
Non continuous Liapunov functions. 

GIOliGIO P. SZEG~ and GIULIO TRECCANI (Milano) (*) (**) 

Summary. - Theorems which give sufficient conditions for various kinds of qualitative beha. 
viours of flows defined by ordinary differential equations are proved. These theorems 
are based upon suitable properties of non continuous real-valued fanctions and their 
tower-right-hand-side Dini derivatives along the trajectories of the system. 

§ O. - N o t a t i o n s .  

In this work we shal l  use the fol lowing notat ions.  Smal l  la t in  let ters  will 
denote  vectors  (exceptions v, w, t which are scalars), greek let ters  will  denote  
sca lars  and  maps, whi le  capi ta l  le t te rs  sets. W i t h  R" we shall  denote  the n-di-  
mens iona l  euc l idean  space. I f  A C R",  we shal l  denote  with A, ~A, CA, ~A 
its closure,  boundary ,  complement  and  in te r ior  respect ively.  I f  x E R "  and  

> 0 we shal l  denote  with S(x, ~), S[x, $] the open and  closed ball with center  ~,. 
For  a map ~: R"- ->R we shall  write 

lira inf  ¢~(x)= l im inf [[?(x): x e S ( x  °, ~)]} 
~--~x O ~ ~,~0 

and s imi la r ly  def ine  l im sup ?(x). 

In  this  paper  we shal l  often use lower and upper  semicon t inuous  r ea l -  
va lued  func t ions  on a set U C R  '~. I f  U c R  ~, a func t ion  :p: U-->R is lower -  
semieon t inuous  if and only if :  

(0.1) l im inf  ~ ( y ) ~  V(~) for all  ~c~ U, 
y--+x 

and upper  semicon t inuous  if and  only if :  

(0.2) l im sup ~0(y)~ ~(x) for al l  x e U. 
y.->x 

I f  ~ : R" --> R iu a l owor - semicon t inuous  r e a l - v a l u e d  func t ion  and  ~ --~ f(x), 
x 6 R " ,  f :  R~.-> R '~, is an  o rd ina ry  d i f fe ren t ia l  equa t ion  and  f is a con t inuous  

(*) Entrata in Redazione il 10 febbraio 1969. 
(**) Lavoro eseguito nell'ambito del Gruppo ~. 11 del C. ~. 1~. 
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function, we shall consider the following extended real valued function:  

(0.3) ~(x) ----- ~*(x) -- lira inf x-1[¢~(~ -t- zf(x) + xy) - -  ¢p(x)], 
T..-> O÷ 
II:r I}--*o 

which is the lower - r igh t -hand-s ide  D I ~  derivative of the function ~(~) along 
the solutions of the differential  equation ~ - - f (w) .  

§ 1. - I n t r o d u c t i o n .  

In  this work we shall give some prel iminary results on the characteri-  
zation of the flow defined by the solutions of the ordinary differential  equation 

(1.1) x = f(x) f(O) = O, x ~ R" 

in the neighborhood o[ the rest point x - - O ,  which will be assumed to be 
isolated. 

It will be assumed that the differential  equation (1.1) defines a dynami- 
cal system, i.e. it has properties of existence, uniqueness and global exten- 
dability of solutions, through each point x e / ~ .  

Here we shall use the customary notations of the theory of dynamical  
systems [1] and denote with xt the solution of the equation (1.1) such that 
xO " - x  and with "~(x) the trajectory through x, i.e? ° the set ux t .  

t ~ R  

The problem of the characterization of the qualitative behaviour of the 
solutions of the differential  equation (1.1) in a neighborhood of the isolated 
rest point x----0 is composed by the sequence of the following different  pro- 
blems : 

a) Classification of the flow in a neighborhood of the rest point x - -  O. 

b) Olassification of the particolar behaviour of the solutions of a given 
differential  equation in the neighborhood of the rest point x----O, by means 
of suitable auxil iary functions (LIAPV~ov functions). 

c) Est imation of the region r in which the behaviour  shown near  the 
rest  point x ~ -0  is invariant.  

d) In  the case in which F ~ R ~, estimation offer .  

