On two numerical costants associated with finite algebras

by S. SIWIERCZKOWSKI (Glasgow, Gran Bretagna)

Sammary. - Cerfain ., elemenis of an abstract algebra are called independent if every
equation sabisfied by these elements is identically irue in the algebra [2]. For finite
algebras we have: Given an infeger v, > 3, every ., elements are independent if every
operation of . variables is trivial, i. e. if it is identically equal fo one of the variables
(Th. 1). If v, <= B8, then there ewists an algebra in which every v, elemenis are
independent dbut not every operation of v, variables is irivial; moreover if v, = 3, then
n is the number of elemerits of such an algebra if n = 2 or 4 (wmod 6) and n > 3
(Th. 2).

1. InzTrODUCTION. - In his study [2] of certain numerical constants
associated with a finite algebra H, E. MArRczEwWSKI introduced the following two

t, — the greatest integer such that every set composed of . elements
of Bl is a subset of independent elements,

T - the greatest integer such that every algebraic operation in E of <
variables is trivial.

There are no trivial operations of O variables but the range of values
of © is extended to O and — 1 as follows: If there are non-trivial operations
of one variable in E, then we put t = O provided there are no algebraic
constants (constant operations) in Bl and we put © = — 1 if there are such
constants, It is shown in [2] (see property (véf)) that always, in a non-trivial
finite algebra H,

* ty =T OF t, —1 =1

(tx is ranging through the values O, 1, 2,...). The purpose of this note is to
discuss the type of algebra for which either of these two equalities holds.
We introduce two kinds of independence in A, called “trivial, and “non-trivial,,
and we prove some theorems concerning these. From Theorem 1 we deduce
that in a finite algebra , 1, — 1 = 1 can hold only if ¢, = 0,1, 20r 3.
Theorems 2 and 3 deal with algebras of this kind.

We adopt the notation and basic definitions given in the first section of [2].
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2. Two kinds of independence. - Let Zl be an arbitrary algebra and let
A® denote the class of algebraic operations of ! variables in E. If, for some
1=1, A?® contains only the trivial operations (identity operations) of I varia-
bles, then it is clear that every I elements of Zl are independent.

Such independence we shall ecall frivial. If, on the other hand there is
a non-trivial operation in A” and certain ! elements of ZE are independent,
then we shall call them non-frivially independent. We extend our definition
to the case I = O calling the empty set trivially independent if and only if
there are no algebraic constants in Zl. We shall frequently use the following
property of trivial independence,

LoMmMA 1. - If 1 elemenis of B are independent, then this independence
is trivial if and only if these elements form a subalgebra of .

The set {a,, .., a;} is a subalgebra of E if and only if, for every
f in A%, we have [ (a, .., a;) € {a,, .., a,}. The latter condition
means that A% contains no other operations except the trivial ones, because
f(a,, ., a,) = a; implies, by the independence of a,, ..., a,; that f (x,, ..., x;) =x;
holds identically in B; i, e. f is trivial. In case [ = 0, the lemma follows
from the fact that the empty set is a subalgebra if and only if there are no
algebraical constants.

From pow on we assume that B is a finite algebra which has at least
two elements. We deduce from (¥} the following

LemMMA 2. - If the algebra B is non-trivial, then every ., elemenis of A
are trivially independent if and only if +, = .
Another consequence of (*) is. Lemma 3 below. To deduce Lemma 3 note that
q < t implies that every g elements are trivially independent. This implication
is always true it © = 0 or if ¢ > O, but in the case © > 0, ¢ == O one has
to assume that the algebra has -at teast two elements.

LeMMA 3. - If every I elements of B are independent and | = 1 (i. e.
1<<t,), then every 1 — 1 elements are trivially independent (¢. e. I —1 < 1),
From this lemma we dedunce easily

LeMMA 4. - If every I elements of B are non-trivially independent, then l = v,.
If 7 > 3, then Lemma 3 can be improved as follows.

THEEOREM 1. = If I > 3 and every 1 elemenis of B are independent, then
this independence is lrivial.

Suppose that every ! elements of Z are independent and [ > 3.
Let a,, ..., a; be any ! elements of E and let B, be the subalgebra of H
which they gemerate. Clearly every ! elements of E, are independent in H,.
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Thus, by Theorem 1 of {3] (p. 749) #, is also generated by any [ of its
elements. Since ! > 3, we can apply Theorem 2 of [4]. We conclude that
H, = {a, .., a}, which means, by Lemma 1, that a, ..., a; are trivially
independent.

From the above theorem and from Lemma 2 we deduce the

COROLLARY. ~ If the algebra B is non-trivial and v, > 3, then 1, = 1.

