
Problems and methods in partial differential equations (~). 
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A Giovanni Sansone ncl suo 70 '~o compleanno. 

Summary. - Finite part and logarithmic part  of some divergent integrals with applications 
to the CAUCIIY problem. 

This report represents a part of a group of lectures given at Duke 
University during the academic year 1955-56. It introduces the theory of 
the finite part and the logarithmic part of some divergent integrals and 
applies it to the study of the CAUCR¥ problem for simple partial differential 
equations, namely, the wave equation, the damped wave equation and the 
singular equation of EULER-PoIsso~-DAm3OUX. 
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Head of the Department, and F. G. D~ESS]~L, for their kindness and practical 
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[. D e r l v a i i v e s  o f  s o m e  i m p r o p e r  i n t e g r a l s .  

1. - Differentiation under the integral sign. Generalisation of the L e i b -  

n i t z  rule. In its classical form, LErBNITZ'S rule is as follows. Let 

(i) a(t), b(t) ~ c 1, 

then 

(ii) f(t, x) and ~f(t, x) C C" 
7t 

b b 
d f [~f(t, x) db da ~ .  f l t ,  z ) a x =  dx~+ f(t ,  b) - -  f(t, a.) . 

a 

(*) Tho research reported in this document has been sponsored in part by the Air 
~orce Office of Scientific Research of the Air Research and Development Command, United 
States Air Force, through its European Office under Contract AF 61_ (056)-86. 
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In this rule, it is essential to suppose that f ( t ,  ~) is bounded in the closed 
interval [a, b]. Therefore,  this rule cannot be applied to the integrals (even 
though they are differentiable) 

. 

t 

f I - = 2Vi,  
vi-  o 

0 

. 

t 

o 

. 

t 

f I I' lg (t - -  x ) d x  - -  - -  (t - -  ~) lg (t - -  ~0) + (t - -  x) 
0 0 

O 

"- t lg t - -  t, 

the integrands being infinite for ~ - - t  (and in 2 also for x -  0). 
If the LEIB~I~rZ rule in applied, one would indeed obtain a difference 

of two terms, each of which is infinite, and which difference has no sense. 

For  instance, from 1 
t 

1 1 t" dx 
! V t - ~  ~=t 2.  (t-~)81~' 

0 

and from 3 
t 

x=t f d~ Ig (t - -  x) q" t - -  x 
0 

Nevertheless,  it is possible to compute the derivatives from the right hand 
1 

side:  for istance, for 1 and 3, one obtains respectively --= and lg t. 
Y t  

To correct this situation, it is necessary to generalise LEIBNI~Z'S rule. 

We shall first s tudy two typical examples.  

2. Consider the integral 

t 

(1) ~(0 = f V t--~A(~---)) dx, 
0 
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where  A(x), A~(x) are continuous in the closed interval [0, t]. Setting x, = yt, 
one has 

1 

f F(t)-- V-tA(yt) V i - - y  
0 

which is uniformly convergent  and therefore continuous. Its derivative with 
respect to t is 

1 

t2) dr f ~ [V~ A(vt)] av 
. e-c = .  ~ vi---~y' 

0 

owing to the uniform convergence of this last in tegra l  Consequently 

But,  

1 J. 

dF 4f.a(~,dv i f  aV 
0 0 

t t 

0 0 

d~ 
V t - - x  

xA~ tAm 
Vt  - -  x, V i  - -  x 

V t -  ~ A~ 

Hence,  

(3) 

tA~ 0 
Vt  - z ~z  [Vt  - -  x A] 

t 

dF A(O) f a-~ = - -~  + A~ ~ 
O 

To gain a better  view, set 

A 

2 V t  - x 

dx 

F,(t) = .  V~ A(VO V l - -  y 

0 0 

dx, 
m 

Vt - - w  

where  0 < ~ < 1. We have 

(4) F(t} --  l im F~(t), dF 
dt 

d lim F~(t). 



228 V. J. BI:m~;AU: Probh'ms aml m('thods ia partial diJ'f('relttial equations 

But, f rom (2) 

l m E  

 /-dF = )im._ A(v01 _ y ,--.o at 
0 

A compar i son  of 14} and 45) y ie lds  

dF d dFdt} 
- -  dt l i m  F~(t) -- lira - -  

d t  

d 
so that  (/i and l im commute .  

~ 0  

Therefore ,  to compute  dF{t} replace  F(t~ by F~(tl and compute  the deri- 
dt ' 

vat ive wi th  respect  to t us ing  LEIBNITZ'S rule  (~} and  then  let ~ tend to 
zero. This  gives 

((;I 

I n t e g r a t i n g  by parts,  no t ing  tha t  

t(t--~) 

di: - - .  Ot \ / t  - -  x V g -  A[ttl - -  ~)]. 
o 

3 
3i --  - -  3x ' one f inds  

t(i--O 

dF~ A(x) It(1-~) f dx + 1 - - ~  Aft(1 __ e} ] 

0 

t(i--~) 
dx _ + At0) I - -  ~ Aft[1 - -  ~)] 

= Ax Vt  - x - ~ t  + -V-~-~ A [ / ( t -  ~)] V-~ 
0 

The la, st two te rms  become inf ini te  w h e n  ~ ~ 0 ;  but  their  d i f fe rence  tends 
to zero, Therefore ,  when  s ~ 0, fo rmula  (3) is obtained.  

RE,~IARK I. - Note that  one can also wri te  [cf. (6)] 

- Att) f ~ 1 }_ f Ai_t!-- A(x) l - -  ~ A[t(1 --  s)] 

o 0 

t(i s) 
s A { t )  i ( t )  1 f A l l } -  A(~) 1 - -  Aft(1 - -  s)] - - - - .  

0 

(i) Note  that  the i n t eg rand  is cont inuous in  the closed i n t e rva l  [0, t ( 1 - - 0 ] "  
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As a result ,  

t 

d F _  A(t) 1 [ A ( t ) -  A(w) 

REMARK I t .  - S u p p o s e  A(t, x) At(t, x), Ax(t, ~) 
closed rec tang le  x ~ t ~ b, 0 ~ ~v ~ t and set 

t 

= [ A ( t , ~ )  
F(tt JV~:--x  dx. 

o 

- -  d x .  

are  con t inuous  in tile 

Us ing  the above  method,  one f inds 

dF(t) A(t, O) 
dt - Vt  

t 

+ (A, + A x) ~,7-z-S 
o 

3. S imi la r  compu ta t i ons  can be  ca r r ied  out  for the in tegra l  

t 

~(t) -- f A(x) lg (t -- x)dx, 
o 

w h e r e  A. Ax are  c o n t i n u o u s  on the closed in terva l  [0, t]. Se t t ing  x-----yt and 
g(t, y)-- tA(y, t) lg t(1 - -  y), it fol lows that  

But ,  

-d l - - j a tg t ,  y)dy 
o 

t 

= ~f[A(x)  + Alx)lg I t -  x) + ~cA~ lg It - -  
o 

x)] dx. 

xA 
~7~ [xA(x) Ig (t - -  x)] = (A + xA~) lg (t - -  x) t --  x 

= (A + xA~t lg (t - -  x) + (~ t ~)A. 
t - -  
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Hence, integrating from 
that lira , lg ~ = 0, 

~ 0  

and therefore 

(7} 

Further,  

0 to t - - , ,  t > * > O ,  letting ~--~0, and 

t 

f [A  + A lg (t - -  x) + x A ,  lg {t - -  x)] dx 
0 

, l' A(~c) ] 
= lim[tAlt --  ~1 lg ~ -t-J ~ dx 

0 

d~dt -- ~lLm iA(t - s)Ig [ A(~) d~] + j ~ - ~  • 

0 

A(x) A(x) ~ lg (t - ~) 

and, integrating by parts from 0 to t - - * ,  

t--~ t--, 

.![A{x)t - -  ~ e~v -- --  A(t -- ,) lg ¢ + A(O) lg t + f A x  lg (t - -  x) dx . 
0 0 

Thus, from (7), 
t 

_ _  ~ ~ f A  x • d~" A 101 lg t + lg (t -- x )dx  
d t - -  

0 

We may also write [of. (7~] 

noting 

and find 

(s) 

A(~) = A(t I + (t -- x)B(t, x) 

- - -  f B(t, x)dx d~ A(t) lg t + .  
d t - -  

0 

t 

: A<,,,,, - -Z( '> , . .  
0 

If 0 < ~ <  1 and 

~,(0 =jg(t, v)ev =/A(~)lg (t-- ~)e~, 
0 O 
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then 

i f ( t )  - -  l i ra  ~dt ) ,  

d~____dt -- dr-- d lim~--~o ~ j t ) - - - - L ~  viav 

0 

t(l--~) 

a JA(.)~g ( t -  =)d~. --  lim d~(t )  lim d-t 
~.--o dt - - , ~ o  

o 

An application of LEIBNITZ'S rule to the last integral gives 

(9) 

But, 

(10) 

t(i--E) 

~- ~#) = (1 - ~)A[t(~ - -  ~)] l~ t~ + f A(~) ~ lg (t - -  ~) ~ .  
dt 

0 

t(i--O t(i--~) 

0 0 

= - A ( ~ ) l g  (t - ~ )  i (1-~) 

t(i-~) 

+ JZ ig (t - ~) d~  
0 

t(i-~) 

--  A(0) lg t -- A[t(1 --  8)] lg t~ + fA. lg (t - -  xld~c. 
0 

Combining (9) and (10), one has 

t(x--O 

ddt ~(t) --  A(0) lg t + f A. lg (t - ~)d~ 
0 

+ (1 - -  ~)A[t(1 - -  8)] l g  t~ - -  A[t(1 - -  s)] l g  t~ .  

Here again, each of the last two terms becomes infinite when e -+  0 while 
their  sum tends to zero. 
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II. F i n i t e  p a r t  a n d  l o g a r i t h m i c  p a r t  o f  s o m e  
d i v e r g e n t  i n t e g r a l s .  

1. Simple integrals .  - Let  
var iable  ~c sat isfying 

(i) A(x) E C 

(ii) A(x) E C a 

For  x E U. 

If--1 

h = o  

A(w) be a real function of the real single 

on an interval I; 

in a neighborhood U o f  t E L  

Ah(t) f -  (t - -  x) h + Bh(t, x),  

where  Ah(tl is tho h- th  derivat ive of A(x) at x = t, Ao(t)-" A(t), and 

[ - ) .  
t 

~ote  that Bh(t, x) -- 0 ( [ t -  x]'). Let  the closed interval [a, t] be interior to I 
~tnd consider 

t 

121 I~(t) "- f A ( x ) ( t -  ~)"dx, s real. 
.y 

ct 

I~(t) exists for s > - - l ;  for values of s ~ - -  1, it may or may not be con- 
~'ergent. It is the purpose here to define some useful  expressions connected 
with Istt). First,  the finite part  (abbreviated pf) of Is(t), symbolically pfI~(t) 
is defined for aE U, and then in terms of this definition, the more general 
definition covering the case a ~  U is given. This is followed by a definition 
of pl I~(tl, the logt~rithmie part  (abbreviated pl) of I~(t). 

To abbreviate,  wri te  

~t 

(3) P(y  ; n, q + 1) ~- - 
h ~ o  

so that 

Ah(tty ~- q 

"~ An(t) yi~-q-1 
Pu(Y; n, q + l ) - - - -  P ( y ;  n, q + l ) - -  E ( - - 1 ) a ~ T  . 

h: -O 

Throughout,  1~ is a real number  such that 0 ~  ~ ~ 1 and k is zero or 

a positive integer. 
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If a E U, the finite part  of I~(t) is defined as fol lows:  

(4t pf/~(t) ---- Is(t), s > - -  1. 
t 

, i'" B~(t, m) 
pf I_k-~(t) - -  P i t  - -  a;  k - -  1, k -[- ~) -t" I (t ~ ~)~4-~. d x .  

pf/ -h( l )  --  P(t  - -  a" k - -  2, k) q- ( --  1) ~-~ Ah_~(t) Ig (t - -  a) 
' t k - - l l !  

t 

~_ f B~(t, x) 
J ~ = x ~ d x '  [ P ( l - - a ;  - - 1 ,  q -k l ) - -O] .  
{¢ 

If it is not known that a E U, then let a' be any point of U such that a' < t 
and define 

(7) 

t t~ t t 

For s ~ -  1, it is trivially true that p f I , ( t ) i s  independent  of the choice of a'. 
To show that this is also true for s ~ - - t ,  let a " <  t, a"E U. Then from (1) 
and (3j, 

Bk(t, x) 
(8) A(x) ( t - -x ) - -k -~  ~ - -  Pv(t - -  x;  k - -  1, k -k" ~) q- 

(t - -  x)k+~ ' 

t ~ r t  t 

? 
a r 

a r t 

Bk(t, oc~ 
+ ( j+ f ) (t_ dx . 

a t~  Gt  

But, with the aid of (8J, 

a r t  

f A(x~) (t - -  x)-'~-I ~ dx  = - -  P( t  - -  a" ; k - - l ,  k + ~j + P( t  - -  a' ; k - - l ,  k + ~J 

a r t  

f Bk(t, ~j + .  (t k dx.  

Annali di Matematiea 
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Hence, 
a ~I t a /  t 

/÷ 
a H ~ a :  

In exactly the same way it can be shown that 

t 

pf.fA(x) (t - -  ~)-* dx  

a r t a r t  t 

:f+ 
a ~ f  O~ Off ( 

Tile logarithmic part of Is(t) is defined by 

(9) pl/,(t) = 
l Ah_ltt) 

(-- 1)~ (k __ 1)!,  s = - - k ~ - - . - - 1  

0, otherwise 

where k is a positive integer. 
Note that pl I,(tj is the negative of the coefficient of lg ( t - -  a) in pf Is(t} ; 

pl I f l )  is zero when there is no lg (t --  a) term in pf I,(t). Also, pl I,(t) depends 
only on the values of Ak_l(x) at the point  x =. t and consequently only on 
the values of A(x) in a neighborhood of x = t- This fact parallels the so 
called HUYGEI~'S principle (HuYGE•'S minor premise following HADAMARD'S 
classification) in the theory of CAIICHY'S problem for partial differential 
equations of the hyperbolic type. 

