
Differential equations with fixed critical points (~). 
By ]L J. BUREAU (Liege, Belgium) 

Summary. - The object of this paper is to determine all the differential equations of the form 

• vhere R is a rational function of y and y~ ~vith analytic coefficients in x, whose 
general integral has no parametric critical points. 

I. I n t r o d u c t i o n .  

1. One of the main subjects of Analysis is the integration of differential  
equations, ordinary and partial. However,  except for a few simple cases, 
the integration is very difficult.  

The theory of analytic functions in one or more complex variables, 
init iated by CAUCHY, WEIERS~]aASS and R t E M A ~  was applied by them to 
the study of differentia1 equations. 

Subsequent  researches gave important  results which will be described 
very briefly. 

Consider a system of ordinary dif ferent ia l  equations 

(1) y = f(~, y), 

where  y and f are vectors in an n-dimensional  space. Suppose that the 
components of f are holomorphic in a neighborhood of x - - x o ,  Y : Y o ;  

then, the different ial  system (1) has one and only one solution y ( ~ ) :  
y(x;  Yo,Xo) such that y ( x o ) ~  Yo. This function y(x) may be continued analyti- 
cally and gives rise to an analytic function of w, the singular points of 
which have to be determined.  

W h e n  (1) is l inear  in y, the results are as follows: 

i) the s ingular  points of y(x) are among the singular points of the 
coefficients of the system; thus they are f ixed and determined directly by 
the equations ; 

(*) This research has been sponsered in part by the Office of Scientific Resdach, OAR 
through the European Offie% A.erospace :Research, USA:F. 
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ii) the set of all solutions of (1) is a l inear vector  space so that the 
dependence of y(x) on the initial values is known. 

Suppose that x---Xo is a regular  singular point in the sense of L. 
Fvc~s .  Then the analytical  character  of the integral in the neighborhood 
of x = xo is completely determined by the indicial equation and accordingly 
is given by a set of constants which are easily obtained from the given 
system. 

2. More complicated c i rcumstances  arise when (1) is not l inear in y. In 
general, it is not possible to recognize if a given value xo of x is regular  
or s ingular  for y(x); the analytical  character  of y(x) at Xo may depend on 
the value Yo of y(wo). ~oreover ,  the singular  points of y(w) may be para- 
metric (or movable) i.e. may  depend on Yo; they may also be algebraic or 
transcendental ,  or even essential  points and may be isolated or not. 

Therefol% the following problem initiated by L. FUCES as a conse- 
quence of his researches on l inear differential  equat ions is of impor tance :  
to determine all the equat ions 

(2) R(y, v, x ) =  o, 

where  R is a polynomial in ~] and y with analytic coefficients in x, 
whose integral has no parametr ic  crit ical points. In the neighborhood of 
every movable singularity, y(x) must be single-valued.  To abbreviate,  we 
shall say that an equation of this type is stable together with its integrals. 

This problem was considered by ABEL and JACOBI when 

R ~- ~j~ - -  (1 - -  y~)(1 - -  k2y2), 

(k a constant) and by BI~IO~ et BOUQUET when R is independent  of x. 

The solution o[ this problem was given by L. FucHs,  POiNt ,  hE and 
PAINLE~T]~ and is as follows: the integral of the stable equations (2) are 
determined algebraically, or by quadratures,  or depend on a RlCCATI equa- 
tion. Consequently,  they are reducible to classical lranscendenls, i.e. to 
algebraic and elliptic functions or to functions defined by l inear differential  

equations. 

3. To define new transcendental  functions, one must therefore consider 
differential  equations of higher order. However,  new complications appear,  
of which the most serious is the possible existence of parametr ic  transcen- 
dental or even essential  singular points. For  instance, in the latter case, 
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y(x) comes arbi trari ly close to any complex value in every neighborhood 
of xo so that lira y(x) is not uniquely  determined. 

Few and inconclusive results  were obtained by I:)ICARD and M I ~ A 6 -  
LEFFLEI~ concerning stable equations of the second order. I)AINLEV]~ was 
the first to at tack successful ly  this problem and to overcome the difficulties.  
To this effect, PAI~LEV~ has 

i) to obtain a set of necessary conditions for the absence of parametr ic  
crit ical points ; 

ii) to show that the necessary conditions thus obtained are or are not 
sufficient.  

Consider for instance the equat ion 

(3) y - -  R(y, y, x) 

where R is a rat ional  [unction of ~) and y, with analytic coefficients in 
x. In order to obtain a set Of necessary conditions for stability, PAINLE¥]~] 
introduces in (3) by a suitable t ransformation of. y and x, a parameter  e in 
such a way that the new equat ion has the same fixed crit ical points as (3) 
and is ia tegrable  when e - - 0 .  Then y(x, e) may be developed into a series 
of ascending powers of e~ 

y(x, ~) - -  yo(x) ~- sylph) ~ ~2ygx) q- ..., 

the coefficients of which are also s ingle-valued and determined by quadra- 
tures;  the conditions that these functions be stable are necessary  conditions 
for the stabil i ty of (3). 

This method was used by PAINLEV~] and GAMBLER to determine all the 
stable equations (2). The result  is as follows: 

The stable equat ions (2) are integrable in terms of classical transcen- 
dents or may be reduced by a t ransformation 

a y ~ - b  
(4)  u - -  z = ~ ( x ) ,  

cy -~- d ' 

where a, b, c, d, ~ are analytic functions of x, to one of the six cano- 
nical equations in the following: 
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TABLE I 

I 3 .  

y2 3 
I 4. y--~.-~-~y3-{-4xy~-l-2(Jc2--a)y+ ~, 

I 5. + ' 

1(1 1 y~x)  y2 (1 1 1 ~)  
I 6. y----~ y - { - y _ l  + - -  ~ x - - 1  x - -  

+ y(y -- 1)(y - -  x) I ~x + y (x - -  ~x(x__-- 1_) 1 
x~(x - -  1) ~ = Jr- y~ (y - -  1)1~ ) -~- (y --  x) 2 ] ; 

:¢, ~, y, ~ are constants.  

As was shown by PAINLEV]~, the integrals  of the equat ions of Table I 
are not reducible  to classical t ranscendents  (except possibly for par t icular  
values of a, ~, ~,, ~) and thus define new t ranscendenta l  funct ions.  

4. - The method used by PAINLEV]~, a l though theoret ical ly simple, im- 
plies intr icate  calculat ions.  Because of these diff icult ies  and because of the 
great number  of cases that  have to be considered,  PA~LEV~ found only 
three equat ions  of Table I (namely I. 1. 2, 3); the three other equat ions  
were discovered by GAMBIER. 

The method of PAI~LEV]~ may also be appl ied to equat ions of order 
h igher  than two; however, the intr icacies  increase with the order  of the 
equation.  

To reduce these difficulties to a min imum,  another  method will be 
developed in this paper ;  it will systematical ly  avoid, as far as possible, 
any integrat ion of systems of l inear  different ia l  equat ions  and will reduce 
the. problem to e lementary  algebraic processes. This method was init iated by 
the au thor  in 1939; a few examples  were given at that  t ime [i.a]*. 

t*} Numbers in brackets refer to the Bibliography. 
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The ultimate purpose of the actual theory is: to find out if a given 
equation of the form (3) is stable and if so, to integrate this equation. 

To solve this problem, one may write all the equations (3) obtained from 
the canonical equations by a transformation (4). However, this new Table 
of equations is far too extended to be written in full. According to GAMBIER, 
certain sub-classes give rise to more than one hundred equations. 

Fortunately, our method associates with each given equation, a small 
number of integers, easily determined and giving immediately the corre- 
sponding sub-class; to perform the integration, one has only to refer to 
the appropriate paragraph of the paper. The situation is thus similar to the 
theorem of FucKs in case of regular integrals of a linear differential 
equation. 

Finally, we observe that our method applies also to equations of order 
higher than two, not necessarily linear in the derivative of higher order. 
This will be the subject of another paper. 

I. S t a t e m e n t  o f  t h e  problem. 

1. Let  ~v be a complex independent variable and e a complex parameter. 
Let y - ~  (yl ,  ..., Y , )  be a set of functions satisfying the system of ordinary 
differential equations 

(I.1) qld~__ A(x" y; z) 
d x  

where A - - ( A 1 ,  ..., A,) is a given vector-function of ~c, y, ~, holomorphic 
within a certain domain D containing the point 

x - -  Xo , y __ yO ~_ (y~ , ..., y~), ~ - -  0. 

When ~--~0, the system 

(1.2) d y _  A(vc, y ;  O) 
d x - -  

is called the r e d u c e d  (or non perturbed, or undisturbed) system correspon- 
ding to the perturbed system (1.1). 

It is known that the system of differential equations (i.1) admits a 
unique solution y ( x ) ~ y ( x ;  e)~---y(~--xo; Yo; ~) which is holomorphic 
within a certain domain containing the point xo ,  Yo, e - - O  and which 
reduces to Yo when x~-Xo.  

Anna~i gi Matematica 30 
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On using a theorem of POINCAR~, basic in per turbat ion theory, one 
may write 

(1.3) y(x) "-- y ( x ;  ~) ~ v(x) -[- ~ u~(x)~ ~ 

where v ( x ) = ( v ~ ,  ..., v , )  is a solution of the reduced equation 

(1.4) dv d x - - - -  A (x ;  v; 0). 

This solution v (x )depends  on n arbi t rary constants c~, ..... c,~ (for instance 
yO o , ..., y~) and is holomorphie for certain values of these constants c, when 
x varies along a curve L joining two points of the domain D. 

On setting the matr ix 

(1.5) 

o n e  may write 

(~A,(xi v; 0)) 
B(x;  v) -= \ ~ v k  ~ ' 

(L6) 

c o  

A ( x  ; v + E ~Pup ; ~) --= A ( x  ; v; O) + ~ [B(x ; v)u~ -~ C~(x ; v)] 

~tt 
+ ~ [B(x; v)u~ + C,(x;  v, u~, u h _ ~ ) ] ,  

where C~(x; v, ul ,  ..., uh-~) is a vector  with components  depending only 
on the components of the vectors v, u~, ..., uh_~. 

Therefore,  uh is a solution of 

(1.7) du~ __ B(x;  v) uh 4" Ch(x ; v, ul ,  ... uh_l), 
d x  

(k ;=  1, 2, ...). 

The solution of this non homogeneous system of l inear differential  
equations may be obtained by the method of variat ion of parameters  when 
the solution of the homogeneous system 

(1.8) d u  d x  ---- B(x ;  v) u 

is known. 
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~Ioreover, if v(x; c), (c--e~, ..., e,), is the general  solution of (1.4), 
depending on the arbi t rary  constants  c~, ..., c , ,  one has 

d ~v v ~V (1.9) - - B ( x ;  )~:~, (k-~- 1, ... n) 
dx ~ca ~k 

~v ~v 
so t h a t -  

~c1' ""' ~e. 
- -  are n l inearly independent  solutions of (1.8). 

2. C l a s s i f i c a t i o n  o f  s i n g u l a r i t i e s .  - The solution y(x) ~ - y ( x - -  Xo, Yo; ~) 
of (1.1) together with the series obtained by analytical  continuation defines 
a funct ion - -  call it  again y(x) -- which is a solution of (1.1)and in which 
xo, Y0 appear  as parameters.  This function y(x) may have singular points 
depending or not on the initial value Yo of y. Those singular  points of y(x) 
independent  of Y0 are called fixed or intrinsic singular points of y(x) or 
of the differential  equat ions (1.1); those singular points of y(x) which 
depend on yo are known as the movable or parametric singular points of 
the differential  equations (1.1). 

When  the integral y(x) has no parametr ic  crit ical points (i.e. branch 
points or essential  singularities), then we say , tha t  y(x) is a stable integral 
of (1.1); when the differential  system (1.1) has only stable integrals, we say 
that this system is stable. In the other cases~ the differential  system and 
the corresponding integrals are unstable. 

The following problem then arises:  to find necessary and sufficient 
conditions in order that a given system (1.1) be stable. 

To solve this problem, the following theorem is essential :  

General theorem of  s tab i l i ty :  I f  the general solution of the dilTerential 
system (1.1) is single-valued in x for all values of e in D except possibly 

-~-O, then it will also be single-valued in x for ~ ~ O. Moreover, the coef- 
ficients up(x), ( p - -  1, 2, ...), of the series (1.3) are also single-valued. 

To prove this theorem, consider in the x -p lane ,  a closed path L begin- 
ning and ending at xo, on which y(x, e) is analytic. Let  uh(x) be the first 
of the functions v(~c), up(x), (p--1~ 2, ...), which takes on two (or more) 
values at xo; then, one h a s  

y(x, ~) = v(x) + ~u~ + ... + ~-~u~_~ + ~ [up + ~u~+~ + ...] 

-= Y d x ,  E) + ~PG(x, ~). 

