
An Elementary Derivation of  an Inequality Involving R-Sequences. 

D. G. ~ORTHCOTT (Sheffield) (*) 

Dedicated to Professor B. SEG~v. on his seventieth birthday 

Summary. - A basi~ inequality is derived/or the grade o] a ]initely generated ideal on a general 
module. The methods used ave both simple and elementary. No Noetherian conditions are 
needed. 

Introduction. 

Let  R be a commuta t ive  ring with an ident i ty  element  and let E be an R-module.  
A sequence fl~, fl~, ..., fl~ of elements of R is called an R-sequence on E if for each i 
(l<i-~<s) fl~ is a non-zerodivisor on E[(fl~, ...,fl~_~)/~, tha t  is if 

(~1, ..., ~,_~)E : ~ , =  (fl~, ..., ~,_~)E 

for 1 ~< i < s. The  inequal i ty  referred to in the  t i t le  is described in the following 

THEORE:~. - Let A be an ideal o / R  which can be generated by n (n ~ O) elements and 
suppose that E V=AE. I]  now ~l, fi~, . . . , f i ,  is an R-sequence on E contained in  A ,  
then s < n .  

One can approach this result  in various ways. Fi rs t  suppose tha t  E is a •oeth- 

erian R-module and let  I be the  ideal formed b y  the  annihilators of E so t h a t  
I ~  0 : a E .  Then  R / I  is a lqoetherian ring and one can show [(1) Proposi t ion 4, 
p. 247] t ha t  s does not  exceed the  r ank  ( ~  height) of the  ideal (I, A) /1  of this ring. 
However  this is a proper  ideal  generated by  n elements. Consequently,  b y  Krull ' s  
Principal Ideal Theorem, the  r ank  of the  ideal in question does not  exceed n and so 
we arrive at  the  desired inequali ty.  

Apar t  f rom the  fact  t ha t  this me thod  uses some ra ther  powerful  results f rom 
the  theory  of commuta t ive  ~oe the r i an  rings, i t  is unsat is factory because i t  introduces 
an  unnecessary condit ion namely  tha t  the  module E is Noetherian.  One way  in which 
to avoid this complication is to  use the theory  of the Koszul complex (**). Bu t  a l though 

(*) Entrata in Redazione il 22 maggio 1973. 
(**) See, for example, [(1) Exercise 9, p. 375]. 
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this  achieves the  ex t ra  generality~ the  procedure  is still open to the  cri t icism t h a t  i t  

uses techniques t h a t  are more  e laborate  t h a n  the  s i tuat ion appears  to demand.  I t  
will now be shown how these difficulties m a y  be c i rcumvented.  

P~oo~  o~ THE ~HEOREM. -- The a rgumen t  depends on two l e m n o s  nei ther  of which 

is new. However  for  the  sake of completeness we shall  give proofs. The nota t ion  
remains  as before. 

LE~CA 1. -- Zet fl~, fl~, ..., fl~ be an R-sequence on ~ .  Suppose 1 <~ j < s and that 

( ~ ,  ..., ~ _ 1 ) ~ : ~ + ~ =  ( ~ ,  ..., fl,_~)~ • 

Then ill, ..., fi~-l, fl~'+~, fl~, fi~+~, ..., fl~ is also an R-sequence on E. 

P~oo~. - I t  is enough to show t h a t  

To this end suppose t h a t  'fl~e= fl~e~+ . . .+  fl~_~e~_~+ fl~.+~e~.+~, where e, et, e~ etc. 
denote  elements  of ~ .  Then fl~+~ e~+~ ~ (ill, ..., fl~_~, fi~) E. Accordingly 

e~+~ e (A,  ..., ~ -~ ,  t~) 

and therefore  ej+l--fl~e is in (ill, ..., flj_~)E for a sui table ~ in E.  I t  follows t h a t  

fl~(e -- fis+~) E (fl~,..., flJ-1) E whence e --/35+1~ is in (ill, ..., flJ-1) E.  Thus e E (/71, ..., 
flJ-1, flj+,)E and now the  l e m m a  follows. 

Le t  x be  an indeterminate .  Then besides the  polynomia l  r ing R[x] we can also 
fo rm the  R[x]-module E[x] which consists of polynomials  in x wi th  coefficients in E.  

