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Summary. - Certain % elements o f  an  abstract  algebra are called independent i f  every 
equation satisfied by these elements is identically  true in the algebra [2]. For finite 
algebras we have: Given an  integer ~, ~ 3, every ~, elements ~tre independent  i f  every 
operation of  t, variables is trivial,  i. e. i f  i t  is identically  equal to one of  the va~'iables 
( Th. 1). I f  ~, ~ 3, then there exists an  algebra in  which every ~, elements are 
independent  but not  every operation of t, variables is tr iv ial;  moreover i f  ~, ~ 3, then 
n is the number  of  elements of  such an algebra i f  n -~ 2 or 4 (rood 6) and n ~ 3 
( Th. '2). 

1. I~RoI)uc~r0I¢. - In his study [2] of certain numerical  constants 
associated with a finite algebra ~t, E. MAnCZEWS~I introduced the following two 

:, - the greatest integer such that every set composed of :, elements 
of ~t is a subset of independent  elements, 

~- the greatest integer such that every algebi:aic operation in ~ of z 
variables is trivial. 

There are no trivial operations of 0 variables but the range of values 
of z is extended to 0 and - - 1  as follows: If  there are non.trivial operations 
of one variable in ~ ,  then we put z = 0 provided there are no algebraic 
constants (constant operations) in :~ and we put z ~- - - 1  if there are such 
constants. I t  is shown in [2] (see property ( v i i ) )  that always, in a non-trivial 
finite algebra ~l, 

(*) ~ ,  - -  • o r  ~ ,  - - 1  ~ 

(: ,  is ranging through the values 0, 1, 2, ...). The purpose of this note is to 
discuss the type of algebra for which either of these two equalities holds. 
We introduce two kinds of independence in ~ ,  called "trivial,,  and "non-trivial,,  
and we prove some theorems concerning these. From Theorem 1 we deduce 
that  in a finite algebra ~ ,  : ,  - - 1  - -  "c can hold only if : ,  --- 0 , 1 , 2 o r 3 .  
Theorems 2 and 3 deal with algebras of this kind. 

We adopt the notation and basic definitions given in the first  section of [2]. 
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2. Two k inds  o f  independence.  - Le t  Z~ be an  a rb i t r a ry  a lgebra  and let 
A (~ denote  the class of a lgebraic  opera t ions  of 1 var iables  in Z~. If, for  some 
l_> 1, A (~) conta ins  only  the t r iv ia l  opera t ions  ( iden t i ty  opera t ions)  of l varia- 
bles, then  it is c lear  that  every  l e lements  of ~t are independen t .  

Such  independence  we shal l  call  trivial. If, on the other  hand  there  is 
a non- t r iv ia l  opera t ion  in A (~ and  ce r t a in  1 e lements  of ~t are  independen t ,  
then  we shal l  call  them ~on.trivially independent. W e  ex tend  our  de f in i t ion  
to the case 1 ~ 0 ca l l ing  the empty  set t r iv ia l ly  independen t  if and  only  if 
there  are no a lgebraic  cons tan ts  in ~ .  W e  shal l  f r equen t ly  use the fol lowing 
p roper ty  of t r iv ia l  independence ,  

Lt~M~A 1. - I f  1 elements of ~t are independent, then this independence 
is trivial i f  and only i f  these elements form a subalgebra of ~ .  

The  set  {ai,  . . . ,  at} is a suba lgebra  of ~ if  and  only if, for every  
f in A ~l~, we have  f (a~, ..., a~) E {a~, . . . ,  at}. The  la t te r  cond i t ion  
means  that  A cz) conta ins  no other  opera t ions  except  the t r ivia l  ones, because  
f (a~, ..., at) - -  a~ implies,  by ~he independence  of a~, ..., a~ tha t  f (x~, ..., xz) - -  x~ 
holds  iden t i ca l ly  in ~t;  i o e .  f is t r ivial .  In  case l - -  0, the l e m m a  fol lows 
f rom the fact  that  the empty  set is a suba lgebra  if and  only  if there  are no 
a lgebra ica l  cons tants .  