When  e is small enough, the values of Y2(x; e) are very near to the 
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values of u~(x); therefore, if u~(x) is mul t i -valued at Xo, then Y2(x, e) is 
also mul t i -valued a t  x0. Fur thermore ,  the number  of values of y(x, ~) at Xo 
is not less than the numbers  of values of any of the functions v(x), us(x), 
(k---1, 2, ...), at xo. Consequently, if y(x, ~) is s ingle-valued in x, then the 
functions v(x), u,(x), (k ~ 1, 2, ...) are also single-valued" 

The method initiated by P. PAINL]~VE to solve the problem breaks up 
into two parts. First, a set of necessary conditions for the absence of para- 
metric critical points is obtained and a set of equations satisfying these 
necessary conditions is derived; second, it is shown by direct integration or 
by using an appropriate method that these par t icular  equations are stable. 

To obtain the necessary conditions, a parameter  ~ is introduced into 
the differential  system under  consideration, in such a way that the new 
system has only fixed crit ical points and is integrable when e~--0. The 
functions v(x), u~(x) are solutions of systems of l inear  differential  equations 
and thus determined by quadratures.  The conditions that their parametr ic  
branch points are fixed give rise to necessary conditions for the stability of 
the given system. 

The necessary conditions thus obtained enable one to simplify the given 
system; the same method is again applied until  no fur ther  necessary condi- 
tions of stability are obtained. 

T h i s  method, theoret ical ly simple, requires heavy and tedious calcu- 
lations. 

To avoid these combersome calculations, another  method is developed 
in what follows; it systematical ly avoids, as far as possible, any integration 
of systems of l inear  different ial  equations and reduces the problem to 
e lementary  algebraic processes. 

II. T h e  t h e o r e m s  o f  s t a b i l i t y .  

3. In  the next paragraphs,  we shall apply the general  theorem of stabi- 
lity to various important  par t icular  cases; the results thus obtained will 
prove very useful  in what  follows. 

Throughout  this paper, we denote by dots differentiat ions with respect 
to the independent  variable x. 

Let k~_0  be an integer and A:4 :0  a constant. 

T ~ E O R ~  I. - In  order that the equation 

(3.1) ya~j ---- A 

be stable, it is necessary and sufficient that k - - O .  
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Indeed ,  the genera l  solut ion of (3.1) is g iven by 

(3.2) y~+~ = yko+~ + A(x - -  xo) 

where  xo and  Yo are a rb i t r a ry  cons tan t s ;  it is c lear  tha t  y ( x ) d e f i n e d  by 
(3.2) is s table if and on ly  if  k-----0. 

TEEOI~EI~ I I .  - I n  order that the equation 

(3.3) y ---- Ay ~ 

be stable, it is necessary and sufficient that k < 2. 

Indeed ,  the genera l  solut ion of (3.2) is given by 

(3.4) y~-~ ---- (1 - -  k) [A(x - -  Xo) + c], 

where  xo and c are a rb i t r a ry  constants .  In  order  that  y(x) def ined  by (3.4) 
1 

be stable, it is necessa ry  and suf f ic ien t  that  l - - k - - -  where  n is an 
n 

in teger ;  then  k <-- 2. 

THEOREM II I .  - Let P(y) be a holo+~wrphic function of  y in a neighbo- 
rhood of y---O.  I n  order that the system of differential equations 

(3.5) 
l y~z = Az ~ [1 + P(y)] 

be stable, it is necessary 

i) that k - - -O  or 1; 
1 

it) and  i f  k - - -1 ,  that A - - - l - - - ,  where n:4:O is a positive or ne. 

gative integer or n = c~ (i. e. A - -  1). 

Indeed ,  set 

y --" eu ---- eul + e~u2 + ..., 

z - "  eav - -  eavl + ca+iv 2 + ... ; 

the d i f fe ren t ia l  sys tem (3.5) becomes 

= A v  ° [1 + 
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It  then  follows tha t  u l ,  u2, v~, ... sat is fy  the fo l lowing equat ions  

• ~" Av~ u ~ : v ~ ;  Ui "-- O , Ui  Vl - ~  , 

therefore ,  if a, b, c are a rb i t r a ry  cons tants  wi th  the res t r ic t ion  that  
bc4=O,  one has 

b~c 
u~(x) ~-  b,  v l ( x ) - ~  b~ _ A c ( x  - -  a ) '  

" vl(t)dt ba b~ 
us(x)  - -  - -  A c  Ig b~ __ A c ( x  - -  a)" 

a 

In  order  tha t  us (x )  be stable, it is necessa ry  tha t  k = 0 or 1. 

Now, suppose k - - - 1  and  set x ~ - a d - s t ,  y : ~ u ,  z - ~ z ,  where  a is a 
constant .  Subs t i tu t ion  in (3.5) gives 

d u  d z  
d t  : z ,  u ~ --~ Az~[1-}-  P ( e u ) ] .  

W h e n  e - ~  O, one f inds the reduced  sys tem 

(3.6) --du' __ d z  
dt - -  z ' U dtt -~ Az~. 

The func t ion  u(t) def ined by (3.6) sat isf ies  the equa t ion  

and 

d2u [ d u ]  ~ 
u ~ : A \ d t ]  

impl ies  : 

i) i f  A : I ,  u = e ° t + c , ;  

ii) i f  A 4= 1,  u ----- (cl + ct) 1/<1-A) ; 

6 and ol are a rb i t r a ry  constants .  Therefore ,  in order  that  u(t) be stable, it is 
1 

necessa ry  that  A = I  or 1 - - A - - n '  where  n 4 = 0  is a posit ive or negat ive  

in teger  [note that  n =cx~ gives A ~ 1]. 
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5. - In  this and in the next  paragraphs,  let p denote a constant, k_> 0 
an integer~ P ( x ;  z) a polynomial  in z of degree <_ k - - 2 ,  and H~(x; z; u), 
( i = 1 ,  2, ...), a polynomial  in u. Further ,  we suppose that h(x;z) ,  H~(x; z;u)  
are holomorphic functions of z in a neiglhborhood of z - - 0  and that P ( x ;  z), 
h ( x ;  z), H~(x; z; u) are analytic functions of x in a given domain D. 

W e  consider the differential  system 

(5.1) 
z ~= 1 + z P ( x ;  z) + z~u, 

( zu = p u  + h(x ; z) + zH~(x ; z ; u), 

concerning which we have the following basic theorem: 

T~EOnEM I V . -  I n  order that  the dif ferential  system (5.1)be stable, it 
is necessary 

i) that p be an  integer, positive, negative, or zero, 

it) and  i f  p - -  O, that h (x  ; O) =-- O. 

PROO:F. - Set x - = a - ~ a t ,  z - - -av;  a E D  is a constant.  

Subst i tut ion in (5.1) yields 

dv 
d~t ~ 1 -4- avP(a -1- a, t; av) -4- a%~u, 

dn 
v ~ i  = pu  + h(a + st; av) -4- avHl(a + st, av; u). 

When  

(5.2) 

s - ~  0, one finds the reduced system 

dv du 
d - t - -  1, v ~[ = p u  -[- h(a ; 0). 

Suppose  p =4= O. Then the general  solution of (5.2) is 

v (  t)  ----- t - -  b ,  u ( t )  - -  c ( t  - -  b ) ~  
h(a ; 0). 

P 

b and c are arbi t rary  constants.  

In  order that u(t) be stable, it is necessary that p be an integer, posi- 
tive, negative, or zero. 
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Now suppose p ~ 0 ;  the non per turbed system (5.2) becomes 

_ _ - -  du dv  1, v ~ h(a ; O) 
d ~ - -  h i  

whose general solution is 

v(t) --- t - -  b, u(t) --- c 4" h(a;  O) lg(t - -  b), 

where b and c are again arbi t rary  constants. Therefore, in order that u(t) 
be stable, it is necessary that h(a;  0 ) ~ 0 ;  because a e D  is arbitrary, this 
condition becomes h ( x ;  O) - -  O. 

6. - In what  follows, we shall apply our basic theorem IV to the diffe- 
rential system 

(6.1) 

z - - 1 4 " z u ,  

zu ---- p u  4" h ( x  ; z) 4" zH~(x ; z ; u), 

where p is- an integer and 
above [see § 5]. 

When  p is a negative 
theorem IV. 

Suppose p > 0 and set 

(G.2) 

h(x ,  z), H~(x,  z; u) have the propert ies indicated 

integer, no condition for stabil i ty follows from 

u = P ( x  ; z) 4" z~v, 

where  v is an unknown function and P ( x ;  z) is a polynomial  
degree p - - 1  whose coefficients will be determined later on. 

Subst i tut ing in (6.1), one finds 

in z of 

z - -  1 4" z P ( x  ; z) 4" zp+lv  

so that, from (6.2), it follows that 

u : Q(x;  z) 4" z~v 4 " p z ~ - I v  4" z 'H~(x ,  z; v); 

Q(x; z) is a polynomial in z of degree ~ p - - 1 ;  H~(x;  z; v) has the same 
propert ies  as Hi(x, z; u). 
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l~ow, one may write 

H~(x, ~; u ) - - t t ~ ( x ,  z; P - k z ~ v ) ;  

- -  R(x ,  z) 45 z 'H~(x,  z ; v) ; 

R (x ,  z) is a polynomial in z of degree _ < p - - 1  and is an analytic function 
of x ;  Ha(x, z; v) has the same properties as H~(x, z; u). Then, the second 
equation (6.1) becomes 

z ~+~ v ---- E ( x  ; z) + zP+~H,(x, z; v), 

where It4 - -  H8 - -  [t2 and 

E ( x  ; z) -~ p P ( x  ; z) - -  zQ(x  ; z) 45 h ( x  ; z) Jr z R ( x  ; z) 

is a polynomial in z of degree p. 

Suppose that we determine the p coefficients of the polynomial P(x ;  z) 
in order  that E ( x ;  z ) -~  l(x)z~; then, the differential  system (6.1) becomes 

(6.3) 
i z -~ 1 Jr z P ( x ;  z) q- z~+Iv, 

zv -~ l(x) + zlt~(x, z; v). 

Then the condition for stability, l ( x ) ~  O, follows from theorem IV. 

It is clear that when l ( x ) 2 0 ,  the system (6.3)has a unique holomorphic 
solution z(x),  v(x) such that z (xo) - -O,  V ( X o ) : V o ,  where  Vo is an arbi t rary 
constant.  

7Note that the condition l ( x ) ~ - 0  is also sufficient in order that the 
general  solution of the different ial  system (6.3) have no branch point in xo. 
Therefore,  no additional condition for stability can be obtained by the pre- 
ceding method;  its efficacy is exhausted.  

7. - I t  is par t icular ly  easy to dispose of the above method when p is 
small. For fu ture  use, it will be useful to consider the values p ~ 0 ,  1, 27 3. 

Suppose that the second equation of (6.1) is wri t ten more explicitly in 
the form 

(7.1) 
zu == p u  + Ao + A!z + Azz 2 + A~z 3 + ... 

+ u(Blz  + B~z 2 + ...) + kzu  ~, 

Annal i  di Ma tema t i ca  31 
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where  the Ais  and B~'s are analytic functions of x and k is a number  
independent  of x.  

i. p - - 0 .  The condition for stabil i ty is Ao-----0. 

ii. p---- 1. Set u--~:c-{-zv, where  ~ is to be determined later on. 

Subst i tu t ing in (7.1), one obtains the two relations 

(7.2) 

(7.3) 

t ~ + A o - -  O, 

t ~ = A l + e B l + k ~ ¢  2. 

On eliminating :¢, it follows that the condition for stabili ty i s  

~1o + A~ --  AoB~ + kA~ --  O. 

iii) p - ~ 2 .  Set u = o : + 2 z + z 2 v ,  where :¢ and ~ are to be determined 
later on. Subst i tut ing in (7.1), one obtains the three relations 

2~ + Ao = 0, 

(7.4) a = ~ + A~ + ~B1 + ka ~, 

To obtain the condition for stability, one must eliminate ~ and 
this set of equations. 

iv. p - - 3 .  Set u = e + ~ z + y z  2+zSv; the same method gives 

the four relations 

3~ + Ao = 0, 

- -  2~ 5- A~ + ~B, + k~ ~, 
(7.5) 

= As + ~B3 + ~B2 + yB1 + (k - -  1)(2 2 + 2ay), 

from 

rise to 

from which the condition for stabili ty follows by the elimination of :¢, 2, ~'. 
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In general, the process of elimination is complicated. For tunate ly  when 
applied to par t icular  equations, the condition for stability is, in most cases, 
readily obtained and easy to work with. Examples  will be given later  on. 

III. A p p l i c a t i o n s .  

8. - To find all the stable equations of the form 

P(y) • 
(8.1) y - -  Q(y) y~, 

where P(y), Q(y) are polynomials in y independent of x .  

i. Q(y) is a constant or has only simple roots. 

Let y - - a  be a root of Q(y) of mult ipl ici ty k ~  1. The equation (8.1) 
• is equivalent  to the differential  system 

Az2 [1 -4- g(Y)] (8.2) ~ -= z, z - -  (y - -  a p  

where  A is a constant  and g(y) is a holomorphic function of y in a 
neighborhood of y- - -  a and such that g(a) = O. 

