
Some P a r t i t i o n s  of a Skew M a t r i x  (~) 

A .  D U A N E  PORT:ER (Laramie)  

Summary .  - Explicit  formulas are obtained over a finite field for the number of partitions 
of a skew matrix  B into various forms: for example~ J~-~-X'A ?~'--XA~Y. 

1. I n t r o d u c t i o n .  - In  this  j o u r n a l  [4] JOHN H. HODGES found  the n u m b e r  
of m X t ma t r i ce s  X over  a f in i te  f ield which  sa t i s fy  the ma t r i c  e q u a t i o n  
X ' A - -  A ' X - - B ,  where  A is m X  t of r a n k  r, B is a t X t skew m a t r i x  and 
the p r ime  deno tes  t ranspose .  In  this pape r  we wish to cons ider  a more  gene ra l  
pa r t i t i on ing  ques t ion ,  and so discuss  equat io , , s  of the fo rm 

(1.1) Y~ ... Y;AX'~ ... X{ - -  X1 ... XoA'Y1 ... Yb : B, 

with  A and B as de f ined  above,  X~, l ~ i ~ a ,  Yj ,  l ~ j ~ b ,  are  ma t r i ce s  
of a r b i t r a r y  sizes sub jec t  to the condi t ion  that  the product ,  d i f f e r ence  and 
equa l i ty  mus t  be def ined.  In  Th.  I we d e t e r m i n e  the n u m b e r  of pa r t i t i ons  
of B as de sc r ibed  by  (1.I) for  a, b ~ 2 .  Then ,  in Th.  I [  and  Th.  I I I ,  we 
cons ide r  the cases  a = 1, b ~ 2  and c ~ - " b - - 1 ,  respec t ive ly .  F ina l ly ,  we 
discuss  the n u m b e r  of pa r t i t ions  of a skew m a t r i x  B into a sum of h matr ices ,  
each  in the fo rm of the lef t  side of (1.1) 

2. N o t a t i o n  and p r e l i m i n a r i e s .  - Let  F =  GF(q) be the f in i te  f ield of 
q = p f  elements ,  p odd. Mat r ices  with e l ements  f rom F will be deno ted  by 
RO~ZAI~ capi to ls  A, B . . . . .  A(s, m) wilt deno te  a m a t r i x  of s rows and  m co lumns  
and A(s, m; r) a ma t r i x  of the same d imens ions  hav ing  r a n k  r. L will  deno te  
the iden t i ty  m a t r i x  of o rder  r and I(s, m;  r) will denote  an s X m m a t r i x  
hav ing  /~ in its u p p e r  lef t  hand  c o rn e r  and zeros e l sewhere .  I f  A = A(n, n)---- 
--(a~ i) t hen  e ( A ) - - a n + . . . + a ~  is the t race  of A. Clear ly  v ( A + B ) = * ( A ) +  

r + * ( B ) .  Fo r  a skew m,~trix C (one so tha t  C - - - -  C'), we have (A C) = - -  v(A C), 

where  A' denotes  A t ranspose .  

F o r  a E F,  we def ine  

(2.1) e(a) = exp 2uit(a)/p ; t(~) = ~ + ~P + ... + ~ f - 1 ,  

(*) E n t r a t a  in  Redaz ione  il 2 t  s e t t e m b r e  1968, 
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from which it follows that 

(2.2) 

t e(~ + ~) = e(~)e(~), 
! 

where the sum is over all ~ E E .  It is noted in [1; (2.3)] that if A : A ( t ,  t) 
is skew, then 

/ q~(*--1)/2, A 0, 
e{~(AB)}= 1 (2.3) Z 

( O. A :4=0, 

where the summation extends over all skew matrices B :  B(t, t). The number  
of skew matrices of order t and rank 2z is given [1; (5.6)] to be 

