

in R ~ V~ e R C  
We choose 

and  

'~j = 1 

a~j(x) = b~j(px) 

a~(x)  = q ,  
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where q~ are the  constant  coefficients of the homogeneised operator  [5], [9], [13], [21]. 
I n  this case we have :  

TK. 6. - Let be J also non positive, K(x ,  ~ ) ~  K o >  0, F =  ~ 

g(x) = In f  ( I n f  j(x-~- ~), O) 
~>~0 

We suppose g(x) ~ £~(f2) and u(x) > -- Ko in ~2 where u(x) is the solution to the problem 

We have 

where 

A u - ~  g . 

~u~- ul]c~ < Vp "~ , p > ~, 

( 1 - , 5 ) ,  W > o  ~'= 2 ( ~ v - 2 + 3 ~ )  

(~ is a possible HSlder eoe]ficient in the De Giorgi-Nash theorem relative to ~, fl, f2, ]) 
and ~ is an integer dependent on & 

I n  the § 2 we show the Th. 3 and the Coroll. 1 ; in the § 3 we give a proof of Th. 
by  the  result  of Th. 3 and the result  of continuous dependence for v~riat ional  ine- 
qualities [17], I I I ,  Th. 1.4; in the  § 4 we show the  Th. 5 b y  Th. 3 und some pre- 
l iminury lemmas on G-convergence for var ia t ional  inequalit ies;  in the § 5 we give 
a proof of Th. 6 by  Th. 3, the  est imate on G-convergence for variat ional  inequa- 
lities [7], and a result  of J .  L. JoL¥,  U. Mosco,  G. T~OIa~InLLo [10], [15], on the  
regular i ty  of solution to quasi-variat ional  inequalities. 

R E~. 2. - A result  analogous to Th. 3 for the l~roblem in stochastic control  
re la ted to  (1.4) has been given by  J.  L. ME~AL])I [14]; unfort~mately the equivalence 
between the  two type  of problems and approximat ions  ask a regularity,~ which 
generMly we are not  able to  show. 

RE~. 3. - The Th. 3, 4, 5 can be ex tended  to  operators  of the  type  

(Au,  ~} = + b,(x) u(x)) %(~) ~, (a~(x) ~Ax) + e(x) u(x)) v(x) dx 
i i .=1  

D 

u, v e H~(~9) where 

' 21  (1.5) <Xu, u)/> ~]jull~ Vu ~ H ~ ( ~ ) ,  ~ > o 

o(x) >0 ~.e. in ~ .  
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The Th. 3, 4 can be also ex tended  to the ease ~2 unbounded  if (1.5) is  valid, and 
K(x, ~) ~ +  c~ for  ]~1 - ~ +  c~ uni formly  in x, and to the  parabolic case if we consider 
the  max imum solutions. 

2.  - P r o o f  o f  Th.  3. 

Consider the problem 

(2.1) Vv eHX(ff2) v(x) = ~(x) on F ;  

where ? eH½(~/2), ~0e ~®(/2) such tha t  there  is 

v(x) < ~ ( x )  a.e. in /2 

@(x) < ~(x) a.e. in /2 

v e H I ( D ) ,  v (x ) :c f (x )  on / '  and v(x)<~p(x) a.e. in /2 .  

Le t  be ~ the  solution of the probtem (2.1); we indicate ~ =  8(% ], ?).  
The  Th. 3 is shown if we show 

^ O ~ " + c  
(2.2) u" + ~ < ~  (u + Q) a.e. i n / 2  

where 0 < 0o< 1 and C, Q > 0 are suitable constants.  
We show (2.2) by  induction.  
]~rom [4] we have  u(x)>O a.e. in /2; let  be P = S u p u ° ( x ) < +  co; if CQ>P~ we 

have (2.2) for n =  0. 
We suppose now (2.2) for  n - - 1  and we show (2.2) for n. 