According to theorem III,  a necessary condition for this system (8.2) to 
1 

be stable is k - - -1  and A - - 1  or 1 - - - ,  where  n:il=0 is a positive or 
n 

negative integer. 

ii. Let al ,  ..., ap be the p simple roots of Q(y). Denote by Ah the 
P(y) 1 

residue of Q(~) at y - - a h ;  one has A h - - 1  or A~-----1-- ha--' where  n ~ : # 0  

is a positive or negative integer (cf i). Then (8.1) may be rewri t ten as 

(8.3) Y --  ~fl I ~k=l y---Ah~-a~ "}" R(y)] , 

where R(y) is a polynomial in y. 

5low, set y ~ u - l ;  equation (8.3) becomes 

I p 1 1)] 
/ / = U -  2 - - ~  ~=1 1 - - a ~ u  + u R ~- (~B(u). 
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According to theorem l I I ,  u ~ - 0  must be a simple pole of B(u) so 

that 1 R ( 1 )  u u : b q-0(u) ,  where b is a constant. Therefore,  the polynomial 

0 ( 1 )  R(y) - -  Y -~ ~1 is identically zero. 

Moreover, it follows from theorem I I I  that 
p 

A "-- Y. Ak 

is equal to 1 or to 1 1 - - - ~  where n : ~ 0  is a positive or a negative 
n 

integer. 

9. It follows from the preceding paragraph, that to obtain all the stable 
equations of the [orm (8.1), one has to find the set of integers n, nk, 
(k ~---1, ..., p) different  from zero and satisfying the equation 

1 
(9.1) ~ i-- ----i---. 

k ~ l  ~v 

o r  

Note that n and na may be infinite. 

i) Suppose A : I  or n - - o o ;  then 

~)----- 1 

therefore p ~ 2 and 

p - - 1  1 1 p .  
=n-~+..- + ~ ~, 

a) p - - l ,  nl-----o% 

b) p-~-2,  n~-~n2"-2. 

1 
ii) Suppose A : ~ 1 ;  then A : I - -  - < : 2 .  Because 

n 

1 1 
Ak---~ 1 n~ ~ 2 '  one has p <_ 4. 

1 
c 0 p - - - 4 ;  then A-~2, A h = 2 ,  (k----1, 2, 3, 4), i.e. 
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b) p = 0 ;  then Ak---0,  (k-----l, 2, 3, 4). 

1 
c) p-----l; then A - - - - A ~ = I  n '  n is an integer =t=0~ 1. 

1 1 1 
d) p - -  2; then - - ' - -  - t - - - - - 1  <--0 so that n is negative. 

ft  f t l  ~t2 

On setting n = - - m ,  m ~ 0 ,  one has 

1 1 1 1 
(9.2) m + + 

whose solutions are 

(3,3,3), (2,4,4), (2,3,6), (2,2,co), (1, n , - - n ) ,  

where n is an integer. 

1 1 1 1 3 
e) p - - 3 ;  then - ------- ~ -- ~ - - - - 2 < .  - - 2 ~ 0  

T~ n l  n2 n a  - -  

and n is negative. On setting n = - - m ,  m > 0 ,  o n e  has 

(9.3) 1 2 1 1 1 > 1  
- - - - - - -  - -  - -  

m n l  n2 na  

[note that nh=t::l]; therefore m = l  or 2. 

If  m =  1, equation (9.3) reduces to (9.2) with m ~  n~. 

If  m----2, one has n ~ - - - - - n ~ = n a ~ 2 .  Note that nl > 2  is impossible 
1 1 1 1 

because in that case n, ~ 2  implies n 2 - - ~  1, an impossibil i ty since n= 

n8 are different  from 1. Thus  the solution is unique. 

Corresponding to the solutions of equation (9.1), there are nine possible 
types of equat ions of the form (8.1). For  convenience, we set 

A - -  a C - -  - - c  E - -  e G - -  g 
ay + b ' cy ~ d '  ey .~ f '  gY -t- h 

where a, b, c, d, e, f, g, h are constants  and eventual ly  zero. 

The nine possible values of P(y) Q~y) are tabulated below. 
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TABLE II. 

O; A A ÷ C; 

A(1 + 1 ) + C ( 1 _ 1 ) ,  n ~ l  an integer;  

I ( A - k  C)--}- E; 2 ( A - b  C-k  E); 

1 3 5 2 1 
~ A -k Ti ( C-{- E) ; ~ A - k  ~ C-}-~ E ; 

i 
~ (A.-b C-}- E + G). 

The corresponding differential equations are shown to be stable by 
direct integration. Indeed they are equivalent to 

y--O, 

~- K(ay -b b), 

! ~-.K(ay + b) (cy + d), 

y" - -  K(ay  -}- b)'~+l(cy -k d? ~-t, 

y~ -~ K(ay -q- b)(cy --I- d)(ey q- f)2, 

{fi ~--- K(ay -k b)2(cY q- d)~(eY -{- ffl, 

y~ -~ K(ay  -}- b)2(cy + d) ~ (ey ~ ffl, 

y6 = K(ay  + b) ~ (cy + d) 4 (ey + f)~, 

y~ -~ K(ay  + b)(cy q- d)(ey + f)~gy + h) 

where K is an arbitrary constant. In  what follows, K (and eventually H) 
with or without a subscript will denote a constant, not always the same. 

The solutions of these equations are known and involve only elementary 
or elliptic functions. Therefore, they are all stable; the given list exanstive. 

These results will be used later on. 

}0. For future use, we need the following theorem. 
Denote by a and b two constants, not both zero, and by k and n two 

integers. Suppose k_> 1; let n=~=0 be positive or negative and even- 
tually infinity. 
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TItEOREM V. - In order that the equation 

(10.1) y =  1 - -  ~ - + a Y -  b ya + y~-~ 

be stable, it is necessary that  k----1 a n d  n :~: 1. 

PnOOF. - Note that equation (10.1) is invariant  under  the transformation 
y - -  ez, x ~--eat, where ~ is a parameter ;  note also that under  this trans- 
formation, one has 

Accordingly, we set 

y~_~ d x  t ~ d t  
~ - - Z -  ~z .  

U = yl-~ d x  
d~ ; 

then equation (10.1) is equivalent  to the different ial  system 

~,~-1 dy  1 ya d u  P(u) ,  
d x - - u '  ~ =  

where  

1 
P(u )  = - - -  k - -  a u  - -  b u t  

This system is also equivalent  to the different ia l  system 

ldy 1 
(10.2) Y - d-x - -  u '  

d u  
(10.3) y ~ = uP(u) .  

ely 

Suppose k >  1; then, the equation (10.3) has a solution u - - h ,  
h :j= 0 is such that P(h)  -~- O. 

where  
Then, from (10.2), one has d x - ~ - h y ~ - l d y  and 

y~ k 

where  c is an arbi t rary constant ;  this function y(x)  is not s ingle-valued.  
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Suppose  k : n ~  1; then, equat ion (10.1) is equivalent  
rent ia l  system 

(10.4) .y _~ 1 ,  y u  + a u  qu bu ~- - -  O. 

to the diffe- 

Set x ~ ~t, u--~ ~v where ~ is a pa ramete r ;  then, the different ial  system 
(10.4) may be rewri t ten  as 

dy  1 dv 
dt  - -  v ' Y ~ -[- ~v(a ~ b~v) ~ O" 

We may now apply the general  theorem of stability. To do this, y(t), 
v(t) are developed as series of ascending powers of the pa ramete r  ~. If xo, 
Yo, vo are arbi t rary constants,  one finds 

Y - "  Yo -~ x --x_ o + 0(~), 
Vo 

v-~vo--aav~ lg(yo-~ x-x°) + o(~ ~-) if a :4: O, 

v Vo e2bv~ lg (yo + x - -  xo - -  - -  ~ ) - { - O ( e  ~ ) i f a : O .  

It  then follows readily that  the different ia l  system (10.4) and the 
tion (10.1) are not stable. Our theorem is proved. 

equa- 

I V .  = T i l e  e q u a t i o n  y - -  R(x, y, ~1). 

11. Consider  the equat ion 

(11.1) 

where R(x,  y, y) is 
coefficients analyt ic  
of the type (11.1). 

a ra t ional  and irreducibi le  funct ion of y and y, with 
in x. Our purpose  is to find all the stable equat ions  

The equat ion (11.1) is equivalent  to the different ia l  system 

(11.2) y = z ,  z = R ( x ,  y, z). 
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Let xo, Yo 
a pole of order m > O  of R(xo, Yo, z). 

Set z----u A- a(x, y); then, in a neighborhood 
system (11.2) may be rewri t ten  as 

(11.3) 

be par t icular  (arbitrary) values of x, y;  let z - - a ( X o ,  Yo) be 

the differential  

- -  u -b a(x, y), 

u - -  u - ~ P ( x ,  y, u), 

holomorphic funct ion 

On setting 

where  P(w, y, u) is a 
P(xo, yo, 0)=4=0. 

Let  e be a parameter .  

(I 1.4) ~ ~-- ~Co -{- ~Pt, Y - -  Yo q- ~qw, 

the different ial  system (11.3) becomes 

of Xo, 

of x, y, u such that 

eq_~ dw 

dv P(xo ~- s~t, Yo -{- ~qw, arv) ~r(mq-1)--pq2m ~ "--" 

(11.5) 

so that, assuming p ~ q, p - - - r ( m  ~- i ) ,  r-~-1,  one obtains 

d w  
-dr - -  a(xo + ~ t ,  yo + ~pw) ÷ ~v, 

vm dv -dr = P(xo -'~ ~ t ,  Yo + ~Pw, ~v). 

When e - - 0 ,  one finds the reduced system 

(ll.6) 

dw a(xo , Yo), v m dv 0); d t  ~- ~[ --- P(xo, Yo ,, 

for this system to be stable, it is necessary, according to theorem I, that 
m ~ O o  

Therefore,  R(x, y, y) is a polynomial in y of degree s; 

B(x, y, "y) -~ Ro(x, y) ~- Rgx ,  y~y -[-... -]- Rs(x, y)ys. 

let us write 
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To determine the value of the positive integers ,  observe that the equation 
(ll.1) is now equivalent to the differential  system 

(11.7) 
I z-----Ro(m, y)-C.. .~-R~(x, y)z ~. 

On setting 

(11.8) 

one obtains 

(11.9) 

$q--p-~r du 

(~-l)r-pdv --  R,(xo+ ~t, Yo + ~qu)v* + 0(~). 
d t - -  

When q - - p  ~ r - -O ,  ( s - -1 ) r - -p - -~O,  r - - - l ,  i.e., p - - s - - l ,  q - ~ s - -  2, 
one finds the reduced system 

du dv 
dt = v ,  ~ - - R ~ ( x o ,  yo)vS; 

for this system to be stable, it is necessary, according to theorem II, 
that s ~ 2. 

Therefore, in order that equation (11.1) be stable, it is necessary that 

R(x, y, ~j) be, With respect to y, a polynomial of the second degree. 

For convenience, we shall write equation (11.1) as 

(11.10) "y --- A(x, y)y~ + B(x, y)y + C(w, y ,  

where A, B, C, are rational functions of y with coefficients analytic ill X. 

12 The next step in our investigation is to caracterize the functions 
A~ B, C, regarded as functions of y. Precisely,  we shall show that 

i) All the poles of A(x, y) regarded as function of y are simple; 

ii) The poles of B(x, y) and C(x, y) regarded as functions of y are 
included among those of A(x, y) and are simple; 
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iii. Let  D(x, y) be the least common denominator  of the part ial  

B(x, y) and fractions of A(x, y). Then, the degrees of the polynomials D(x, y) 

C(x, y) in y are at most 4 and 6, respectively. 
D(x, y) 

PROOF OF i) - Set x - -xo- - [ -e t ,  where xo is arbi t rary;  equation (11.10) 
becomes 

d~Y - -  A(xo + *t, y)(dY) ~ ~p- - -  ~ + 0(~). 

In order that the reduced equation 

d Y= A( o, y)(dY  
dt ~ ~dt ] 

be stable, it is necessary that A(xo,  y) be identical to one of the nine types 
enumera ted  above [see § 9, Table II]. Because  xo is arbitrary,  the a, b c, 
d, e, f, g of these nine types are now to be regarded as analytic functions 
of x;  these functions may eventual ly  be identically zero or constants. 

:Now, set 

1 c y +  d 
u : y ,  U - - a y + b ,  U - - a y . F b ,  

a f  - -  be. cy -t- d 
cf - -  de ay -F b 

according as A(x, y) coincides respect ively with the first type of § 9, 
Table II ,  or the second, or the third, or the fourth, or with one of the 
other types;  then, one finds that A(x, y) may be assumed to be one of the 
following eight distinct rational functions 

TABLE I I I  

i. 0;  

ii. 

iii. 

1 

Y 

( 1 - -  /~, n ~  1 an integer;  
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iv. 
1 1 

V. 

vi. 
3 1 i 

vii.  
2 1 1 1 

g ' b + 2 " y _ _ l  ; 

° , o  

V l l l .  
1(1 

+ • 

I n  viii, H may  be a cons t an t  (=~=0, I) or ma y  d e p e n d  on x,; in the 
l a t t e r  case,  on t ak ing  a new v a r i a b l e  t = H(x), one  m a y  suppose  tha t  H(x) 
co inc ides  wi th  x. 

