
Axiomatics of Newtoniun Cosmology. 

by ][~UDOLF ~URTtt (Atlanta, Georgia, U. S. A.) 

Summary. - Four axioms are assumed which, essentially, state the existence of a freque~wy 
function, a qualitative law cf gravitation., the conservation of mass (or proba].ility), 
Ne~vton' s law of motion and the ,, local ~ homoge~eity of the Universe ~§ 2). Theorems I 
and I I  yield a complete survey over all the universes qvhich satisfy these axioms and 
an additional regularity hypothesis t§ 3). Some kinematical and thermodynamical 
features of  these universes are discussed in § ~. 

§. 1 - I n t r o d u c t i o n .  

Cosmology based on •EWTONIAN dynamics encounters  the difficulty that 
NEWTON'S law of gravi tat ion and the • World  Pos tu la te  ~ ((( Cosmological 
Pr inciple  ~) are incompatible.  According to this postulate  the mass-dens i ty  
is supposed to be independent  of the pos i t i on  vector x (in the euclidean 
3-space).  Therefore the gravitat ional  potential, V(x ,  t) (where t denotes the 
time variable), should be independent  of x also. The potential V ( x ,  t) and 
the mass-densi ty  ~ ( x  I t), however,  are related by PoIs soN ' s  equation 

V(x, t) = 4r~ G ~ (x [ t) 

(where h is the LAPLACE operator  and G is the constant of ~'ravitation) - -  
which implies that V ( x ,  t) is a non-cons tant  function of x. (Cf. [5], [8], [9]). 

This inconsistency could be removed, for example,  by the following 
modification of P o l s s o ~ ' s  l aw:  

V(x ,  t) = 4~: G. [~ (x i t) - -  ~ (t)] 

where ~(t) is the ((mean densi ty of the universe at the time t ~>. ]t admits 
universes of which both the mass-dens i ty  ~ ( x l t  ) and the gravit ional potential 
V (x, t) are independent  of the position w. In such a universe the mass-e lements  
move according to GALILEO'S law of inertia. 

It is, however, by no means necessary to specify the modified law of 
gravi ta t ion:  instead, it is sufficient to postulate  that the gravitational force 
is uniquely  determined by the mass-dis t r ibut ion  of the universe.  Then a 
mass-dens i ty  which is independent  of the position x implies a gravitational 
potential  independent  of x. I t  is the purpose of this note to discuss the 
consequences of such a. quali tat ive law of gravitation and a strictly local 
world postulate. 
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§ 2. - A x i o m s .  

T h e  t e rm ~< un ive r se  ~ is t aken  as ~n unde f ined  p r i m i t i v e  notion.  I ts  pro- 
pe r t i e s  will fo rma l ly  be desc r ibed  by a n u m b e r  of de f in i t ions  and  ax ioms .  
T h e  fo l lowing  spaces  are  ass igned  to i t :  

(i) the <(real s p a c e ,  X, i .e . ,  the set o[ all  ,~ pos i t ion  vectors>> x. 
(~ Vec to r  ~> means  ~; c o l u m n  vec tor  >~. T h e  n u m b e r  of d imens ions ,  n, of X is not  
spec i f ied  s ince  nea r l y  all  r e su l t s  are  i n d e p e n d e n t  of the p a r t i c u l a r  va lue  of n ; 

(ii) the  assoc ia te  <(velocity space>> U, i .e . ,  the  set of all ( (ve loc i ty  
vec to r s  >~ u :  bo th  X and U are  n - d i m e n s i o n a l  vec to r  s p a c e s :  

(iii) the <~phase s p a c e ~  P - -  U X X ;  

(iv) the • t i m e - a x i s  >> T, i. e., the  set of al l  rea l  n u m b e r s  l ;  

(v) T', an open  in t e rva l  of the t ime axis  which  con ta ins  the t ime 

zero, t ~ 0 ; 

(vi) the c a r t e s i an  p r o d u c t s  r X T and P X T' .  

To  any  u n i v e r s e  a << f r e q u e n c y  fu n c t i o n  >> f(u, x lt ) is a ss igned  which  is 
de f ined  on P X T'.  One in tu i t i ve  i n t e r p r e t a t i o n  of it r e a d s :  let  M be any  

m e a s u r a b l e  b o u n d e d  subset  of P;  then 

f f f (u, x ', t) du dx 
M 

is the mass c o n t a i n e d  iH 31 at the t ime t. T h u s  a un ive r se  is p i c t u r e d  by 
a c o n t i n u o u s  ma te r i a l  s u b s t r a t u m  which  fil ls the phase  space  and has  the 

m a s s - d e n s i t y  f(u, x!~ t) in F }( T ' .  