_4. possible classification of the flow in the neighborhood of a compact inva- 
r iant  set M C R ~, and in part icular  of the rest point x -  O, is the following. 
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(1.2) Classification of the flow. 

Consider a dynamical  system in the space R ~. Then  in a sufficiently 
small neighborhood of the rest point x ~ 0 at least one of the following holds: 

(1.3) The point x - - 0  is positively asymptotically stable. 

(1.4) The point x - - 0  is negatively asymptotically stable. 

(1.5) For each 8 > 0  there exists a point x ~ 0  such that y(x) CS(0,8)  and 
y(x) is recurrent .  

(1.6) There exist two points x, y ~ 0 such that A+(x)-- A- (y ) - -  {0f. 

(1.7) For  each 8 > 0 there exist xeS(O,  8)//0t such that i O l ~ h + ( x ) N  A-(x), 
"l(x) C S(0, 8) and x ~ J+(x). 

The classification given above is a ref inement  of the one proposed by 
BHATIA [2]. 

We shall proceed next with the discussion of the available methods for 
the characterizat ion of the flow induced by the solutions of a given diffe. 
rential  equation in the neighborhood of the rest point x ~ 0. 

The most powerful  method for the solution of this problem is the so-called 
second method of LIAeUNOV. This ((method>) is usually based upon the con- 
struction of a sufficiently smooth rea l -va lued function v -- ~(x) (the LIAPUNOV 
function), such that the real valued funct ion:  

~l(x) -- < grad ~x), f(x) > --  [-hi-lt=o 

is continuous and sign-definite.  
It  has been proved [3] that, under  otir hypothesis on the differential  

equation (1.1), in the cases (1.3) and (1.4), there always exists in a neighbor. 
hood of x--~ 0 a real valued function v - - ~ ' x )  with continuous partial  deri. 
vatives of arbi trar i ly high order and with total t ime-derivat ive along the so- 
lutions of (1.i) which is sign-definite.  

It  can also be proved that there exists a continuously differentiable 
LIAPUNOV function with total t ime-derivat ive which is sign-semidefinite,  also 
in the case, (1.5), provided that 0.6) and (1.7) do not hold. 

This type of LIA~'U~ov function may also be constructed in a neighbor. 
hood of x - - 0  in the case (1.6), but it will not exists in the case (1.7) as 
well as in the case (1.6) when x----y. 

On the other hand the existence of continuous first  part ial  derivatives 
is not strictly needed for character izing the stability properties of the rest 
point z --  0. 
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The first aim of this paper will be to develop conditions based upon the 
use of lower-semicoatinuous and upper-semicontinuous real-valued functions 
which may exists in a neighborhood of the rest point x - - 0  and allow a 
classification of the flow in situations in which there cannot exist a conti- 
nuously differentiable LIAPu~ov function. 

The types of conditions that  we impose on the functions we use, are dif- 
ferent from the one used by Yet:eKE [4] and therefore the next section will 
be devoted to the proof of some conditions for a lower-semicontinuous real-  
valued function to be decreasing along the trajectories of the dynamical  sy- 
stem (1.1). 

Notice, however, that at least, for the local results (Section 3) we could 
have used the same type of conditions as the one used by ¥ORKE. 

We do however believe that the one that we propose here are more con- 
venient to use in the applications. 

In the remaining sections of the paper (See. 4 and 5)we respectively 
prove global and local extension theorems [1,5] for the case of semicontinuous 
real-valued functions. 

§ 2. - Def in i t ions  and basic  inequa l i t i e s .  

In this section we shall give conditions for a lower-semicontinuous real-  
valued function to be decreasing along the trajectories of the dynamical  
system (1.1). The first result  (Theorem 2.1) is due to Yom~]~. 

2.1. T~EOREM. - Let v----~(x), ~: U--) R, be a lower semiconti~uous real- 
valued function defined on a set U C R ~. Assume that there exists a real-valued 
function w =-~(x), ~: U--> t~', which is defined and  continuous in U and 
such that the extended real-valued function (0.3) satisfies to the condition 

(2.2) ,.~(x ~_~ ~(x) for all x e U. 