(2.4) H(t, 2z) -- q4~-~)2]~ (q'-~ _ 1)/ l~I ( q 2 ~  1). 
~ = 0  i = l  

Following [1; (8.3)], we define 

(2.5) W(B, 2z) = Z e (~(BC) }, 
C 

where B - - B ( t ,  t) is skew, and the sum extends over all skew matrices C - -  
-" C(t, t; 2z). This sum is evaluated [2; Th. I] to be 

(2.6) 

with 

W ( B ,  2z) = qi~ ~ ( _  1)~q~(~-~J-1) H ( t  - -  2j, 2r - -  4k), 

[J l==(l - -qJ) . . . (1- -q]-~+~)/ (1--q) . . . (1- -q~);  I J t - - 1 ,  

and the prime indicates that q to be replaced by q2 in the q-binomial coef- 
ficients. If D is an arbi t rary  m X n matrix, it may be shown that 

f qm% D 0, 
(2.7) ~ e t ~(DE) } -- 

E [. 0, D ~ 0, 

with the sum over all matrices E(m, n). 
We also find need for the number  g(s, w; y) of s X w matrices of rank 
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y. This  is given by LASDS~SER~ [2] to be 

(2.8) 
Y 

g(s, w;  y) = q>(z-~)/z II (q~-~+~ 1 ( '~-~+~ - -  ) q  - -  1) / (q ~ -  1). 
i = l  

3. The  main  theorem.  - We may now prove 

T~EOrtE~ 1. - Le t  a, b be in tegers  > 2 ;  A : A(m, n;  r); B : B ( t ,  t; 2~) 
be s k e w ;  X~ = Xl(t, h);  X~ : X~(t~_~, t~) for 1 ~ i  < a ;  

X a = Xa(ta--1 , n )  ; Y1 = ]~,(m, t~+,); ~ --  ~(/~+j_~, t=+]) for 1 < j < b, 

X'b = :Yb(t~+b--~, t), where m, n, t, t~, ..., t~+b_~ represent  a rb i t ra ry  posit ive in- 
tegers,  and r, 2~ integers  such that  r > 2 p ~ 0 .  Then  the n u mb e r  N =  (a, b, 
m, n, r, 9, t, td of par t i t ions  of B as def ined by (1.1)is given by 

to 

N ' -  qv ~ W(B,  2z)N~+b(z) 
2 z ~ 0  

where  T = t ( t a + b _ ~  - -  [ t  - -  1] /2)  + t ~ - - l ( ~  - -  r )  --~ ta+l(m - -  r ) ;  W ( B ,  2z) is given by 
(9.6); N~+b(z) is given by (3.4); to = t or t -  1 according  as t is even or odd. 

PROO:~. - In  view of (2.3), the n u m b e r  of solut ions of (1.1) is given by 

N : q--@--1)/2 ~ S(X~, ..., X~, Y~, ..., Yb)e [ o[~Y£ ... Y;A • 
C 

• x : . .  x ; - - x ~ . . , x J Y ~ . . . y ~ - B ] c } ,  

where  S(X~, . . ,  Xa, Y~, ..., Y~) denotes  a summat ion  over all matr ices  X~, 
Yj, l ~ i ~ a ,  l < j ~ b ,  and the sum over C is over all skew mat r ices  of 
order  t. I f  we note (2.2), divide the sum over C into sums over all  
C' - -C( t ,  t; 2z), O ~  2 z ~  to, and recal l  tha t  o ( D ' C ) - -  o(DC), we may  wri te  
the above equa t ion  as 

(3.1) 

to 
N =  q-'(~-1)/2 "2 2 e{ o(BC)} 

2 z ~ 0  C(t, t; 2z) 

S(X~,  ..., X~, Y~ . . . .  , Yb)eI- -  2z(X~.. .X~A'¥~.. .  Y~C)}. 