F r o m  now on we assume tha t  ~ is a f in i te  a lgebra  which  has  at least  
two e lements .  W e  deduce  f rom l*) the fo l lowing 

L ~ M A  2. - I f  the algebra ZA is non.trivial, then every ~, elements of 
are trivially independent i f  and only i f  ~, = ~. 
Another  consequence  of (*) is. L c m m a  3 below. To deduce  L e m m a  3 note tha t  
q ~ ": impl ies  that  every q e lements  are t r iv ia l ly  independent .  This  impl ica t ion  
is a lways  t rue  it ": ----- 0 or if q > 0~but  in the case "c > 0, q ~--- 0 one has  
to a s sume  tha t  the a lgebra  has  ~at teast  two elements .  

ImMMA 3. - I f  every 1 elements of Zt are independent and l >_ 1 (i. e. 
l <-- ~, ), then every I -- 1 elements are trivially independent (i. e. 1 - -  1 ~ ~). 
F r o m  this  t e m m a  we deduce  eas i ly  

LEM~A 4. - I f  every l elements of Z~ are non.trivially independent, then l = ~,. 
I f  1 ~ 3, then  L e m m a  3 can be improved  as follows. 

TI~IEOREM 1. - I f  l > 3 and every l elements of ~ are independent~ then 

this independence is trivial. 

Suppose  tha t  every 1 e lements  of Z4 are i ndependen t  and  l > 3. 
L e t  ai, ..., a~ be any  1 e lements  of Z~ and  tet  ~t o be the suba lgebra  of ZA 
which  they  genera te .  Clear ly  every  1 e lements  of ZA o are independen t  in No. 
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Thus, by Theorem 1 of [3]  (p. 749) ~o  is also generated by any 1 of its 
elements. Since l ~ 3, we can apply Theorem 2 of [4]. We conclude that 
2!lo ~ ta t ,  ..., a~}, which means, by_ Lemma 1, that a~, ..., az are trivially 
independent .  

From the above theorem and from Lemma 2 we deduce the 

COROLLARY. - I f  the algebra, ~t is non. tr iv ial  and  :, ~ 3, then ~, ---~ ":. 

If : ,  ~ 0, !, 2 or 3, then we may have : ,  - - 1  ~ z; we discuss the 
corresponding algebras in the next  section. 

3. - l~on-trivial independence and Steiner 's  systems.  - F r o m  Theorem 1, 
Lemmas  2 and 4 and (*) we obtain without  diff iculty 

T~EOR]~M 2. - I f  2~ is an  algebra in  which every l elements are non . t r iv ia l ly  
independent~ then 1 ~ O, 1 ,  2, or 3, ~, -~ i, and  ~, - -  1 -~ ~. Conversely, i f  ~[ 
is an  algebra for which t ,  - - 1  ~ ~ holds, then every ~, elements of  ~ are 
non . t r iv ia l ly  independent.  

Given l -'- 0, 1, 2 or 3, the quest ion arises whether,  for every integer 
n ~ 1, there  exists an algebra ~ which has n elements such tha t  every 
l elements of ~ are non-trivially independent.  The answer is positive if 
l - -  0 or 1; it is enough to take ~o  - -  (I 1, 2, ..., n} ;  f), where f Ix) ---- 1 
for every x, and ~ ---- (11, 2, ..., n} :  g), where  g (x) ~ x -l- 1 {mod. n). 
I f  I ---- 2 or 3, then the answer  to the above question is negat ive;  the 
admissible values for the number  of elements of ~ t  are described below in 
terms of Steiner 's  systems. 

Given a set A of n elements, we denote by S (l, m, n} a system (family) 
of subsets  of A (sometimes called Steiner 's  system, see [5]) having m elements 
each such that every subset  of A having 1 elements is contained in exact ly  
one set of the system S (1, m, n). A list of known Steiner 's  systems is given 
by E. Wit t  in [5]. 