Then 

(2.3) 

t 

for all x E ~ and t ~ R such that x[O, t i c  U. 
Assume next that the point x - - 0  is an isolated rest point. From 

nition (0.1) and (0.3) it follows that ~(x)- -0 .  Indeed we have: 
deft- 

(2.4) +(0) --= lira inf ~-lqo(¢y) ~ 0 
' r  ..->0"~ 

Ny]I-*0 
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but  
+(0) = lim inf z-lc?(~:y) ~ lim inf z-x~(0"~) = 0. 

Hyl>~o 

Which proves the assertion. 

Theorem 2.1. suggests the following definition. 

2.5. DE]~INITIO~.- Given a lower-semicont inuous  rea l -va lued function 
v--¢p(x), ~: U->R,  {01e U C R ~, we shall s~y that ~(x) has a lower- r igh t -  
hand side Dini derivat ive ~(x) (definition (0.3)), which is negative definite on 
the set U, if and only if ~ ( 0 ) - - 0  and for each ~ > 0  there exists a real 
valued function a~(~), ~(0) = O, ~(l~) > 0 for ~t > 0, which is non-decreas ing 
and continuous on [s, "4-c,~), and for each x ~ U: 

(2.6) 

Following this definition, then, if 
follows that : 

{2.7) 

for x[O, t] C U / S  (0, ~). 

+(:c) is negative definite, from (2.3) it 

t 

0 

We shall give next a theorem which allows us to prove an integral 
inequal i ty  of the type (2.6) with different  assumptions on the real valued 
function ?(x). 

These new assumptions are direct ly suggested by the special applications 
we want to make. We  shall consider functions v - - ~ ( x )  which are piecewise 
different iable and satisfy suitable propert ies on the set D C R ~ on which they 
are not cont inuously differentiable.  

2.8. PrtOPErtTY. - Consider a lower-semicont inuous rea l -va lued  function 
v---~(x),  ~: U C R~--> R, which is not continuously differentiable on the set 
D C U .  

W e  shall say that qo(x) has the property (2.8) if and only if for each 
x~D* ~ D ~ i O t  there exists a real number  ~ > 0  a n d a  rea l -va lued function 
co~.~(y), which is lower semicontinuous in the sphere S(x, ~), and such that:  

(2.9) ~o~(y) = lira inf ~-l[¢ox~(y + "of(y) -4- ~z) ~ ~%~(y)] < 
-r-->O÷ 
i yll~o 

~ E ,  ~ > 0  for all y e S ( x ,  ~) 
and moreover • 

z ~D* (3 S(x, ~), z ~ x implies ~(~) --  ~(x). 
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From the def ini t ions  given it eas i ly  follows that :  

2.10 PROPEBTg. - I /  V--~c?(x) is a lower - semioon t inuous  r eM-va lued  
func t ion  which has the proper ty  (2.8) in the set U C R ~, then  for each x ~ ~1 
the set "t(x)O D * is a set of isolated points.  

W e  shal l  prove nex t  that  if a real  va lued  func t ion  has the proper ty  
(2.8), then  some proper t ies  of the func t ion  which hold in the set U / D * ,  hold 
for the whole set U. 

2.11. THEOREig. - Assume that the lower-semicontinuous real-valued fun- 
ction v = ?(x), ¢? : U--> R has the property (2.8) in the set U C R" and that for 
each e > 0 there exists a real-valued function ~(~t), ~ ( 0 ) =  O, ~(p.)> 0 for 
1' > 0, non decreasing and continuous on [~, 4- co), such that for all x e U / D * :  

while for each x E D*, +(x) is finite. 
Then 

t 

(21 ,  (xt) _ _< _ f ~d []xzll)d-: 
0 

for all x e U and t e R+ such that x/O, t /C  U / S(O, ~). 

PROOF. - Clearly in the in terval  [0, t/ there exists  (property 2.10) at the 
most a f ini te  number  of points  "~ such that  xzk e D*. Le t  this n u mb e r  be n. 

