
Approximation of set valued fuuctions 
and fixed point theorems. 

ARRIGO CELLINA (Perugia) (*) (**) 

S o m m a r i o .  - I1 risttltato fondamentale della Nota ~ it seguente: sia P una multiapplicazione 
semicontinua superiormenle da u~o spazio metrico compatto S a d  uno spazio normato 
Y, tale che I'(x)d convesso. Allora per ogni s > 0  esiste una applicazione continua f :  
: S ~  Y tale che d*(F, G)~e, eve F e G sono i grafici d i f e  F e d*(F, G)---~snpl d(y, G), 
y e F I .  

Come corollari di questo teorema vengono dimostrati il teorema di punto fisso di 
Kaku tan i  in u~o spazio di Banach ed una sua geueralizzazio~e, che non richiede la 
eompattezza di F(x). Vie~e pot presentato un teoren~a di punto fisso con condizioni di 
convessit~ piit deboli di quello di Kakutani .  

I n t r o d u c t i o n .  

One of the problems that  has  a t t rac ted  the a t ten t ion  of ma t h e ma t i c i a n s  
in the last  t imes has been the problem of ext rac t ing ,  or selecting,  a s ingle 
va lued  mapping  with cer ta in  propert ies ,  l ike con t inu i ty  or measurabi l i ty ,  from 
a given mu l t i - va lued  m a p p i n g :  see [2], [4], [5], [6], [7]. 

In  [4] was proved, amog other  results ,  that  it is a lways  possible to find 
a con t inuous  select ion f ( . )  f rom a lower  semicon t inuous  se t -va lued  mapp ing  
[( .) ,  if _P maps  a metr ic  space into the compact  convex subsets  of a BA~ACI-I. 
space Y. 

This  resul t  implies  the fol lowing:  if F and G denote  respect ive ly  the 
graphs  of f and r ,  and if d*(F, G) denotes  the separa t ion  of F from G, then  
unde r  the preceding  hypothesis ,  there  exists  a con t inuous  single valued fun- 
ction [(.) such that  d*(F, G ) =  0. I f  :[(.) is a closed m u l t i - v a l u e d  mapping,  
even with  the assumpt ion  of convexi ty ,  is is easy to see that  in genera l  there  
exists  no con t inuous  single valued select ion f ( . )  from [(.), or, what  is the 
same, there  exists  no cont inuous  func t ion  f ( . )  such tha t  d*(F, G ) - - O ,  where 
F and  G have the same mean i n g  as before.  I t  is therefore  na tu ra l  and of 
some impor tance  for ils m a n y  appl ica t ions  to ask  whe ther  and under  what  
condit ions,  if _P is res t r ic ted  to a compact  set, given a rb i t ra r i ly  a posit ive s, 
there  would exis t  a con t inuous  single w d u e  funct ion  f(.) ,  depend ing  on e 
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~nd de f ined  on the domain  of 1~(.), such that  

d*(F, G) < ~. 

In  this  no te  it is shown that  the answer  of this ques t ion  is posi t ive if ~(x) 
is c o n v e x  for  all  x in the doma i n  of 1 ~, and  is still  posi t ive  if the c o n v e x i t y  
condi t ion  on I~ is r ep laced  by  a weaker  condi t ion  that,  r ough ly  speaking,  
r equ i r e s  tha t  l:(x) has to be the image of a convex  set und(q' a con t inuous  
mapping .  

As immed ia t e  coro l la r ies  of these theorems  f irs t  KAKUTA:NI'S F i x e d  Po in t  
T h e o r e m  and a genera l i za t ion  of it, that  does not r e q u i r e  [(x) to be compact ,  
are  p resen ted .  

T h e n  a genel'~dization of KA~:UTA:NI'S Tt~eorem with a weake r  convex i ty  
condi t iun on F(x) is proved.  

N o t a t i o n s  and bas ic  de f in i t i ons .  

I f  S is a me t r i c  space,  x, sE S, d(x, s) denotes  the d i s tance  of x f rom s. 
I f  Z is also a me t r i c  space,  S X Z is a met r ic  space  wi th  d((s, z), (x, y))-~ 
--~ max  I d(s, x), d(z, yjl .  2S is the set of subsets  of S and  ~ is tile e mp t y  set. 
Fo r  A E 2  s, dx,  A ) : i n f I d ( ~  , y), yEA} .  F o r  A and  BE2  s, d*(A, B) will deno te  

the separation of A f rom B, i.e., d*(A, B)----sLIpId(x , B), x E A }. B[x, E] for 
> 0 ,  is def ined to be { y E S ' d ( y ,  x ) < ~ l ,  and for  A E 2  s, B[A, ~ ] ~  I y E S "  

• d(y, A ) < ~ }  Also the fol lowing no ta t ions  will  be used :  

~(S)  ~- 1 TE 2 s" T is c losed/  

aud,  if Y is a no rmed  l i nea r  space 

o%(¥) ~- I T E 2 Y : T is convex  }. 