We have 

0 -"+1 + C (u + Q) a.e. in /2 (2.3) u._ I + Q < o 0o" 

L e t  be w " =  u"+Q, w"-1= u'~-~-~-Q, w~- u-+-Q. 
We have 

(2.4) w ~ =  S ( ~ w  --1, i+  )~Q, Q) 

V(e observe t ha t  (2.2) is equivalent  to 

0g" 
(2.5) 0~-" ÷ C ~ < w "  
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We have 

0~" 

(2.6) 0°'~ + C 

00" Mw._ ~ 0-~" O'd" ) 
- -  w" = S O;" + C ' O~" + C (! + 2Q) ' 0 °- + C Q 

w = ~(w, ( f +  ZQ), Q).  

F r o m  [17] Th.  1.4, we have  

(2.7) OY ~ ( OY ~ Mw.-t, ] + ).Q, Q). 

As in [12], pg. 165, we have  

(2.8) M(~w--~) > -  

if 

O~ ~ 
0~" ÷ C 

then  

(2.9) 

Mw.-~ (o: > O) 

1 - o0"/(o;" + ~) P + q 
o~"/(o;" + ¢) - ~ ICo 

/ PoF-  c ) 
= m a x [ p - - ~  C)' 0 . 

F r o m  (2.7), (2.8), (2.9) we have 

(2.1o) 0o" + c w.<S(M(~w.-~), ! + ,~Q, Q) 

then  f rom (2.3) 

0~  w ~ < S  M ~ 0~.+~ w ((2.11) OJ +~--C 

F r o m  (2.6) we have  (2.5) if 

O~ "+1 ÷ C 
(2.12) z¢ O~+ 1 ~ 1 . 

We  have (2.12) if ~ = 0 ;  if ~V=0 we can wri te  (2.12) as 

P0g" -- C 00 "+1 ÷ 
P(o-~ c) o~ ~÷I ~<~ 

P0[  ="+1 + PC00 ~ -  ¢07-+1_ C~ < P0g ="+1 q- PCOF +1 

Po:"- (P+ l)o: ~+~- o~<0 
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t hen  we can choose 

0o 

and  we have  (2.12) and  (2.5). 

The resul t  is shown. • 

P P + O  
P + I  P - [ - Q + K o  

We give now the  proof  of Coroll. 1. 

LEPTA 1. - We consider u---- S(F,J, 0), where ]e~(K2) and ~eC(D)~ yJ>O on F; 
we have u ~ C(~). 

F r o m  [15] we have  the  resul t  if A V e  g~(K2), p > h r. 
We can suppose ~ = 0 in /~ we have  a sequence {~o~} such tha t  

iI AV,~ I[ ~° < C l im W~ = ~, in C(D) ,  
~t---> + c o  

t hen  f rom [17] Th. 1.4; we have  

t im S ( % ,  ], O) = S(% ], O) in gc°(D) 

then  u ~ C(t2). • 

~ ' rom [18] we have  u°EC~([2) with  0 < ~ < 1 ;  then  f rom the l e m m a  1 and  [14], 

[12] we h a v e  u'~e C(~).  
F r o m  Th.  3 we have  

then  u ~ C(~).  

lira u" = u i n  g ~ ( Q )  
7 t - ~  + c o  

RES[. 4. - F r o m  the proof  of Th. 3 we have  t h a t  we can choose in the  result  

P 
Oo - -  - ÷ ~ V8  > 0 .  

P 4 - K o  

I n  our proof  we can not  choose d = 0 ,  why  for ~ - 9 0  we have  Q - + 0  and then  

3 .  - P r o o f  o f  T h .  4 .  

F r o m  Th. 3 the  Th. 4 is shown if we show t h a t  

(3.1) l im u~ = u ~ in g~(f2), 

~¥e show (3.1) b y  induction.  

Vn. 
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For n= 0 we h a v e  

t h e n  f r o m  [18], [19] we h a v e  

A~°~ = L ,  A~o = ] 

o uo in ~(Y2).  l im us = 
~ - - +  + c o  

W e  suppose  now t he  resu l t  to  be va l id  for  n - - 1  and  we show the  resul t  for  n. 
The  f u n c t i o n  u :  is t he  solut ion of the  p r o b l e m  

I A" ~'2> u2>, < %, v-- < < L ,  v--  

Vv ~ g~o(P.) v(x) < m~-~(x) 

u~el~(Y2) u~(x)<M~-~(x) 

a.e. in D ,  

a.e. in  D .  

