
A note on Gevrey classes of functions connected with 
Goursat  problems 

JA~ PSRSSON (*) 

Summary. - The Gew'ey classes G(~, ~, d) have been introduced in connection with non-linear 
local Goursat problems. A lemma is proved which shows that the definition of the class 
G(~, ~, d) can be simplified. It then follows that the results in two different papers on 
Goursat problems are compatible when specialized to formally identical cases. 

The ques t ion  if cer ta in  resu l t s  for GouI~SA~ prob lems  in [1] and in [2] 
a re  compa t ib l e  was  ra i sed  in [2]. The  def in i t ions  of the  c lasses  G(~, 8, d ) a n d  
G(0, 0, d) in [1] use  the ex is tence  of a cer ta in  rea l -va lued func t ion  b(y). I t  
fo l lows from a l e m m a  be low that  the ex i s tence  of the func t ion  by  (y) u sed  in 
(1.4) in [1} fol lows f rom (1.3) in [1] and the con t inu i ty  of the der iva t ives  in- 
volved.  The  co r r e spond ing  is t rue  for  (1.7) and (1.6}. The  func t ion  b(y) is not  
used  in the def in i t ion  of the  func t ion  class G(~, d) in [2]. The  l emma  be low 
shows that  to every  func t ion  of G(~, d) the re  exis ts  a func t ion  b(y)sat is fying 
an ana logue  of (1.4) in [1] and hav ing  the other  wan ted  p roper t i e s  too. The  
l e m m a  is eas i ly  ex t ended  to the condi t ions  in [1]. It  follows that  (1 .4)can be  
de le ted  in the def in i t ion  o[ G(~, 8, d) wi thout  changing  G(~, 8, d). 

The  same is t rue  for  (1.7) and G(O, O, d) in [1]. The re fo re  the  resu l t s  in 
[1] and [2] are compat ib le  when specia l ized to formal ly  indent ica l  cases.  

W e  shall  use  (y, x ) e  R 2 as var iables .  W e  def ine  D~--~ 3/~x and Dy-~--3/~y. 
W e  repea t  def in i t ion  1 in [2]. 

DEFINITIOZ~.- Let d ~  1 be a real number, let ~ be a positive integer, 
and let u(~, y) be a realvalued function defined in some neighbourhood of lhe 
origin in  R 2. The derivatives D~D~u are supposed to exist and to be continuous 

for ~ ~ ~ and for all :¢. I f  there exist constanls m'.> O, and  r, O < r < l, 
such that for every pa i r  (~, ~) wi th  ~ q - ~ d ~  

(1) I D~D~D~u(y, x) t ~ m(2r ) -~  ~ ,  (y, x) e V, all ~, 

then u is said to belong to the funct ion class G(~, d, V). We define 

G(~, d ) =  U G(~, d, V). 
V 

R]~ARK. - W e  use  2r  ins tead  of r in (1) for t echn ica l  reasons.  

(*) Entrata in Redazione il 17 ottobre 1968. 
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L]~MMA.- I f  u e G~,  d, V ) t h e n  (1 ) i s  t rue a n d  there exis ts  a f unc t ion  
b(y) ~ 0 depending  on t y l  only such that  

(2) 1 D~ D~D~u(y, x) . -  D~D~D~u'~O, zc) l ~ mb(y)r-~-~ ~d, (y, x) e V, (0, x) ~ V, 

+ o:d ~ ~, all ~. 

The func t ion  b(y) has the add i t iona l  property  

(3) y --~ 0 ~ b(y) ~ 0 monotonical ly  in  ] y I. 

PROOF O~ ~]tv, LEMMA. - The func t ion  b(y) is def ined by 

b(y) -~ sup l D~D~D~u'y', x) - -  D~l)~yD~u(O, ~)t r ~  - ~ ,  1Y ' t~-- IY l, (y', x), 

(y, ~c), (0, ~c) e V, ~ + ~.d ~ ~, all  ~. 

V is supposed to be compact  here. I t  follows from (1) that  b(y)~__ 2m. 
In  addit ion,  for  a given nu mb e r  ~ > 0 there  exists  a n u mb e r  K > 0 such 

that  when  ~ ~ K 

t D~D~D~u(V', ~c) --  D~D?D~u(O, x) ] r ~  - ~  < 2m2-~ ~ m2 ~-K < e. 

There  is only  a f ini te  numb e r  of der ivat ives  cor responding  to (~, ~, ~) 
with ~ ~ K ,  ~ + a d ~  ~. I t  follows from the un i fo rm con t inu i ty  of the deri- 
vat ives  of u in V that  there exists  a n u m b e r  5 > 0 such tha t  

I D~l)~yD~u(y ', x) - -  D~D;D~u(O, x) lr~i - ~  < e, 

By that  the l emma  is proved since b(y)< ~ when / Y [ ~  ~. 
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