Contrary to the purely local character of pl I_ k(t), it is clear that p f l f l )  
is a global operator depending on all the wdues of A(x) on [a, t]. It is 

t t 

important to note too that, as symbols, p f f  and p l f  are each to be regard d 
0b 

as a ~< whole )), as a single symbol. 
The above definitions are easily generalized by replacing A(x) by A(t, x) 

depending on t, it being understood that Ak_~(x) is replaced by 

Aa_1(t, x} --  ~?,:_~ A(t, x)!x=t" 

2. The problem of computing the derivates of improper integrals and 
the method of singularities used extensivel$ in tile theory of partial diffe- 
rential equations lead one to associate with 

t 

) A(x) (t -- x) (-- i < 8 0), 
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the in tegral  

f A (x) (t - -  x) ~ dx,  
a 

> 0 and small. In  fact, this amounts  to cut t ing off the s ingular i ty  at x --  t. 
Using (1) and per forming  the integrat ion,  one f inds 

(10) pf I.(t) = lim f A(x) ( t -  w)*dx, s :> -- 1, 
~ 0  

t t  

(11) PfI-k-~(t}--liml fA(x ' ) ( t - -x) -~-~d~-~-P(~;k- - l ' k+~)]  t 
( t  

(12) p l / -k( t )  lg ~ + pf I_~(t) 
~--~ 

a t--~ 

which clearly indicate the mean ing  of (4)... (9). 
Considered in itself, the integral  given by (2) may, and usual ly  does, 

diverge for s < _ -  1. Nevertheless,  pf I,(t~ and pl I,(t) exist  independent ly  of  ~ 
and are finite. 

3. In  the preceding,  the s ingular i ty  of the in tegrand was at t, the upper  
l imit  of the integral  I~(t). It  is sometimes necessary to consider integrals  

t 

~,fa) .---f Alx,)(~, - a)"d~,, tt > a), 

whose in tegrands  have a s ingular i ty  at the lower limit. 
I t  is clear that  the above defini t ions may be extended in a natura l  way, 

to cover this case. Indeed  with reference to (10), (11), (12}, define [t < b; [t, b] E I] 
b 

pf ~(t} = lira f A(x){~ - -  t)' dx, s > - -  1, 
~÷~ 

b 

t-i-E 

pl ~-~(0 Ig ~ + pf ~_k(t) = 

b t÷~  

t4-~ t 
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w h e r e  

~'(e n, q - { - 1 ) - -  Y, As(t) sn-q ; , n ~ 0  
.~=o h!  h - -  q 

$ { ~ ; - - 1 ,  q- l-  1) : 0. 

4. In  connec t ion  with  pfIs(l) and pl Is(t), it is somet imes  usefu l  to con- 
s ider  the in tegra l  

t 

J(a) : f A(x) (t - -  ~)~ dx  

of the complex  var iab le  a. For  (2) ~ > __ 1, J(a) exis ts  and is a ho lomorphic  
[unc t ion  of a. Us ing  (i), 

t 

J(a) : P( t  - -  a ;  r - -  1, - -  ~) q- fB,.(t, x) i t - -  x) ~dx ;  
a 

the r ight  hand  side of the equa l i ty  gives the ~lnaly.tic con t inua t ion  F(a) of 
J(:¢) for ,~a ~ ~ 1. I t  shows that  F(a) is meromorph ic  in the half  plane 
~ a > - - ( k q - - 1 )  and  has s imple  poles at ~ - - - - 1 ,  - - 2 , . . . ,  ~ k ;  it follows 
that  pl I~ff) is equal to the negative of the residue o f  Y(~) at ~ = s and  that  

pf I_,._!fl) -" F ( - -  r - -  ~), 

P \ L ' : ! t ) ]  lg (t - -  a). pf/_~(t)  - -  lim_¢= F(a} q- a + r I -}- ( - (r -- 1)) 

Moreover,  it is a s imple  mat te r  to modi fy  the above so that  one has to con- 
s ider  only ho lomorphic  funct ions .  To this end, note that  the g a m m a  func t ion  
:l?(a) is me romorph i c  in the a - -  p lane  and  has s imple  poles at a - - - - n  

(n = 0, 1, ...) wi th  res idue  ( -  1)" at :~ --- - -  n. Therefore ,  the func t ion  f(~) - -  U ! -  

_ F ( ~ )  
- -  F(--~--q L 1) is ho lomorphic  for ~ a  > - - ( k  +- 1) and 

(13) ( - -  IV [f(a)]~=-k, 
p l /_~( t )  - -  (k - -  1)! 

(14) pf I_~_~tt) = r ( -  k - -  ~ + 1) f ( - -  k - -  ~). 

(.z) VVhen a is a coml) lox  n u m b o r ,  w e  w r i t e  as  u s u a l  ~ ~ ~ 4-'igz¢. 



F. J. BUREAU: Problcms (u~d metItods in p(trtial differential cq~tations 237 

In a similar  way, we may 
however, it is more 
expressions. 

These results 
integral  

obtain a comparable expression for pfI_h(t); 
complicated and not as easy to handle as the other 

show the connection between the RIE~ANI~-LIOUVILLE 

t 

1 
f(a - -  1 ) -  F-~ 

and pf, pl of some divergent integrals. 
It must  be noted that the RIE~A~h'-LIouwLLE integral introduces a 

factor P(-- k - -  V. -~ 1) different  from zero if ~ :~= 0 and which does not appear 
in the final result.  ~[oreover. the definitions for pf and pl are easily extended 
to include some multiple integrals and as a mat ter  of fact prove easier to 
handle  when actual  computation is required.  This will become clearer  later on. 

5. p f lA t}  and pl I~It) exibit simple properties which shall be very useful 
later  on. These properties are given below with proofs for those which are 
not immediately evident. Throughout,  it is assumed, unless otherwise stated, 
that A(x) E C a on In, t]. This is no restriction in view of the fact that t7) 
does not depend on a'. Fur thermore,  since p f I~ ( t } - - Id t  } for s ~  - 1, in 
which case the known theory can be applied, the properties below will be 
concerned with the case s ~ -  1. Note that the case pl I~( t}- -0 ,  s :~= 0, - - 1 ,  
- - 2 ,  ..., is considered trivial and discarded. 

t t 

PROPERTY 1 . -  pf /.and p l / a r e  linea,' operators with respect to A(x). 
ct 

DEFI~ITm~. - Suppose that fj(x) E C a, j : 1, 2, ,.. ,  n on [a, t]. Then by 
definit ion 

t t 

/a{x) . dx  - -  ~, pf  (t x)"k Pfo 1 (t ~ x ~  k=l - -  
t~ t~ 

PROPERTY 2. - If  e is such that a ~ e ~ t, then 

t c t t t 

PROPERTY 3. - Change of  variable • pf I_~._~fi) is invariant  under  a change 
x - - x ( y )  of the variable of integrat ion provided x(y} has enough derivatives 

d~ 
and ~-y =~ 0, ~ .  
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This condition due to HADAMARD is sufficient, not necessary. 

EXAMPLE. - To find the changes of variable leaving 

t 
t: +-i 

pf ~=dx : t > O, a =4= - -  I 
~ + 1 '  

o 

invariant,  set w -- yl,, ~ :~ O. Then 

t t l / I  ~ 

pf  f ~adx - -  pf f y(a+~)~-~ dy  - -  t ~~ ~ 
. a - ~ l "  

0 0 

It is clear that we may put x--~ y~f(y), ~ : ~ 0  provided f(y} is regular  and 
f(O) =4= o. 

pl/~(t) is also invariant  under  a suitably chosen 
1 

carefully performed. As an example, consider f__dx and 
0 

one has 

- - l g ~ = . .  ~ - - -  Y 
aE 

change of variable 

set x - -  y /a ,  a ~ O ; 

from which it is clear that the coefficient of lg ~, [cf. (12)], remains the same. 

PROPERTY 4. - In tegra t ion  by parts.  If  A(~} E C ~+1 on In, t], then 

t 

pf ;A(•)(t.-- x)* dx  

t 

1 a) "+1 fA ' (x) ( t  x) '+idx], s :4 : - -  1, s + 1 [A(a)(t - -  + p f  - -  

- -  A(a) lg (t - -  a) -{- f A'(x) lg (t - -  ~)dx,  8 ~ - - 1 .  

PROOF. - If s - - - - - k - - ~ t ,  use (11); if s = - - k ,  use (12). 
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PROPERTY 5. - Suppose  that the functions A(t, x~) and g(~) are both E C a 
and that g(x) is given as a series 

g(x)= ~ ~(x), 
j=o  

uniformly convergent on [a, t], with the property that ~ gj(~)(x), ( i -  1, . . . ,  k), 

also converge uniformly on [a, /], Then 

t 

f fA(t, ~)g(~). ~ _~ fA(¢ x)gj(x)d~. 
p j ~ -  ~ a ~  - -  j=o P J ( t - -  x - ~  

ct 

PttooF. - From (51, 

k - - 1  

h~o 

t 

p~ f A(t, x)gj[~,) 

el. 

[A(t, x)g~(x)]~)=t (l - -  a)a-k-t  ~+~ 

(_l)h h ! ( h - - k - - ~ + l )  

f Bk, i(t, x) 

t~  

holds for j - -  0, l, ... and also for g~tx) = g(x). 
Summing  on j and then making use of the uniform convergence hypo. 

thesis, one obtains the desired result. 
~o te  that 

k--1 B (t, = ( 7  1tt,, [,4 (y)ty -  ) -lay 
t 

so that we can safely commute integration and summation. 

PROP~R~Y 6. - A bound for pf  I,(t). Let M be chosen so that [ A~(x) I ~ M 
i h -  1, ..., k) on [a, t]. Then from (5), 
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+-+ 1 A+(+,) t (t - -  a)h-+-++÷+ 
a=o h t ( k + ~ - - h - - l )  

t 

i M ( t  - +c) k . 
-Jl- j - -  k t_ ~ c$'~ 

. ] k ! ( t - - x ~ )  +.~ ' 
a 

I ~  ~ ( t -  +~+-+-~++ ( t -  a)~-,~] 
N M  

Lh=ok t tk + ~ " - h - : - f )  + k-t ] i - ~ J  

and from (6), 

Ik~ ~ (t - -  a) a - k - ~  t lg  (t - -  a) t t - -  a t 
PfI-k(O ~< M[h~o,~ ! l ~ _ h + l  ~ + (k - -  1)! + ~  " 

Thus, a bound for pfI:(t) is known if M and t - - a  are known. 

6. Proper ty  7. Differentiation. - If A t x  ) C C~+ ~ on [a, t], k = 0, i, ..., then 

(15} 

t 

d pf (_  A(+~::  d+ + '~ ~ A(~) _ 
.... = p : r j  ~-~ (i-=--;i,+Ti~+ +,~, d t  J ( t  - -  + 1  + i x  

11t a 

t t 

A(~) d A(+) dx p f j d  ( t -  
a t  pf.] (t----x) ~ = x~) e 

d x  + ( - -  1) ~ Ak(t) 
k t '  

t17) 

t t 

d p l ]  A(x)  , i 'd  A(x) 
d-+ . (t-- x~ dx = p, j d-+ ~ - -  ;+V dx. 

Note that (16) and (17)are trivially true for k = 0. 
That (17) follows easily is seen in 19). 
To establish (15), first a proof by direct calculation is given, then a 

proof making sole use of repeated integration by parts, followed by a proof 
by induction again using integration by parts as the core. 

7. Proof  of  (15) by direct  calculation. - Write  

A~(t) ,+ 
Bk(t,  x) = (-- I) k ~ t~ - -  x) ~ + Bk+llt ,  x), 

where 

Bk+~(t, x ) -  ( - -  l)k ['A -k +. -J k-+ ,(y)(y - w)kdY 
t 
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so t ha t  

(19) ~ B k ~  ~(t, x)  = 
( - -  1} k 

k ! Ak+~(t}(t - -  ~)k. 

F u r t h e r ,  an e a s y  c a l c u l a t i o n  shows  t h a t  

(20) ~ t P ( t - - a ;  s, q - l - l )  

- - - - ( q - { - 1 ) P ( l - - a ;  s t  l ,  q - ~  2) -t- 
( -  1}'A,+~(O{t - -  a ) ' -~  

( s +  1)! 

I n d e e d ,  

~ ~h Ah{t)(t - -  a) ~'-q 
a p ( t _ a ;  s, q - i - I ) - - - -  ~ ( - -  

h Ah-~fl)(t--a) h-q ~ 1)bAh{t}( t - -  a} ~-q-~ 
- -  E ( - - 1 )  ~ / f i ~ - Z q  ) + ~ ( - -  h=o , h=o h 1 

~+~ Ah{t}{t - -  a )  h - q - t  s Ah(ti(t - -  a )  t ~ - q - 1  

= ~ (--l}~-~(h 1},(h - - ] ~ +  ~ (--1)h a=~ - -  • - q - -  h=o h ! 

- -  - -  (q + i )  E ( - -  It a Ah(t)(t - -  a) ~ - q - ~  ( - -  lJ'A,+x(t}( t  - -  a ) ' - q  
h=o " - h ! ( h - - q - -  i)  + s ! ( s - - q )  

= - -  (q -{- l }P t t  - -  a ; s 47 1, q -{- 2) + ( -  1VA,+~(t}(t - -  a )  s - q  

( s t  1)! 

B e c a u s e  of  c o m p l i c a t i o n s  a r i s i n g  f r o m  the  u se  of the  s y m b o l  _ P ( t - - a ;  
k - -  i ,  k ~ ~t) t he  e a se  k - -  0 wi l l  be t r e a t e d  f i r s t  as  a s p e c i a l  c a se  ; t h e n  the  
case  k ~ 1 wi l l  be  c o n s i d e r e d .  

a .  I n  c a s e  k - -  O, 

t t 

d f A(x) d [ A ( t )  -[- A{m) - -  A(t) dx  
-dr (t - -  x)~ a .  = d t j  (t - -  ~)~ 

a a 

_ d_ [A{ t }  ( t  - .)~-,~ 
dt 1 - -  [ 

t 

f A(x} --  A(t) 
J -C--~)i:  a .  
a 

_ A(t) + A ' ( O ! t - - a ) ~ - ~  
(t - -  ajt~ 1 - -  1" 

t 

d f A ( x ) - - A ( t )  
+ d ) J  ~ i - ~ - f f  d~. 

Annal i  di Ma tema t i ca  !,1 
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But, since 

one has 

I { e n c %  

A (x) - -  A(t) f~ A'(y)dy 
(t - -  xt~ (t - -  x)~ 

- -  O ( [  t - -  a]~-~), 

t t 

d f A(x~)- A(t) f d A ( x ) -  A(t} 
dt (t _ x)~ ~ dx = d~ ( t - -  x)l~ dx 

a a 

t 

• l'A(x) - -  A(t) A'(t) (t - -  a)l-~ 
- -  - -  F,] - ( t - - - -~)I+F d x  - -  1 - -  

($ 

t t 

~__tf A,x, [A(t)(t--a)-~ fA(x) - -A(1)dx]  
(t - -  x)~ dw - -  - -  ~t i ----;  - } - . !  - ~ - - - x )  V4~ 

t 

f d Aide) dx. 
- - P f  d t ( t Z x ) F  

b. When k ~ 1, consider 

(~1) 
t 

- ((t A(x) d pf dx 
dt - -  ~C)k+F 

t 

d [ Bh(t, ~) 
_-- ddt P(t - -  a ", k - -  1, k + t~) + d t  J ( i - ~ ; ) } - 4 ~  

c~ 

= - - ( k +  ~)P( t - -a ;  k, k + t ~ +  1 ) +  

dec 

( -  1)~- lA,( t ) ( t  - a) -F 
kl  

t 
d f B,tt, x) 

-[- ~t j (i---x)~T F dx.. 