(3.2) 

W e  ind ica te  w =  u ~ - - A - i r a ;  t h e n  w~ is the  solut ion to  the  p r o b l e m  

(3.3) 

where  

Be ing  

<Aw~, v --  w~> >~ O 

YvEH~r(.(2) v(x) <y~(x )  a.e. in D 

w~eH~r(f2) w~(x)<y,~(x)  a.e. in ~2, 

~ ( x )  = M u y l ( x ) -  A-V~(x). 

lira ]z = ] in  g~(D) 
~--. ' -  + o o  

l im A - ~  ]c, : A - ~  f in C(~) .  
a-- -> + c ~  

we have  [18], [19], 

(3.4) 

Being  the  resu l t  va l id  for  n - - 1 ,  we h a v e  

l im M u :  -~ = M u  ~-~ in  g~°(Y2) 

l im (Mu~j 1 - -  A-I /~)  = ( M u  ~ - 1 -  A-~])  
~---> + o o  

in ~°~(~9) 

(3.5) 

t h e n  

(3.6) 

t h e n  f r o m  [17] Th. 1.4 

(3.7) lira w~ = w in ~oo(y)) 
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where w is the  solution to the  p rob lem 

(3.s) 

where 

We  have  

(Aw, v -- w} >~ 0 

Vv ~ H~(t~) v(x) < v;(x) 

weH~(t~)  w(x)<~(x)  

~(x) = Mu~-~(x) -  A-U(x)  . 

(3.9) w ( x ) = u . ( x ) - - A - ~ t ( x )  

t hen  f rom (3A), (3.7) we have  

(3.10) lira u:  = u ~ in ~ ( [2 )  [] 

RE~.  5. - The resul t  of Th. 3 seem to be the  first result  on continuous dependence 
for solutions of quasi -var ia t ionM inequMities wi thout  hypothes is  on monoton ic i ty  
for the  sequences {]~} {K~}. 

4.  - Proo f  o f  Th.  5. 

We show at  first the following l e m m a  on G-convergence for var ia t ionM inequalities : 

LEPTA 2. - We consider the ]ollowing problems 

(4.1~) 

(4.1) 

where Y4, ~f e C(~) 

the~ 

VveH~(Y2) v(x) ~<y4(x) a.e. in .(2 

w~ e H~(~9) w~(x) < y4(x) a.e. in .(2 

I (Aw, v--  w} > (l, v--  w} 

Vv e H~([2) v(x) < y4(x) a.e. in [2 

w ~ H ~ ( ~ )  w~(x)<y4(x) a.e. in t9 

l im F~ = ~ in C(~) 
~ - - > +  co  

l im w~ = w in C(E)) 
~--*- + co  

where w~(w) is the solution to (4.1~), ((4.1)). 

We suppose a t  first l [ A ~ l [ ~ C s t . ,  l lA~ l ]~<Cs t .  
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F r o m  [16] we have  

and  fron [15] Th.  

l im w~ = w in g"-([2) 
~ - - > ÷  o o  

[IA,%]lco, <est.  

t hen  f rom [18] we have  II%11e~<Cst., O <  ~ <  1, and 

l im w~ = w in C ( ~ ) .  

We  suppose now % =  ~ e  Wt~([2),  p > N ,  we can alse suppose Y [ r =  0. 
We  prolongate  ~o to a funct ion in W~'~(R ~') then  f rom the l e m m a  of [9] we have  

sequence {%~} {~o~} such tha t  %~, ~ - I r  = 0 and  

(4.2) I I ~ . -  ~[.c , I I~ . -  ~11~ ~ < c~-~ 
l im %~ = % in C(.Q) g n .  