~oJC(Y) deno tes  ~ ( ¥ )  (5 J~(Y). 
I f  A E 2 Y, co  A deno tes  the convex hull  of A and  co A the closed c o n v e x  

hul l  of A. A m a p p i n g  F ' S ~  2 ~ will be r e f e r r ed  to as a m u l t i - v a l u e d  map- 
ping. If  A E 2 s, F(A) : U IF(s), s E A  }. r ' S ~ ' 2  Y is said lower semi-conlinuous 
if w h e n e v e r  V C  Y is open in ¥, t sES:F(s )  N V ~ !  is open in S F ' S ~ 2  r 
is said to be upper semi-coT~tinuous (u.s.e.) at s if g iven ~ > 0 the re  exis ts  a 
8 - -  8(s) such that  l~(B[s, 8]) C B[I~(s), e]. I' is said u.s.c, on S if it is u s.c. at each 
s E S. The  graph of a mapp ing  P ' S ~ 2  Y is the subset  of S X Y def ined  by 

{(s, y) " s E S, y E ~(s) !. 

The  same def in i t ion  holds  for  a single va lued  mapp ing  / "  S ~  Y. A 
mapp ing  I ~ ' S ~  2 Y is ca l led closed, if its graph is closed. 
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If ] ? ' S ~  ~(Y) is upper  semi-continuous,  it is closed. If  Y is compact,  
P ' S ~ C ( Y )  is tl.s.c, if and only if it is closed. If  ] ? ' S ~ 2  r, its inverse 
~-~ is defined by 

]:-~(y) ---- ix E S"  y E l:(x) !. 

A mapping [ ~ : S - ~ 2  Y is lower semi-cont inuous  if and only if ]?-~(V) is 
open in S whenever V is open in Y (see [I]). The range of ]~, ~(1 ~) is defi- 
ned to be y :yEI ' (x ) ,  some x E S  '. 

On a set S we may consider two different metrics d~, de; in this case 
notalions like (<S is d~-compact)) indicate the metric with respect  to which 
a eertnin property is assumed. 

We  shall say that a metric space S has the fixed point property if every 
continuous mapping of S into itsel[ has a fixed point in S; when we want 
to emphasize that two metrics are used, we shall say that a mapping from 
S into S [or 2 s] is (d~, dz)-continuous [(da, d2) - - semi-con t inuous]  if it is 
continuous as a mapping from S with metric d~ to S[2 s] with metric d2. 

A p p r o x i m a t i o n  t h e o r e m .  

The following Proposit ion will be used for proving the fixed point theorems. 

P•OPOSITION 1. - Let  S be a compact metric space having the fixed 
point property. Let I ~ : S ~  2 s be a closed mul t i -valued mapping. Assume 
that for arbi t rary  ~ > 0 there exists a single valued continuous mapping 
f :  S ~  S, depending on ~, such tha~; if F and G denote the graphs of f and 
I?, d*(F, G ) <  s. Then 12 has a fixed point in S. 

PROOF. - Let e,--,-O ~nd let [. be tile corresponding single valued map- 
pings. Each f~ has a fixed point in S, say y,~. Let ~y.~! be a subsequence 
converging to yo. We want to show that yoE l~(yo). We have 

d((yo, yo), G ) ~  dC(y0, yo), (y.~, y~)) + d((y~, f(y.)), G) 

d~(yo, yo), (Y,~, Y.~)) + d*(1;'~, G) 

and the right hand side is as small as we please. Since G is a closed set, 
it follows that (y0, yo)E G, or yo E l~(yo). 

TI-IEORE:~I 1. - Let  S be ~ compact  metric space, Y a normed liJ~ear 
space. Let  I : : S ~ ( Y )  be a upper  semi-cont inuous mul t i -valued mapping. 
Then for z > 0 arbitrary, there exists a continuous single valued mapping [ :  
: S ~ B [ ~ ( I ~ ) ,  e] ('1 co ~(~), depending on ~, such that if F and G are the 
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graphs of f and I:, 

d*(F, G) ~ ~. 