There  is no toss of genera l i ty  by t ak ing  A ' =  I(n, m;  r), which is the 
canonica l  form of it' unde r  equiva lence  [6; Th. 3-7]. I f  we let Xa = [Xal, Xa2] 
and Y j = c o l [ Y ~ ,  Y~2] wi th  Xa~--  Xal(to_~, r), Xa2 = Xa2(ta--~, n - r ) ,  ~1--" 
- -  Yl~(r, t~+l), YI~ = Y12(m- - r ,  t,~+~), then af ter  the above subs t i tu t ion  for A, 



i18 A. DUANE PORTER: Some Partitions of a Skew Matrix 

X~2 and :Y~2 are mul t ip l ied  by zero so the value  of the inner  sum in (3.1) is 
independen t  of the i r  choice. Hence,  this  sum equals  

(3.2) 
{ q ~ s ( x ~  , ..., xo~ , J~Z , . . . ,  Yb)e{- 2~(X~ ... Xo~ ¥ ,  .,. $~C)}, 

with T = t~_~(n --  r) + t,+~(m --  r). 

It  is noted [4; § 2] tha t  for DC square,  ~(DC)--~(CD),  so by mak ing  
this subs t i tu t ion  and then  sum mi n g  over ~'b in accordance  with (2.7), the sum 
in (3.2) may  be evalua ted  as 

I q"~+b- b if CX~ ... X~lYl~... Yb-1 = O, 
(3.3) 0, otherwise.  

Hence,  we must  have CX~. . .Xo~Yn .. Yb- - l=O or else the cont r ibut ion  
to the sum in (3.2) and so also to N will be zero. Thus,  we seek the n u mb e r  
of solut ions of this equat ion.  However ,  this is a special  case of a mat r ic  
equa t ion  previous ly  considered by the author ,  and with r a n k  C =  2z, the 
number  of solut ions  is given [7; Th. III]  to be 

(t~+b_ 1, e,) 
h\+b(2z) = q~ 2 g(2z, to+~_~; Z'a~i~b--2)q--ta@b--2Za-} "b-2  " 

Za+b-- l~O 

a+b--2 (Za+I- - i '  ta+b--i} 
II 2 g(z~+b-~, t~ ~-b--~; Z~+b--~--~) • (3.4) 

i~2  Za+b_i__l~O 

• ~--ZaAt-b--~--i ta.-l-b--~--i , 

with ~ = to+~_~(t~+b_2 ~ 2z) + tt~ + ,., + t~+b--3t:+b--2, 

where (u, v ) =  min imum of u and v; 9(s, w; y) is def ined by (2.8); the sum 
over any z~ is defined to be 1 when the upper  l imit  is 0; to is def ined to be r. 

I f  we now combine (2.5) with (3. I) through (3.4), the theorem is establ ished.  

4. Two special cases. - It is of some interes t  to consider  (1 l) for a--= 1, 
b > 2  and a - - 1 ,  b = i.  The proofs of the theorems below for these cases 
are bas ica l ly  the same as for Th. I so will not be included.  We note that 
the case a > 2 ,  b-= 1 may  be obtained di rec t ly  from the case a - -  l, b ~ > 2  
so need not be cons idered  separate ly .  

TtIEORE~ II.  - Let  ct ~ 2, b = 1 be in tegers ;  A, B, X~, 1 ~ i ~ a, be as 
def ined ia Th. I ;  Y1 ----- )~(m t). Then the n u mb e r  N~ == (a, i, m, n, r, e, t, t~) 
of par t i t ions  of B as def ined in (1.1) is given by 

$o 
N~ -- qs 2 W(B,  2z)No+~(z), 

2z~0 
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where  ~ = t(m - -  [t - -  1]/7) -}- t ~ ( n  -- r) ; W(B,  z) is de f ined  by  (2.6) ; N~+~(z) 
m ay  be ob ta ined  f rom (3.4) by  le t t ing  t ~ - - r ,  b = 1, de f in ing  l~_3 = 1 for  
a - - 3  and the p roduc t  over  i to be 1 for a = 2. 