For  each  x'~ there  exists  then  a real  n u m b e r  ak(~:k) such tha t :  

Lot  i f - -  min  ok and K - ' -  m a x  ~b(xzk). 
[o, q [o, q 

By apply ing  the inequa l i ty  (2.6) we have then:  

(2.13~ 

% -F~" ~kH-1--~" 

f + lf -.,,,x, f 
o % ÷ j  

Now by le t t ing  ~'--+0+ from (2.13) we obtain 

t 

0 

for al l  x[O, t] C U/S(O,  s), which proves the theorem. 
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In spite of the necessi ty of construct ing the local function (o~,~(y) for 
each x e D* and some ~ > 0, the condition (2,8) is not difficult  to be applied. 

I ts  use will be shown in the following example. 

2.14. ExAluPI~E. - Consider the following planar system of ordinary dig 
ferential  equations, described in polar coordinates:  

(2.15) 
r = - - r  s i n  0 

where r and 0 are the radial and angular  coordinates respectively.  
We want to investigate the stabili ty propert ies of the rest point r - - 0  

by means of a lower semicontinuous rea l -va lued  function v -  ¢~(x) which is 
cont inuously differentiable on the whole plane (r, 0) except  the axis 0 - - 0 .  
Consider for each point (to, 0) ro :4: 0, the neighborhood:  

(2.16) s = l [ r - - r o j < Z ;  2 ~ - - s < 0 < 2 = ;  O _ < O < s } .  

On each set s we shall then define the following function:  

(2.17) O) = t - -  0 to(r~ 
e - 0  

for 0 _< 0 < s 

for 2 ~ - - s < 0 < 2 7 :  

The real valued function (2.17) is lower semicontinuous and has the 
value 0 for 0 = 0 ,  I r - - r o l <  ~. 

For  each point of the set s (2.16), in which 0 > 0, the function to(r, 0)is 
continuously differentiable with to----< grad to, f >  = -  r, while for each 
point of the set s in which 0 < 2 r e ,  we have o ) - - - - r  e -° .  Consider then 
a point in the set s(Ir--  rol < ~) in which 0 --  0, i.e. the point (r, 0)e S. Then:  

Now if 

to*(r, O) = lim inf ~-l[to(r + xr, Tr + zO)] --  
a----> O÷ 
"7..-,o 

=: l i m  [ i n f  z-lto(zr + zO)]. 
a.->O+ O<-c<~ 

E 
< r + 2 ~ '  we have 0 ~ z ( r + 0 ) < s  

and hence ":-lto('cr + ~ )  = --  (r -4- 0). 
Thus 

(2.18) to*(r, 0) --  - -  (r + 2r~). 
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In synthesis for each point (r, 0) ~ S we have : 

(2.19) m*(r, O) <<_ - -  e-2~r -= - -  k l  , k l  > O. 

while for each point of the axis z - - 0 ,  we have 

(2 20) Co(r, 0) = 0. 

Thus each tower-semicontinuous real-valued function which is conti- 
nuously differentiable on the whole plane (r, (}) but on the axis 0 - - 0 ,  has 
the property (2.8) for the system (2.17). 

Notice that in this example the condition on m* holds indeed only lo- 
cally (for each :¢ < z / r - { -2re)  and not globally on the axis 0 - - 0 .  

All the results above suggest the following definit ion:  

2.21. DEFI~I~IO>r. - Let UC R ~ be a set such that i0~e  U. Consider the 
dynamical  system defined by the differential  equation (1.1). 

Let v = q0(x): q~ = U --> R be a lower-semicontinuous real-valued function. 
Let D C  U be the set on which ~(x) is not continuously differentiable. Let 

D* = D/ ' iO~. 
We shall say that ~.(x) is a Lzal°u~ov function for the rest point x = 0 

of the differential  equation (1.1) on the set U, with a negative definite lower- 
r ight -hand side Dini derivative w-= +(x), if and only if q~(x) has the property 
(2.8) and in addition for each a > 0 there exists a real function a~(t~ ) a~:R ..--> R, 
with ~ ( 0 ) - - 0  and :q(bt);> 0 for t* > 0, continuous and non-decreasing on 
[~, q-c~), such that the inequali ty:  

(2.22) ~b(x) = lim inf :-l[~(x -}- xf(x) -{- zy) - -  ¢~(x)] < - -  :q(llxl/) 
T.-..>O÷ 

t]yll~o 

holds for each x e U / D * ,  while for each x e D*, ~b(x) is finite. 
If  and only if the real valued extended function w- -~ (x )  has the pro- 

perties stated above, it will be said to have the property (2.2l). 
A similar definition can be given for upper semieontinuous real-va- 

lued functions. 