But, using (18) and noting that 

t 
x, 

(t -- w)k÷t~ dx, 

t 

j d Bk+l(t, x) dx, 

a 
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one f inds 

---- d-t ( -  1)a 

t 

a I B . t ~ )  a~ 
dt J ( t - -  x)k+F 

~b 

t 

Ah(t) (t -- a)~-F f Ba+~(t, x) ] 
~ ~ - ~  +Jii-=~)~ a~ 

a 

( - -  1)aAk+jt) (t - -  a)~-F 
kI(1 - -  IO 

.{_ (__ 1) ~ Ak(t)(t - -  a)-~ 
k!  

d Bh+l(t, x) 
+ 

. (t - x)k+~ 

t 

d~ --  (k + ~ J(l-'--- ~ 
¢$ 

dx 

which ,  upon  'us ing (19), gives 

(22) 
t 

d f Ba(t, x) 
~ j (t---.--~x)k+--- ~ dx 

Ah+1(t) (t - -  a)~-F 
- -  ( - -  1)~ k !  ( l - - p )  

+ ( _  1)a+ ~ Ah+~(t)(t--a)~-~ 
k l  I--~ 

= (-- 1)~ A~itt ( t -  a)-~ 
k! 

+ (__ 1) a Ak(t}(t--aj--F 
kI  

t 

( Ba+l{t, x) 

a 

t 

. ,  [ B,+jt, x) 
- -  - (k + ~ J ( t ~  x ~ - + ~  d~. 

Combining  the resul ts  of (21) and  (22), we  have  

- -  - -  (k + ~) [P( t  

t 
i, 

= - -  (k + p.) p f J  (t 
a 

t 

d f ( t  A(x) d-t pf - -  x)~-~ dx 
G 

t 

, [ Bh+jt, x ) ] 
- - a ;  k, k +  ~t + 1) t j ( t~ -~}k+T+;dx  

(% 

t 

A(x) f d A(x) 
X)k+F+ 1 dx = pf dt (t -- x)~+~ dx. 
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8. Proof  by repeated integrat ion by parts. Integrating by parts k-t- 1 
times, we have 

t 

d f A(x) 
d-t pf (t - -  xtk+~ d~ 

a 

- -  ~ ( l - - k - - p , ) . . . ( h - - k - - l z )  

t 

1 fA~+I(~) (t - -  x)I-F dx 
+ (1 - k - -  ~) . . .  (1 - -  ~) 

kEi Ah_ja)  (t - -  a)a-~'-e -1 
h = ~ ( 1 - - k - - ~ ) . . . ( h - - k - - ? - - l )  

t 

1 f Ah+l(x) (t - -  x)-F d$ 
+ (1 - -  k - ~ ) . . .  ( - -  ~) 

¢$ 

t 

d x  

t 

_pff~ A¢=) (t - -  x)~+~ dx .  

9. Proof  by induction using in tegrat ion by parts. (15) holds for k ---- 0. For 

t 

dt J (t - -  x)~ ~ dx 

t 

 IA(a ) , ,_ 1 f A( t 
= a-t i-~ ~ i-~ 

t 

f A,(~) - -  A(a) (t - -  a)-~ - [ ' J  (t - x)F 
a 

- -  d ~  

A(x) 
- -  - -  V, P f f ( t  ~ ~+~. 

d A(x) 
d~ - -  p f  d-t (t - -  x)e 

a 

dx .  
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If (15) holds for k - - 1  ~ 0 ,  
t 

__ d [A(a)(t  - -  a)~-k-~  + 1 
- - d t [  1 - - k - - l ~  1 - - k - - i ~  

t 

; A'(x) 
--" A(a) (t - a)-k-~ + Pf J (t ~)x)k+~ 

t 

f A(x) --" - -  (k -Jr- ~) Pf ( t  - -  x ) ~ + ~  -~ ~ dx 

t 

f a A(~) "- Pf d? (t - -  x)k+~ dx ,  

and it holds for k. 

dx 

t 

Cb 

10. In  very much  the same way, the three proofs used to show that  (15) 
holds for k ~ 0 can be used to show that (16) holds for k ~ 1, k---~ 0 regarded 
as trivial.  Only the proof by direct  calcula t ion is given below. The  special  
case k - - t  arises, again  due to notat ional  difficulties.  The  special  case is 
t reated first. 

If  k - - 1  and A(x)E C 2, then 

dt 

Because 

dx 

t 

- -  ~ n u A'(t) lg (t - -  a) - -  A'(t) - -  A"(t)(t - -  a) 

t fo ~ 

d ; L A ly)(y - 
dt J t - -  x 

d x .  

~g 

A"(y) (y - -  x) dy  - -  0 ([t-- x]~), 
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if'follows that 

Thus, 

f i d_ f ~ A " ( y ) ( y - - x ) d y  d~ = [...]dx 
dr. t ~ x 

a (% 

r=,A,, , --- - -  A ' ( t )  ( t  - a )  - J t  Y)  { y  - -  x )  d y  
(t - -  x) '~ 

a 

d x .  

A~t)  

t - - a  

i 

d-t pf dx 

t ~ A "  + A'(t) lg(t--a)+j" it ( y ) ( y - - x ) d y  
(t  - -  x )  ~ 

c~ 

t 

= - Pff(t A(x) _ x )  ~ d x  - -  A ' ( O  
a 

t 

d A(x) dx  - -  A'(t). 
= P f .  d t t - - x  

0., 

dx - -  A'(t) 

Now suppose A(x)E C ~+t on [a, t], k ~ 2. Then 

t 

d ~ Atx) 
dt PfJ (t - -  x) ~ dx  

a 

d [P( t  a; k '). k) + (-- 1) k-~ Ae_,(tt  lg (t a) 
dt  (k - -  1) l 

t 

IBm., dx] 
+ .s (t - -  zp'  

A~(t} l g ( t - - a ) +  --- - -  k P l t  - -  a;  k - -  1, k + t) + (-- 1) k-~ (k ~--1)! 

t :v 

+ ~ j d  " ( _ l ) a  _FA~(t)(t_x) ~ ~- ( k  ! 1)~.fAk't(y)fy-x)~dy ( t - - x )  ~ 

a 

A,( t )  
_ ~ _ k P ( t _ a ; k _ l , k + l ) + ( _ l ) ~ _ ~  A~{t} lg (t_._ a) + (_  l) ~ k[ 

• ( k - -  1)!  
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t 

q _ ( _ l ) a A ~ + d t ) ( t - - a )  f d (--1)a f~A~+,(Y){Y--oc)adY 
k!  "Jr" dt k! ( t - - x )  4 dx 

a 

r 
- -  k / P i t  - a )  

+ ( _  i) a A~(t~ 
kI 

x 

t 
t 

Ah(t) , . f B~+,(t, x) ] 
; k - -  l, k q- 1) q- (-- 1) 4 - k q - l g  (t - -  a)-1- j~--~)~q_H dx 

c$ 

which is the right hand side of (16). 

11. Examples  of  differentiat ion.  If A(x)E C ~, then 

t 

d A(x) d x = - - 2 p f  dx,  
ht  V t -  x It - x)~J, 

c~ f$ 

as indicated long ago by R. d'ADnE~AI¢. 
In  general,  if A(x) E C ~-~*, (0 < I~ < 1 understood) 

t t 

f A(x) + k) f dt ~ J (t --x)I~ dx = (--  1) 4 r(bt ) Pf (t - -  x)~+~ 

because 

dx 

d 4 
dt ~ (1 - -  x)-~ = (--  1)4it (~ + 1)... ~ + k - -  1)(t - -  x)-~-, ~ 

= ( _  1) 4 r(bt q- 1) .  1 
r(l~)  (t - -  x ) k + ~  ' 

From I, 3, form. 8, and from the definition of pf I_~(t), [II, 1, form. 6], 
one deduces 

t t 

t - - ~  J J 

$ t 

= p f  dx • pf A(X) -dt " 
a t~ 

12, Cauehy's  principal  value of  an integral .  There is a close relation 
between the CAUCI~¥ principal value (abbreviated vp . )of  a simple integral 
and the finite parts associated with that integral. As we hope to develop 
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this point of view on another  occasion, it will  serve our purpose to consider 
here the most simple case. 

Let A(x) be a function having the properties described earl ier  (see H, 1). 
We have 

t t 

b b 

t..?(2, f .t(x>_ A(,, p f  d x = A ( I )  l g ( b - -  t ) + .  x - - t  
t t 

b t - - s  b 

[ ] = ~ = o  • T - - - ~  dx  

f A ( x ) -  A(t) dt + A(t) lg b --  t 
- - j  x - - t  t - - a  

tb 

b t 

- -  .~ ~ _ _ x  d x "  

t a 

It is not difficult to prove that v p ]  enjoys most of the properties of an 
ordinary integral.  In particular,  using II, 6, (16), one has 

b b 

f I dA'X) x-A,(,i dt vp dx-~  p[., dt x - -  t 
t 

t 

_ pf f d A(x) 

Integrat ing by parts, one finds (A(x)E C z on [a, b]) 

b b 

- - - -  "A(x) d 1 " d A(x) dx pf ]  j t  X-2 t 
Pf t' dt x -  t 

i t 

A(x) dx -~ 1>[ f A x  - - - - -  pf ] ' d d t _ _ x  
a 

dx 

b 

f dx A(b) 
= pf  Ax  x - : t  - -  5 - : - t '  

t 

t 

dx _~ A(a)_ . 
t - - x  t - - a  
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and f inal ly 
b b 

d vp [ A(x) f d--t J x - - t  d x = p f  A~ 
a t 

t 

-- p f / A ~  

dx 
v p  - -  A~ x t 

dx Aib) 
x - - t  b - - t  

dx A(a) 
x - - t  t - - a  

A~b) A(a} 
b _ t +  a _ t  " 

13. In  order  to facili tate a s tudy of TI~IOOMI'S equat ion and its genera- 
lization, it is desirable to in t roduce the finite part  of the usual ly  d ivergent  
in tegral  

t 

- J A(x ) ( t  - -  (t - -  d x ,  
c* 

where  0 ~_ t~ < 1, k is a positive integer,  and A(x)6 C a on [a, t]. 
Le t  us write 

Q(y; k - - i ,  q + l ) - -  E (- -1)  h l g y  
h=0 hl  h - - q  h - -  

t and  define the finite par t  of ~'_~_~( ) as 

t f lg (t -- x~ dx pf ~Y_~_~( ) = Q(t - -  a; k - -  1, k + ~) +o B~(t, x)(t - -  x)k+~ ~ 
a 

(k > 1). 

Should  it be only known that  A(x) 6 C on In, t] and A(x) 6 C a in a neighborhood 
U of t then  let a ' 6  U, a' < t and define 

¢¢ t 

~ a f 

As for pfI,(t}, it follows that  ~Y'~_~_~(t) is un ique  for all choices of a'. 
In  cases k is a non-posi t ive  in teger  and A(x)6 C on [a, t], ~ t ~'_~__~( ) exists 

and  we def ine 

pf ~_~_~(t} = ~'-k-~(t). 
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Clearly, def ining Q(y; k - -  1, q + 1) - -  0 for k : 0, - -  1, ~ 2, ... (in which 
case A(x) E C), 

(23~ ,lim.-~ o [J'A(x) (tlg~--(t x) k+~- x) dx - -  Q(~; k - -  1, k -~- ~)]- -  pf ~-k--~(t) 
a 

for any in teger  k. 
pf~_~-~At) enjoys the same proper t ies  that  pfI~(t) was shown to have, 

namely propert ies  1-7. Whi le  most  of these propert ies  follow ra ther  easily, 
in tegra t ion by parts  may require  clarif ication and, as the task is not a 
trivial  one, it may also be worthwhi le  to establish the rule for different iat ion.  
These  are t reated below for k ~ 0. 

14. I n t e g r a t i o n  by par t s  of  ~y~-_~_~(t). If  A(x)E Ck+ ~, k ~ O, then 

t 

pf f A(x) lg (~ - -  x) 
( t  - -  x)~,+~ dx 

o~ 

t 

(t - -  a)l-k--l~ lg (t - -  a) 1 + pf "A'(x) (t - -  
= A(a) 1 - -  k - -  t~ l - -  k - -  ~ x)k+~ ~-~ 

a 

P~ooF.  - Use (23). 

15. Differentiation 
A(x) E C k-~ 1, then 

t 

(24) 

with respect to t of 9_k_~(t). If k ~ - 0 ,  1,... and 

t 

lg (t - -  x) " lg (t -- x) 

a 

where,  by agreement ,  

t t 

j j i1_ (k + pf A(x) dt (t - -  x)k+e dx : pf A(x) (t - -  x)~+l ~+1 
a 

t t 

A (x) d x - -  (k + ~) r lg (~ - -  x) 
= Pff(t - x)~:~i~+l pfj A(x)(t - xN~:+ 1 dx. 

As in the case of pfI~(/), thl'ee different  proofs may be given. Only the 
proof by direct  calculat ion will  be given below. 
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First, as a result of some elementary computations, 

(25) d 
-d- tQ(t -a  ; k - - l ,  q + l ) = - - ( q  + l ) Q ( t - - a ;  k, q + 2 )+  

+ ~ ( - - 1 ) h A ; ~  ( t -a )a -q -~  
."=o . h q 1 

[- (--  1) ~+~ ~ l  ) (t --  a)k-q -~ lg (t - -  a) 

- - - - - - ( q + l ) Q ( t - - a ;  k, q T 2 ) + P ( t - a ;  k, q + 2 )  

+ (--  1) k+l ~(! t) ( t--a)k-~ -~ lg ( t -  a), k ~ 1. 