1 
[As an  example~ we ve r i fy  the r e su l t  for  u - - a y  + b' where  a and b 

are  ana ly t i c  func t ions  of w; then,  

1 

l u  
= - a u ~ + M ( x ,  u) ,  

a u s u~J + N(~,  u) u + P(x, u), 

wh ere  M, 2t~ P are  r a t i ona l  func t ions  of u wi th  coef f i c ien t s  ana ly t i c  in x. 

The re fo r e ,  the  e q u a t i o n  

y 2 

= ay +----% + B(x, y)y + C(x~, y) 

assumes  the fo rm 
u u 2  

U 
- -  + Bx(x, u)*t + CI(x, u), 

wh ere  B~, C~ are  r a t i ona l  func t ions  of u wi th  coef f ic ien t s  ana ly t i c  in x. 
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51ote also that the third type of § 9, Table [I is now considered as a 
special case of the fourth type (for n ~ cx~)]. 

PRooy oF ii. - Let  y--a(x)  be a pole of order j of A(¢, y), of order  
k of B(x, y), and of order l of C(x, y). One has j = 0  or 1; we suppose 
that at least one of the integers k and l is greater  than j. On replacing 
y ~ a ( x )  by y, one may assume a(x)~--O. 

In  a neighborhood of the pole y ~ 0 ,  equation (11 10) may be wri t ten as 

(12.1) y~--y-/~=[1 - - n -  { - 1 0 ( y ) ]  -[- ~ [B(x, 0) -]- 0(y)] 

1 [C(x, O)--F O(y)], 

where n=ii=0 is a positive or negative integer which eventual ly  may be infi- 
nite. Note that n - - I  w h e n  j ~ 0 .  

Now set y - - - ¢ u  and 

i. x - - x o - ] - ~ t  when l ~ - - 2 k - - 1 ,  

ii. x --- ~vo -]- $(1+z)/2 t w h e n  l ~.~ 2k - -  1. 

Then, equation (12.1) becomes 

( u ~  1 1 -[-a +O(e),  when l ~ 2 k - - 1 ,  
- -  n ] u  

( 1) u2-[ -b  +0(~), when l ~ 2 k  1, u = l - -  u-  u 

( 1 u2 u b 
u -~ 1 --  n) u- q- a ~ -b ~ -k 0(~), when l --- 2k - -  1 ; 

here, a-~ B(xo, 0), b ~ O(xo, 0). 
The reduced equations are  contained in 

( l \ u  2 u b 
(12.2) u =  1 - - n ) u - [ - a ~ q - u  ~ - 1  

[if a=[=0, k is necessari ly a positive integer;  if a----0, one has 2k--l~--l ,  
where  1 is a positive integer].  
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In  order that equation (12.2) be stable, it is necessary,  according to 
theorem V, that k ~  1 and n=~= 1. This proves ii. 

PROOF OF i i i . -  The result  ii is essential for it enables one to give 
upper  bounds  for the degrees of B and C. Indeed,  let D(x, y) be the least 
common denominator  of the part ial  fractions of A(x, y), i.e. (see Table  III), 

D(x, y ) - - y  

- ' - y ( y - - 1 )  

= y ( y - - l ) ( y - - H )  

for ii, iii, 

for iv - -  vii, 

for viii. 

Then, one may write 

M(x, y) 
B(z, y) - -  D (x, y)' 

N(x, y) 
C(x, y) -- D(x, y)' 

where M(w, y) and N(x, y) are polynomials in y of degrees m and 
respectively,  with coefficients analytic in x. 

On making the subst i tut ion y = u -~, equat ion (11.10) becomes 

n ,  

U2 
U 

Now, we consider two cases according as to whether  A - - 0  or A =t=0. 

i. A ~ 0 .  Then, u = 0  is a simple pole for the coefficient of u 2 so 
that necessari ly m ~_ 1, n ~ 3. 

ii. A ::~:0. On taking into account  the ~arious types of A(x, y) given 
above (Table III,  i-viii), one sees that u = 0  is still a simple pole of the 

coefficient of u2; therefore, if q is the degree of D in y, one has 

m ~ _ q + l ,  n~_~q+3.  

Thus, q < 4 ,  m <--4, n _~.6. More precisely,, if A(x, y) coincides with 
one of the types i-viii  (Table III), the degrees (m, n) are (1 ,3)for  i, (2,4) 
for ii and iii, (3,5) for iv-vii,  and (4,6) for viii. 

18. The above method enables one to obtain in a simple manner  condi- 
tions of stabili ty which restrict  the form of the coefficients A, B, C of 
equat ions( l l .10) .  To obtain other necessary conditions for stability, one must, 
according to PAISLEY', introduce a parameter  ~ into the equat ion and 
develop the solution y(w, ~) of the new equat ion as a series in powers of e. 
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As we have seen, the coefficients of this development are determined by 
quadra tures ;  the conditions that their  crit ical points are f ixed are necessary 
conditions for stability. This method must be applied to all the poles of A(x, y) and 

1 
to y = c ~ .  [For y - - c ~ ,  one may set y =  - or use the transformation 

U 

y : u/~]. 
However, to avoid the numerous  and arduous computations involved in 

the method of 1JAI~I~EV]~, we shall use another,  more simple method. 

14. The values of y for which the general  existence theorem of CAUcH¥ 
does not apply are y - ' - ~ ,  0, 1, H(=~0, i), or x (according to the type of 
the equation). In  the following paragraphs,  we shall consider par t icular ly  
the case y = ~ ;  the other cases may be settled directly or by appropriate 
substi tutions of the independent  variable. 

In  a neighborhood of y - - c ~ ,  one has 

(14.1) 

I M(x, y) 2(lo 
D (x, y) --  ay-t- al -Jr- D ' 

N(x, y) 
D (x, y) -- by3 + bly~ 44- b2y 4- be 44- h~ 

, D ' 

where Mo, No are polynomials in y, each degree of which is less than the 
degree of D, and where the a's and b's are analytic functions of x. 

Fur ther ,  

(14.2) A(x, y) = y + 0 , 

where  the constant A has the following values 

(14.3) 

1 
0 (type i); 1 (type it); 1 - - - .  n >  1 

n / 

3 
(types iv, 

an integer (type iii); 

4 7 
vi, viii); 3 (type v); ~ (type vii). 

1 
These values correspond to A = i - - - .  n an integer, where n has the 

n "  

following values 

I n = l  (type i); n - -cx~  (type it); n ~ l  (type iii); 
(14.4) 

n = - 2  (types iv, vi, viii); n - - - - 3  (type v); n = - - 6  (typevii). 
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Then, equation (11.10) may be rewri t ten as 

(14.5) y =  A +  ~Y/]Y + ay ~- a~ ~- 0 ~ y -~  by ~-~ b~y ~-~ O(y). 

Let us now determine necessary conditions for the absence of para- 
metric critical points for the equation (14.5). To do this, suppose that in a 
neighborhood of . x - - x o ,  one h~s 

s x )  
(t4.6) y(x)  ~ (x  ~ Xo) ~'' 

where r > 0 and S(Xo):~:O; s(x) is a holomorphic function of x. 

Subst i tute  y(x) given by (14.6) into (14.5) and note that 

rS(Xo) [1 ~- O ( x -  x0)], 
( x  - -  Xo) ~'-1 

r(r -{- 1)S(Xo) [1 + O(x --  no)]. 

First,  suppose that a(xo) or b(xo) is not zero; then, the dominant  terms 

arise from y, y2 Ya y ,  y~], and are respectively proportional to 

(x - Xo) - ' - ~ ,  (x  - -  x o ) - " - ~ ,  (x  - -  Xo) - ~ ' ' - 1 ,  (~ - -  Xo) - ~ ' .  

Therefore,  to obtain an identity at least two of the numbers  r ~ 2, 
2r-~ 1, 3r must be equal ;  this gives r - -  1. 

Second, suppose that  a(xo) and b(xo) are both zero; then the dominant  
oo y 2  . 

terms arise from y, y-, y, y~ and are respect ively proportional to 

--Xo) , (X--Xo) -r-2,  (x Xo) -~-~, (X- -Xo)  -~" 

so that r ~ 2 .  

15. Suppose r ~  1 and set 

s(x) 
y ~  - -  

g 
(15.1) - - ,  z--- 1 ~ uz. 
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For convenience and for future reference, we note the following formulas 

(15.2) ~ =  z~ ~ u - - ~ ,  

(15.3) ~s 8 (3. 2:)_~(u u2 ~ ~ )  

(15.5) y 1 s 
- -  u +  s ,  y z 

(15.6) y--(1--n/y~t~]2:sz~(1 ÷ 1 ) ÷ ~ [ ( 1  ÷ 2 ) u - - 2 ! 1  

- -  -- u ÷ 1 - -  ; 
i U +  n s  n s 

in addition, 

(t5.7) A(x ,  y) ~ A ~ ÷ 0 (z ~) ; 

[use Table III]; 

.M 8 
(15.8) ~ - - - a z +  0(1) when a=~=O, 

- -  al ÷ O(z) when a ~ 0 ; 

~ (~) (15.9) 51 b ÷ 0 when b :4: 0, 9 = 

• 8 8 when b --" 0. 

Set 

(15.10) P - -  bs ~- - -  as  ÷ A -t- 2, 

(15.11) p - ~  3 - -  2A + as. 
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Int roduce y(x)  given by (15.1) into the equat ion (14.5) and rewrite  the 
result  as 

(15.12) z u  --~ ~ P +  + h(x,  z) + zH(x ,  z ;  u), 

where  h(x,  z) and H ( x ,  z ;  u) are analytic functions of x and holomorphie 
functions of z in a neighborhood of z~---0;. H ( x ,  z;  u) is a polynomial in u. 

Now, we determine s by setting P = 0 ;  it then follows from theorem IV 
that a necessary condition for the equat ion (11.10) to be stable is that p be 
an integer. 

These conditions will determine the possible values of a and b. 

16. Consider the relations 

(16.1) bs 2 -  as  - -  1 - -  - 1 __ O, 
n 

2 
(i6.2) p - -  1 + ~ -~- as, 

where p must be an integer. 

i. Suppose b - ~ O  and a : ~ O ;  then a s - t - 1 - t - 1  ~ -0  a n d p  1 

order that p be an integer, one must  have n = l  or n ~ e c ,  so that 

In 

(16.3) n - - l ,  p :  l ,  a s + 2 - - 0 ;  

(16.4) n = c %  p - - O ,  a s +  1 - - 0 .  

2 be an integer, it. Suppose  a - - 0  and b:4:0;  in order that p - - - l + -  

one must have n - - -2 ,  1, - - 2  or cx~. Therefore, the following cases arise 

(16.5) n - - l ,  p ~ 3 ,  b s ~ - - 2 - - - O ;  

(16.6) n - -  2, p - -  2, 2bs ~ -  3 - -  0; 

(16.7) n --~ - -  2, p --~ 0, 2bs 2 - -  1 -= 0 ; 

(16.8) n - - ~  , p - - l ,  b s ~ : l .  
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iii. Suppose ab=t=O. On el iminat ing s between (16.1) and (16.2), one 
obtains 

(16.9) 

Taking into account  the value of b given by (16.9), one rewrites (16.1) as 

(p _ 1)a2s2 - (p - - 1  - -  2 )2as - - (1  -{- 1 ) ( p  - - 1  - -  2)3--- - 0. 

This equation determines the product as; its roots are 

2 (n -{- 1) (np - -  n - -  2) 
p - -  1 - - -  and - -  

n n ( n p -  1) 

so that [cf. (16.2)] 

2 
1 A - n +  a 8  - ~  

P~ 

p + 2 ÷ n  
p n - - 1  ~ q "  

Therefore,  the integers p and q satisfy the Diophantine equation 

(16.10) p -~ q A- n ~ 2 ~..~ pqn. 

The integral  solutions of (16.10) are given in Appendix I and determine 
all the distinct possibilities that we shall have to consider later  on. 

These possibilities are given below together with the corresponding 
relation (16.9) and the related values of p and s. 

n = l  

(16.11) a-=O, b:#:O, p - ~ 3 ,  b s ~ - - 2 - - 0 ;  

(16.12) a~:O, b-=O, p = l ,  a s + 2 = 0 ;  

(16.13) 9b ~ a 2 - -  0, 
i p ~ O  , a s : - -  3, 

3, a s :  p = - -  - - 6 ;  

(16.14) b = a 2, 
i - - 2  , a s - - ' - - i ,  

I p - ' - 5  , a s - - 2 .  
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(16.15) 

(16.16) 

(16.17) 

(16.18) 

(16.19) 

(16.20) 

(16.21) 

(16.22) 

(16.23) 

a = O, b =~: O, p = l ,  bsZ--l=0;  

a:JS:01 b - -O ,  p - - O ,  as-~  l - - O .  

n ~ 2 .  

b(n -[- 2) ~ + ha2= O, 
t ----O, n a s - - - - ( n - ~ 2 ) ,  

f p - -  - -  (n ~ 2), n a s - -  - -  (n Jr l)(n ~- 2). 

t p ~ l ,  as+l-----O,  
2b --  a 2, ] 

l p - - 5 ,  a s - - 3 - - O ;  

a ~ O, b :~: O, p - -  2, 2 b s ~ - - 3 - - 0 .  

n ~ 3 .  