2.23. REMARK.- It  is well known that for the case of a continuous 
real-valued function v'-q~(x); q~: U - > R ,  U C  R ~, {0 1 e U, the condition: 

(2.24) there exists a continuous, non decreasing real -valued funct ion 
a(p.), ~: R - - > R ,  ~(0) -- 0 and ~(pu) > 0 for F > 0, and such that q~(x) <_ - -  ~([Ixll) 
for each x e U, 
is equivalent to the condition: 

(2.25) V(x) < 0  for x e U / { 0 }  and for {x~i C U, ¢~(x~)-->O implies x~..+ {0}. 
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This equivalence is not generally true for semicontinuous functions. In 
this case however,  condition (2.25) on ~(x) is equivalen~ to the condition 
(2.21) on the set U / D * .  

§ 3. - Local results .  

We  shall next apply the results of the previous section to the study of 
some local propert ies  of the flow in the neighborhood of the rest point x - - 0  
of the dynamical  system (1.1), Here  we shall give some results on propert ies 
which cannot be characterized by continuously differentiable LIAPU~O¥ 
functions. 

3.1. TB, EORE~f. - I f  U ~  I~ ~ i8 a n  open neighborhood of the rest po in t  x -~  0 
U is compact  a n d  v -" ¢~(x) is a lower-semicont inuous  L i a p u n o v  fu~ct ion wi th  
l o w e r - r i g h t - h a n d - s i d e  Din i  derivative which  is negative definite on U wi th  
respect to the d y n a m i c a l  sys tem (1.1) (def. 2.21), then the set U / t O t  does not  
contain  a n y  recurrent  trajectory. 

PROOF. - Let  y(x) C U / t  0 t be a recurren~ trajectory.  Then T(x) is a com- 
pact  minimal set. Thus  ~[~'(x), ~ 0 ! ] -  G ~ 0. We  can choose ~(~) such that 
(2.22) holds. By theorem (2.11) we have then for each t 2> 0: 

(3.2) 
t 

0 0 

On the other hand if y(x) is recurrent  then xeh+(x)~ hence there exists a 
sequence I t " l C  R+,  t".:---> + c~, such that x l"--> x. Thus from (3.2): 

(3.3) ~(x t  ~) _ ~ ( x ) -  a~(o)t  '~ 

and ~(xt")~-->- ~ for~n--> +[cx~ which implies that v - - ? ( x )  is not lower-se.  
micontinuous in the point x e U and violates the hypothesis.  

3.4. TltEORE~. - Let  v ~ ¢p(x); ¢~: U--> R be a lower-semicont inuous  rea l -  
valued func t ion  defined on a n  open set U C  R T', wi th  i0} e U, a n d  such that:  

i) The ea~tended r ea l - va lued  func t ion  +(x) (def. 0.3) has the proper ty  
(2.21) on the set U. 

ii) ¢~(0) = O, ~. (x) > 0 for x G U / t 0 t 

iii) The component  conta in ing  [0I o f  the set { x ~ U: ¢~(x) < ~ ; ~ > O i is 
either compact or is U. 

Annali di Matematica 2 



10 G. P. SZEGO - O. TRECCANI: Non continuous Liapunov ]unctions 

Then {01 is a positive at tractor and A(0)C U. 

PROOF. - Let y e U / { O t  and assume A+Iy) - -O .  It must be ? ( y ) <  Sup 
i?(x): x e  U}: as U is open, there is " : ~ 0  such that y~:e U. :By applying the 
inequali ty (2.t2) to the point y~, we have that  ?(y~)> ~(y). It follows that 
{ x e  U: ¢p(x)< ~,(y){ :# U and so it is compact. Then A+(y)#  0 and compact. 