Formula (24), k ~ 1, is equivalent to 

(26) 
t 

d d f , lg (t - -  x) 
d--tQ(t--a; k - - 1 ,  k + N + ~ t .  B~(t, x)~_~c)~+ dx 

t 

f Atx,) ---- - -  (k + I~) pf ~-k-~_~(t) + pf it - -  x) k+t`+x dx, 
o, 

as may be seen using for instance (23). 
Because 

B~(t, x) = ( - - 1 ) ~ ( t - -  ~)~ + B~+~(t, ~), 

d t B,+x(t, x)"--(--1 )k+~ Jhk4-~(/')(t- x) k , 

it is clear that (8) 

• Bklt, x)(t --  x)k+~ dx = Bh+l(t, x) (t - -  x)~+i ~ dx 
Cb t~ 

t 

+ (--1)k ~(-tt. ) (t - -  a)~-e [lg (t - - }~ 

lg (t ~_Tkx} dx 
x)] (t - -  x~ ~T~ 

----(-- 1)~+lA--h+-l(t)k! (t--l_~a)l-~ l l g ( t -  a) 

1] 
I ~ V . '  

1 

1 - -  t~]" 
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Consequently, 

(27) 

= ( -  1)~ . . . .  

t 

Ig {t --  x) d x 

a 

t 

Ah{tl l g ( t - - a )  q_j 'Betdt,  " d l g ( t - - x )  
k ! (/---a)~ ~ . x) g t ( t ~  x)~+l ~dx" 

¢$ 

Finally, using (25) and (27), the left hand member  of (26) becomes 

- -  (kq- ~ t )Q( t -a;  k, k q- ~ q- 1)q- P ( t - - a ;  k, k q- I~ q-- 1) 

t 

d lg (t - -  x) + f~.+~(t, x) 3~ (t - x)~+, dx 
a 

t 

= -- ( k +  ~.~J Q(t- -a;  k, k + ~ + 1) + Bh+dt, x)(t_x)k<~+~dx 
fL 

t 

Y(t - -  x)k+E~+ ~ dx 

t 

t f A(x) - -  - -  (k q- ~) pf ~'-k-~- l (  ) q- pf. it - -  x )  k '  ~+~ dx.  
a 

The above may easily be generalized by appropriately replacing A(x) by 
A(t, x) depending on t and x. 

16. Examples.  i. Set 

r(a) = .f  e-*x=-ldx, 
0 

g ~ > O .  

It is well  known that F(a) may be continued analytical ly for ~ a  % 0 ;  it is 
a meromorphic  function in the a - - p l a n e  and has simple poles at a : - - n ,  

(n = O, 1, ...t with the residue { -  1)~ 
n !  

If  :¢ is real and =4= O, - - 1 ,  ... ,  then 

0 1 
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if n is a non-positive integer, then 

f ( - -  1)- pl e-Xx~-~dx---,pl + .  - -  n l  
,/ 

0 0 1 

Integrat ing by parts, one finds (e real and =t=0, - -1 ,  ...) 

t,(a) ____ pf I e--~x-~ ~ I ~  + ~1 pfj 'e_,x~d x 

0 

= ! r(~ + 1), 

if by definition, we set 

)[oreover, we have (a --- z -~- n) 

7~ 

r(~)r~l - ~) _ sin ~:~ = 
(-- 1)"7: 
sin ~z ' 

n a positive integer or zero; therefor% 

(.gs) rl~) - ( -  1)', r '(1 + n) 
n !(z -~- n) -~ ( -  1)" r~(1 -{- n) + . . . .  

Further,  r'(1) -- - -  C and 

( d l g r [ ~  + I)]~=, _ r'(m + 1) 
r(m -4- 1) 

l 1 
-- - -  C + 1 -{-- ~ -]- ....~- n-~, 

where m is a positive integer and C the EVLER constant. 

ii. [t is also useful to recall some properties of the Beta function B(r, s) 
First, B(r, s) is defined by 

1 I 

(29) B(r, s ) - -  f x"-l(1 - -  x)~-ldx -- 2/'x2~-~(1 - -  x2)~-ldx 
0 0 

for r, s positive and by 

rlr) r(s) 
(30) B(r, s) = r(r + s) 

for r, s complex and r--1-s @ O, - - 1 ,  .... 
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Let us now consider  the integral  
1 

F(a) - -  ix=r- l (1  - -  x'~)~dx, r > O, 
/ 

0 

regarded as a funct ion  of the complex  variable a, ~ a  > 0. Since 

1B(r ,  ~ + 1 ) ,  g~a>0, r>0,  
F(~) --  2 

and B(r, :, + 1} is an analyt ic  funct ion  of a, it follows that  B(r, a +  1) 
is the analyt ic  con t inua t ion  of F(a). Thus,  mak ing  use of (23} and (t2), if 
r > O~ m a non-nega t ive  in teger  and 0 < I* ~ 1, 

1 

1 B(r, - -  
f - = 

0 

m - - ~ +  1) 

which extends the range of the relat ions q29) and [30) to some divergent  
integrals .  

L 

To calculate  p l f x 2 " - l ( 1 -  x~)-mdx, m a positive integer  and r > 0 ,  observe 
o 

that  this express ion is equal  to the negat ive of the residue of the analytic 
cont inuat ion  (in :¢) of 

1 

F(a) =. /x="-~t l  - -  x2)=dx 

0 

at ~ - - -  m, i .e. ,  the negative of tile residue of 

1 1 l'(r)r(~ + I) 
B(r, ~ + i) = ~ r ( r - g ~  + f )  

a t ~ - - - - - - m  which is taken to be zero when  r w m + l = 0 ,  - - 1 ,  .... But,  it 
is also equal, to tile value of 

at a - -  - -  m. 
Therefore,  

2Ftm)l'(a + t) 

1 

l~'I'(r) 
P l f  x' '-1(1 - - x ' ) - m d x -  2F(,(tT(r + 1 - - m )  

0 

( = 0  if r + l - - m = O ,  - -  1 , . . ) .  
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In particular,  if p and m are positive integers, 

(-- 1)'T(p -I- ~) 
pl f x~r+={t--x=i-mdX=2P(m)P(p + ~ m) 

It is also easy to evaluate, in terms of the gamma function, 

I 

A = pf.j x~r-'(1 - x Y ) - ~ . d x ,  

0 

r > 0, m a positive integer. Indeed, making use of (12) 

A - -  lim , B(r, 

1 

1 
0 

_ 1 r(r) 2 i r a  ~ I I~{~ q- 1)P<m) (--1} '~ 1 ] 
- -2  ]:(m) =_ [ r { r + ~ + l }  -~ i ' { r + l - - m )  " ~:~Tn ' 

from which upon applying (28}, it follows that 

A ---- ( -  1~'~-~ P'(m)F(r) 
2 r~{m) 

iii. Let us denote by k a positive integer, by r a positive number,  and 
by Jk the BESSEL function of order k, we trove 

Jk(z) 
h=o t r(h + k + 1} ,~] " / 

Because 

--2--1B( h~-  

1 

{-- 1)k~:P(h + k + l} 

k + l ,  - - k +  21 ~ h + ~  1 ~ h - F 2  

and 
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i] follows that  
I 

o J (1 - -  p.~)k+~ 

1 

- -  h~=. h I l'(h + k -t- i-) \2] Pf t . . . .  , dp 

--  2 a=°h i F(h + ~)l?(k -{- ~) 

t 

J ,  (r) = 
2 

(-- t)  ~ V ~  rk_ ~ s in r. 

iv. To compute  

0 

whore  k is a posit ive in teger  such that  0 ~ s < k ,  and r > 0 ,  use the expan  
~ion form of J~+ ~ (rp) and the fact that  

1 

pl f~2(P+k+1)(l -- p~)-k-~-"'dP 
0 

and obta in  

( - -  1)k+~+lrk--s Js+ ~ (r), 
Lk,~ --  2k-~+-li/¢ __ s)i 

(see above) 

s-~O, 1,..., k. 
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17. Mul t ip le  in tegra ls .  The  above def in i t ions  can be ex tended  to some 
mt~ltiple d ivergent  in tegra ls  by the usual  r educ t ion  of mul t ip le  in tegra ls  to 
s imple  ones. 

Before  cons ider ing  to some detai ls  this  genera l isa t ion,  we shal l  consider  
several  pa r t i cu l a r  cases which  will  be useful  in what  follows. 

Le t  x - - ( x l , . . . ,  x,) denote  a point  in p - d i m e n s i o n a l  euc l id ian  space. 
L e t  k > 0 be an  in teger  and,  as is cus tomary ,  d x - ~  dx, . . ,  dx~. 

f , Consider  the d ive rgen t  in tegra l  (1 - -  ] x l~) - k -  2dx. To mot ivate  a men. 

Ix',___1 

ning for  pf (1 - -  [ x I ~}-k-:~ dx, apply to the in tegra l  [ x 

spher ica l  coordina te  t r ans fo rma t ion  

(31) 

for which  

Xl - - -  r c o s  01 ,  

x~ - -  r s i n  01 c o s  02 

. ° • . ° ° ° • • ° ° 

x~- i  = r sin 0~ ... sin 0p_ 2 cos (i~_~, 

xp = r sin 01 ... sin 0~_~ sin f)p_~, 

0 __~ 0~ ~ v:, i = 1, .... /) - -  2, 0 ~ f)~_~ <: 2~¢, 

~(xl , . . . ,  x~) drd01.., dO,_l 
dx - -  ~(r, 01, ..., 0~_3 

This  gives 

where  ¢o~ - -  

: r p-1 sin ~-~ 01 sin ~-~ 0, ... sin 0r_~ dr dO1 ... dO,_l 

r p - 1  dr d(op. 

P 

f(1 - t  
lxl----_t--~ 

' fd °fr -l(1 x 12) - k -  ~ & - -  r ' )  - ~ - '  = ~ dr 

~p 0 

= ~ f r ~ - l ( l  - r")  - k -  ~ dr, 

represents  the sur face  area  of the p - d i m e n s i o n a l  un i t  sphere.  

Annali di Matematica 3~ 
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It thus becomes natura l  to define 

And because 

we also have 

pf.[ (1 - [ 
Ix[~l  

1 

f(1 ' j'r'-'(l -k--i p f  - -  ] x 1't - k -  ~ dx - -  o~ pf - -  r') ~ dr  

Ix]~l  o 

~ 2  P ( , ~ - - k q - ; ) '  p even. 

.(_k ÷ 1,.(k 

x 12) -k- ~ dx - -  
( - -  1)~,:} + '  

p e v e n .  

In case k is a non-posit ive integer, take 

' "(1 I'(l ' / -k-! 
P f  - -  I x ],)-k-- ~ dx  -'-.  - -  ] x I') ' dx, 

[xl-<l I~]~i 

~) e v e n .  

Whenever  k > 0 is an integer and p is odd, define 

1 

plj(~ -I. i')-'d. = -. plfr.-'(1 -- r'~-'dr 
ixi'.:i o 

- - 2 F ( k ) F ( P - - } - 1 - - k ) - ~ F ( k ) r l P - - k ~  1) 

18. At this point, it is very useful to introduce the following definition. 
A function g(x) of one or more independent  variables is said to be regu lar  

if it is continuous together with its derivates up to a certain order s. This 
order will na tura l ly  depend upon the nature  of the question. Although it is 
often easy to indicate this order, we shall usually refra in  from doing so in 
order to avoid, being mainly concerned with method, the somewhat tedious 
precaut ion it would require.  

For the remainder  of the chapter,  certain agreements  as to notation are 
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made.  Le t  x : ( x ~ , . . . ,  xr) denote  a point  in the p - d i m e n s i o n a l  euc l id ian  
space E r .  We  def ine  

r - -  rxy = 1 x - -  Y l = V(x~ - -  y~)~ ~- ... -4- (x~ - -  y~)~ 

and u n d e r s t a n d  tha t  

where  

(3.9) 

+ - g(x, + ..., ÷ r%), 

~i  ~ COS O1, 

a i  ~ sin O1 cos Ot, 

• • . • ° • • , ° • 

%_~ - -  sin 01 ... sin 0~_1 cos 0~_~, 

a~, ~ sin 0~ ... sin 0~_2 sin 0p_~, 

0 < 0~ <_ ~, i ~-- 1, ..., p - -  2, 0 ~_ 0~_~ <_ 2% 

dz¢ - -  sin p-2 0~ sin ~-~ 0~ ... s in 0~_2 d0~ ... d0~_l. 

Fur the r ,  fl~,~ is used to denote  the hypersphere  of center  x and radius  r, fl,. 
its sur face  a rea  and  dfl~ its e lement  of a rea ;  top is used to denote  the p - d i m e n .  
s ional  uni t  sphere  and  dtop its sur face  e lement ,  top is also used to denote  the 

21:l,i ~ 
area  of the un i t  sphere  in E~ so that  t%-- -~Tp ~ • 

Note tha t  ~, . - ---r~-~% and  tha t  d Q , . -  r~-~deh,. 
Now let (y = x -t- r~) 

[l(x ; r) = g~(x ; r) - -  E .  J g(y)d~2,. 
fl  

~-- l f g(x -4- ra)dtop 

be the mean  va lue  of the r egu la r  func t ion  g(y) on Qx.~ in E~. 
I t  fol lows tha t  (0 < ~ < t~ 

fg(y)(C ~ , v_~} _ - -  rxy~ ay - -  
r ~-i 

to~ i g ( x  ; r) ( t  ~ __-  r~p_l)12 ar. 
0 
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As a resul t  and in agreement  with the def ini t ions  given above (cf. ]I), 
let us define 

(33) 

t 
g(y)( 2 , -  P-~- - 

• --rx,j~ ~ a y - - o ~ p  pl .  g(x; r)( t  ~ _Sr~-p_~)~dr  
I x - y l ~ t  o 

depend ing  on the value of p. 
In  par t icular ,  

(34) 

Thus,  

t 

= ]'(2(x; r )rP- l ( t  2 r'~)-ldr pl t g  ly)lt~- ~ -~ - -  r~,j) d y  c% pl. 
t x - y l ~ t  o 

t 

mp pl J gtx ; r)r p-~ dr  ~% - 
. . . .  ~ - + - - ~ . -  - " t  - r = - 2 -  t ~ - ~ g ( ~  ; t ) .  

o 

,. 'g(y)dy --- f% 0 t. g(x ; r)r~-~dr =-- t%t~-~g(x ; t) 

I~--yl_~t o 

= - p l j ) ( y ) ( t  

~ z - - y l ~ t  

Note also that  

t 

~(a) "--. l gty)("  t" - -  r~y)2 ~,dy .---. ¢oj,.f g(x ; r)r~-1( t 2 - -  r~t~dr 

a~--yl ~,~t o 

exists for ~ :> - -  i and is a holomorphie  funct ion  of the eomplexv ariable a. 
In  accordance with II, 47 it is easy to find a relat ion between the 

analyt ic  cont inua t ion  of ~(~) for ~ a  __.< - -  1 {when it exists) and 

f p_~, 
Pf x,~) q -  d y .  pl g ( y ) ( t 2 - - r 2  - 

lac--yi ~t 

This will be left to the reader.  

19. Let  g(y) be a regular  (as def ined earlier) funct ion  of y, ~ x ;  r) the 
mean value of g(y) on the hypersphere  Ox, r~ k a positive integer  or zero, 
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~t a real number such that 0 ~ ~ ~ t. In conformity with the case of one 
simple integral, the following definitions are obvious. 

t 

(36) pf g(y) (t ~ ~ I-k-~ ~ u rP-~ rx, J. do = ~% pf __ r.~)e+i~ dr ,  
Ix-- y|--~t o 

t 

f f . . ,  (37) pl g(y)(t2 - -  r~y)-k dy  - -  c% pl  g(x;  r) (t, r.:)~: dr .  