I p ~ l, 3 a s - - - - 2 ,  
3a 2 2b, ] 

p - - 3 ,  3as--~--4. 

n - - 5 .  

5a 2--'b, t p - - - l ,  5as - -~- -  2, 

p ~ 2 ,  5as - -  3. 

nw~- -2 .  

a ~ O, b @ O, p - - O ,  2bs ~--~1. 

n - - - - 3 .  

b ~ 3a  ~, t p ~ l ,  3as  ~ 2, 

( p ~ O ,  3as + 1 - -  O. 
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(16.24) 8b - -  3a ~ 
I p - - O ,  3 a s - - - - - 2 ~  

p --~ 4, 3as = l O. 

17. Now suppose r - - - 2 ;  then a(x , )~O,  b ( x ) ~ O .  Set 

t(x) z : t + uz (17.1) y : z2 , 

so that 

(17.2) y - =  z~ z2 2 u - -  , 

6t 2t [ ~) t (u + i ~" ) 
(17.3) y = z ~ + ~ ( 5 u - - 2  - - 2 ~  2 ~ u - - 2 ~ - - 2 u  2 , 

( 1 )  _ 2 
( 1 7 . 4 )  

2i  "" i ~ 2u~| 
2gIu-]- u - - ~ - t - ( 1 - -  1) 2t2 

In t roduce y(x) given by (17.l) into the equation (14.5) and rewrite the 
result  as (15.12) with 

4 
(i7.5) P----- bit - -  2 ~ - 

n ~ 

4 
(17.6) p : 1 + - .  

n 

1Now, we determine t(x) by setting P----~ 0. In  order that the equation 
(11.10) be stabl% it is necessary that p be an integer;  we suppose p_~0 .  
The only five distinct possibilities are 

(17.7) n - - ~ ,  p - ~  i. b i t - - 2 ;  

(17.8) n - -  1 , p --- 5, bit ~ 6 ; 
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(17.9) n - - 2  , p - . 3 ,  b i t - . 4 ;  

(17.10) n - - 4  , p - ~ 2 ,  b i t - - 3 ;  

(17.11) n ----- - -  4, p --~ 0, bit - -  1. 

When  n is an arbi t rary integer, one has also to consider the case 
a ~ b ~ b l  ~-O. 

18. We  have also to take into account  the values y ~ 0, 1 or x. 
For  y - . 0  [resp. y - - l ] ,  one may set  y - - ~ u  -1 [resp. y - - 1 - - u  -1] and 

use the results  of the preceding paragraphs.  

One may also proceed in a more direct  manner.  For  instance, for 
y - - 0 ,  one may set 

(18.1) y - -  sz, z -"  1 ÷ u~ 

so that 

(18.2) 

~j--2s+su÷sz u÷2~u+s÷u~ 

and use the above method. 

In what follows, we shall have to consider (possible) movable poles [or 
zeros or unities] of order one or two; to abbreviate,  we use the obvious 
notations P1 ,  P2 [or ZI, Z2 or U1, U2] and for example,  speak of an equa- 
tion of class (P1, Z1, U1) to signify an equation having (possible) movable 
poles, zeros and unities, all of the first order. 

To continue our investigations, we must consider separately each of the 
eight types of equations corresponding to the eight possible values A(x, y) 
[see Table III ,  i-viii] .  

Observe also that to obtain canonical forms for the stable equations, 
it is often most convenient  to use a transformation [call it T(k, f~, ¢?)] 

(18.3) y(oc) - -  ),(x)u -k t~(x), t -~ ~(x) 

which does not alter the main features of the equations considered 
[),(~c), ~t(~e), ¢?(x) are analytic functions of w; in some cases, one has ).(x)--~ 1, 
~(~) ~ 0 or  ~(x) --- ~] .  
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For convenience, and future  use, we note the following formulas where  

primes denote differentiat ions with respect  to t, i.e. u':dUd-t' u".-~ d~Udt~, 

(18.4) t 

W h e n  ~ : 0 ,  one finds 

•j Y _ _  " .. , 

Throughout  the remaider  of this paper, we denote by a, b, c, d, e, f, 
g, h, k, l, with or without subscripts, analytic funct ions of x, (not always 
the same) and by H and K, with or without  subscripts, (arbitrary) constants, 

\ 

(not always the same). Moreover. we set A -- '~ • X' @ =  ; so that 

(18.5) A k2 

A P P E N D I X  [ .  

T h e  D i o p h a n t i n e  e q u a t i o n  p + q + n + 2 = p q n .  

19. The problem of f inding all the possible types of stable equations 
(11.1) depends on the problem of f inding all the integral solutions of the 
Diophant ine equation 

(19.1) p + q + n + 2- -pqu .  

We suppose n ~ > l  or n - - - - 2 ,  - - 3  or - - 6  and p-----0: 

i. n-----1. Equat ion (19.1) is 

(19.2) P --b q --k 3 ~ pq. 

W h e n  p---O, one has q - - - - 3 ;  when p - - 1 ,  equation (19.2) has no 
solution. 
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Suppose  p ~ 2. Equat ion  (19.2) may be rewri t ten  as 

P 

so that  q ~ 0; we may even suppose q . ~  2 because when q - - t ,  equat ion 
(19.3) has no solution. 

Since 

1 - -  p - - 1  + ~, 

one f inds p ~ 5 ;  there are four cases to consider,  i.e. p - - - 2  7 3, 4 7 5. 
It  is readily seen that  for p "--4, equat ion (19.2)has no integral  solution. 

There  remain  the three dist inct  solutions 

p - - 2 ,  q - - ' 5 ;  p - - 3 ,  q ~ 3 ;  p - - 5 ,  q - - 2 .  

Therefore,  when n- - -1 ,  the only integral  solutions (p, q) of (19.2) are 

(19.4) (0, - -3) ,  (2,5), (3,3), (5,2). 

ii. n --- c,o. Equat ion  (19.1) reduces  to pq - -  1 
integral  solut ion p - -  1, q ---- 1. 

iii. n : >  2. For  p - - 0 ,  we have q -'- - -  (n -4- 2). 

Suppose  p ~ 0 ;  equat ion  (19.1) rewri t ten  as 

and has the only 

1(1 , 1 

shows that q ~  1. 

From (19.t), it also follows that  

~/ n + ~ - -  1 - -  p ;  

since n~_ 2, q ~  1, qn :> 2, one has p ~--5. Thus,  we have to consider  
five possibilities, namely  p ~-1,  2, 3, 4, 5. 

a. p - - l ;  the equat ion  (19.1) is n o w n l ~ q ~ n - q l  3 __---1 and has been 

considered in i; its only dist inct  integral  solutions are 

(n~ q) - -  (c~, 1), (5,2), (3,3), (2,5). 
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1 1 4 
b. p - -  2; equation (19.1) becomes n + q ~" n--q-- 2 and has only the two 

integral solutions 

(n, q) --- (5,1), (2,2). 

c. p---~3; equation (19.1)becomes 1 1 5 - - 3  and has only the 

integral  solution (n, q ) - -  (3,1). 

d. p - - 4 ;  equation (19.1) has no integral  solution. 

1 1 7 
e. p - - 5 ;  equation (19.1) is n--]- ~ - { - a n - - 5  and has only the integral 

. 1 .  

solution (n, q) --~ (2,1). 

iv. n --~ - -  2; equation (19.1) is p --{- q ~ 2pq ~ 0 and its only integral  
solution is p ~ - O ,  q-----O. 

v. n - - - - 3 ;  equation (19.1) is p - - ] - q - ] - 3 p q - - 1  and has only the 
two integral  solutions p ~ l ,  q ~ O ;  p----O, q---1.  

vi" n - - - - 4 ;  equation (19.1) is p - ] - q - t - 4 2 q - = 2  and has only the 
two integral solutions p ~ O ,  q - ~ 2 ;  p : 2 ,  q - - O .  

vii. n-------6; equation (19.1) is p + q Z 7 6 p q - - 4  and has only the 
two integral  solutions p - -  O, q --= 4 ; p --- 4, q - -  O. 

We summarize the distinct integral solutions of (19.1); we give the 
values of n and the corresponding values of (p, q). 

n (p, q) 

1 

2 

3 

5 

- - 2  

- - 3  

- - 4  

- - 6  

n ~ 2  

1, 1 

2, 5; 3, 3 

1, 5; 2, 2 , 

1, 3 

1, 2 

0, 0 

0, 1 

0, 2 

0, 4 

0, --(n + 2) 
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20. Set 

(20.1) 

V. E q u a t i o n s  o f  t h e  t y p e  A(x, y) = O. 

F(x,  y) -~ cy -keY ~ -{- fY "{- g. 

The stable equations of this type are of the form 

(20.2) ~) = F(x,  y), 

(20.3) y - -  ayy + F(x,  y), 

a ~ - 

(20.4) "y--- ayy - -  ~ y~ -}- F(x,  y), 

(20.5) y = by 3 + F(x,  y), 

(20.6) "y -~ ay~j + a~y ~ + F(x,  y). 

Equation (20.2)has parametric poles of the second order (P2); the 
other equations have movable poles of the first order (P1). Therefore, the 
stable equations of the type A(x, y ) ~  0 may be restricted to five distinct 
equations which may be represented symbolically by 

P2, p - - 5 ;  P1, p = l ;  P1, p - - O ,  p - - - - - 3 ;  

P1, p - - 3 ,  p - ' - 3 ;  P1,  p = 2 ,  p = 5 .  

Equations (20.2-6) belong to the type 

(20.7) "y - -  ayy + by ~ -[- F(x,, y). 

The general transformation [see (18.3)] 

(20.8) y = k(x)u + ~(~), t ---- ¢~ (x) 

does not alter the form of equation (20.7) which becomes 

u"--  Auu' + Bu ~ + Cu' + Eu ~ + Fu + G, 
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where A, B, C, E, F, G are given by 

(20.9) 

~ e  = (c + a ~  - -  2 A  - -  (I)), 

f ~ V  = ~ '~ + b~ ~ + ~ + ~ + f~ + a - -  ~. 

21. Equat ion (20.2).- We explain the part iculars  of our method on this 
equation which is of class P2 .  

According to section 17, set 

s(x) 
(21.1) Y - - ' 7  ' z - - 1 - { - u ~ .  

For  equation (20.2), one has n - -  1 and es --- 6, p ---~ 5 [see (17.8)]. 

I t  follows from (20.9) that a t ransformation y---~.u may be chosen 
so that s - - -1 ,  i.e. e ~ 6 ;  equation (20.2) gives 

gz~ 
(:~1.2) zu = 5u + ~ - -  z - -  y + cuz + 2zu ~. 

To apply our main theorem of stability (theorem IV), we must Set [see 
section 6] 

(21.3) n N P(x ,  z) + zSv, 

where P is a polynomial  in z of degre 4. To determine its coefficients, 
we derive from (21.2), (21.3), five r e l a t i ons ;  a sixth relation giving the 
condition for stability is then deduced from theorem IV. 

To simplify the problem, it is most convenient to t ransform equation 
(20.2) by a general  t ransformation T(k, ~, ¢~) into an equat ion of the same 
form for which c ~  f~---0. This is always possible, for one has to determine 
)~, ~, ¢~ so as to satisfy [see (20.8)] E ' - - 6 ,  C - ' 0 ,  F : 0 ;  then ),, ¢p are 
given by 

i - + A - - 2 ~ = 0 ,  c - - 2 A - - o = 0  
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and are determined by quadratures;  V is determined by 

2e~ + cA + f - -  "~" ~ . = 0 .  

With these simplifications, our problem is readily solved. 

Indeed, equation (20.2) becomes 

and (21.2) reduces to 

y = 6y ~ + g(x) 

z u  = 5 u  - -  g z ~ ÷ 2 z u  '~. 

Now, set u = ~ z ~ - ~  ~z4-~ z~v and determine ~ and ~ by 4~ = g ,  4~ = g ;  

the condition for stability is then ~ = 0  (theorem IV) so that g i w ) = 0  or 
g(z) = K~ + H. 

The stable equations (20.2) are thus reducible to 

(21.4) "y -" 6y ~ -Jr Kx  ~ H. 

By trivial changes of variables, this equation may be brought into one 
of the following canonical forms 

i. when K ~ H - - 0 ,  

(21.5) y ---- 6y ~; 

(21.6) 

it. when K-----0, / - /4  O, 

1 ~ =  6y ~ + ~ ;  

iii. when K:it=O, 

(21.7) 9 = G¢ + ~. 

Equations (21.5) and (21.6) may be integrated by means of elliptic func- 
tions so that their general integral is a one-valued function of x. Equation 
(21.7) is not integrable in terms of classical transcendents;  its solution is 
one of the new transcendents discovered by P. PAINL]~V]~. (see table I ;  
equation 1.1). 