A~:IOM I. T h e  f r e q u e n c y  func t ion ,  f(u, x] t), of a un ive r se  is de f ined  and 
n o n - n e g a t i v e  on F X T'~ and  is pos i t ive  for  at least  one va lue  of (u. x) and 
t : 0. I t  has  con t inuous  de r iva t i ve s  of f i rs t  o rde r  wi th  r e spec t  to the compo- 
nents  of (u, x, l) e v e r y w h e r e  in ]: X T'.  The  mo me n t s  of the o rders  0, 1 and 2, 

f f(u, x ! t) du , 
U 

f uf(u, ] t) du , 
U 

(ui  uj f (u, x I t) du , i, j n ,  i 
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exist  and have cont inuous derivatives with respect  to the components of 
(x, t) everywhere  in F X T'. 

The existence of these moments  is needed for the following definit ions 
of the << mass-dens i ty  ~> ~(~c I t), the <( mean velocity >~ ~e(x, t), the ~ residual  
velocities >) v, the << pressure  (tensor~)) P(x ,  t) - -  i P~j(x, t) } and the ~< tempe- 
rature (tensor)~ O(x~ t)--~ { O~(x,  t) t of the un iverse :  

f 
(x ] t) = ~ f(u,  ~ i t) du , 

u 

ie(x  t) - -  f u • f (u ,  x l t ) d u "  ~(x  t t) , 

v "-  v~ } - -  u . . . .  a (x, t) ,  

P~j(x, t) ~ f  (x, t) + v, x l d v .  = v~v i f ( ~  t) . 

O(,x, t) = P(x,  t) " p(x  i t) 

for 

and x E X ,  t E T ' .  

AxIoM I I  (law of gravitation). There is a function V(w,  t) (the ~< gravita- 
tional potential>)) which is defined and has continuous derivat ives with 
respect  to x l , . . . ,  ~,, everywhere  on l ~ X T' .  It  is uniquely  determined by 
the mass-densi ty  ~(x[ t )  up to an additive function of I only. 

Fur ther  we shall assume that the law of conservation of mass and 
• NEW~O~c'S equations of motion hold. In stellar dynamics  it is shown (cf., e.g., [6]) 
that both these laws imply LIOUVILLE'S equation which we shall a d o p t a s :  

Axiom1 I i I  (Liouvil le 's  equation). 

v f  
D - t +  

u j -  vf  v v 
1 Wc i j=i VU i ~xj  

- - 0  

everywhere  in l: X T'. 
Relat ionships of this kind will also be wri t ten by means of the following 

matrix notation : 

f ~ + f ~ . u - - f , . G = o .  

Asterisks will always indicate the interchange of rows and columns. 
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AxIoM IV (world postulate, homogeneity hypothesis). The (<frequeney 
function of the residual  velocities v ~, f(ie(x, t) ~ v, x I t), is independent  of 
the position x. 

Thus, where it is appropriate,  it will be denoted by g(v l t ) .  
The world postulate states, roughly, that the universes considered are 

homogeneous in the following sense : the picture which any observer (~ moving 
with the material  of the universe >~ obtains about his immediate  neighbourhood 
(in the ~" real space ~) is independent  of his position ~. 

These four axioms will be taken as granted throughout  the following 
discussion. 

§. 3.  - T h e o r e m s .  

THEOREM I. Suppose that for the f requency function g(v it) of the residual 
velocities v all the integrals 

~:- [g(vlO) vj]dv and [g(v) lO)vjvhvt]dv 
¢V¢ ~ i  

R ~ R,~ 

(i, j, k, l = 1, 2 , . . . ,  n) exist and vanish. (This is, for example, the case if 
g(v]O) vanishes for all suff iciently large values of iv:). Then there are a 
positive constant ~o, a constant n X n matrix C, a constant vector c(0) and a 
normalized f requency [unction h(v) such that, for tET '~  

(i) 

where J 

(ii) 
(iii) 

(iv) 

h(v) has 
The 

f(u,  x l t) = g(v~ t) = p, .  h[(J + Ct)vl 
= ~o. h[(J + Ct)u -- Cx - -  c(0)] 

denotes the n X  n unit ma t r ix ;  

a (x  I t) --~ Po" i det (J -{- Ct) 1-1,  

~:~,(x, t) = (J + Or)-~ Cx + (J + Ct)-lc(O) ; 

O(x,  t) = (J q- Ct) -1 0(0, O) (J --~ C't) -~ 

moments of up to the second order, and those of the first order vanish. 
proof is accomplished by the following steps. 