~0--)- + c o  

We consider now the problems 

(4.3~) Vv e ~ ( ~ )  v(x) < ~ ( x )  

( A w ~ ,  v - -  wn> > (1, v - w.> 

(4.3) V v e H i r ( D )  v(x) <~ ~o.(x) 

F r o m  the first p a r t  of the  proof  we have  

(4.4) lira %,~ = w~ in C(D) 
i0-->-I- c o  

F r o m  (4.2) and  L e m m a  1.4 of [9] we have  

(4.5) 
l l lw~- wi /~  < Cn~ 

7 - A n n a l i  d i  M a l e m a t i c a  

a.e. in D 

a.e. in Sg, 

a.e. in 

a.e. in f2 .  

Vn. 
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then  

(4.6) lira w~ ---- w in C ( ~ ) .  
~--> + 

We suppose now % ,  V e W~'~(D), ~ - ~ .  
We indicate by  ~,~ the solution to the problem 

(4.7~) 

<A~G, v--  G )  > <], v--  G > ,  

W e H~(t?) 

From (4.6) we have 

lira ~ = w 

and f rom Th. 1.4 [17] 

then  

(4.8) 

v(x) <V(x) a.e. in D ,  

WAx) < ~f(x) a.e. in t9 .  

in C(tq) 

lim w~ = w in C(D).  

We consider now the general ease %~, F e C ( ~ ) .  
Being 

(4.9) l im V~ = V in C(~) 
~--> q- 

we have two sequences {%~} {~}  such tha t  

(4.10) l im %k = Y& 
k--c- + co 

(4.11) lira ~o~¢ = 

(4.12) l im V~ ~ Vk 

%Ve indicate now by w~: (wk) the solution to the problem 

(4.13~) 

(4.13) 

in C(~) uni formly in p .  

in C(~) 

in C(t~). 

Yv e H~r(~) v(x) <%7~(x) a.e. in ~2 

w~ke H~(Y2) %7o(x) < %~(x) a.e. in $2, 

<Aw~, v-- w~> > <h v -  w~> 

VveH~,(/2) v(x) < ~ ( x )  a.e. in /2 

wkeH~([2) w~(x)<v~(x) a.e. in Y2). 
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F r o m  (4.10) a n d  Th.  1.4 [17] we h a v e  

(4.14) w,~ = w, in C(~)  u n i f o r m l y  in p l im 
k - - ~ +  oo 

F r o m  (4.11), (4.12) ~nd  Th.  1.4 [17] we h a v e  also 

(4.15) 

lira w~ = w in C(~)  
k - - > +  0¢ 

w~: = wk in C(~)  . l ira 
k - o +  oo 

F r o m  (4.14) a nd  (4.15) we h a v e  

lira w ~ - w  in 0(~) 
~ - - > +  oo 

W e  give  n o w  the  p roof  of Th.  5. 

F r o m  [9], [21] we h a v e  

0 uO in g'(D) (4.16) lira % = 
~0--> + oo 

where  

(4.17) A~u  ° - -  J 

F r o m  [18] we h~ve  )Iu~)Io~<Cst., 0 <  x <  1, t h e n  

(4.18) lim.u°~ = u ° in C(t~).  
a0-+-!- 00 

W e  show now t h a t  

(4.19) lira u~ = u ~ in C(~)  

where  u" is the  solut ion to  the  p rob lem.  

(4.20.) Mo n-l~x~ V v ~ H ~ ( ~ )  v(x) < % t ; 

~ r ~ )  u~(x) < MU~-~(x) 

a.e. in t g ,  

a.e. in £2. 

F r o m  (4.18) we h a v e  t he  resu l t  for  n = 0. 

W e  suppose  n o w  t he  resu l t  for  n - - 1  a n d  we show the  resu l t  fo r  n. 
Be ing  

(4.21) lira u ,  ---- u "-1 in C(~)  
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we have  

(&2~) l im Mu~ -~ = M &  -1 in C(~) 
~ - * +  oo 

t hen  f rom Th. 1.4 [17] 

(4.23) l im % = u" in C ( ~ ) .  