F. J. BUaEAU: Diffc~'cjttial equat,io~s witl~ fixed, etc. 269 

22. We consider now equations (20.3-6) all of class P1. 

Equat ion  2 0 . 3 . -  Set y - - ~ - - w h e r e  s(w) is given by as ~ 2---~0; note 
z 

that p : 1. A transformation T()~, ~, ,~ - -x )  may be chosen so as to secure 
a - ~ - - 2  (i.e. s - - - l ) ,  and e - ~ c .  

Then, one has 

z u : u - - f z - - g z 2 - ~ c u z ~ z u  ~. 

On setting u - - - z v ,  one obtains the conditions for stabili ty f ~ 0 .  
The stable equations (20.3) are thus reducible  to 

(22.1) 

and are equivalent  to the differential  system 

z - -  l ~ z~v, v -~ cv - -  g. 

The general solution of (22.1) is given by 

where  

w = c w + g .  

Therefore,  w is determined by quadratures  and y is given by a RICCA~I 
equat ion;  (22.1) is thus stable. 

23. Equat ion  (20.4). - For  this equation, p = O ,  a s - - - - - 3 ;  p - - - - 3 ,  
a s : - - 6 .  We have only to consider p----0 since a negative p does not 
result  in a condition of stability. Through a transformation T(),), one may 
may assume a - - - - - - 3  and s ~ l .  

The associated equation in u is 

z u  - -  ~ - -  e - -  f z  - g z  2 + c z u  + z u  ~ 

which gives the condition for stabil i ty c - - e .  

The stable equations (20.4) are of the form 

(23.1) y .~ --  3yy - -  y~ + c(y + y2) + fy  + g. 

v 
On setting Y----v '  this equation reduces to the linear equation of 
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the third order 

(23.2) "v - -  dv - -  fv  - -  gv : 0 

which was investigated by E. V~zssIo~ [5a]. 

24. Equation.  (20.5).- We have p----3, bs ~ ' -  5. A transformation T(k, ~, ~) 
may be chosen so that b - - 2  (i.e. s~----+-l) and e - - - c - - 0 .  

Indeed, one has to determine ),, ~t, ¢~ by (set again ),----- A, 

b ) J - ' 2 ~  ~, ~ - - 2 A - - q ) ~ 0 ,  3b~-f-e---~0; 

and t~ are given by quadratures through 

b 2A • 0. 

With  the values assumed for b, e, e~ equation (50.5) becomes 

(24.1) ~t -~ 2y ~ -{-~fy -{- g. 

Note that equation y - - 2 y  ~ may be integrated by means of elliptic 
functions. Indeed. on mult iplying by y, this equation may be brought to 

The associated equation in ~t of (54.1) is 

(24 2) 

Now, set 

and determine ~ and y by 

z u  - -  3 u  - -  f z  - -  g s z  ~ + z u  ~. 

u = ~z + ~z 2 + z~v 

the condition for stability is "(-----0. Therefore, [:'-~- 2 g s : O ;  because 
s~--=t=l, this relation splits up into /~'~--0, g==0.  Hence, f - - ~ K x - } - H ;  g 
is also an arbitrary constant (say K1). 
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(24.3) 

When  

(24.4) 

When  
form 

The stable equations (20.5) are thus reducible to 

= 2y 3 -~ (Kx  ~- H) y -~ K1. 

K - - 0 ,  this equation becomes 

9=2y3 +Hy+K1 

and is at once integrable in terms of elliptic functions. 
K:4:0, trivial change of variable brings (24.3) into the canonical  

(24.5) - -  2y ~ + ~cy + Ks. 

This equation is not integrable in term of classical 
solution is one of the new transcendents  discovered by 
table I ;  equation 1.2). 

25. Equat ion (20.6). - One has p - - 2 ,  a s = -  1 
A transformation T(%, ~t, ~) may be chosen so that  
Indeed, one has to determine %, ~t, ~ by 

or by 

a k - - - - ~ ,  e T a ~ - - 2 A - - ( I ) - - 0 ,  

h 
- + A - O - - O ,  

a A -]- 3b~ -[- e = 0 

and p --. 5, a s - - - 2 .  
a----l, e - - c ~ O .  

these equations have one and only one solution. 

Equat ion (20.6) assumes the form 

(25.1) ~j = - -  yy  -t- y 8 -[- f y  ~- g; 

the associated equation in u is 

(25.2) ~u ---- (3 - -  s)u - -  fz --g- z 2 -[- ~u 2. 
8 

Note also that the equation 

t ranscendents ;  its 
P. PAINnnV~ (see 

e + a ~ - - 2 A  - ( I ) - - 0 ,  e .~ -aA~ . - t -3b~- -O;  
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may be integrated by 

+ y~ --- v, one obtains 

means of elliptic functions. Indeed, on 

V 
y - -  - and t h e n  v - - v  ~. 

V 

a. First,  consider p --  2, s ~ 1; the equation (25.2) becomes 

~u 2 u - -  f z - -  z ~ g ÷ zu:. 

u ~ ~z -~ zZv, one obtains the relations 

(25.3) 

On setting 

and hence the condition for s tabi l i ty  f - { - g - - 0 .  

To simplify the notations: we set 

(25.4) f - -  - -  12V, g - -  t 2  ?. 

b) It  follows from a, that the stable equations (25.1) are 

(25.5) 

• ~ O W ~  

gives rise to a condition on V. 

The equat ion in u associated with (25.5) is 

zu - -  5u ~- 12Vz ~ 6 V z  2 -~ zu  ~. 

On setting 

of the form 

= --y9 + 12vy + 12v. 

consider p - -  5, s - - - - -  2; the condition fo r  the stabili ty of (~o.o) 

4~ --- - -  12 V, ~ - ~ 6 7 . - { - 3 . { ,  

+ .c ~ + 2 ~  = 0; 

these relations easily give 

3~, 

3 V-k  9VI~ 

one obtains the relations 

setting 
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and hence the condition 

o r  

and finally 

(25.6) 

for stability 

V (~)- 12ff ~ -  12VV--  0 

4 2 
dw ~ ( V -  6V 2 ) ~ 0  

V~-- 6W -~ Kw ~ H. 

Thus, the stable equations (25.1) are of the form (25.5), where V is a 
solution of (25.6), i.e., an elliptic function or a solution of the irreducible 
Paintev~'s equation I. 

c. That the equation (25.5) where V is given by (25.6), is really a 
stable equation remains to be shown. To do this, we employ a method 
which shall often be used in what follows. 

Observe that the stability condition corresponding to p - - 2  (see a) is 
readily obtained and brings equation (25.1) to the form (25.5). Moreover, 
one has 

1 z ~ l - ~ z u ,  u~--12Vz- l - -z2v  Y~--z' 

so that ~ - - - - - l ~ - u ;  it then follows 
y z 

parametric poles corresponding to p = = 2  
parametric poles corresponding to p ~--- 5. 

Accordingly, set 

(25.7) y .L y2 __ v; 

t h a t -  ~ - { - - y - u  is regular at the 
Y 
and has simple poles at the 

v has double poles at the parametric poles corresponding to p - - - 5 ;  it is 
thus expected that the stability condition for V is connected with equation 
(20.1). 

Indeed, the equation (25 5) is equivalent to the differential system 

(25.s) 
I y--]-y2--v, 

v -~ vy -- 12Vy -~ 12I r. 

Hence, v is a rational function of y, y and, vice versa, y is a rational 
function of v, v; therefore, if y is stable, v is also stable and conversely. 

A~na~i eli M a t e m a t i v a  35 
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On el iminat ing y between the relat ions (25.8), one finds 

(25.9) v = v ~ -  12Fv + 1 2 7  

write  Y-" + y - -  - and use Che logar i thmic  derivative of y - - ~ 2 1 2 V ]  y y '  

The  t ransformat ion v - - 6 V = 6 w  brings (25.9) into the canonical  form 
[see § 21] 

w - ~ 6 w  2 +  V - - 6 V  ~; 

in order  that  this equat ion be stable, one mus t  have [see (21.4)] 

?---6V2 ~ Kx  ~- H 
and 

(25.10) w ---- 6w 8 ~ Kx % H. 

Therefore,  the general  solution of 

= _ y~) + y8 _ l~Vy  + 12~, 

where V is a par t icu lar  solut ion of (25.10), is 

w - -  i f  
(25.11) Y - ~ w - -  V ; 

w is a solution of (25.10) dist inct  from V. 

26. To sum up, the fol lowing set of equat ions  may be considered as a 
set of canonical  equat ions of the type A(x, y ) :  O. 

i. y ~ 0 ;  

it. P2 ;  p ~ 5 .  

~.  ~ = 6 y 2 +  K 

integrabte  by ell iptic funct ions;  
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, °  

b. y - -  6y~i~ x 

not integrable in terms of classical t ranscendents ;  

iii. P1;  p --" 1. 

/i = - 2yy + c(y + y=) + g 

integrable by quadra tures ;  

iv. P 1 ;  p - - 0 .  

may be reduced to a l inear  equation of the third o rder ;  

v. P1 ;  p - - 3 ,  3. 

a. y ~--- 2y ~ + Ky + t t  

integrable by elliptic functions;  

b. y = 2 y ~  - xy ~- K 

not iategrable in terms of classical t ranscendents ;  

vi. P1 ;  p--~2,  5. 

where  V1 is a solution of ii, a or ii, b. 

In tegra t ion : 

Y - - V - - ~ \ '  

where  V and V1 are distinct solutions of ii, a or ii, b. 

In  iii and iv, c, f, g are arbi t rary  analytic functions of x. 

To obtain the most general  stable equations of the type A(x, y)-~ O, one 
has to use a general  t ransformation T(),, ~, ~), where  ),, ~, ¢~ are  arbi t rary  
analytic functions of x. 
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1 
VI. E q u a t i o n s  o f  t h e  t y p e  A(x, y ) - - - .  

Y 

27. The stable equations of this type are of the form 

(27.1) 

where 

(27.2~ F(x, y) = a~y q- b,y ~ q- b~y -]- b~ ; 

the a's and b's satisfy conditions to be given later on. 

The substitution yv  = 1 transforms the equations (27.1) into an equation 
of the same form, namely 

(27.3) "v • v b 
- -  --  = a2vv ~- a - - -  b~v ~ - -  -~ a~v - -  b~v ~ -- b2v ~ b~ ; 

v v v 

therefore, the stability conditions corresponding to the parametr ic  zeros 
of y(x) may be deduced from the stability conditions produced by the para- 
metric poles, according to the table of equivalence 

(y) a a~ a~ b bl b~ b~ b~ 

(v) as a~ a --b~ --b~ --b~ --b~ - - b .  

The transformation y = k(x)u, t = ~(x) does not alter the form of equa- 
tion (27.1) which becomes 

u '~ u' B~ 
u " - - u - -  = Au 'u  + A~ u + B u  8 + 7 + A~u' + B~u2 + B2u + Bs,  

where on setting /~ = ~, one has 

° 

~A = a),, ~A1 al ~ ),~A~ = = - -  : , a 2 ~  

~ B = b ) ~  ~. ~ ' ~ B l = b l k + a k ,  ~ B 2 = b 2 ~ - a ~ & - - A ,  

~ 2 B s  = b8 + a2A,  k2~B4 = b4. 
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To simplify the problem, one may chose k, ~ so that 
has only to determine k, ¢~ in order  that 

~ " - a ~ ,  A - -  a~A - -  b~--- 0]. 

a~ = b~= O. [One 

28. The general  solution of (27J) may have simple or double parametr ic  
poles and simple or double parametr ic  zeros; we consider these cases 
separately. 

i. Double paramet r ic  poles. - One has a = b - - 0 .  The transformation 
s(x) 

y ~ - - ~ - ,  z ~- 1 T uz, where s is given by b~s = 2 ,  changes (27.1) into 

Z d 2 a~ z~ 

z u - - u ' b ~ - ~ l g s +  s 

2s ~ 

Because p • 1, one sets u : z v  and finds the condition for stability 
d ~ d 2 

dx 2 l g s - - 0  or ~ - ~ l g b ~ 0  (note that b l s ~ 2 )  and f inal ly 

~28.1) b~--Hle K~. 

ii. Double paramet r ic  z e r o s . -  One has a z =  b4--O; according to the 
table of equivalence, the condition for stability is 

(28.2) b8 --" H 2 e  K~x • 

8 
iii. Simple paramet r ic  poles. - Set y - - ~ ,  z--~ 1 + uz, where 

g iven  by bs 2 - a s - l = O  and p - -  1 + a s ;  equation (27.1) becomes 

(28.3) z u  - -  p u  - -  b,s - -  a s  -b  A z  - -  (a2 s + bs ) z, + z u 
8 

with 

s i s  

d 2 a~ 
(28.4) A ---~ ~ lg s -}- s "  

It  follows from (16.15) and (16.i6) that we have to consider two cases 
according as to whether  a - - 0 ,  b:4 =0 or a:4 =0, b---0.  
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a) a=}=0, b - - 0 ;  t h e n p - - ~ O ,  a s Z  r -1- -~O.  

is b , s q - a t = O  or 

(28.5) 

b) a = 0 ,  b ~ 0 ;  
condit ion for stabili ty is given by 

or by 

(28.6) 

o r  

(28.7) 

so that  

(28.8) 

iv .  