PROOY. - F ix  z > 0. For  each x E S, define a real number  p(x, e) by 

(~) ~(x, C = sup i~ ~ ~/2- Ix' E B[x, ~] ~ P(B[x, ~]) C B[r(x'), C2] • 

We will show now that ?(x, ~) is positive and bounded away from zero 
on  S,  

l~ix x arbitrary. :By definition of upper semi-cont inui ty  of the mul t i -  
valued mapping F, given ~ :> 0, there exists a ~ ~ ~(x) :> 0, such that P(B[x, ~] C 
C Bit(x), C2]. 

Setting x ' - :  x in definition (1) we see that ~--= rain l~q(x), C2! is positive 
and 0 < ~l(x) ~ ~(x, ~). 

Suppose that ~(x, ~) is not bounded away from zero on S, i.e., given 
any ~ > 0, there exists some x E S such that ~(x, ~)< ~. 

Let  ~,~, 0, l x~! such that ~(x~, e ) ~  G, and let x~--+xo. Since xoES~ there 
exists a positive ~(xo) (that we can assume ~ ~/2) such that 

r(B[xo, ~(zo)]) c B[l:(Xo), C:q. 

Then when d(x,, xo )~  :q(xo)/3 

r(B[xn, ~(xo)/3]) C r(B[xo, ~o]) C B[Vxo), C2] 

and Xo E B[xn, ~(Xo)/3]. 
Therefore p(x~, ~ ) ~ ( x o ) / 3  for n sufficiently large, contradicting the 

hypvthesis. 
Let ~ o ~ 0  such that p(x, ~ ) ~ o  on S, and let 0 ~ 1  ~ o .  Define on S 

a new mul t i -va lued mapping ~ by 

+ ( x ) =  r(B[x, 5]). 

It is easy to see that the inverse of each open set in ~(r )  is open (in 
fact the inverse of each point in ~(I') is open) and therefore the mapping (I) 
is lower semi-cont inuous  (but not necessari ly convex). 

The collection t q)-l(y); y E ~(P)i is an open covering of the compact set 
S. Let  F :  {(I)-l(y~)!~=t be a finite subcoverig. 

Let ~ :  iPi(')f~=l a parti t ion of unity subordinated to F, and consider the 
function 
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f(x) is a continuous function defined on S. Fix x arbi t rary;  f(x) is the average 
of a certain number of y~ corresponding to p~(.) not vanishing at x, such 
that y~E (P(x). By the definition of ¢(x), there exists a point x' ~nd a positive 
number  8, d(x, x ' ) ~  ~, ~ < ~ ~ ~/2, such that 

¢(x) = riB[x, ~I]) c r(Bix, ~]) c B[~(x'), ~/2] n 2~(1:) c 

C B[I~(x'), e/2] N coS(r). 

Since r(x') is convex, so is B[r(~'), e/2] N coS(r) and therefore f(x) E 
B[r(x'), ~/2] N coS(r). The centinuous function f" S ~ coS(r) N B[S(I~), ~] has 

the required properties: for x arbi trary and corresponding x' as before, we have 

d((x, f(x)), G ) ~  d((x, f(x)), (x', f(x))) + d(x', t(x)), G) 

dC(x, f(x)), (x', f(x))) + d((x', f(x)). (x', F(x'))) 

~/2 -F ~12 = ~. 

COROLLARY 1. (KAKUTANI'S fixed point theorem in a BANAC~ space [3]) 
Let  S be a compact convex subset of the BA~AC]~ space X;  let r ' S ~ ( S )  
be upper semi-continuous.  Then I ~ has a fixed point in S. 

PROOF. - By Theorem 1 for any ~ ~ 0 there exists a continuous single 
valued mapping f : S - ~  S such that d*(F, G) < ~. By a theorem of SOtIAUDER, 
S has the fixed point property. By Proposition 1 l: has a fixed point in S. 

~ow let S be a convex, weakly compact subset of the BA~A(~tt space X and 
r a mapping from S into the (strongly) compact, convex subsets of S such 
that I~ is u.s.c, from the we ,k  to the strong topology. Then 1 ~ has a fixed 
point in S. In fact when the image of a point is compact, an u.s.c, mapping 
maps a compact set onto a compact set; therefore S(r)  is a strongly compact 

subset of S and coS(I ~) is a compact convex subset of S that is mapped into 
itself by 1:. Moreover 1' is u.s.c, also from the strong to the strong topology. 
Therefore the preceding assertion follows KAKU~A~'I~S Theorem. 

The next Corollary extends this result to the case where the image of 
a point is required to be only closed, instead of compact:  in this case ~rl?) 
need not be a strongly compact sul:set of S and the result does not follow 
from KAKUTANI~S Theorem. 