We shall prove that A+(y)-----{0}. 
Assume z e A+(y), z ~ { 0 }. There is then a sequence { t ~ } C R+, t~--> -4- 

such that yt=---> 0. Clearly we can construct two sequences, {z~l and i s ' l  

such that y ~ ' e  It(z,  t ]zl l /3)and ys ~ e(z,'Z..ql]z{] ) and for each n, s '~< =" < t ~. 
\ 

We may also assume that for s ~ <  t < "c', yt  e S and that 

z ~ - - s  ~ >  0 for each n. 
From the inequal i ty (2.12) it follows that:  

tt 
~(yt') --  ?(y) < Z (~(Y~') - -  ~(YS~)) <-- 

1 

T n 

~-~ - -  ~1 20~_~ [:zl] 2 d T  ~-- - -  52~ ,,z[] [l • ll ~1 (T'tt - -  sn )  

s rt 

(gu I1) 
1 

Then for sufficiently large n, ~(yt ~) < ~  ?(z) and so qo(x) cannot be lower 

semicontinuous in z ~ U. 
We have proved that for each y e U, A+(y) = {0} and so {0} is an attra- 

ctor and its region of attraction contains U. 

§ 4. - Global extension theorem. 

In this section we shall prove the global extension theorem i.e. a theorem 
which allows to extend to the whole space the local stability properties of 
the rest point x - - 0 ,  which are supposed to be known. 

4.1. THEOREM. - Let v - -  ¢p(x), ? : R ~ ---> R be a r ea l - va lued  func t ion  which 

satisfies the fo l lowing condi t ions:  

i) v - - ~ ( x )  is lower-semiconl inuous  i.e. i f  x~--> x, then lira i n [  ~(x') 
~(x). ~ - ~  

ii) v(0) = o. 
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iii) The extended real -valued funct ion ~(x) (def. 0.3) is negative definite 
no R ~, as in  definition (2.2l). 

Then i f  lOt is a pgsitive attractor, it is a positive global attractor. 

PROOF. - Assume tha t  the rest  point  x - - 0  is a posit ive a t t r ac to r  and  A 
is its region of a t t rac t ion .  Le t  x ° ~  ~A, since ~A is invar iant ,  ~,(x °) C ~A. ~ow:  

inf  i/]Yl[: Y ~ Y(x°)I --  k > O. 

As q~(x) has the proper ty  (2.21), we can choose ak(~t) such tha t :  

t 

¢p(x°t) - -  ¢p(x °) ~_ - -  f ~k([[x%[I)dz _ - -  :¢k(k)t. 
0 

Thus  there  exists  • : ) 0 ,  such that  x% e 3A and ~ ( x % ) <  0. 
Since ~(x) has the p roper ty  (2.8), for each ~ ' >  z, I z ' - - ~ [ <  e , ~  > 0 suf- 

f ic ient ly  small,  ¢~(x) is con t inuous  in z%' and  T(x°'d)<_ ~ ( x %) <  0. 
Since x % ' e  3A, there exists z e A such that  ~ ( z ) < 0 .  H e n c e :  

~(zt) < ¢~(z) for  all t ~ 0. 

Consider  now a sequence  t t ~ i, t ~'-> + c~, such that  zt n --> I 0 t. 
W e  have  ¢p(zt ~) ~ ¢~(z)< 0 and therefore  

l im inf ~(zt ~) < ~(0) 
n-->-[-~ 

which  cont raddic t s  the a s sumpt ion  i) and proves that  ~A --  0. 
Thus  A -- R n. Q.E.D. 

4.2. RE~ARK. - The most in te res t ing  c u e  in which theorem (2.1) can be 
appl ied is the case of un  uns tab le  a t t ractor .  This  is a case in which it is 
not possible to cons t ruc t  a con t inuous  LIAPUNbV func t ion  with  s ign-def in i t e  
total  t ime der ivat ive .  