From the  Th. 3 we have  also 

(4.2~) 
0 << u"- -  u < KOo 

where the  cons tan t  K don~t depend on p, n. 
F r o m  (4.23), (4.24) we have  

u~ = u in C ( ~ ) .  l im 

5. - P r o o f  o f  Th.  6. 

Le t  be B :  Ho~(~)-~//-1(/2) an elliptic opera tor  wi th  cons tan t  coefficients; we 

have  [10], [15]: 

L e m m a  3. - .Let be f ~  £~(.Q), r >  n/2 

Inf (Inf hx + ~), 0) ~ ~(~) g(x) 
~ >~0 

where f is the prolongate of f to R ~ by O. 
Let be u the solution to the problem 

Bu_ ~- g .  

We suppose u ( x ) > -  Ko a.e. in ~2. 
We consider the problem. 

( B u ,  v - -  u )  > ( ] ,  v - -  u ) ,  

(5.1) Vv ~ HI(T2) v(x) < Mu(x)  a.e. in $2, 

u~Hio([2) u(x)<Pdu(x)  a.e. in ~ .  

The problem (5.1) has a unique solution u ~ W2'~(~2) and if  we construct u ~ as in 
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Th. 1 we have: 

LEYlYh~A 4:. -- The result o] Th. 3 is again valid ]or the problem 

<Au,  v - -  u> > <t, v - -  u> 

(5.2) Vv e//o1(/2) v(x) < Mu(x) a.e. in /2 

u ~ tt~(Y2) u(x) < Mu(x)  a.e. in  Y2 

(where A is as in Th. 3 and I as in the Lemma 3) i] u(x) > - - K o  in  f2. 

W e  observe  t h a t  u_(x) is con t inuous  being g e t~(f2), t h e n  we h u v e  

(5.3) m i n  u(x) > -- Ko . 

L e t  be  w ~ u- -_u ,  w is the  solut ion to  the  p r o b l e m  

<Aw, v - -  w> > <]-- g, v - -  w> 

(5.4) 

where  

Vv EHo~(zg) v(x) <M'w(x )  a.e. in  .(2 

w e H~(12) v~(x) < M'w(x) a.e. in L) 

(5.5) 

L e t  be  now 

F r o m  (5.3) we h a v e  

F r o m  (5.5) we h a v e  

(5.6) 

M'~(z) = Ko-- ~(x) + I~f (~(z + ~) + U(z + ~)).  
~>~0 

K ( x ;  ~) = K o - -  u(x)  + U ( x +  ~) . 

K(x; ~) > ~ > 0 .  

M'~(x) = Inf (~(x + ~) + T~(x; ~)). 
~>~o 

(5.7) 0 < w n -  w < KO o 

Fina l l y  we observe  t h a t  ] - - g > 0 .  

T h e n  the  Th.  3 is va l id  for  the  p rob l em (5.4) and  we have  
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where w ° is the  solution to the  p rob lem 

(5.8) Aw°-~ ]-- g 

and  w ~ is the  solution to the p rob lem 

(Aw. ,  v -- w") > (1--  g, v - -  w") , 

(5.9) VveH~o(Q) v(x) <M'w"-~(x) 

w"e H~(/2) w.(x) < M'w"-~(x) 

F r o m  (5.5), (5.8), (5.9) we h~ve 

then  f rom (5.7) 

0 < u " ~  u<KO o . • 

LE~r~A 5. - L e t  be uEH~o'~(/2) we have MueH~'~(/2) with 

Muir<o, IIMull1,~< l [ u i l l , ~  • 

~.e. in /2 ,  

a.e. in [2.  

Le t  be  uEHI'~(/2), then  MueC(Q)[14] (12). 

Le t  be  x, x+ he~e/2, where e~ is the  uni t  vec tor  in the direct ion of the  x~, ~ > 0 .  