COROLLARY l'. - Let S be a weakly compact, convex subset of the sepa- 
rable BA~Ac~ space X. Let I ~ ' S ~ C ~ ] ~ ( S )  be upper semi-continuous from 
the weak to the strong topology. Then i ~ has a fixed point in S. 

PROOF. - Let d2 be the metric generated by the norm. From the hypo- 
thesis also the weak topology on S is metrizable, with metric dt.  Let  e , ~ 0 ,  
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let f. : S - *  S such that d*(F~, G) < ~ ;  such a seque~ce of functions exists 
by Theorem 1. Let  y~--" f.'y~) be the fixed points of f~ in S, that exists from 
TIOHONOV'S Theorem, and assume, from the weak compactness of S, that 
y ~ y o  in the metric d~. Given s > 0  there exists a ~ > 0  such lhat r(B~ryo, ~]) 

EB~lyo ~-] and e~ <-~ .  Then given any yn,~ '~,  there existsaylnE~l[yn,  ~] 

L ] [ ~1 
~ Therefore y~ = [gy,~)E B2 12(y~, ~ CB~[~'(yo), ~] i.e. such that f~(y~) E B2 r(y;), -~ . 

(y,~, y~) E B1 [yo, X B2 e , n __>/~. 

Let c~ such that for each n only a finite number  of c~k are non-zero, 

E c ~ - - 1  and a~ ~- E c~kyk converges to yo strongly, i.e. in d2. 
k ~ n  k ~ n  

Since the right hand side of (2) is a convex set, 

• 

I.e. d((y~, x~), G ) < 2 .  Then 

d((yo, Yo), G) ~ d((yo, yo), (y~, q:~)) Jr- d((y~, J,)~ G) ~ 2 ~ :2 = e 

for n ~  N. Since ~ was arbitrary and G is closed, (yo, Y0)E G or yo E r(y0). 

With few modifications in the proof lhe following more ~eneral result 
holds : 

COROLLARY 1". - Let S be a convex subset of the locally convex complete 
linear topological space Y. Let  the topology on S be metrizable, with metric 
d2. Let ou S be defined another locally convex topology, metrizable with 
metric d~, such that S is d~-compact. Let  the d~-topology on S be coarser 
than the d2-topology, but  not coarser than the weak topology of d2. Let _P 
be a (dl, d2)-u.s.c, mapping from S into C¢3~(S). 

Then 1 ~ has a fixed point in S. 

In the next theorems we attempt to subst i tute to the convexity of r(x) 
a more general condition: roughly speaking, it will be assumed that I'(x) is 
the image of a convex set under a continuous real)ping. Precisely we have 
the following 
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THEOREM 2. - Let  S be a compact convex subset  of the BA~AOE space 
X. Let  1~ and h two u.s.c, mappings from S into 2 s such that for each x ES, 
5(x) is convex and l~(x) is closed. Let  D be the graph of h and on D let 
there be defined a continuous s ingle-valued function ~ : D ~ S  such that 

(2) ~(:c, h(x)) = P(x) for all xE S. 

Then l? has a f ixed point in S. 

PROOF. - Let  s= .1- 0. From Theorem t for each n there exists a continuous 
function f~:S--~S such that d*(F=, D)<~,, where F~ is the graph of f=. Using 
DUC~UNDJI'S Theorem we can extend the definition of ~ to the whole of 
S X S, keeping its range in S. Set g j x ) =  ~(x, fix)). Since ~ is uniformly 
continuous on S X S, it is easy to see that d*(G~, G ) ~ O ,  where G= is the 
g,.aph of g~. By Proposit ion 1 12 has a fixed point in S. 

We  remark that, instead of (2) we could assume the following condition 

~(x, A(x)) c r(z). 

The following is a trivial example of construct ion of the mappings A, ¢~ 
for a given l ~. 

EXA~IPLE. - Let  17 be an u.s.c, muIt i -valued mapping defined on a region 
l~ C E 2. Let the image of a point x E ~ be one of the sets 

r~= (~, ~); ~ + ~ 2 = ~  

{ 1 ~2 ~)2 1 173:  (~, ~); ~ q- ~ 1  . 

Define the mapping A by 

A(x)-" (p, 0); 0 ~ 0 ~ 2 ~  and p - -  if ]~(X)=~2 

l 1 I \ (p, 0); 0 ~ 0 ~ 2 ~  and 2 ~ 9 ~ 1  if F (x )=  [~3. 

Then A will be clearly u.s.c.. Moreover, 5(x) is convex for all x E (--), 
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T h e  f u n c t i o n  

is s u c h  t h a t  

I f = e ~ o s 0  
~(x, y) = ~(y) = 

l ~}--~sin0 

v(a(x)) = r(x).  
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