LEMMA 1. 

(i) ~ ( x t O =  ~(olt ) ,  
(ii) O ( x , t ) : O ( O , l ) ,  

(iii) P ( x ,  t) - -  P(O, t),  

(iv) Vx(x, t) = 0, 

(v) f t + f ~ . u = O  

everywhere  on P X T'. 
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PROO~ ~. T h e h o m o g e n e i t y  hypothesis (Axiom IV) implies (i), (ii) and (iii). 
Since ~(x]t)  is invariant  under  the group of translations of the sytem of 
coordinates, V(x,  t) is invariant  also because of the <~ law of gravitation ~> (II) : 
this implies (iv). Hence, and by LIOUVlLLE'S equation (III), (v). 

LEMMA 2. The mean velocity ~(x,  t) satisfies the equation 

~ (x ,  t) = c ( x  - -  t .  ~ (x ,  t)) 

where c(x) is the mean velocity at the moment t = 0:  

~(x, 0)=~(x). 

Pnool~ ~. Multiply LIOUVILLE'S equation (cf. Lemma l(v)) by u and integrate 
with ~'espect to u :  thus, 

p.(ut + u,~,,a) + I ~ ~P~i i J=~ ~ i  = 0 .  

(Cf., e.g., [6]). By Lemma 1, P is independent  of x. Hence,  and since 
(x I t) > 0 (by Axiom I), 

ut + ux*u = 0 .  

The corresponding character is t ic  equations, 

i x  

d ~  
d--/ = 0, 

have the 2n independent  integrals it, x - - i t ,  t. (Cf., e.g., [2]). Hence  the 
statement of Lemma 2. 

LEMM£ 3. f(u, x tt ) --~o" h [ u - - c ( x - - u t ) ]  where h(v) is the normalized 
f requency function of the residual  velocities v at the time t ~ 0 and ~o is 

the densit i ty at t --  0. ((< ~Tormalized )> means : f h ( v ) d v  -- 1). 
R n 

PRooF. LIOU¥ILLE'S equation (Lemma l(v))has the 2n independent  inte- 
grals u, x -  ut. Hence,  

f (u ,  x I t) = ¢;(u, x - -  ut) 
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for some funct ion ~. By the homogeneity hypothesis (IV), the function 
~[~t(x ,  t) ~ v, x - -  ie (x ,  t) • t - -  v .  t] is independent  of x. Differentiation with 
respect  to the components of x at the time t - - -0  therefore yields 

~(u, x)  + ~ ~(u, x)  c~(x) = O, i - - l ,  2 , . , . ,  n. 

For i - - -1  the result ing equation has the 2 n - - 1  independent  integrals 
x~,  x s , . . . ,  x , ,  u~ - - c~ (x ) ,  u ~ - - e 2 ( x ) , . . . ,  u , , - - c , ( x ) .  Thus ~ is a function of 
these integrals only. Similarty, when i - - - 2 ,  it appears as a funct ion of 
x~, xs,  . . . ,  x , ,  u -  c ( x ) o n l y ,  etc. Hence, it is a function of u - - c ( x ) o n l y ;  i.e., 

~(u, x) = ~o • h ( u  - -  ~(~)) 

where  h(v) is a normalized f requency function and ~o the density at t - -  0. Thus, 

f (u ,  x I t) = ~(u,  x - -  ut) = ~o" h [ u  - -  c ( x  - -  u t ) ] .  