On the other  hand  it is possible to cons t ruc t  a l ower - semicon t inuous  
r ea l -va lued  func t ion  v -  ~(:r~) which sat isf ies  the hypothes is  of Theorem 2.1. 
I t  is to be not iced tha t  such a r ea l -va lued  func t ion  must  be d i scon t inuous  
at the point  x - - 0 .  This  follows from the fact  that  the a s sumpt ion  of lower-  
s emicon t inu i ty  together  with the condi t ions  on ~(x), do not al low the func t ion  
to ~(jump away f rom x - - 0 ~ )  a long any  t ra jectory,  not even in the points  of 
d i scon t inu i ty  of v = ¢~(x) for x e R n / I  0 !. 

A theorem analogous  to theorem (2.1) can be proved also for upper-se-  
micon t inuous  r ea l -va lued  func t ion  v-----~0(x) such that,  if xn---> x, then  

(4.3) l im sup ¢~(x n) _< ~(x). 
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Clear ly  if v = ~(c) is uppe r - semicon t inuous ,  then the r ea l -va lued  func t ion  
~(x) = - -  ~(x) is Iower - semieon t inuous ,  

In  addi t ion  for an uppe r - s emicon t inuous  func t ion  we def ine 

(4.4) +*(x) = lira sup x ~[~(z + zf(x) + xy) -- ~(x)], 
T--o.O+ 

then  

(4.5) ~*(x) --  - -  l im inf  z-~[~(x + zf(x) + W ) -  ~(,~)] --  - -  ~(x) 
t>.t~o 

where  ~ ( x ) = -  ~(x)and ~(x) is as def ined  as in (0.3), for ~(x). 
Thus,  if ¢~(x) is such  tha t  in an  open set U C R  ~ it is 

(4.6) +*(x) ~ !(x) 

where  the r ea l -va lued  func t ion  ~(x) is con t inuous  in 
the inequa l i ty  

(4.7) ~(x) = - -  ~*(x) _< - -  ~(x). 

~], then  ~(x) sat isf ies  

Since ~(x) is lower - semicon t inueus ,  then  

(4.8) 

(4.9) 

Hence  

T h u s :  

~(xt) --  -~(x) < f -- ~(xz)d~ for all  t wi th  x[O, t] C U. 
0 

t 

~(xt) - -  ~(x) ~ f ~(xx)d~. 
0 

4.10. TI-IEOR~,M'.- Let v=q~(x) ;  ~: R~--> R be a real-valued function, 
which satisfies the foltowi~g conditions: 

i) v = ¢~(x) is upper-semiconlinuous. 

ii) ~(0) = O. 

iii) The extended real-valued function ~b*(x) defined in (4.5) is positive 
definite on R ~ (def. 2.21), 

Then i f  tO 1 is a positive attractor, it is a posiiive global attractor. 

§ 5 . -  Local ex tens ion  theo rem for  d i scon t inuous  Liapunov func t ions .  

Le t  v : ~(x), ~: Rn---> R be a rea l -va lued ,  l ower - semicon t inuous  func t ion  
and  let .~(0) : 0. 
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Define the following sets: 

(5.1) iV ' (~ ) - -{xeR~:  ~ ( x ) < ~ } ,  ~ real. 

(5.2) N(~) is the component of N'(~) which contains {0~. 

(5.3) I 
0 if N(~) is not compact 

1V~(~) = N(~)i f  1V(~l) is compact. 

If ~ < 0, N(~) = AL(~) = 0 ,  while if ~ > 0, N(~) ~ 0. Then the following 
properties hold. 

(5.4) If v = ¢p(x) is continuous at the point {0i and [~ > 0, then 1V(~) is a 
neighborhood of 10 !. 

(5.5) If v = ~0(x) is bounded in a neighborhood of I0t,  then there exists 
> 0, such that N(~) contains an open neighborhood of {0 I. 

(5.6) If v = ~0(x) is discontinuous at the ~point i0}, then there exists a real 
number  ~ 2 )0  such that {01C N(~); we may even have {01--N(~t). 

(5.7) ~(~) may not be open. 

Consider next the differential  equation (1.1) where f :  R'--> R ~ satisfies 
usual  conditions for uniqueness and global existence of solutions for each 
point x G R ~. Consider next  the rea l -va lued function w = ~b(x), defined in (0.3). 

From inequali ty (2.3) follows that if ~(x)< 0 for all x ~ N(~), the set N(~) 
is positively invariant.  