If v, = 0,1, 2 or 3, then we may have t, — 1 = 1; we discuss the
corresponding algebras in the next section.

3. - Non-trivial independence and Steiner’s systems. - From Theorem 1,
Lemmas 2 and 4 and (*) we obtain without difficulty

TaroREM 2. — If Bl is an algebra in which every 1 elements are now-trivially
independent, then 1 = 0, 1,2, 0r 3, 1, =, and 1, — 1 = . Conversely, if ®
is an algebra for which t, — 1 = < holds, then every v, elemenis of B are
non-trivially independent,

Given ! == 0, 1, 2 or 3, the question arises whether, for every integer
n > 1, there exists an algebra E; which has n elements such that every
I elements of Z; are non-trivially independent. The answer is positive if

I = 0 or 1; it is enough to take B, = ({1, 2, ..., n}; f), where [ (x) = 1
for every x, and B, = ({1, 2, ..., n}: g), where g (x} = « + 1 (mod. n).
If I = 2 or 3, then the answer to the above question is negative; the

admissible values for the number of elements of #, are described below in
terms of Steiner’s systems.

Given a set 4 of n elements, we denote by S (, m, n) a system (family)
of subsets of 4 (sometimes called Steiner’s system, see [5]) having m elements
each such that every subset of 4 having ! elements is contained in exactly

one set of the system S (I, m, n). A list of known Steiner’s systems is given
by E. Witt in [B].

THEOREM 3. — Let I = 2 or 3. Then n is the number of elements of an
algebra in which every 1 elemenis are non-trivially independent if and only if
there exists a Steiner’s system S (I, m, n) such that

a) m s a power of a prine number and m > 2 in the cuse when | — 2,
b) m = 4 in the case when 1 = 3.

Suppose first that 2 is an algebra which has n elements and every !
elements of # are non-trivially independent. Then the subalgebras of 3
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which have ! generators are isomorphic to each other, hence they all have
the same number of elements, say m. It is clear that the family of all these
subalgebras forms an S (/, m, n) system. Moreover each of these subalgebras
is independently generated by any ! of its elements (see proof of Theorem 1).
It follows that m = 4 if | = 3 (by Theorem 4 in [4]) and that m is a
power of a prime if ! = 2 (by Theorem 6 in [4]). If [ = 2, then m > 2
since, by Lemma 1, Zl cannot confain a subalgebra of 2 elements.

Assume now that { = 2 or 3 and let m satisfy a} or b) respectively.
Then there exists an algebra El, which has m elements. is independently
generated by every ! elements and is such that the class F of fundamental
operations (see [2], section 1) of H, contains only operations of I variables.
The existence of such an algebra follows from either Theorem 5 or Theorem
4 of [4].

To prove the sufficiency part of our theorem, assume that » is such that
there exists a system S (I, m, n), where I = 2 or 3 and m satisfies either
a) or b). We consider a set 4 of » elements and a system § (I, m, n) of
subsets of 4. For every set B belonging to S (I, m, n) we fix an arbifrary
one-to-one mapping ¢z of E onto the algebra E, defined above. Let F bhe
the class of fundamental operations in #,. Using the correspondence ¢z we
define F on E so that E with the class of operations F becomes an algebra
isomorphic to El,; ¢z being the isomorphism. We observe now that, if in
every set E belonging to S (I, m, n) the class of operations F is introduced
in this way, then F is defined on the whole of 4. Indeed, this follows from
the fact that all the operations in F are of I variables.

We define now # = (4; F), and we shall prove that # is the required
algebra in which every ! elements are non-trivially independent. We observe
first that each set belonging to S (I, m, n) forms a subalgebra of Bl which
is isomorphic to E,. We assume that a,, .., a; are arbitrary ! elements of .
We shall prove that they are independent. Suppose that there are operations
f, g in A® such that

{x*} fla, ., a)=g(a, ., a)

Let E be the set in S (I, m, ») which contains a, .., a; and let
H, = (E; F). Since the algebra H, is isomorphic to H, every ! elements
of #H, are independent in #,; thus (**) implies f = g in #,. But since all
sets belonging to S (I, m, n) form subalgebras of ZE isomorphic to #,, hence
to B, we conclude that f = g holds in each of them, i. e. f=g idensically
in M. This means that a,, ..., a; are independent in Z, and as they generate
the subalgebra F, which has m > ! elements, it follows, by Lemma 1, that
this independence is non-trivial.
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COROLLARY., - A natural integer n > 35 is the number of elemenis of an
algebra in which every three elements are non-trivially independent if and only if

(***) # = 2 or 4 (mod 6).

This follows from Theorem 3, as, by a result of Haim Hanai [1], con-
dition (***) is equivalent to the existence of a system S (3, 4, n).
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