These definitions are easily generali~,ed by replacing giY) by a regular 
function g(t, y) depending on t and y. 

It is not difficult to prove that the operators pf and pl just defined 
enjoy most of the properties proved for pf and pl of a simple integral. We 
shall restrict ourselves to the eonuideration of the derivates of (36) and (37) 
with respect to t and xx, ..., xv .  

20. Differentiation with respect to t. From the definitions (36), (37) and 
from the properties of pf and pl of a simple integral, one deduces 

t 

(38) ~ pf g(y)(t ~ - -  r~u) - k -  ~dy - -  ~% pf. g(x; r) 3t (t "~ - -  r'~)k+~ ~ d r  

I x - -y t~ t .  o 

j x - y l g t  

g(Y) dy 
~t (t~ _: ~=~)~+,~ 

Similarly, 

(39) ~ p l  f gIy)(t2 - -  r~ i - k d  ~ - -  pl f ~ (t 2 _ r~y)k dy.  
{x--yi~t ix -y]:~t 

21. Differentiation with respect to x~. Under the conditions stated above, 
we have 

(40) ~xipf g(y)(lz _ r ~ t - k - i~a~ , - -  p f  t g(Y) 8 - =~,  ~ -  . ~ ( t  ~ - 4 ~ ) - ~ - , ' d y ,  

(41) pl faiy)(r' - ri~l-~dy = pl f g ty )~ ,  (t ~ - r=~l ~y. 
tx--yI~t  tx--yl~t  
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PRoo)' .  - F i r s t  we note that  wi th  r e f e r e n c e  to 

one has  

k > 0 an  integer .  
Consider  

' i  ii(~; ~) = ~ a(~ + ~)do,~, 
(Jp 

~x~" - - ~  .... = ~ "  ~ ,  ~(~; "}, 

pf fg(x; r} rP-1 pf fgly)(t" -- r:,)-s~--,<dy : ~-x-~ . Sx-~ ., (t' r'-j-k+i ;.dr" 
I~ - -y~t  o 

Because  xi is a pa rame te r ,  it is c lear  f rom the def in i t ion  of pf of a s imple 
in tegra l  (see II,  1, (5~) that  

t t 

rp - -1  " ~ r p - 1  
pf J'g(x ; r) d r  = p f j  ~ ;  g(x;  Ox-~ . (t. _ r,ik+i ~ r) (~-~-LSr~ik-+i~ dr.  

0 0 

Set x ~ h - -  (x~ -}- h, x2, .... xr); we have 

consequen t ly ,  

and 

: -~,..] g( -}- y)dQ,. ; 

[x :r h--zl  : : ¢  I z - - y l  = r  

h 1 ,. t g{ + Y ) - - g { Y ) d ! ~ r  

~ . h--o ~ _ y l  ~ r  

1 ~giy) d~2,. - -  ¢':~ ,--: ] ~ y l 
l x - - y l = r  

t 
rP-~dr  i 

?x; p f /g (x ;  r}( i  2 " r~)k-~t , d r ~ - p f f .  a;...f 7g(YidQ,..?y, 
o o I x - - y !  

r p - i d r  
( t z - -  r~)k ~ I,. 

Accord ing  to II ,  2, (11), cons ider  (0 < e < 1) 

t(l--~) 

,. ~y---~ ~ - '  tt2 _ r ,  lV-~7< dr  
o Ix--y l~r 

~_ f ~gtY) d y  
~Yi (t ~ - -  r~ )k+~ x y  

Ix--ylgt(1--~) 
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B e c R u s e  

bty) i - ~ [ g(~) 1 - ~ ( y )  
• - L - - : - i - : , ;  

• ~ (t ~ - 4~)-~-+ vy~ 

[ g(Y) l + g ( u )  ~ ' ~ -  
- -  r x g ) -  }~ ~y~ (t ~ r ~ ~+~I ~ (t~ - -  x y r  j 

and  on  a p p l y i n g  the  d i v e r g e n c e  t h e o r e m ,  one  f i nds  

.f $g(y). dy 
~y, (t ~ - -  rly)~+ 

t x - - y l ~ t ( i - - ~ )  

- - f  g(Y) ~x~ (t~ --  r~)-~-E~dY 
] x - - y ~ t ( 1 - - ~ )  

-- f g(y)(t ~ -- riy}-k--+n,d~t<~_~) 
Ix--y~,=t(i--~) 

w h e r e  (rc:, ..., n~) a r e  the  d i r e c t i o n  cos ine s  of the  i n w a r d  n o r m a l  to ~2t(~_~). 
B u t  

so t h a t  

f g(y) ~ (t 2 -- r~y)-k-e dy 
Ix-Yi< t(1--e) 

t(i-~) 
/; + "-' 

• . -~  r ~ + ~ + ~  dr. fl~ (t ~ 
o f i r  

C o m b i n i n g  t he se  r e s u l t s  a n d  n o t i n g  t ha t  t -~ r* - - t ~ e ( 2 -  ¢) on 
- -  t(1 - -  ~), one  o b t a i n s  

f ~giy). dy 
. ~y~ ~t ~ _ ~,~ ~k+,~ 
! x _ y l < _ t ( l _ ~  ) " x y !  ' 

t(i--~) 
rp--i 

o D r 

__ t-~(k+~)r~-i~(2 --~)-k-~fg(y)%d~t<l_~). 
Ix--y'~t(1--t) 

L ~ - y [ =  
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This last term does not contribute to the pf because ~-~--~ becomes infinite 
when • ~ 0; it remains 

t 
j rP--1 

~x~ ~ pf "g(x; r) (t 2 __ r2jk ~ i~ d r  
o 

* r P - - ~  

o i2 r 

,x--y':~t I x - Y  l ~  t" 

which proves (40). 

22. The proof of formula (41) being along the same line, we only sketch 
the proof. 

Because x~ is a parameter, we have again 

t 

f r p-1 _ v- p~ l'g(y)(~ ~ - ~ , ) -~dy  = ~ pl jg(x;  r)(t. ~-7~.t~ a r 
I x - - x I ~ t  o 

r P  - i  . 

J 

t 

r. 1 " _ _  . . . .  =plJ ]  g(Y) dQ.. ~Y~ 
o J,v,-yl--~ 

Now, consider (0 <: ~ < 1) 

t(i--~) 

O { x - - y i ~ r  

rp-1 

it ~ - - r : ) ~  

we have 

dr. 

f ~g(y) dy 
o~ = .  -eyi~ " (r- - r l , )  ~ 

[X--y'L::t(1--~) 

2 r2 __(g(y)(t ~ r~yl-krgd~t(l_~) 
I x - - y t g t ( 1 - - z )  Ix--yl=t(  i--e ) 

--- f g(y)~ .(t ~--rxa) d y - - - -  
Ix- -y i~t ( l - -~)  

1 k ;gly}~t ,d~t(  I-~)" 

Ix--yi=t(1--~) 



F. J. BUREAU: Problems and methods in partial dif]erential equations 265 

The second term on the right hand side does not contribute to the 
it is obvious that that expression does not imply any term in lg e. 
we have 

,t2 p l  r ly)(t - = p l  - r i ~ ) - k d y  

Ix--y[~_t IX~y[<_t 

i .e .  formula (41). 

pl ; for, 
Finally, 

IH.  T h e  C a u e h y  p r o b l e m  f o r  t h e  w a v e  e q u a t i o n .  

1. In  the following, we consider real quantit ies x~, ..., x~, t, u and 
abbreviate 

x = ( x , , . . . ,  x~), p ~ 1 

u(x,  t) = u(x~, . . . ,  x , ,  t), 

r ~ : l x - y l  '-, r > 0 ,  

5 u  - ~  - - -  + ... + 
~xp 

The CAuctIY problem is: to find a solution of 

(1) L u  ~- u t t w  A u - - O ~  

(2) u(x, O) - -  f~ ) ,  us(x, O) - -  g(x) 

where  fix) and g(xt are regular  functions fregular as defined earlier). 
p--1 

Assume that f{x) is identical ly zero and observe that v----(t 2 -  r ~) ~- is 
a solution of (1). By making use of the properties of pf, pl and their  evalua- 
tions, the solution of the C•VCHY problem (t), (2) with f i x ) -  0 is obtained 
in terms of v and g. This in turn  leads to the solution of the general  case, 
f(x) not necessari ly identically zero. 

Two cases are considered according as p, the number  of space variables, 
is even or odd. 

2. I f  p - - 2 k - ~  2 is even, the solution to the problem (f_~ 0) is 

(3) 
• p - - z  

pf giy)(t ~ r ~ ) - ~  - u q(x, t ) : A p  J - -  dy 

Annali di Mqtematica 34 
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where  
p - - 2  

That  u o(x, t~ satisfies (t) is clear  since 

= A, Pfl   (Y n(t2 - -  dy 
lx--y!~t 

1o--1 
and L( t  2 - -  r2) - ~- ~ 0.  

To verify the ini t ial  condi t ion (2}, se ty~--x-{-  ta where  a ~--(a~,..., ~r) 
and dz := d:~.., d% are given by (32) of ch~pter  I I ;  one has 

j 'glx P-~ ug(x ,  t) --- A, , t  pf + t~)(l - -  [ ~ I ~ } - T  d:¢ 

la!~ 

f(1 P-~ - t -  ~- d~ ÷ O(t ~) = A ~ t g ( ~ } p f  a I ~ 
.. 

= tg(~t + O(t ~) 

because,  when  p ~ 2k ~ 2 is even, 

f p-1 '(1 pf (1- -1a l2)  - ~-da~--~pf]  - - l a i 2 ) - ~ - ~ d a  
J 

k~:::..1 I~ l '< i  

P i p--2 P-~-i 

p - - 2  p-t i 

2 ( - -  11 -~- 7: 2~ 

Note that  

where  

3. I[ p ~ 2k-~  3 is odd, the solut ion to the problem {f~-0) is 

ug(x,  t~ = B ~  p l j  g(yl( t  ~ - -  r 2 ~ - - 7 -  d y  

Ix--ylgt 

p- -1  
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As above, Luo = 0 and 

f g  p--1 ugt~, t) = B~t pl  (~ + t~)(1 - i ~ t ' ) - ~  a~ 
' , a l~ l  

in view of 

= 0(~) + o(t~) 

f p--1 f )---Y- d~ pl (1 t a )-k-~d~ p l . ( 1 - - ! ~ ?  = - -  [' 

P 
t--  1) k+lr(~ 

p~l p 

( - -  11-~-~: ~ 

4. Now assume that f(x) =_1-~ 0 and g(x) ~-- 0 i e., the initial conditions (2) are 

u(x, o ) =  f(x), u,(x, o ) =  O. 

It  is easy to verify that the solution of the new CAuc~Y problem is 3-t ur(x' t) 

where  u / x ,  t), is obtained from (3) and (4) by replacing g by f. This result  
confirms STOKE'S rule:  <(the terms of the solution of the CAI~cH¥ problem 
depending on the initial configuration are obtained from those depending on 
the initial velocity by replacing tile function giving the velocity by that giving 
the displacement  and then different iat ing with respect to time)>. 

Finally, combining the above results, the solution of the original CAUCKY 
problem (1), (2) is seen to be 

u(~, t) = u~(z, t) + ~t u/~,  t). 

5. The properties of the finite pal.t and logarithmic part  of divergent 
integrals enable one to derive with ease the known solutions of the CAUeH¥ 
problem under  consideration. 

Indeed, by using the mean value g(r) of g(x) on the hypersphere  of center  
x and radius r, one has 

t 

p , f  p_l pl g(Y)(t2 - -  re)- -~ dy  = (o~ g(r) pl (t z - -  r2)(p-1)t 2 
Iz--yl<_t o 

dr. 

Two cases arise according as p is even or odd. 
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{i) If p = 2 k + 2  is even, 

t 

~- r : ,k . . i -~  _ 
utx, l) = U~. "-- Ce pf I ,.. i g(r)dr, 

; (t ~ _ r ~ ) ° ~  
where  

Ck = [7- l)k 
V~ r~k + l) 

Consider U~: as a function of k. For k = 0 ,  one obtains 

t 

o 

different iat ing U,_~ with respect to I and writ in~ t 2 : ( t 2 - - r  ~- )+r  2 yields 

(5) t ~U,,-1 
~t 

( 2 k -  l~Uh_~ + 2kUh,  

which determines  U~ start ing from ~)o. 

(ii) If p - - 2 k  + 3  is odd. 

where 

t 

/ r2~,+ ~ lg (r )d  r u(x, l) == Vh --= Dk pl.f (tz--- r2)~ 
o 

I)~+IV~ ~(~k ~__ 1) 

Again, consider Vh as a function of k. For  k = 0, one has 

t 

. f r@r~ dr  
Vo = -  2 p ~ t i ~  r " t - ~  

o 

- @ t / .  

Repeating the method used for (i) gives the recursion formula 

t ~ V~_~ _ _  (6) ~t 2k Vh_l + (2k + 1) Vk , 

which determines  V~ start ing from Vo. 
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6. Recurs ion formulas (5) and (6) may be reduced to one equation by a 
t ransformation of the unknown function. Indeed, setting 

t 
(7) Uh --- ~.. wa 

relation (5) becomes 

(8) 

with 

By setting 

t ~wk_~ 
wh --- kwk_~ + 2 ~t 

Wo = t-~Uo. 

0'-' ]* Z. ! 

(9) V~ - -  (2k + I) ! ~v~ 

in (6), we again obtain (8) with Wo---- Vo. Let  us now write t ~ ' - -  s and hence 
d 1 d 

2t d t - - d s '  equation (8) becomes 

(iO) 

which admits  the solution 

s ~wh-~ 

( i i)  wk = ~s-~ (s*wo) 

because  if a = sP-IWo, one has, using LEIBbTITZ' S rule, 

d '  
(12) w~ : ds- ~ (sa) ----- sa (~ + pa,~-~, 

dr%_~ 
: s T + p,vp_~. 

Thus, it follows that 

i13) 
2 ~'~ . k !  

t 
~ 2 ~ + 1  f 2 

• ~ i ~ + ~ ] ( t  - -  ~)*wo(o:)do: 
o 
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must  sa t isfy  (8). Indeed ,  

t 

2k ~2a /'(F" 
wa ~ 2~a_-k- ~ ~-~ t. - -  o(")a-bVo(a)d~ 

o 

t 

which  upon app ly ing  (12), wi th  ce--=f..., becomes  
o 

""~- 2~< k~ 1 ' -  a~,,., "'" + ~k ~:~_~.j ...[ 
o 

--- 2 3t + kwk-x  . 