LEM~A 4. Let 

and 

Then,  

for all vectors v and z. 

z : x - -  u (x ,  t ) .  t 

e ( z ) = ~ ( ¢ - - c , . ( O ) z .  

h~, (v) e~. (z) v = 0 

PROOF. By Lemma 2, 

i a = c(z) ,  

By the homogenei ty hypothesis (IV), the f requency funct ion of the residual  
velocities v, i.e., by Lemma 3, the function h [ ~ e ~  v --  c ( x - - v t - - ' ~ e ,  t)] is 
independent  of x. Therefore,  the funct ion h [ c ( z ) ~  v Q c ( z - - v t ) ]  (obtained by 
substi tut ing z for x) is independent  of z, and so is its derivative with respect  
to t at t - - 0 ;  i.e., hc,(v)c~.(z)v  is independent  of z. Hence, 

h , .  ( v ) .  [c , .  (z) - -  ~ o . ( 0 ) ] .  v - -  0 

or all values of v and z. 
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L E M M A  5. ~ (Z) "-- C (0) -~- CZ 

where C is a constant n X n  matrix.  

PROOF (first part). From 

Z *2 ~h(v) ~ e~ (z) v1 : 0 
i ~v~ ~z i 

(Lemma 4) we obtain 

@e,(z)~z~ f $h(V)~v, v~dv = O, 

R n 

~, 8 e~(z) [" 8h (v) 
8z1 .~ __~v~ V iVkV*dv- -O '  1 G k ,  l<_n. 

i 

These last integrals exist because of 

[h(v)vivk vt] - Vh(v) 
8v~ ~v~ vivk vt q- h(v)[~jvk v~ -4- ~k'vjvt q- ~,tvivk ] 

(where I~i!  is the unit matrix) and the additional assumption of Theorem I. 
Thus, by partial  integrations, 

I ~ 8e~(z) 
~ ~ 0 ,  

~ei(z) v, Z (~jvk vz q- ~evivz q- ~zvivk ) : 0 

where 

f 
v~ v i = ~ vi vj h (v) dv 

,1  
(Def.), 

and 

J ~i + v~vk ~Z~] = O. 

Taking the principal  axes of the matr ix  iv~vi! as the axes of coordinates, 
we obtain 

V k  - -  0 . 
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l~'ow we shall apply the following: 

Lg~[~IA 6. Let ~i(~), i = 1, 2, ..., n, be n functions of ~ = (~,, ~ , . . . ,  ~,+) 
which are defined and have continuous derivatives in (a non-empty  open 
subset of) R '~ and for which 

(,) a~,2~)-( _[_ a¢ i (~ )O,  i, j - -1 ,  2, . . ,  n, 

for all vectors ~. Then, 

~(;) = ~ ~ ;~ + ~ ,  
]=z 

i - -  1,. . . ,  n, 

where  { ~ii } is a skew-symmetr ic  constant matr ix  and i ai} is a constant vector. 

PRoof' o~ LEUM~ 6. Let  i - - i :  thus, 

a ~(~) = O, 

and ~i(~) and S~i(~)/a~ are independent  of ~ .  

a~i(~) exist and vanish Therefore,  the derivatives 

implies, because of (*), that the second-order  derivatives 

a ~  aW - a~  a;i 

identically.  This 

exist and vanish also. Hence,  the funct ions ~(~) are l inear  (or constant) in 
each of the variables ~ ,  ~ , . . . ,  ~, and all their second-order  derivatives 

~ i (~ )  exist and are continuous. From 

d~j (~) = ~ d~ = - -  ~ d~i 

it now follows that 

On the other hand, the hypothesis (*) implies that 
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hence,  

~i(~) - -  0 ; 

i.e., all s econd-o rde r  der iva t ives  van ish  ident ica l ly ,  and 

~(~) = ~ ~q~j + const  
i 

where  % = const. Subs t i tu t ing  the r i g h t - h a n d  sides in (*)shows tha t  {eii} 
is skew-symmet r i c .  

PROOF OF LEMMA 5 ( con t inued) .  By L e m m a  6 and  the last  equa t ion  
before L e m m a  6, 

ei(z) = E % z  i + const 

and % --  eonst.  Hence ,  

c, . (z)  - -  c~,(0) = e~.(z) = {eq} = const. 

Le t t i ng  z = O, we obtain 

and 

where  C --  c.~* (0). 

PROOF OF TI~IEOREM I. 

hence,  by L e m m a  5, 

e~. (z) - -  0 

c (z) --- c (0) + Cz  

(iii) By L e m m a  2, 

it --  c (x - -  'at); 

- -  ( J  + Ct) -~ C x  -{- ( J  + Ct~-~c(0). 