L E M M A  2 .  - -  Zet A = ( ~ o ,  Oh,...,o:,,) be an ideal o/ R and put  q ~ = ~ o @ a l x - ~  
-~-g~x~-~ . . .+  ~ x %  Then the ]ollowing statements are equivalent: 

(1) 0 :~A = 0; 

(2) ~ is a non-zerodivisor on E[x].  

P~ooF. - We assume tha t  (1) is t rue  a n d  (2) is false and f rom this we derive a 
contradict ion.  This will show t h a t  (1) implies (2). The  converse is tr ivial .  

We can find ~o = e0+ e lx -~  ... ~- eqx= in E[x] such t h a t  co ~ 0  bu t  ~ =  0, and 
we ar range  t h a t  q is minimal .  Then eq:j:0 and, since ~o9-----0~ we have  c¢¢neq ~-~-- 0. 
~ o w  ~ o )  has smaller  degree t h a n  (~ and  i~ is annih i la ted  b y  ~. Consequently,  b y  
the  min ima l i t y  of q, ~ w =  0 and  therefore  
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Accordingly a~_x e~ = 0, whence ~ _ ~  oa has smaller degree t han  co and  is annihi la ted 
b y  ~. Thus ~,~_~ co ~ - 0  and  now we see t h a t  

(ao+  a ~ x +  . . . 4  a,~_~z"~-°') co = (q~-- a ~ x ~ -  a.~_~x~-D co = 0 .  

Proceeding in this way  we find t h a t  ~ e ¢ =  0 for i :  0, 1, ..., m. Thus Aeq= 0 bu t  
eq:/: 0. This is the  required contradict ion.  

We tu rn  our a t t en t i on  to  the  t heo rem s ta ted  in the  in t roduct ion and  use the  

no ta t ion  described there.  The  a rgumen t  uses induct ion on n. I f  n = 0 the  asser- 
t ion  is t r ivial .  Suppose therefore  t h a t  the  result  in quest ion has been proved  for 

n =  m and  now let  A---- (~o, g~, ..., ~,~). We  have  an /2-sequence/71, fl~, ...,/5, on E 
conta ined  in A. Since we wish to show t h a t  s < m +  1, we m a y  suppose t h a t  s > a .  

Now fl~, fig, ..., fi,_~ is an /2-sequence  on E in A and a simple verification shows t h a t  
i t  is also an/2[x]-sequence  on E[x] in A/2[x]. (Here x is an indeterminate . )  :Next fie 
is not  a zerodiviser on the /2 -modu le  K:= E/(fi~, ...~ fl,_~)E and therefore  0 :~A = 0. 
Consequently,  b y  L e m m a  2, 9 - - ~ 0 + a ~ x +  . . . +  a,~x TM is not  a zerodivisor on the  
R[x]-modtlle K[x]. But  we m a y  ident i fy  K[x] with E[xj/(fi~, ..., fl,_~)E[x]. I t  fol- 

lows t h a t  /~,/?~, ..., fi~-l, ~ is an R[x]-sequenee on E[x] in A/2[x]. 
Suppose t h a t  0 <~ < s. We can app ly  the  conclusion of the  last  pa rag raph  to 

fi~, . . . , f l j ,  fij+x and so deduce t h a t  ill, ...,fl~,q~ is an  R[x]-sequence on E[x] for 
j----0, 1, ..., s - - 1 .  I t  is now possible to make  repea ted  applicat ions of L e m m a  1 
and  thus  conclude t h a t  q~, fl~, ..., fi~_~ is an R[x]-sequence on E[x]. 

Next we note that 

A/2[x] = (~o, a l ,  . . . ,  ~ ) / 2 I x ]  = (~,  ~ I ,  . . . ,  ~ ) / 2 E x ] .  

P u t  /2"-~/2[x]/~/2[x], A*-~ AR[x]/q~R[x], E * =  E[x]/~E[x] and denote  b y  ~*, fi* the  

images of ~ ,  flj in i2 ' .  Then fi*, fi~*, ...,/5~* I is an /2*-sequence  on the /2*-modl l le  E* 
$ $ 

and it  is conta ined in A * = ( a * , ~ ,  . . . , ~ ) .  Fur ther ,  because A E C E ,  we mus t  

have  (A/2[x])E[x] V=E[x] and  therefore  E* # A ' E * .  At this point  we m a y  app ly  
the  induct ive  hypothes is  to deduce t h a t  s -  ] <m,  t h a t  is s < m  + 1. This com- 

pletes the  proof. 
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