Consequent ly ,  w h e n  p = 2 k - [ - 3 ,  (9) is appl ied  to (13) wi th  w o ( ~ ) =  Vo(a) 
:¢g(:¢) y i e ld ing  the wel l  known  solut ion 

(14) 

t 

_ _  a ~) ,- ag(~)da. u ( x ; t )  ( p - - 2 ) !  , ( P - -  
0 

In  a l ike m a n n e r  it can be shown that  

t 

k ! 1. U ~  : 2 i - 

(15) wk : (2k)! " t " ~ . ~  (t -- a2) ~-  ~ag(~)do~ 
0 

i,~ also ~ solut ion of (8) w h e n  we = t-~Uo. Indeed ,  rewr i te  (8) thus  

and  note tha t  

l )  t S 

t 

t w h -  (2k)! ? i ~ / ( t  - -  
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and that  

t 

$ O  j ( t  - ~)~- ~ag(a)dz¢ 
o 

t 
~ i - i  ; ~ ~ ~ _ 

= (2k - -  1) ~-~_~ t .!(t - -  ~) - ~g(o~)d~ 
o 

t t 

t 

v,-=f  1 i" 
o 

Final ly ,  when  p ' - - 2 k +  2, the use of (7) in (15) wi th  Wo= t-~Uo gives 
again  (14). 

7. In  order  to eva lua te  (13), set  

so that  

( t~ _ _  ~ 2 ) ~  _ =  ( t  - -  ~ ) ~ ( t  - -  ~ + 2 ~ )  ~ 

k 

== E C~(2~)~(t- ~)~-i 
~ 0  

t 

- , ~ .  i = o  ~ .  l ( t  - -  
o 

1 ~ 2'e~ ~ + 1  t ~ - ,  • [t'Wo(t)] 
rv . i = O  

( 1 6 )  

b e c a u s e  

1 k ~ 

d t  ~ <. . ~] = ( i  - -  1 ) !  ~(t). 
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From LE[BNITZ'S formula,  one has 

(17) ~ " l ~ ~-6Vo(t) ~ [V~o(t)] = "-" c{ i! 
i=o ( i - - j ) ! t -  ~t~_ j . 

Thus  combining  (16) and (17) 

k 

w~ = ~ bJ*w(o ",  

the coefficients b~ being constants.  
For  a recurs ion relation among the b, 's ,  consider  the polynomial  

and wri te  symbolical ly 

k 

Ph(t)  __ .:v b~t* 

w ,  = Ph[two], 

unders tand ing  that  the power w~ is to be replaced by the deriwttive n,~ ~') and 
w~ °) l)y n,o. Then.  upon replac ing  wo by e t, on<, has 

2 ~1 ~ 2~(2k-- i ) !  d ~ ,~t, Ph(te t) 
i=o~'(  - -  i )  ! d t  ~( t  ~ 

[el. (16)] 

and 

but  

w £ t )  - -  etPh(t) ; 

d [etp,( t )  ] = [P,(t) + P'gt)]e  t 
d t  

so that, combining with 

t d  
n', = kn'h-1 + ~ ~-t w,_.l [ef. (8)] 

P~(t) satisfies the recurs ion formula  

2Pk - -  (2k + t )Pk_l  + tP'k_ 1, 

Therefore  

2Pl(t} ----- 2 + t, 

~ = 1 .  

2"P~(t) - -  8 + 71 + t ~ 
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to which correspond the solutions of (8), namely, 

2wl --~ 2we + tw'o, 

4w~ = 8we + 7tW'o + t~W"o. 

The corresponding solutions of the wave equation are 

1. If We == t-g(t), then for 

p = 3  

p = 5  

p = 7  

,,=tg 

1)  
u--_t(g +5 tg '+  '' 

• • • ° • • • • • • • • • • • • • . 

t 

1 1/" r [?(r)dr, then for 

0 

p = 2  u = U o  

1 
p = 4  u =~(Uo  + tU'o) 

1 
p = 6 u = ~, (3 Uo + 5t U'o + t 2 U"o) 

8. The method of descent. The solution of the C A u c ~  problem for p 
even involves a pf, for p odd, a pl. It is possible to obtain the solution of 
the CAuc~Y problem for p - -  1 from the solution for p by using the method 
of descent. This method helps to explain the transition from pf to pl. 

Assume p is even and that g --_- g(x) ~ g/xl ,  ..., ~ - 1 )  is independent of x~. 
Consider the CAUCH¥ problem 

~2 ~2 
u , - -  5 u  = O, 5----- ~ + ... + , 

u(x, O) "-- O, ut(x, O) = g(x) - -  glxl , ..., x~_~) 

A n n a l i  d i  M~?pmnt i~n 
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which  has  for its so lu t ion  

P--2 f P--~ u(x, t) = ( - -  1)~- y+~ p f  g(y)(t" - -  r') - - V d y ,  

where  r ~ - -  Ix - -  y ]2 ,_  (x~ - -  y,)~ -}- ... -t-" (xp ~ y~)~. Note that  

t 

/ / pf "-" c% pf -g~ir) r~-~dr 2~12 
~-" %--r(p/2)  

t~ - 'J t~ t  ( t" ~ r ~) ~ 

and  remember  tha t  g does not  d_epend on x ~ .  Set t ing  ~ - - r  ~ -  (xp--y~)~,  
there  exis ts  a re la t ion  between gp(r) and  g~_,(~). For,  if  dQp,,, is used to 
denote  the sur face  e lement  of the sphere  in p - d i m e n s i o n a l  space wi th  rad ius  
r and  cen te r  at  x, 

dQ~,,. - -  dQ~_a, p • d~ 
C O S  ~ 

so tha t  

r c o s  ~ = V r  ~ - p~ 

rp~ -2 
r~-ldto~ --  Vr~__~ p ~ dt%_ld~, 

I I 

'--""W'-'~\ 
~ I  rU "k, 

~ ,  a ~  I i \  

L . . . . . . . . . .  , ~ _ : _  '_; . . . . . .  L~ 

where  drop is the surface  e lement  for the uni t  sphere  in p - d i m e n s i o n a l  space 
wi th  cen te r  at x, i. e., d ~  = - d Q~ . l .  Fu r the r ,  

1 f ?~-2 _ 

¢ 
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Therefore, the solution o[ the CAUCg• problem under consideration is 

t r 

/ u(x ,  t)--" (-- 1)P~ -~-2 pf p,g,-,(t~)dp. 
( e -  J v r ' -  

Now, with the above in mind, consider the function 

t r 

I ( ~ )  ---- f (t  2 ~ ~ c p~, - '  _ , - -  r ) r d r J v r : 2 ~ g , _ l ( P l d  P 

so that 

2 " 

Assume ~a  > 0. Then, using DIRICHLET' S formula for changing the order of 
integration 

t t 

f ~ _ --- -Ht~._Hyrar 

In the last integral on the right, set 

This gives 

and in turn 

t ~ - - r 2 - - ~  (t ~ p~)x. 

t 1 

0 

(1, 
r ~)r(~ + 1) 

t 

- p (t ~ )~+ ~g~_~(p)dp. 
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,.~nce p was assumed even, p - - 1  is odd Suppose p 1 ~ > 3  so that  p ~ > 4 .  

Note that  for a----- p - - 1  p - - 3  - 2 .... ' ~ -f- 1 --  2 is not a negat ive  in teger  whi le  

o: -4- 3 p - -  4 p - -  4 wi th  the res idue = - -  2 is. Because  r(z) has a s imple  pole at  2 

p---4 

t - - 1 ) ~  

one has 

0 n  the other  hand,  consider  

t 

,t (t~ --  '°h~ 
0 

1 

¢" h/p 

and note  that  for a - -  p -  1 1 p ~ 2  , a q- ~ - -  2 is a negat ive  in teger  ; the- 

refore,  the ana ly t ic  con t inua t ion  of the in tegra l  has  a s imple pole at  

c¢ -q- I p -  2 wi th  the res idue  
- -  2 

t 

" ,~-~ 1 t gvdy, 
- -  pl / (  t~ p2) ~- !x-v:~t 

, p - 2  g ~ _ l ( ~ ) d ~  - -  ~)~_1 pl 

0 

where  v = ( t  :-P2)-(p-2~12 and  the pl on the r ight  is pe r fo rmed  in p - - 1  
d imens iona l  space. Thus ,  its ana ly t i c  con t inua t ion  is equa l  to 

(.Op--1 
[x--yi-:-_t 

S u m m i n g  up, one has  

u(x, t ) - -  (-- 1) ~-~ ( - - 1 )  2 P F p - - 3  1 " - -  pl gvdy. 
2 (t)~--I 



F. J.  BUItEAU: Problems and methods in partial  dif]erenticd equations 277 

Because  

it follows that 

p m l  

p ir(  p i) 

p - -  1) 2u 
2 = ( ~  1)~l~p _ 1 ' 

u(x, t ) - - - -  
( - -  1 ) 2 - r  

pl f gvdy  
lx--y]~t 

which is formula (4) with p replaced by p - - 1 .  The same method can be 
applied to pass from a p l  to apf ,  i. e., to pass from the solution for an odd 
number of space variables  to the solution for an even number  of space 
variables. 

The result  jus t  obtained shows why ~( la m~thode de deseente se montre 
don% en fin de eompte, beaueoup moins artificielle qu 'e l le  ne le semblait  au 
premier  abord et apparai t  comme li6e ~ la nature des ehoses ~>. 

IV. T i l e  C a u c h y  p r o b l e m  f o r  t h e  d a m p e d  w a v e  e q u a t i o n .  

t. The method used to solve the CAUC~¥ problem for the wave equation 
may also be applied to find the solution of the CAucH¥ problem for the 
damped wave equation.  In  its simplest  form, the problem is to determine 
u(x, l) satisfying 

(1) L u  ~ Lx .  ~u ~ u ,  - -  h u  - -  u = O, 

<2) u(x, O) = O, ugx ,  O) = g(x) 

where  g(x) is a regular  function (regular as defined earlier). 
First  of all, it is necessary to find an elementary solution v(x, t) of (1), 

i. e., a solution having a singulari ty along the character is t ic  cone t 2 -  r "~-- 0 
[compare with the corresponding solution v of the wave equation]. To do 
this, wri te  

~' = V t~ - r ~, (t > r)  
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and  assume  tha t  the r e q u i r e d  so lu t ion  v(x,  t) of (1) depends  only  on T. Le t  

v(x,  t) ---- v(y) ; b e c a u s e  (~) 

t 1 t ~ 
Tt == - , Ttt - -  y y y s ,  

r 1 r ~ 

t -V'  Vt --- y ' T,t = ~ v" + T - -  v', 

r t 

V r ~ - -  V ,  
T 

r2 (1+r2) 

1 P Av ~ v,.,. - } - V , . ~  
r 

vc,  - -  ± v  - -  v" + P_V_ 
T 

it is c l ea r  tha t  v(T) mus t  be a so lu t ion  of 

: P v  (3) ~ ( v )  --= v~ + T T - -  v : :  0. 

1 
To f ind the so lu t ion  of (3), set v = - w ' ,  w h e re  w is an u n k n o w n  func- 

T 
tion of T; one has 

1 1 
V r ~ - ~V" ~ - - : ,  ~ " ~  

y T" 

lw,, ,  + P  - -  2w,, 

1 w'" 2 2 , 
V "  " - -  - - -  W 'r 

p - - 2  1 
~tV' - -  - ~V p 

T~ T 

l d  
T dT ~ _ O v ) .  

Consequen t ly ,  if w is a so lu t ion  of (3) for  a p a r t i c u l a r  va lue  P o o [  p ,  i. e. if 

1 ° v ~0(n,) - -  0, then  v ~ -  w' is a so lu t ion  of ( o ~ . + 2 ( ) ~ 0 .  As a resul t ,  to deter .  
Y 

(4) S i n c e  v-~v(T) ,  a f u n c t i o n  o f  T a l o n e ,  w e  u s e  v'~ v", . . ,  i n s t e a d  o f  vT, vTy,.., a n d  

s i m i l a r l y  f o r  ~w. 
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mine the solutions of (3), we have only to consider two cases, namely p ~--0 
o r  1, 

1. p ----- 2k -t- 2 is even. It is well known that the equation ~o(v) --  v"-- v --  0 
has two independent solutions, namely ch y and shy. Therefore, as a conse- 
quence of the above, a pair of independent solutions of (3) is 

Because the required solution v(T) must be singular for T ~ 0, we have 

1 d ~k+~ 
v(x,  l) --~ v(y) = -~ -~ ]  shy 

(1 d , * c h T  2~] d lkch ~" 

F r o m  t h e  k n o w n  f o r m u l a %  

chy --- cos (iy), 

(~ d ) k c o s z = . V i  J-k-~(z), 

where k is a positive integer or zero and Jk(z) the BESSEL function of order k, 
it follows that 

] / -  J - k -  ~(iY) yk+ 
v(x, l ) = ( - - 1 )  ~ 2 i -k+  -~ 

For p----2, we note that 

v(x, t) ~---- 1 ch y. 
Y 

2. p ~ 2k  -t- 3 is odd.  The equation 

1 
~ l ( u )  - -  u ~  + ~ u~ - -  u = 0 

has two independent solutions, namely 

ul  - -  lo(T) ---- Jo(iy), 

u2 ----- J0(iY) lg y -t- holomorphic function of y2 (5). 

(~) This expression of u s is easily obtained by setting u----- Jo(i~) lg y- t -  w and ;~----- P 
n the equation ~l(u) ~ 0. 
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For convenience,  set P - - 7 L  Because  u~ is s ingular  for y-----0, the required 
solution of (3) is 

(4) ~ 2  k d ~1~ - -  ~ J o ( i V f f )  lg F -I- holomorphic function of F. 

It  will be convenient  to wri te  this solution in another  way. 
Note that if ce and b are regular  functions of l ~=Y2, one has 

| J E I B N I T E  ~ S formula. 

and because  

fro m 

dia  d k -  ib d .b= § aFi ar -J 
dF ~ j=o 

dJ lg  F d ~ - l F  -~  
-d['~ = -  dB ~-~ - -  ( -  lY-~(J - -  1)! I'-J, 

(PJo(iy) _ { 1 J,(iy) 

solution (4) becomes 

dk+ ~ 
v(x, t) = 2 k ~ " d ~  [Jo *V[ } lg F] + holomorphic function of P 

k J~(iy) 
= 2k(k + 1) ! ( - -  1) k ~ . " :~ik+,)- .~ 

/=oJ !(k + 1 - - j )  

+ ( - -  i) ~+~ Jk+l ( i y )  72 2 • - ~ : ; ~  - lg + holomorphic function of "I '2 . 