(i) f ( u ,  x l t  ) -"  ,%. h [ u  - -  c ( x  - -  ut)] (Lemma 4) 

- -  •o. h [(J -{- Ct) u - -  Cw - -  c (0)] (Lemma 5) 

= g (v I t) = ~ o .  [ (J  + Ct) u - -  Cx - -  c (o) + ( j  + Ct) v] 

- -  ~o. h [ ( J  + Ct) v] (iii). 
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(ii) 

(iv) 
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f 
(x I t) - -  I g (v i t) dv --- ,ao. { det (J ~- Ct) I -~ 

, J  

R~ 

a~j = f v~v j f (~+v,x] i )  dv 
Rn 

--  f v, v j ~ o h [ ( J +  Ct)v]dv by (i)). 

R- 

In t roduc ing  the in tegra t ion  variable  

n, = (J + Ct)v 

yields, after a short  computat ion,  

(i).  

(9 (x, t) _-- ( J  + Ct) -~ • o (o, 0) • ( J  + Ct)-  ~. 

and this completes  the proof of Theorem I. 

COROLLARY. The s ta tements  of Theorem I hold if its addi t ional  assum- 
ption is replaced by the fol lowing one :  the f requency funct ion g ( v t t  ) of the 
res idual  velocities v has, at v----0, t--~.0, second-order  derivat ives with 
respect  to the components  of v and their  matrix,  g~. (0 ] 0), is non-s ingular ,  i.e., 

det g~.(0  1 0) :~ 0 .  

Pnoo~'. The addit ional  assumpt ion  of Theorem I was used only in the 
proof of Lemma, 5. Thus  it is suff ic ient  to show that  this l emma holds under  
the new assumpt ion  also. 

By L e m m a  4, 

h, .  (v) e,.  (z) v = 0 .  

Hence,  by TAYLOR'S Theorem,  

h,.(O)e~.(z)v q- v* h~,.(O)e...(z)v q- o( i v i ~) - -  0 i f  [~ v ! ~ O . 

This  implies that 
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:Now take the principal  axes of h,~.(0) as the axes of coordinates and let 

h~.,. (0) --  diag (~ , ) , 2 ,  ..., )~,). 

Then, 

and, by Lemma 6, 

e~(z) - -  Z e~yz i -~ const .  

The remainder  of the proof is identical with that of Lemma 5. Hence  the 
Corollary. 

The following reverse of Theorem I shows the consistency of the Axioms 
I - I V .  It  is proved by s t ra ight - forward verifications. 

THEOREM II. Let  h(v) be any normalized f requency function of the 
n-dimensional  random variable v defined on R", and h(v)  have continuous 
derivatives and vanishino moments of first order ;  C be an arbi t rary  constant 
n X n matrix, T' be a neighbourhood of the time-zero, t - - 0 ,  such that 
( J ~ -  Ct) -~ exists, c(0) be an arbi t rary constant  n-vector ,  and Po be an arbi t rary 
positive constant  scalar. Then the function 

f ( u ,  x f t) = ~o • h [(J q- Ct) u - -  Cx - -  c (0)], 

together with the corresponding densi ty ~(x I t) and potential  V(x ,  t), satisfies 
the Axioms I - I V  of § 2, except  possibly those concerning the existence of 
second-order  moments  of f ( u ,  x ! t ) .  

§ 4. - C o m m e n t s .  

1. - Theorems I and I I  together yield a complete survey over the set of 
universes which satisfy Axioms I - I V  and the additional hypotheses of 
Theorem I or its Corollary. These universes are, in a natural  fashion, classi- 
fied by their iuitial f requency functions, h(v),  of the residual  velocities v 
and their initial << velocity matrices >> C. BOTH are en$irely independent  of 
each other. The constants c(0) are inessent ia l :  they are removed by choosing 
suitable systems of coordinates.  The velocity matr ix C need not be symme. 
tric; i.e., there may be a << r ig id-body rotation >> of the universe with respect  

Ann~ali di Matematica 6 
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to any ~ inertial  system of coordinates >~ (i.e., a system for which NEWTON'S 
equation of motion hold). Such an (apparent) rotation is by no means a-t 
variance with the uniferm (<( G-alileian ~)) motions of the mass-elements  of 
the universe:  the mean velocity (e(x, t) is defined as a mean value of the 
velocities of mass-elements at any given place and time, ra ther  than as such 
a velocity i tself :  there need not be any mass-element at the point x and 
the time t which has the velocity i~(x, t). In  the l i terature it is sometimes 
assumed that this <~ rotation )> can be eliminated by choosing a new system 
of coordinates which << rotates with the universe >> (cf., e.g., [1]). But such a 
new system is not e~n inertiai  system and, therefore, inadmissible. A permanent  
<.pure rotation>>, however, is indeed not possible: the velocity matr ix  
(J 4- Ct) -~ C is skew-symmetric if and only if C is skew-symmetric and t = 0. 
<< Pure  dilatation >>, on the other hand, is permanent .  This implies that rota- 
tion (though not << pure rotation)>) is permanent  also. 