The condit ion for stability 

F rom bs 2-~ 1, 

b l  ~ ~° 

then  p = 1 ,  bs ~ ' = 1 .  Set u - - ~ - z v  in (28.3); the 

- -  b,s , ~ -~  A ,  

d 
d~x (b~s) - -  A .  

it follows s - -  ~b -1/2, e ~ ~ 1 and f rom (28.4) and (28.5), 

(28.9) 

b) a s = 0 ,  b4=~0; p - - l ,  
given by [see (28.6)J 

(28.10) d (bas) q- d~" a dx h-~ l g s +  s- = o. 

29. I t  follows from the preceding paragraphs  that  

of the type 

ass -{- 1 "- 0. The  condit ion for stabil i ty is 

b8 -]- as ---- 0. 

b4s 2 -~ 1 ---0. The  condit ion for stabili ty is 

the stable equat ions  
1 

A(x,, y ) . ~  ~1, may be restr icted to six dist inct  equat ions which 

b - -  He gx. 

Simple  pa ramet r i c  zeros. - F rom iii a, b and the table of equi. 
valence,  we easily obtain the following condit ions for stability. 

a) as :4= 0, b~ - -  0; p - -  0, 

d d 2 
d~x bib-l~2 - -  a2b-1/2' dx- ~ lg b ~ 0 

d 1 d 2 
d x  blb-ll~---- 2 dx, 2 lg b q-. ~a2b - l j~ 
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may be represented symbolically by 

(29.1) 
I (P2; Z2); (P2; Z1, p = 0  or p = l ) ;  

(P1, p = 0 "  ZI,  p - - 0  or p = l ) ;  (P1, p - - l ;  Zl,  p-----1). 

Indeed, the other equations are deducible from one or the other of the 
equations (29.1) by setting y - - u - k  We consider separatel.y each of the 
equations (29.1). 

30. P2; Z2. - One has a - - -b - - - - a2 - -b4~0 .  
are given by (28.1) for P2 and by (28.2) for Z2. 

The equation is 

The conditions for stability 

(30.1) y Y~ 
_ _ = H~eF:~y 2 .~ H~eK~ 

Y 

and is a particular case of the irreducible equation I I I  (see table I). 

31. P2; Zl, p - - 0 .  - One has a - - ' b = b ~ O ,  az::~=O. For P2, the con- 
dition for stability is given by (28.1). For Z1, p = 0, this condition is given 

by (28.9). Set a~ ~ q, b~ = - - q  and write the equation 

(31.i) 

Now, define y----iu, where t is given by ~He Kx-- 1 and set r - -  q "  

then because r q "tq t k~, (31.1) becomes 

u s u 

~31.2) u - - r - + u  2 - r .  
i t  U 

For convenience, set r----/~ and v = - - ;  equation (31.2) 
U 

valent to the differential system 

u 
u + u  =v,  ; = u .  

is equi- 
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On eliminating u between these relations, one finds v + R = vv so 
1 

that v is determined by the RIcc_~I equat ion v + R = ~ v~H~. Therefore, u is 

32. P2; ZI, p =  1. 
For  1)2, the 

For  Z1, p = l ,  

stable. 

and 

- One has a = b = a 2 = 0 ,  b~:~=0. 

condition for stabili ty is given by (28.1). 

one has s = b~-lJ2~, ~ = - + - i  so that (28.10) becomes 

d 1 d 2 
d-x .b4-1/2b8 2 dx "~ lg b 4 =  0 

b 4 = 2~/4~2K25 ~ 

Equat ion (27.1) is wri t ten 

b8 = Hse g~x. 

(32.1) ~) _ _ = ttleKlxy 2 ..}_ HseK~x _{_ H4 e2~ ® 
Y Y 

and is a par t icular  case of the i rreducible equation I I I  (see table I). 

38. P1, p = 0; Zl, p = 0. - One has 5 = 5 4 = 0 ,  aa2:4:0. The conditions 

for stabil i ty are b l =  a, b s +  a 2 = 0  [see (28.5) and (28.9)] so that the equa- 
tion takes the form 

(33.1) y. ~)2 = ayy + a ~  --}- a y ~ - - a 2  . 

Y Y 

I n t e g r a t i o n . -  It is easily seen that " y - - a y 2 = v  is regular  for the 
poles P1 ,  p = 0; the equat ion (33.1) gives 

v + a~ = y (v + a2) 

or v + a2----Ky. Therefore, equation (33.1) is equivalent  to the differential  
system 

~ ] - - a y 2 = v ,  v - { - a ~ =  Ky  

so that y is determined by the RIcCATI equation 

~] - -  ay~-]- K y  - -  a~ 
and is stable. 
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34~. Pl ,  p = O ;  Zl, p = l .  - For  P1, one has a:#O, b = O ,  a s + l - - - 0  

and the condition for stabili ty is b~= a, 

For Z1, one has b~::~0, b 4 s ~ + l = 0 ;  a t ransformation y ~ ) ~ y  enables 
one to assume b~ = ~ 1 or s=------1; the condition for stability is then 

6~+a=O.  
set b s = q  so that a = - - q ,  b ~ = - - q ;  the equation For convenience, 

then assumes the form 

(34.1) _ 1 + q. 
Y Y 

The transformation y u - - 1  brings this equat ion to 

u ~ 
(34.2) u - - -  --- -- q u u~ 

which belongs to the class (ZI~ p = 0 ;  PI~ p---  1). 

To integrate the equation (34.1), observe that 

v = y  + q y _  1 
y ~ + q  

is regular  for the parametric poles and for the parametric  zeros correspon- 
ding to s = l .  

Equat ion (34.1) is equivalent  to the differential  system 

y -{-~qy~'-- l + q y - -  vy, yv - -  v. 

On el iminat ing y between these relations, one finds 

v + vv  - -  i v  - -  qv = 0 

and v is a solution of the RICCATI equation 

1 v~ q w . _ H  " v + 2  

Set v - -  2 ~) - "  then w is a solution of 
~v 

H ib-- qw-- 2- w=O.  

Anna~i d~ Matemat ica  36 
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Therefore  y(x) is 

and is stable. 

determined by 

v 

V SV ~V 

35. P1, p-----l; Zl,  p - - - 1 .  - One has a - - a ~ = O ,  bb4:~=O. According to 
(28.7) and (28.8) and the table of equivalence, the conditions for stabili ty are 

for P1 : b - -  H~e 2g~x, b~ = H~eg~x; 

f o r  Z 1  : b4 = H4e ~K~x , ba - ~ -  t t3e  K~x. 

The equation is 

~2 
(35.1) ~ y __:H~e2g~xy 8 ~ H2eg~Xy ~ ~ HseK ~ .~ H~ e~g,z" 

Y Y 

A transformation y ~ ),(x)y, where ), is defined by ~.~e(K~-tc~lx = i 
m by K~ ~ K2----2m, brings equat ion (35.1) into the form 

and 

(35.2) 
Y 

Now, we consider two cases according as to whether  m--~0 or m:~=0. 

i. m - - 0 .  The equation (35.2) is 

(35.3) 

and may be integrated by a process which may be considered as a method 
of "variat ion of parameters" .  As this method will be used often later on, 
we shall explain its part iculars on equation (35.3). 

The general  solution of y y 2  0 is y = u y  where u is an arbi trary 
Y 

constant.  

Suppose now that u is a function of y and subst i tute  ~j---uy into (35.3); 
one obtains 

u y _ .  Hly~_~ H2y2 ~. Hs + H4 
Y 
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o r  

Therefore,  

du  H3 H~ 
U -d-y = H~y + H2 + y-¢ + ~ - .  

u ~ = H~y ~ + 2H~y ~ H~ H4 
Y y2 + H~. 

Finally,  y(w) is given by 

(35.4) y~ - -  Hly ~ + 2H2y ~ + H~y ~" - -  2H3y - -  H4 

and is an elliptic function of x;  thus, y(x) is stable. 

it. m=~0 .  A l inear t ransformation on x transforms equation 
into 

(35.5) - -  - -  - -  e ~x H l y  3 + + e X ( H z y  2 + H3); 

this equat ion is not integrable in 
equat ion I I I  of Table I. 

ema~ 
A transformation t --- qo(x) --- 

canonical  form 

(35.2) 

terms of classical t ranscendents  and is 

brings equat ion (35.2) into the other 

Ha 1 2 (35.6) Y" y2 _ Y + Hly 3 + + ~ (H~y + Hs) 

[Note that HxH~ =~= 0]. 

36. To sum up, the following set of equations may be considered as a 
1 

set of canonical equations of the type A(x, y ) =  - . 
Y 

Y~ - - - -  - - 0 ;  
Y 

it. P2; z l ,  p = o ,  • 
Y Y 

reducible to a RICCA~I equat ion;  
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iii. PI,  p - - O ;  Z1, p - -  O. 

y~ y • 

reducible to a RIccATI equation; 

iv. P1, p - ~ 0 ;  Z1, p - - t .  

Y 

reducible to two RlCCi~I equations;  

v. P1, p - .~ l ;  Z1, p - - 1 .  

integrable by elliptic 

(tY~] 1 .. qY~+ q 
Y 

o r  

functions ; 

Y 

Y 

where the constants a, ~, y, ~ may eventually be zero; m ~ 0  
constant. 

is also 

37. 

(37.I) 

where 

(37.2) 

VII.  E q u a t i o n s  o f  t h e  t y p e  A(x,y)__(l_n)l . / l~y 

The stable equations of this type are of the form 

y = a ~ 9 +  a, 9 +bYe+ y + f(x, y), 

o 

F(~, y) - -  aly Zr bly ~ ~-~b~y ~- bs; 

the a's and b's satisfy conditions to be given later on. 
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The substitution y v - - 1  transforms equation (37.t) into an equation of 
the same form, namely 

(37.3) 
( 1)v2_( o) 

"v--  1 - [ - n  v - -  a ~ v - ~ a ~ - ~ v  v - - b 4 v  : - b ~ v  ~ - b 2 v - b ~ - ~ ;  

therefore, the conditions for stability corresponding to the parametric zeros 
of y(x) may be deduced from the conditions for stability produced by the 
parametric poles, according to the table of equivalence 

(y): n a a~ a2 b bl b2 ba b~ 

(v): - - n  a2 a~ a - - b ,  --b8 --b2 - - b l  - - b  

This table shows that without loss of generality, we may restrict n to 
be positive, and accordingly do so. 

The transformation y =)~(x)u, t = ~(x) does not alter the form of equa- 
tion (37.1) which becomes 

u " -  1 - -  u = A u  ~ A~ -~ u' -t- B u  ~ ~" B~u ~ -~ B2u 4z B8 ~ B4 
U 

whore 
2 

~ A = a X ,  ~ A , = a , - -  n A - - ( P ,  X(oA~=a2,  

1 
~ B 2 = b 2 +  ~ A  - / ~ -  ~ A  ~, 

For  future use, we 

valent to equation (37.1); 

also note the following system of equations equi- 
s 

on setting y = z ,  z = l + u z ,  one has 

(37.4) 

) zu = 1 +  ~t -{- as - -  bs2 -~ l + n + aS u 

-{- al - -  51s - -  as - -  2 s_ ..~ A z  - -  b3 + as s ~ 
n 8  8 

+ a~ ~ zu + s n 
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with 

(37.5) A - -  s -  1 - -  s~--a~ s + s - - b ~ .  

Two equations corresponding to one another  by the transformation 
y u - - 1  are not considered as dist inct;  therefore, we have only to consider 
four classes of equations represented symbolically by (P2; Z2), (P1; Z2), 
@2; Z2), (P1;  Z1). 

We consider each class separately and summarize the various stability 
conditions a l ready obtained above (see § 17) with tables where the corre- 
sponding values of p are also indicated. 

P 2i  Z2. - For  P2, oue has a~b- - - - -0  and for Z2~ a~---b~--O. The 
various cases to be considered are given in the following table:  

n P 2  p Z 2  p 

n bl - -  0 - -  b~ - -  0 - -  

2 bl =1= 0 3 b8 ~ 0 - -  

4 bl =4= 0 2 b~ =~= 0 0 

4 b~ - -  0 - -  b~ ~= 0 0 

Thus, the stable equations of class (P2, Z2) are of the form 

E.1 

E.2 

E.3 

E.4 

where 

l y '  
"Y 2 ~ - -  bly -{- F(x, y), 

39 = 
"Y - -  -4 y - -  bly2 + bs + F(x, y), 

~] - -  3 ~ = b. .-~ F(x, y), 

F(~, y) - -  aly + b~y. 
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P1;  Z2. - Because of the double parametric zeros, one has a2----b~----0; 
in addition, we have also to consider, for n=~=0, bs-----0 and for n : 4 ,  bs:~=0. 