Consider next  the sets 

(5.8) 0'(~) - -  I x e B °: ~(x) > ~ } 

(5.9) 0(9 ) is the component of 0'(~) which contains I0}; since v- -~0(x) i s  
lower-semicont inuous then the set 0(~) is an open set. 

In  this case, however, if ,.~(x)_< 0 for all x ~ 0(~), it does not follows that 
0(~) is positively invariant .  

Final ly  it also follows that:  

(5.10) If  v -  ~o'~x) is continuous on R ~, then ~(x) - -~  for x e ~N(~). 

(5 11) If v = ¢¢(x) lower-semicont i ,uous  on R ~, then v = ~(x) ( .  ~i for x e ~N(~). 

We are now in the position of proving the main result. 

5.12. TItEOREhL - Consider the differential  equation (i.1) with the 
usual hypothesis.  Let  x - - 0  be an isolated rest point which is a positive at- 
tractor. Let  A+ be its region of a t t rac t ion  Let v "-~(x) be a lower-semicon. 
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t inuous rea l -valued function, such that:  

i) ~(0) = 0. 

ii) there exists a r ea l -number  ~ c >  0 such that the extended real-va- 
lued function, w- -+ (x ) ,  defined in (0.3) has the property (2.21) in N@). 

Then A+ D N(~c). 

PROOF. - Assume by absurd that x°~ (3A+ f~ N@)). From the hypothesis 
made, the set hT@) f3 ~A+ is positively invariant, hence ?+(x °) C [N(~)(3~A +] • 

:Now by proceding as in the proof of theorem (2.1), we reach a contra- 
diction which proves ~A+ N N(~t ~) = 0 and N(~ ~) C A+. Q.E.D. 

5.13. T~EOREM. - I f  in  addi t ion to the hypothesis of theorem (5.12) i t  is 
also true that 

iii) for each x ~ ~N(~ °) we can find a z > 0 such that q~(z) < -- ~ for each 
z e S(x, ~) (3 N(~°), with ~ > O, suff iciently small.  

Then A+ D N(~c). 

PnooF. - If N(~ ~) is positively invariant, then also N(~°) " has this property.  
Let now x°¢  ~N(~ ~) (3 ~A+. From the hypothesis iii) it then follows that there 
exists z > 0, such that x% ¢ N(~), which contraddicts the fact that x°z ¢ ~A+ 
and proves the theorem. 

5.14. REMAR~:. - In the same fashion as in theorem (4.10), theorems 
analogous to theorem (5.12) and (5.13) can be proved also with upper-semi-  
continuous rea l -va lued  functions. Clearly now the hypothesis of the theorem 
will be on the sets 0(~), instead of on the sets N(13). 

Theorems which are the dual of Theorem (5.12) and (5.13) can be proved 
for the case of negative attractor, with the natural  changes of hypothesis. 
In addition to the characterization of instable attractors, it is conceivable 
that the theorems that we have presented in this paper may be applied to 
the numerical  construction of LIAPUNOV functions which are made by diffe. 
rent families of ele~nentary polynomial forms with suitably matched boundaries.  

§ 6. - Conclusinns. 

The prel iminary results that we have given prove the usefulness of se- 
mieontinuous rea l -va lued functions for characterizing the behaviour  of flow 
for which a continuously differential  LIAPUNOV functions cannot exist. Many 
questions however still remain open in part icular  regarding the converse 
theorems. 

Another important application of this theory is in the numerical  con- 
struction of LIAPUNOV functions, in the case in which the rest pQint is 
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a s y m p t o t i c a l l y  s table,  bu t  not  g loba l ly  a s y m p t o t i c a l l y  s tab le  and  one wishes  

to iden t i fy  3A. Th i s  i den t i f i c a t i on  can  be  m a d e  wi the  s e m i c o n t i n u o u s  func t ions  
which  are  m a d e  by  d i f f e ren t  f ami l i e s  of c o n t i n u o u s l y  d i f f e r e n t i a b l e  f unc t i on  

with  v e r y  s i m p l e  a n a l y t i c  exp re s s ions .  
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