The directions of <<purely radial  motions)> are permanent.  I.e., the 
vectors x and ,~:t(x, t) are (for c ( 0 ) =  0) collinear if and only if the vectors 

x and ,O(x, 0) ase collinear. For, 

C x  ~ yx 

for some vector x and some scalar constant "( implies that 

(J + Ct) -~ x = (l + Yl) -~z  

and, since 

C ( J  4- C[) -1 - -  ( J  4- Ct) -~ C,  

(J  4- Ct) -~ Cx -~ (1 q- 7/) -~ 7x. 

as has been asserted. 

2 . -  In the hydrodynamical  cosmologies it is assumed that the density 
and pressure are independent  of the position vector x (<< microscopic homo- 
geneity postulate))) and the relative mean velocity z ~ ( x ~  A x ,  l) ~ 'g~ (x, l), is 
also independent  of x (<<macroscopic homogeneity postulate>>). ]n the stellar 
dynamical  approach of §§ 2-3 macroscopic homogeneity is a consequence of 
microscopic homogeneity. The reverse, however, need not be t rue :  this is 
demonstrated by a frequency function of the form 

hi [(J q- Cl t )u  - -  CIx] 4- h2[(J 4- C 4 ) u  - -  C~z] 

for suitable fnnctions h i ,  h2 and matrices C1, C.~. << Microscopic isotropy >> 
[i. e ,  g ( v l l )  is spherically symmetrical) and ~ macroscopic isotropy >> (i.e., the 
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relative mean velocities, i~(x + 5x, t ) -  i~ (x,/), and the relative po.~ition vectors, 
ax, are collinear) are not related to each other. 

3 . -  Let the field of mean velocities be 
(0 <-- r ~ n), i.e., 

<< isotropie in r dimensions )> 

where J,, denotes a r X r unit  matrix, the other elements of C vanish and k + 0  
is a scalar constant (the ~< Hubble constant >>). Let p and + be the scalar 
pressure and temperature,  defined by 

I 1 
I P -- 3 trace P ,  

- -  ~ t race  0 

(cf. [7]), and Po and do be their values at the time t ~--0. Then, 

~ = G - ( ~ + k t I  - ~ ,  

~, p = po • (1 + kt)-,'+~. 

Hence, if r > 0 ,  

Pc -- \ ~o ] 

i.e., the material  of the universe behaves like a polytropie gas of the index r/2. 
In particular,  if n ----- r - -  3, 

Po -- ~ ]  " 

This is the equation which describes adiabatic, or isentropic~ changes 
of state of a monatomic ideal gas. The number r (which corresponds to the 
number of degrees of freedom in the theory of gases), however, is determined 
by the matr ix  C rather  than by the function h(v) - -  i.e., by the properties 
of the macroscopic motions rather  than those of the microscopic motions of 
the material.  In  this respect the thermodynamics of the universe appears 
significantly different  from that of an ideal gas. 
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~. - In § 2 the integral j l / f (u ,  x l t i d u d x  was interpreted as the mass 
M 

contained in the set M at the time t. The following, different,  interpretat ion 
may appear  preferable.  Suppose that (i) the material  of ~he universe consists 
of a countable number  of particles, (ii) the number  actually contained in the 
s e t - M  at the time t is a P o l s s o ~  random variable with the mean value 

-~ f f f ( u ,  x] t )dudx,  and (iii), Axioms I -  IV hold with this interpretation 
M 

of f(u, x t t  ) also. Thus  the particle s t ructure  of the real universe is taken 
into account.  For  example,  a set M with a corresponding Po ] s so~  mean 

should, with the probabil i ty  1 -  e, contain ~ ~ ~ part icles where ~ is any 
real number  between 0 and 1 and ~ denotes the corresponding quanti le of 
the standardized POlSSO~ distribution. (Cf., e.g., [3]). 
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