TtIEOREM 3. - Let  l ~- 2 or 3. Then n is the number of elements o f  an  
algebra in which every I elements are non. t r iv ia l ly  independent  i f  and  only i f  
there exists a Steiner 's  system S (1, m, n)  such that  

a) m is a power of  a p r ime  number  and  m ~ 2 in  the case when  l --- 2, 

b) m - -  4 in  the vase when  l - -  3. 

Suppose first  that ~ is an algebra which has n elements and every 1 
elements of ~ are non.trivially independent.  Then the subalgebras  of 
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which have l generators  are isomorphic to each other, hence they all have 
the same number  of elements, say m. It is clear that the family of all these 
subalgebras  forms an S (l, m, n) system. Moreover each of these subalgebras  
is independent ly  generated by any l of its elements (see proof of Theorem 1). 
It  follows that m ~ 4 if I - -  3 (by Theorem 4 in [4]) and that m is a 
power  of a prime if l ~ 2 (by Theorem 6 in [4]). If  1 ~- 2, then m ~ 2 
since, bY Lemma 1, 2t cannot  contain a subalgebra  of 2 elements.  

Assume now that l - -  2 or 3 and let m satisfy a) or b) respectively.  
Then there exists an algebra 21~ which has m elements, is independent ly  
generated by every l elements and is such that the class F of fundamenta l  
operations (see [2], section 1) of 21o contains only operat ions of l variables.  
The exis tence of such an algebra follows from either Theorem 5 or Theorem 
4 of [4]. 

To prove the suff ic iency par t  of our theorem, assume that n is such that 
there exists a system S (1, m, n}, where 1 ~ 2 or 3 and m satisfies either 
a) or b). We  consider a set A of n elements and a system S (1, m, n) of 
subsets  of A. For  every set E belonging to S (l, m, n)  we fix an arbi t rary  
one-to.one mapping ~ of E onto the algebra 21o defined above. Let  F be 
the class of fundamenta l  operat ions in 21o. Using the correspondence +E we 
define F on E so that E with the class of operations F becomes an algebra 
isomorphic to 21o; ~0E being the isomorphism. We  observe now that, if in 
every set E belonging to S (1, m, n) the class of operat ions F is introduced 
in this way, then F is defined on the whole of A. Indeed,  this follows from 
the fact that all the operat ions in F are of I variables.  

W e  define now 21 = (A; F),  and we shall prove that 21 is the required  
algebra  in which every l elements are non-trivially independent .  We  observe 
first that each set belonging to S (l, m, n)  forms a subalgebra  of 21 which 
is isomorphic to 21o. We  assume that a~, ..., a~ are arbi t rary  1 elements of ~ .  
W e  shall prove that they are independent .  Suppose  that there are operat ions 

f, g in A(~) such that 

(**)  f (a , ,  . . . ,  = g ..., 

Let  E be the set in S (l, m, n) which contains a~, ..., a~, and let 
211 --- (E ;  /; ). Since the algebra 21t is isomorphic to 21o, every l e lements  
of 21i are independent  in 21~; thus (**) implies f - -  g in 21~. But  since all 
sets belonging to S (1, m, n) form subalgebras  of 21 isomorphic to 21o, hence 
to 211, we conclude that f ~ g holds in each of them, i. e. f - - g  identically 
in 21. This means that a~, ..., a~ are independent  in 21, and as they generate  
the subalgebra  21t which has m :> I elements,  it follows, by Lemma 1, that 
this independence is non-trivial. 
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COROLLARY'. - A n a t u r a l  in teger  n > 3 is the n u m b e r  o f  e lements  o f  a n  

algebra in  wh ich  every three e lements  are  non- t r iv ia l ly  i ndependen t  i f  a n d  on ly  i f  

* *  n - -  2 or 4 (mod 6). 

This  fol lows f rom Theorem 3, as, by a resu l t  of H a i m  H a n a i  [1], con- 
d i t ion {***) is equ iva l en t  to the ex is tence  of a sys tem S (3, 4, n).  
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