2. As a summary and for convenience, the e lementary solutions v(x, t) 
which will be used to solve the CAUCKY problem (t), (2)are given once again. 

a. When p = 1, 

v(x, t) = Jo(iy) lg y + Vl(y ~) 

where  ~(y~) is a holomorphic function of 7"'. 

b. When  p==2 ,  

v(x, t) = "K -1 ell 7. 
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where 

c. W h e n  p --- 2k + 2, 

v(x, t) = C-- 1) ~ 

d. W h e n p = 2 k + 3 ,  

i + 'J_~:__~(iy)y '. 

v(x, t) = vl(y) lg y' + v,(y) + ~(v~), 

v~(y) - -  ( -  i)~+~ 

a=o a I r(h + k "1- 2 ) .  2 'h' 

is JJ(iY) 
v~(T) -- 2t'(k + 1) [ (-- I) ~ 2] 

i=o 2~. j I (k -{- 1 - -  j) y~(k+,,-~ ; 

~a(7 2) is a ho lomorph ie  func$ion of 7 ~. 
For  fu tu re  re fe rence ,  note  that  

(5) Lvl = O, 

(6) L(v ,  + ~,)  = - -  2 ~d~ + v~ . 

Indeed ,  set w -- v, + ¢P2 ; then  

v = 2v~lg 7 + w, 

~ = ~ lg ~ + ~ -  + ~ ,  

~V~l_y  + 4 ~vl 2vl ~ w  

4 ~v~ 2 ( p -  1) 
Lv = 2Lvl . lg V + L w  + :~ Uy + .... ~ ' -  V 1 ~ O* 

T a k i n g  into accoun t  the s ingular i t ies  of v~ and  w at Y - - 0 ,  one f inds  

Lvl -" O, 

4 dr1 2 ( p -  
Lw+~ d~ + y2 1)vl - ' 0 .  

Annali dt Matematica 36 
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3. The solution of the CAUCHY problem (1), (2) is 

a. W h e n p = l ,  

1 ]g(y)Jo[iV t ~ - - I x ,  - -  y {2]dy. u(x  ; t) = 

b. W h e n p = 2 ,  

(7) 

f 
u(x; t) - - ]  g(v) 

]x-vl~t 

oh Vt ~ -  I ~ - - y  I s av .  

Ve'}~,-vl" 

e. When p - "  2k -{- 2, 

(2~r)~/~u(x ; t) - -  p f  j g ( y ) v ( x  - -  y ; t)dy. 

d. When  p --" 2k + 3, 

p - - 1  

(8) (2,:) ~ u(:~; t) 

= / g ( v ) v l ( x  - v;   )dv - vl ]gly>v (x - y ;  0dy.  
~¢-yl<_t Iz--v'~ <__t 

In  oases a and b, the synthesis of the solution is easy and left to the 
reader.  

Cases e and d are considered below. 

4. p = 2 k  + 2 is even. That u ( x ;  t) given by (7) satisfies equation (1) 
is clear since differentiat ion under  the integral  sign is permit ted and 
L~, ~v(x - -  y ; l) ----- O. 

To verify the initial conditions, set y ~ - - - x +  to:, where  a = ( a l , . . . ,  o:v); 
one has 

f 
(2~)pl~u(x ; g) = t ~ p f l  g(x + ta)v(to: ; t)do:. 

io:isl 

When  t ~ 0, the most important  term of v ( ta ;  t) is 

2kV~ 
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consequently,  

(2~)~'/~u(~ ; ~ t) - -  ( r a(,), p f /  I') ~+~ 
r - -  k + ,~) I<~ (1 - -  I a 

_ 2~:V ~ ~' , 'r(--k + - ~ ) . . .  
- -  r ( - - k  + ~) " r ( ~ - - k + 2  ) - / - P - - - - - - - ~  ~g(x)+O(t2)  

- -  (2rq~,12tg(x) + O(t=). 

5. p--~2k q-3  is odd. Let A and B be respectively the first and the 
second terms of the right hand side of (8); the solution of the CAUOkZ¥ 
problem (1) (2) is 

p - - 1  

(9) (2~:)-~-u(x ; t) = A - -  B. 

We  have to verify that u(x ;  t) given by (9) is a solution of L ~ , t u - - 0  
First, consider the term B. Differentiation under  the integral sign gives 

C 
Lx ,  tB  ~ pl l g(y)L,~, tv~(x - -  y ; t)dy 

--  - 2  pl f ( 2 d r ,  - -  - -  J ~.  ~ -  q - ~  vl)  g(y)dy 

where  (6) is used. 
Because regular  terms contribute zero to the pl, it follows that 

wb ere 

g d y  
L~, ~B = --  2~p - -  1)vd0) pl (y) t= _ r ~ 

1 
vd0) = 2k+2p( k q_ 2)" 

:Now, by using .q(t) the mean value of g(x) on the hypersphere of center x 
and radius t, one finds 

1 dy  pl fgiy) ey  plf (y)t  t 2 __ r 2 - -  . - -  
I~--YI~t lx--yl~_ t 

=_ _ -~- t~'-~g(t) _~ - -  (y)dga t 

Ix-yl=t 
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and  t he r e fo r e  

2~:-~r(k ~- 2) (y )d~ t .  

Now, cons ide r  

(10~ A - -  fg(y)v~(~ - -  y ;  t)ay 
,J 
Ix--yl<_t 

and  take  into a c c o u n t  tha t  v ~ ( x - - y ;  t) is a r e g u l a r  func t ion  of 7 ~ - -  t ~ -  r ~. 
D i f f e r en t i a t i on  w i th  r e spec t  to t gives 

(11) 
f . ~v~(x - -  • 

A, = j g ~ y )  ~t  y ' t) dy 
IX-  y <_t 

w I g(y)%(x - -  y ; t )d~t  

]x--yl=t 

__~g(y)  ~V~(x - -  y ; t) dy  f dy  
3t - - p l  g ( y ) v ~ ( x - - y ;  t) t _ r ,  

Ix--yl~t Ix--yl~t 

At t  = f g(y) ~2vl(x ~ y ;  t) 1 f " ) ~vl(x - -  y ; t) dy  
• - . . . . .  ~t~ . . . . . .  dy  - -  2 p j g ( y  ~t t - -  r 
lx--yl~t [X--yl~t 

d y  . 
-q- pl f g(y)vl(~ - y ;  t) (t - r) ~ 

Ix--yV~t 

To d e t e r m i n e  Ax l ,  set  x q -h - - - - ( x l  q - h ,  x~, ..., x~) an d  wr i t e  

A~I "-- l ira A(x  q- h) - -  A(x)  
h ~ o  h 

w h e r e  

f 
A(x  Jr h) ----- l g(z)vl(~ q- h - -  z ; t)dz. 

Ix~h--z',<_t 

Observe  that  z --- y q- h is a one  to one  t r a n s f o r m a t i o n  of t x -q- h - -  z] ~ ' t  on 
~(z) 

x - -  y i ~ t, ~ (~  = 1 ; c o n s e q u e n t l y ,  
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so that 

¢ 
A(x -I- h) ---~g(y -i- h)v~(x - -  y ; t)dy 

Ii--yl~t 

f 1 Ax, = lira h [g(Y -t- h) - -  g(y)]v~($ --  y ; l i ly  

¢ Dg(y) 
----] v~(x y Dyl - -  ; t)dy. 

I= - -y l~ t  

Because 

~g D(gv~) 
- -  q ) l  - -  

~Yl Dyl 
Dv~ D(gv~) , ~v~ 

and in view of the divergence theorem, one finds 

DVl 

I=--yl~_ t l i - - Y l : t  

f Dvl f - -  g(y) ~ dy + pl. g(y)v~(x - -  y ; t) or~v dy 
Dxl t - - r  

I=--yl~t l=--yl~it 

2 

l=-yl<~ 

Noting that 

• ~X~ Dxl t - -  r 
tx--yl<_t I~--yl<_ t 

dy f g(y)~(~ Y ; ~r~u 2 dy . 
--t--r + pl -- t)(-~-~ ) ( t _ r ) 2  

Iz-yT<_t 

~=~' \ ~ , / =  i ,  A t _  r 

we obtain 

avl Dvl Dr ~ Dr1 Dr Dvl 
Dx~ = Dr " Dx--~' ~=l Dxi Dx~- Dr ' 

i g  f ~v~ dy AA : (y)hvfly -t- 2 pl g(y) ~ t - -  r 

J, .=-.= " i= <,_=" - I - (P - -  1) pl (Y), "- -t- pl (y)v, 
! i - -y l  ~_t l=--yl ~_t 
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Finally.  combining the above results  

L x ,  tA --' .(g(y)L~, tvidy 

Ix--yl_~t 

[~¢--yl ~t  

I~--yl~t lx--yi: t  

f p - - 1  f _ p - -  1 %g(y)d~2 t ~ - - - - -  %(0) g(y)dy ----- L~, tB 
t ~ t 

[~¢--yi=t [~a- yl=t 

because L ~ , t v ~ - - O  in I x - - Y [  < : t  

I ~ - - y l  = t .  
Therefore,  Lx, ~u = 0. 

%t ~_ ~vl 1 d% (t - -  r) - -  0 
and @ Dr - -  ? d? o n  

6. Let  us  now verify the ini t ial  conditions.  First ,  note that  when  t tends 
to zero, A and At [cf. 10, 11] tend also to zero (set as usual  y--~ x Jr-ta), so 
that  it r emains  to consider  the term B. 

F rom the def ini t ion of p l f ,  it is clear that  the terms of v~ giving a 
logari thmic part  dif ferent  f rom zero are 

k 

w(x) "-- 2k(k + i) ! (--  1) ~: E 
1~o 

k-i  (-- 1)Jy-~ck+l-~ -~> 
E 2~(~+~)] 1 I v (1 -.f. ])!(k + 1 - -  ])" l=0  

T o  compute  the double sum (call it S), set l + j - - - ~  s ;  s varying from 0 

to k and j from 0 to s ;  one has 

1 8 ( - -  1)J 

S ----s=o ~ 2~s! y~(k+l-,) ~ojT(s. - - j ) !  (k + 1 - -  i)" 

From the formula  

1 __ ' ( - -  l y - J  

~(~ - I) ... (~ -- s)- ~-~oj I (8 -j) !(~ -j)' 
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one deduces (set z----~ k 2 r 1), 

(--  i) * _ ~ ( - -  1)~ 
(k -{- 1)k ~.. (f~ -~- 1 - -  s) - -  j=o ] l (s - - j )  I (k q- 1 - - j )  

and consequent ly  

so that 

Therefore 

_ ( - -  1)~(k - -  s )  I 

- -  (k + 1) I 

k (--  1)~(k --  s)! 
S - - Y .  

k ( _  1),+~2.e-.-~(k __ s) v 
w(x) - -  ~ 

8=0 8 I 7 2(~:+1-'~) 

B - - ( - -  t ) k 2 k k l t g ( x ) p l f ( 1  - L ~  12) -~ - lda  + O(t2) 
lal~z 

---- - -  (2~)--~- tg(x)  + o(t2)  

from which it follows easily that u(x, O ) ~  O, ut(x, O)--'g(x). 

V. T h e  C a u c h y  P r o b l e m  f o r  t h e  e q u a t i o n  

o f  E u l e r - P o i s s o n -  D a r b o u x .  

1. The original form of the TRICOMI equation is 

(i) yqux~ -b uvy --- O: 

where  x, y are two independent  variables and q > 0, an odd integer. When  
y > 0, equation (1) is of elliptic type;  when y < 0, it is of hyperbolic type. 
Therefore,  when the variable y crosses the line y ~ 0 (called the parabolic 
line of the equation), equation (1) changes its type. 

More generally, consider 

(2) L u  -~ y -quy  v q-- hu. 

au--~+... +~, 
where  q > 0 is an odd integer. 
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In order to simplify equat ion (2), a change of the independent  variable  
is made. Two cases arise according as y > 0 or y < 0. Set 

1 2k  
t - ' ( 1 - - k ) l Y ]  ~-~, q - - l - - k "  

Because  

uv = ] Y 11-ku't " dy  

and 

one finds 

k 
I Y l - q u v v  = ~ u t  - -  ut t  

d I Y t - - 1 ,  y > O ,  
dy  

--- - -  1, y < O, 

k 
L u  - -  utt  -t- ~ u t  "-{- hu, y > O, 

k 
= - -  u t t  - -  ~ u t  + h u ,  y < 0.  

l < k < t .  Note that 3 - -  

2. Consider the so called EULER-Po]ssO~C-D~m3OUX equation (abbrevia- 

ted E - P - D  equation) 

k 
L k u  "-- u u  + ~ ut - -  h u  = O, 

where k is any real number  - -  c~ < k < co. 
The CAUCl~Y problem dealt with below reads :  

to find a solution u(x;  t) of 

(3) 

sat isfying 

(4) ulx ; 0) = f(x), 

where  f (x)  is a regular  function. 

L~u  --" 0 

utCx ; O) - -  O, 
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W h e n  k ==0, equat ion  (1) reduces  to the wave equat ion for which  the 
CAuc~¥ problem has been solved. 

W h e n  k:4:0,  the coefficient  kl -~ varies and becomes infini te  on the 
hyperp lane  t-----0. Consequently,  the exis tence and un iqueness  theorems for 
the regular  CxucK¥ problem (i. e. for part ial  different ial  equat ion  whose 
coefficients are regular  for t - - ' 0 )  cannot  be appl ied to the current  problem 
(3), (4). In  fact, (3), (4) is a s i n g u l a r  CAUcRY problem. 

3. To indicate the dependence  of u on the paramete r  k, write  u (k) instead 
of u. The  solut ions of equat ion L k u  (k) -~ 0 exhibi t  the following reeurs ion 
formulas  

(5) ut(~)(x ; t) - -  tu(~+~)(x ; t), 

(6) u~)(x  ; t) - -  t~-ku(~-t:)(x ; t). 

These  formulas  were used by various authors,  among them EUL]~R and D~R- 
BOUX; however  their  usefulness  in the theory of the EULER-PoissoN-DAaBOVX 
equat ion  Was fully recognized and emphasized by A. WEINSTEIN. Thei r  al). 
pl icat ion can be extended to more general  equations.  

i. To prove (5), set w t - - t v  where  w, as a funct ion  of t, EC  3. By 
e lementary  computat ions ,  one has 

1[~  ~ kO k ] k ~ 2  

and 

= L k + 2 v .  

If w - -  u(~), then v --  u(~+ 2) and . . . .  
OU (k) 

--- t~(k÷2). 
~t 

it. To prove (6), set 

A - -  t a -k  ( v t t  "~ ~ ~ k q2t 

Annali di Maternatica 37 
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and  note  tha t  

Its-%) --  t~-kv~ + (1 - -  k ) t -%,  
Ot 

~2 

~t ~ (t~-kv) = t l - k v ,  - { -  2(1 - -  k) t -~vt  - -  k(l  - -  k ) t - k -~v  ; 

we have  

A -- ~ (t~-kv) + ~ t~-kvt + k(1 - -  k) t-~:-~v 

and  therefore  

- -  et~ (t~-~v) + [ (t~-%) 

Lk(t l -%) -- t~-kL~_kv. 