We  can suppose h>O, the  proof  for h < 0  is anMogous. 
I f  x + ~  snd  x+he~+~ are in ~ we have :  

(5.10) lu (x+  he ,+  ~)-- u ( x +  ~)l < Clhl 

where C ~- ]lulll,~. 
I f  x+he~+$~/2~ le t  be h=Oh, 0 < 0 < 1 ,  the  sup remum of the ~] such t ha t  

the segment  [ x + ~ ,  x+~e~+~[ is in Y2. 
We x+he~+~e8/2 then  u(x+hei+~)-~O. We have  

lu(x+ ~)1 = lu(x+ ~)-  u(x+ ~e,+ ~)1< Cl~l< CJhl . 

Being x+h~/2  there  is ~ ' > 0  such t h a t  x+h+~'e~/2 then  

lu(x+ he,+ ~')-- u ( x +  ~)t < Clhl • (5.11) 

W e  can show ~nalogously (5.11) in the  case x + ~ / 2 ,  x+ he,+ ~ / 2 .  
I f  x+$, x-{-he,+~eSQ we have  

(5.12) lu(x+ he~+ ~)-  u(x+ ~)[-~ 0 .  
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Then for x, x+he~e .Q,  ~>~0, x + ~ e Y 2  there is a ~ ' ~ 0  such thut  

(5.13) lu(x + he~+ ~ ' ) -  u ( x +  ~)I < Clhl . 

The result  of (5.13) is valid for h > 0  or h<O, then 

I M u ( x +  he,) --  Mu(x)i  < Clh I 

then 

Being now ulr-----0 we h~ve for all x e F  

Mu(x)  < 0 .  . ,  

From [7], [8] we h~ve 

L E n A  5. - Let be yJe W~'~(~2), r > N;  we consider the problems 

l <A~us, v- us}> <!, v- u~> 
(5.14s) Vv EH~(~Q) v(x) < ~(x) a.e. in Y2 

u s E H~(t)) us(x) < ~(x) a.e. in tQ 

<Au, v -  u)>~ <f, v -  u} 

(5.14) Yv e H~o(Y2) v(x) < yJ(x) a.e. in D 

u e H~(Y2) u(x) < ~p(x) a.e. in 

where A and A~ is as in  Th. 5. 
Let be u(u~) the solution to the problem (5.14), ((5.14~)) we have 

where C is a eonstant dependent as •, fl and il~ptIl,s and ~ is an HSIder exponent /or  A s, ,4 
and W -l's in the De Giorgi-Nash theorem. 

Let  be now u°~ the solution to the problem 

(5 .15 )  :tsuos . -  ] 

and u~, n > l ,  the solution to the problem 

/ /A~tn Un n - s ,  v - ~) > <!, v -  % ) ,  

(5.16) Vv eH~o(~Q) v(x) < Mu~-~(x) a.e. in ~ ,  
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We show t h a t  

(5.17) l]u~-- u~II~ < C(np-~l~(~-~ + 3z')-~ p-~" ) . 

F r o m  [7] we h~ve (5.17) for n =  o. 
We  suppose now (5.17) v~lid for  n - - 1 .  

We have  

(5.1s) II - ~ u ;  - ~ -  -~u~-~ i I~  < C ( ( n - 1) p - ~ ( ~ -  ~ + ~)  + p-~)  . 

Le t  be now ~ the solution to the p rob lem 

( A ~ ; ,  v -  ~;}  > (l ,  v - ~ } ,  

(5.19) VveH~(9)  v(x) <~Mu~-'(x), 

~'~ Clio(Y2 ~ ( x )  < Mu'~-~(x). 

F r o m  the l emma  3~ 5~ 6 we have  

(5.20) !1~:;- u~/t~ < c 'p  -~/~(; -~÷~) 

where C' depends only on ], g ~nd we can suppose C > C'. 
F r o m  Th. 1.4 [17] we have  also 

(5.21) 

t hen  

(5.22) U n 

F r o m  the l e m m a  4 we have  also 

K 

(5.23) K Vs ~ 0, n ~  
rJu~ - u l / ~  < -  

where K is a cons tant  independent  on p. 
F r o m  (5.22), (5.23) we have  

Ilu _ ulIv o < C(np-~t2(~-2 +8~)_~ p-t)  + Kin  ~ " 

Choosing n s+l/~ as the  first integer  <p-~l~(N-~+a~) we have  
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