THEOREM i i i .  - Le t  a = b = l ;  A, B, Y~ be as de f ined  in T h  I I ;  X~=X~(t,  n). 
Then  the n u m b e r  N~ of pa r t i t i ons  of B as de f ined  by (1.1) is g iven by  

to 

N~I - -  q'("~+"-['-q ~) ~Z W(B, 2z)q-2% 
2 z ~ 0  

5. T h e  gene ra l  p a r t i t i o n .  - W e  now let A~ = A~(m~, n~; r~) and A~(X~, Y~) - -  

- -  A '  ... ~ '  ~I ~ '  v ,  X~  X ~  ~ Y~I X ~ ,  where  X ~  "- X~(t ,  t~); X~  -" ~ k b  k . / - k l ,  k~3 . . kak  ,* ,  ~z'~a-kl " '"  • "°" 

= J~(t~_~, t~) for  1 < i < a~; 

Xk,~ - -  Xk%(ta%-1, ~./~); I(~t = Ykl(mk, /k%+1) ; 

Yk,j = Yk,/tk,~+]--~, tk, ok+j) for  1 < j  < bk; Y~,bk = Yk, bk(t~,o~+b~--~, t), 

for  each 1 ~ k < - - h .  W e  t aen  seek the n u m b e r  of ways  a skew m a t r i x  B = 
.= B(t, t; 2~) may be pa r t i t i oned  as 

(5.1) A ~(X~, Y~) q- ... q- Ah(Xh, J~ h) = B. 

I t  is possible to p rove  

THEOREM I V .  - The  n u m b e r  2Va of par t i t ions  of the m a t r i x  B as descr ibed  

in (5.1) when  a~, b k ~ 2 ,  1 ~ , k ' < h ,  is g iven by  

t o h 

N~ = q~-,(,-~)/2 Z W(B, 2z) II No~+b~(2z), 
2 z ~ 0  k ~ l  

where  ~i - -  ~1 ~ ... -t- ~h a n d  ~k is de f ined  by (5 .5 ) ;  W ( b ,  z) is de f ined  by (7 .5 ) ;  
No~+bk(2z ) is de f ined  by  (5.4) and (5.5); to is as def ined in Th. I. 

PROOF. - I t  is c lea r  tha t  

.Nh = q-~(,-1),2 E Y, e { z([A:~(XI , Yz)  -1- ... --]- Ah(Xh, )\) - -  B ] C ) 1 ,  
C X k l ,  Y k j  

where  the sum over  C is over  all skew ma t r i ce s  of o rde r  t~ and the sum 
over  Xk~, X~] ind ica tes  a s u m m a t i o n  over  each X ~ ,  ¥~] as these ma t r i c e s  are  
de f ined  above.  I f  we note  (2.2), the p rope r t i e s  of t race ,  d ivide  the sum over  
C into success ive  sums over  all  C = C(I, t; 2z), 0 <: 2 z ~ ' f o ,  reca l l  (2,5), and  
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note that the sum over X ~ ,  

(5.2) 

with 

(5.3) 

k~] is distinct for each k, we obtain 

t o h 
N~ = q-'(~-~) ~ W(B,  2z) II S~, 

2z~0 k ~ l  

8~ ---- S(Xk,~, . . . ,  X k . ~ k ,  Y k . 1 ,  . . . ,  ~'k.b~)e { v [ A k ( X ~ ,  Y~)] }, 

and S(X~,~, ..., Xk,~k, ~\.~, ..., Yk, bk) is as defined in the proof of Th. I. 
The value of Sk is given by (3.2) through (3.4), after making appropiate 

substitutions, to be 

(5.4) q~Nok+C2z), 

where 

(5.5) ~k = l~,~_l(nk --- rk) -4- tk,~k+i(mk - -  rk) + t tk ,  ak+b--1 , 

and N~+bk(2z) is obtained from (3.4) by letting a = ak, b = b k ,  z = z k ,  t ] - - tk .] ,  
zj : Zk.], r a - - - t k , a  k.  The theorem follows by substi tuting (5.4) into (5.2). 

It is possible to state results corresponding to Th. IV when some or all 
of ak and b~ = 1. However,  we shall not take the space to do so. 
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