I f  v - -  u (2-k), then  u(k) - -  tl-ku(~-k). 

4. In  order  to solve the CAVOH¥ problem (3), (4), it is necessary  to 
de te rmine  a solut ion of (3) which  corresponds  to the e l emen ta ry  solut ion of 
the wave equat ion.  To do this, observe  that  

k-}-p --i 
17} v ( ~ ) = ( t ' - r  ~1 ~ , r =  ] x - - y l  

is a solut ion of (3). For,  any  solut ion  of (3) depend ing  on t and  r only  is 
a solut ion of 

(8) Lhu =--- utt  -t- k p - -  1 u,. =0; ~ t  ~ U~,,. r 

and, conversely,  any  so lu t ion  of (8) is also a solu t ion  of (3). Thus,  

k-}-p +1 
vt(k) = - -  ( k  + p - -  1)  t ( t  ~ - -  r ~) - , 

v~) -- (k -{-p -- l)(k ~-p ~- 1) t2(t ~ -- r ~) 
k ~ p + l  k-{-p-l-t 

1 
- -  ( k  + p  - -  1 )  (t ~ -  r ~) ~ , 

k-i-p-4-1 
v(~ k) = (k + p - -  1)r(t 2 - -  r ~) 2 , 

k q-p ~-~ k-t-p4-1 
v ( , ~ ) - - ( k - } - p - - 1 ) ( k + p +  l ) r2 ( t~ - - r  2) 2 ~ - { - ( k + p - - 1 ) ( t 2 - - r 2 )  ' 

and consequent ly ,  Lkv(k) = O. 
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F r o m  (6), it follows that  

k--p --1 
(9) u (k) - -  tl--kV(~--k) --" t~--t'(t ~ - -  r:) 

is aga in  a solut ion of (3). 
5Tow, cons ider  [as usua l  r - -  r~u = I x - -  y 1] 

l k--p--1 
110) U(k)(x; t ) =  t 1-k f ( y ) ( t  ~ - ~ y )  ~ - -  dy;  

[x--y ~t  

if  ~ k  is l a rge  enough,  U(~)(x; t) is c lea r ly  a solut ion of (3); for, u n d e r  these 
c i r cums tances ,  d i f fe ren t ia t ion  u n d e r  the in tegra l  sign is permit ted .  

To ve r i fy  the  ini t ia l  condi t ions,  set as usua l  y = x - ~  t~;  one has 

u(~)(x; t) = f f(x + ta)(1 - - I  
Eal~_x 

k--p--1 
a 12) - ' ~ - -  da 

f k--p--1 
- -  f (x) .  (1 --  t a I ' ) - - V - d o :  + O(t) 

= Akf(x)  + O(t) 

w h e r e  

Ah --- 

=~p( k - -  P 2 + 1 ) 

s ince 

1 

,i<<l '-'- i '-'- 
- -  I :¢ ]') ---V-- da - -  cop (1 - -  r') --~--- rP-ldr 

- -  O 

G) 
. ( k _ . ÷ i )  

~ - P  2 
• ° 
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U1,(x; 0 ) -  0, set To verify ~) 

7¢--p--i k--p--1 _ i 

w = ~ ~-k(t2 - -  r ~) ~ - -  t -~( t  2 - r  z) 2 [ (k - -1 ) r  ~ - p t  2] ; 

on di f ferent ia t ing  unde r  the integral  sign, one obtains 

In  view of 

~U (~) f ~w ~t - -  f (y) ~ i  d y .  

f w d y  
ix--yL.~t 

p ~f(x) a f (x  + t~) = f(~) ÷ t *=*Y~ - ~ -  ~ + O(t~), 

( k - p -  l _~ 10" p]d~ 

I~121 
I f k--p--i 

= t -1% [(k --  1)r ~ - - p ] ( 1 - - r  ~) --~ -1 re-~dr 

0 

- ) -  ( k - l )  . 2 + 1 ,  2 ' 2 

-" 0 (by e lementary  computat ions)  ; 

• :1 k -p - - i  ,[(k - -  1)[a  12 --p](1 - - l a  ]~)--z---- '  da --  0 
l_ 

~U(k) --O(t)  and ~ U(k:(x; O) (because of symmetry),  we have ~t - - 0 .  

Therefore,  if ~ k  is large enough,  the solut ion of the CAuc~£ problem (3), (4) is 

(11) f k--p--1 u(k)(x; t) = A-~ 1 t 1-~ f(y)(t  2 - -  t~y) - - V - -  dy  

i~--y i "<t 

(12) A~ --  

p ( k - - p + 1 )  
u~ F 2 " 

r(k+l/ ~--y--] 

5. If  k in (11) be permi t ted  to range over the complex domain,  the 
funct ion u(~}(x; t) regarded as funct ion  of the complex variable k is an 
analyt ic  funct ion of k for ~ k  suff icient ly large and hence may be analyt ical ly 
continued.  Consider the analytic cont inuat ion  of u(k)(x; t). 
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Because P(z) has s imple  poles at z = -  n, ( n -  0, 1, ...), it is clear that  
Ak is zero when  k - - -  2 ~ / -  1, q > 0 an integer,  and becomes infini te  when  
1 (k--q- 1) is a negat ive integer.  

Therefore  three cases arise according as k - -  2 q -  1, q ~ 0 an integer,  
1 

and as ~ ( k - - p - - 1 )  is or is not a negative integer.  

i. k - - - 2 q -  i, q ~ O  an integer. We shall  consider  la ter  on these 
except ional  values of k. 

1 
ii. ~ ( k - - p -  1) is not a negative integer. Consider 

(13} u(k)(x; t) - -  A f t  1-k pf f f(y)(t  ~ r~y) k-p-~ - -  ~ dy. 

qx--yl_~t 

On dif ferent ia t ing under  the pff sign and in view of preceding results,  it is 

obvious that  u(k)(x; t) given by (13) is a solution of the CAEc~Y problem (3), (4). 

1 
iii. ~ (k -- p - -  1) --  - -  m, (m -~ 0, 1, ..,) is a negative integer. Clearly, 

k _< p ~ 1. Consider  

k--p--z 
--i 1--k 2 f (y)( t  - -  r 2 dy (14) u(k)(x; t) = B k t pl ~)  

[~--yl-<t 

where  

(15) B~ - -  
(__ 1)m ~pfz 

r (  p 2 ] , 2 ] 

[Note that  (see II,  § 17) 

f ( --  1F' r:p/~ pl (1 - - l a  Izl-hd~ - -  
,~,l~ r(h) r(~ --h -6 i)  

h ~ 0 an integer]. 
On di f ferent ia t ing under  the plf sign, one finds that  u(k~(x; t) given by 

(14) satisfies (3). As above, u ~ ( x ; . t )  satisfies (4); the formal proof is left to 
the reader.  

Again, note that  B k - - 0  for the except ional  values of k (see i). 
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6. Remarks .  i. On dif ferent ia t ing under  the integral  sign, it is easy to 
verify that  

u(~'(x ; t) ---- 

r (k 9+-~--1/ ~ . k+2,-p-1 

_ .  _ ,  , _ 1  f ' 

r I ~  -~- 'r~) I~'-~1--/ 

where n ~ O ,  an integer, is such that k - t - 2 n > p - - 1 .  That formula was 
obtained by A. WEINSTEIN as a consequence  of the recurs ion  formulas  (5), (6). 

ii) Consider uck)ix; t) as a funct ion of p ;  call it u~ k). The solut ion (13) 
satisfies the reeurs ion  formula  

~U(p k) .^: (k) _~ (k) 
t - ~ -  -}- 'pup "-- p u~+2 

which  de termines  u~ ~) s tar t ing from u~ k) and u~ k). 

7. The  except ional  values k - -  - -  2q - - 1 ,  q ~  0 an integer.  For  these 
except ional  values of k, the solution of equat ion  (3) was considered by 
A. WEI~STEIN (lee. eit.) who emphasized the role of polyharmonic  init ial  
values. For  arbi t rary  init ial  values, the solution of (3), (4) was first conside- 
red by E. K. BLu~[. 

In  the following, we shall  consider  the same problem from another  
viewpoint  and use a m e t h o d  suitable for fur ther  geveralization.  W h e n  
k ~ -  2 q -  1, q ~ O, an integer,  u(~)(x; t) given by (13) or (14) becomes infi- 
nite and is not a solution of the C~ccvrY problem (3), (4). 

To examine this si tuation,  we use the recurs ion formulas  

(5) u~ k) - -  tu  ̀ ~+~), 

(6) U ac) - -  t l - k U  (~-k)* 

From (6), it follows 

(16) ~(--2q--i) ~ t2q-~-2U(2q-}-3). 

Now set s ~ t 2", then (5) yields 

(17) u - = 2 
- - t  ~t 
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Set k-----2q-+-1; repeated applicat ions of formula (17) give 

u (2q+~' - -  2 ~ ~q+lu(l) - -  ~8~(~q+~--  2q+~ ~8 q+~ 

and combining with (16), 

(18) U (-eq-1)  - -  2q+18 q+~ ~q+lU~l~ 
3 s q + ~  • 

Suppose that u ( -2q-~ given by (18) is a solution of the C i u c ~ Y  problem 
~q+~u a) 

(3), (4) for an arbi t rary  initial function f(x);  then s q+~ Osq+---- ~ remains  finite 

and not identically zero as s --* 0 (or t --~ 0). Therefore at s - -  O, Osq+----- 7 must 

have a s ingulari ty of type s -q -~ ,  i. e. at s = 0, u ~) must  have a singulai:ity 

of type l o g s ;  for, if ~sq+ ~ is finite and not identically zero when s ~ 0 ,  

we have u~-~q-~)(x ; O) --- O. 

A solution of that sort is given below when p is odd .  

W h e n  p is even ,  an analogous method or the method of descent (see III)  
may be used ;  the formal proof is left to the reader. 

k4 p--1 k--p--1 
8. Because  (t 2 2 - - rzy)  '~ and t ~-~ (t ~ - r ~ y )  2 are solutions of 

L k u - - 0 ,  it is clear that 

UCk~(x ; t) - -  pf f ( y ) ( t  2 - -  r2) - - - T - d y ,  

Ix--y}~t 

k--p--1 
U(k'*(x ; t) --- t ~-k pf f ( y X t  2 - -  r ' 9 - - V - d y  

i x--yl ~ t  

are solutions of L ~ u  = 0. For, differentiat ion under  the pff sign is permitted. 
Set k--- 1 + 2~, s > 0 and smal l ;  then 

f P 
u~(x ; t) ~ U (~+~) p f  l f ( y ) ( t  2 - -  r~) - ~ -~dy ,  

; t) -~- U(~+~)*(x,  t) --- t -~  p f ~ f ( y ) ( t 2 - - r 2 ) - ~ " ~ d y  f U2( X 

Ix-yi ~t  

are solutions of L l + 2 ~ u - -  O. 
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1 
Again,  ~ (u~- -u2)  is a so lu t ion  of L ~ + 2 ~ u -  O; on se t t ing  

F(~) = t~(t 2 - -  r~) -~, 

one f inds  

2 ~ ( u l - -  u2) = pf f ( y ) t  -~ ~) (t 2 - -  r 2 ) - ~ d y .  
2~ 

Ix-yl~t 

~ o w  let  ~ t end  to 0 u n d e r  the p f f  s ign ;  one gets 

f p u'~'(x; t) = pf f(y)[lg t - -  lg (t ~ - -  r~)](t ~ - -  r~) - ~dy. 

I t  is hoped  tha t  this  l imi t ing  express ion ,  a fo rmal  so lu t ion  of L ~ u = O ,  is 
also an ac tua l  so lu t ion  of L~u = 0 h av in g  at t--~ 0 the  s i n g u l a r i t y  de sc r ibed  

above.  T h a t  such  is the  case  is p r o v e n  below. 

9. To p rove  that  u~l)(x; t) sat isf ies  Lzu- - - -0 ,  it  is necessa ry ,  
r e n t i a t i o n  u n d e r  the p f / s i g n  is permiss ib le ,  on ly  to show. tha t  

p 
v ---- [lg t - -  Ig (t 2 - -  r2)](t ~ - -  r2) - 

s ince  diffe- 

is a so lu t ion  of L ~ u - - O .  
Set  

t ~ _ r ~ -=_  0 2 ,  

a = ~-~ lg l, 

v - - a - - b .  

b = 2~ -~  lg ?, 

F u r t h e r ,  no te  tha t  
1 ~u 1 ~u 
t 3t - - ~  ~ ' 

~ u  p ~u 
D u  ---- u , - -  A u  --= ~ W p ~o ' 

1 ~u Y u + p + 1 3 u  
L~u = D u  + ~ ~t - -  ~ 2  ~ DO' 

L ib  - -  - -  2pp-~-~ .  

To c o m p u t e  Lla ,  set  c -  ~-~', a - - v  lg t and  no te  tha t  Lie  = 0 ;  we f ind  

L l a  - -  (L i e ) .  lg t -a t- 
2 ~o 

2pO - p - ~  = L ib  
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i ,  eo 

L~v - -  L~(a - -  b) = O. 

10. To ver i fy  the  ini t ia l  condi t ions,  set  as  usua l  y - - x  n t- t a ;  one has  

10 
u (1) = Igt pf  f (x  q- t~)(1 - -  l a 1') - ~da 

lal_~x 

1o 
- -  pf  f(x -I- ta)(1 - -  I e 12) - 7  l g  (1 - -  1~ t~)da. 

la l~l  

The  second  t e rm on the r ight  hand  s ide is equa l  to 

w h e r e  A is a cons tan t .  
Fu r the r ,  

pf f + taxi -I 
lal_~l 

_ ( - -  I ) T 7 : ~ - ~ "  

Af(x) + O(t) 

f P r ) -  ~d~ - -  f(x) (1 - -  1 ~ I )-  ~d~ -1- O(t) 
lal_~l 

p w l  

f(x) q- O(t) = ( - -  1 ) - f  2 %f(x)  -t- O(t). 

Combin ing  these  resu l t s  and  se t t ing  s - - t  2, we obta in  

u(~'(x ; t) - -  A(s) lg s q- B(s), 

w h e r e  A(s) and B(s) are  r egu la r  func t ions  of s, A(O)~=O. 
Final ly ,  we  have  

u(-~q-l~(x ; t) = cA(s) + o(s) 

w h e r e  c is a constant ,  not  zero and  l im o(s)--O. 
t=0 

Annali di Matematica 38 
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