The various cases to be considered are given in the following table: 

n 

n 

2 

2 

3 

5 

4 

P1 

na  2 + b(n + 2) ~ - -  0 

a ~- -  2b 

a - - O ,  b:4=O 

3a ~ - -  2b 

5a~= b 

a ~ +  9b--  0 

P 

0, - -  (n + 2) 

1, 5 

2, 2 

1,3 

1, 2 

0, 6 

Z2 

ba ' -"  0 

b~--O 

b~=O 

b~--O 

b~----O 

b~=4= 0 

P 

Thus, the stable equations of class (P1; Z2) are of the  form 

E.a ~ -  1 -  y- = a~y (n + 2) 2 + g(x' y)' 

~2 
1 y2 _ ay~] -{- 2- y3 _{_ F(x,  y), 

E.6 Y 2 y 

1 ]t 2 
E.7 "Y 2 y = by~ + F(•, y), 

2 ~]~ 3 a~y ~ 
E.8 ~] 3 y ~ ayy  + ~ + F(x ,  y), 

4 y~ ._  ayy  + 5a2y ~ + F(x ,  y), 

3 y2 a ~ Y~ 
E.10 Y - -  4 y - -  a y ' y - -  ~- + b~ -{-- F(x ,  y), 

where 

F(x,  y) = aly  + bly ~ + b~j. 
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P 2 ;  Z1. - W e  
one has  a = b - - - - 0 .  
fo l lowing  table  : 

a s sume  n ~ O. Be c a u se  of the double  p a r a m e t r i c  poles, 
T h e  va r ious  cases  to be cons ide red  are  g iven  in  the  

n4:2 

n - - - 2  

4 

P2 

b l = O  

bl ---0 

b 1 4  0 

bl=# 0 

P 2  Z1 

na~ --~ (n - -  2)~b, ~- 0 

a~ = O, b, ~ 0 

a +b,=o 

as- -O,  b,~:O 

P 

O, n - - 2  

O, 0 

O, 2 

0, 0 

Thus ,  the s table  equa t i ons  of class  (P2; ZI)  are  of the  fo rm 

E.11 

° 

- 1 t ¢  y . . :  
n / y  ~-- as ~ (n - -  2)~y -~ F(x,  y), n ~= 2, 

E.12 1 y~ b, ~_ F(x, y), 

3 y  2 
E.13 J y J 'k b l y - ~  F(x, y), 

Y Y 

E.14 y - -  - - -  1 y~ bly2~ b4 
2 y y -~ F(x, y)~ 

wh ere  

F(x, y) - -  ally -~ b2y -~ b3. 

P t ;  Z1. - The  va r ious  cases  to be cons ide red  a re  g iven  in the 
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following table : 

n 

n 4 2  

2 

2 

2 

3 

5 

P1 

na ~ + (n + 2)2b ----- 0 

aS+ 8b = 0 

a ~ "-- 2b 

a-----0, b:4=0 

3a ~--  2b 

5a s - -  b 

P 

0, - -  (n + 2) 

0 ,  - -  4 

1, 5 

2, 2 

1, 3 

1, 2 

Z1 

na~2 + (n - -  2)~b4--- 0 

a , - -  0, b~ 4 0 

as - -0 ,  b ~ 0  

as- -0 ,  b ~ 0  

5a~ + 9b4 = 0 

P 

0, n - - 2  

0, 0 

0, 0 

0, 0 

0, 1 

0, 3 

Thus, the stable equations of class (P1, Z1) are of the form 

1 y2 ay + y 
E.15 y - -  1 - - ~  ~ - =  ( n + 2 )  s (n--2)Sy + 

+ F(x, y), 

E.16 l ~2 a ~ y~ b, _{_ F(x,  y), 

E.17 y - -  
1 yS a2 y3 b4 

E.18 
l y  ~ b~ - -  ~ ~ -~ by 8 + ~- -[- F(x,  y), 

2 
E.19 y - -  

E.20 

where 

y2 3 a , y ~  _ _  3a~ .+. F(x,  y), 
Y 

- -  ay + y + 5a~y ~ - -  + F(x, y), 
5 y y- 9y 

F(x, y) = aly + bly 2 + b~y + b~. 

A n n a l t  eli M a t e m a t i v a  37 
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Comparing the values of p for P1 in the tables (P1, Z2) and (P1,  Z1), 
one is led to study together the equations E.6 and E.17, E.7 and EA8, E.8 
and E.19, E.9 and E.20.  

Theorem IV gives additional conditions for stability. We always begin 
by considering the smallest values of p. 

38. Equat ion E . 1 . -  Using a t ransformation (~, ~), we may 
a~ - -  b2 ~ 0. Then~ equation tif.1 is 

y2 

assume 

its general  solution is given by 

y - - z  ~, equation (38.1) reduces to 

y --" (K~ -b H) ~ and is stable. On setting 
° .  

z - - 0 .  

39. Equat ion E.2. - For P2~ one has p - - 3 ,  b ~ s - - 4 ;  by a transfor- 
mation ()~ q~), one may assume a~ - -0 ,  b ~ 4  or s : l .  

_2 " z - - 1 - I - u z  and determine u by ~ow, set y - - z  , 

2 

z u  - "  3u  - -  2- z -{-- zu  ~. 

To obtain 
mine ~, y by 

the condition for stability, set u -~ ~z ~ yz  2 q- z~v and deter- 

therefore, ~, is a constant  and b2--  K~ ~-H.  
The stable equation E.2 is thus of the form 

1 y'2 __ 4Y ~ --k (K~ + H)y.  (39.1) Y 2 y 

According to the values of K and H, one finds one or the other of the 
three following canonical equations. 

a. K - -  H ~ 0. The equation 

l y  ~ 
(39.2) y __ 2 y q-- 4y 2 

may be integrated by the method of variation of parameters.  
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One finds 

~j~-- y(4y 2 + K~); 

thus, y@) is an elliptic function and is stable. 

One may also set y = z  ~ and determine z by z - - 2 z  ~. 

b. K----0, H:~t=0. A l inear t ransformation on x reduces (39.1) to 

l y  2 

may be integrated by the method of variation of para- 

(39.3) 

This equation 
meters. One finds 

y~-= 4yiy ~ + y:+ I;1); 

thus, y(x) is an elliptic function and is stable. 

One may also set y----z ~ and determine z by z ' - -2zs-4-z .  

c. KH:~=O. A trivial change of variable brings equation (39.1) to 

(39.4) Y - -  ~ ~ "4- 4Y ~ -{- 2xy 

which on setting y- - -Z  ~ becomes 

z - -  2 ~  ~ -4- a~z, 

i.e. equation II  of Table I. 

40. Equat ion E . 3 . -  ~or  £02, one has p = 2 ,  b l s ' - 3 .  By a transfor- 
mation (),, ¢~), one may assume a l - - 0 ,  b l - - 3  and s = l .  Now set y - - z  -~, 

z - - - l ~ - u z  and determine u by 

1 z u2" 
zu  = 2u - -  ~ (b~z + bsz ~) + ~. 

We obtain the condition for stability by setting u - - ~ z  ~ z2v, where 

2~ = b2, ~ = o ;  

therefore, b2 - -  2K. 
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For Z2, we have according to the table of equivalence~ p- -O,  b3s + 1--0 .  

z~ z - - 1 - + - u z  and determine u by Set y = s '  

5+ ) 3 s z 

The condition for stabil i ty is s --~ 0 or b8 - -  H. 

The stable equat ion E.3 is thus of the form 

3 y  2 
(40.1) y ----. 4 y- + 3y 2 + 2Ky + H. 

The general solution of (40.1) may be determined by the method 
variat ion of parameters.  One finds 

~2 = 4 [y3 + 2Ky2 _ Hy -{- Kly ~/~] 

of 

or on setting y = z  ~, 

z~ = z 4 + K z  ~ - -  I t  + K l z  ; 

thus, y(w) is an elliptic function and is stable. 

41. Equat ion  E.4. :- By a t ransformation (~, ~), we may assume 
a l - - b 2  ~--0. There is no condition for stabil i ty for P2.  

For  Z2, one has p--.-~-0, bss + 1 ~ 0 ;  the condition for stabili ty is 
s - - - 0  or bs-- 'K. 

The stable equat ion E.4 is of the form 

~ y  

If  K = 0 ,  we have a part icular  case of (38.1); y(x) is stable. 
If  K=#:0, set y ~ - - K u  and find the canonical  equation 

7 u- - - 1 .  

The general  solution may be determined by the method of variat ion of 

parameters  or by setting u - - z  2. One finds 2zz - - - z  2 -  1 and upon diffe- 

rentiat ion z ' - -0 .  Therefore, y(x) is stable. 
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42. Equa t ion  E.5. - By a t ransformat ion  (),, ¢p), 
al---- b2--  0. Then,  the equat ion E.5 is 

w e  m a y  assume 

The only condi t ion for stabili ty is produced by P1, 
-[- n --k 2 --- 0 and according to (37.4) is 

b18 + a~ + 2_~ = 0 
n 8  

o r  

Tt 
b l - -  - -  a. 

n + 2  

The stable equat ion E.5 is of the form 

(42.1) 
~ / y  

r t a  ~ yS  r t  • 

(n -{-- 2) 2 -~ i~--+--2 a212' 

where  a is an arbi t rary analyt ic  funct ion  of ~. 

To in tegrate  (42.1), note that  

(42.2) "y nay  _ n v  
y n ~ - 2  

is regular  at the paramet r ic  poles. Then  v is given by 

1 
v W v 2 - - 0  or v - -  ~-]- H; 

therefore,  y is de te rmined  by the BEU~OUIIJLI equat ion  

n nay  ~ 
Y--x+HY+n+2 

1 
or on set t ing y = w ,  by the l inear  different ial  equat ion  of the 

w ~- ~ ~ _ ~  + n  + - - 2  - -  0" 

p = 0 ,  

first 

nas + 

order 
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On setting (~s ~ H) 'w  -~ W, one obtains 

I/V d- na n +  2 (~+ Hp--0;  

thus, y(~c) is stable. 

More generally, suppose that a~ and b~ are not identically 
the condition of stability corresponding to P1, p .-=-0 is 

zero. Then, 

n ÷ 2  
a - -  ala bl "-  0 

and gives bl. 

The equation E.5 becomes 

n ( h _ a l a ) y 2 + b 2 y "  
n ~ 2  

To integrate this 

V ~ w ;  w is given by 

equation, determine again y by (42.2) and set 

• b~ 
i v  - -  a l ~ v  - -  - w ---- O, 

and y is a solution of the BERNOUILLI equation 

W ~ 
On setting y ~ - - - ,  one finds 

U 

u d -  n__a_a w, ~ = 0 ;  
n - l - 2  

therefore, u and y are stable. 

43 Equat ion E A 0 . -  Both P1 and Z2 give a condition for stability. 
For P1, we observe that the condition a24. 9b~---0 is identical to the 
condition given for equation E.5 where n ~--- 4. Then, p ~ O ,  2as-4- 3 - -  0 

3 
and by a transformation ()., ¢p), one may assume al~---0, a ~ - - 2  and s ~ 1. 

The condition of stabili ty is bl---0. 
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For  Z2,  on using the table of equivalence,  one has p ~ 0, 

the condition for stability is s - ~  0 or b~ ~ K::~0.  

Thus, the stable equat ion E.10 is of the form 

1 + b~s - -  O; 

(43.1) 
3 y  ~ 3 -  

'y---4 y = - -  2 yy  - -  y~ + b2y + K, 

where  b2 is an arbi trary analytic function of x. 

To integrate (43.1), observe that it is equivalent  to 
system 

On 

~] ~ y~" - -  2vy, 

K 

Y - -  2v T v~ b~ • 

I (D~ + K ) = O .  v ~- 3vv -]- v ~ - -  b2v - -  

the differential  

, one obtains 

eq. 

This is an equation of type A(x, y ) - - O  and class P1, p - - 0  

20.4]; on setting v - - ~ ,  it reduces to the l inear equat ion 

[see § .3, 

1 
~) - -  b j r  - -  2 (ba + K) w - -  0. 

Therefore,  y is stable. 

Remark.  - We  may also choose (k~ ~) such that a l - - b l ,  a - - - - -  

[GAMBIER. [3.a], p. 28, eq. 2]; then, one finds the equat ion 

3 
2' 

• - 3 y~ 3 y~ 
y ~ ~ y 2 y'y - -  ~ -~ (y ~- y~) ~- ry  + q, 

where q and r are arbi t rary analytic functions of x. 

This equat ion is equivalent  to the differential  system 

-{- y~ - -  2vy, 
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On eliminating y between these relations, one finds 

v ' q - - a v v - - 2 ~ v - k  ~ v  q= --~, 

On setting v - ' w '  this equation of type A(x~ y ) - - O  and class 

p ~--0 reduces to the l inear  equation 

F1, 

44. Equat ion E.11. - Suppose n:]::2 and consider the equation 

(44.1) 

- - ( 1 -  lt~J= 

9 

----- as  y n a ;  • 
y ( n -  2)2y q- a~y -~ b2y + ba. 

For P2, there is no condition for stability. 
For Z1, one has 

na.,s "-" - -  (n - -  2), p = 0; 

na2s = (n - -  2) (n - -  1), p - - . n - - 2 .  

A transformation (),, ~) may be chosen such that al--" 0, a 2 - -  

The condition for stability for Z1, p - - 0 ,  ( s - - i )  is then bB-----0. 

Equation E.11 is then 

(44.2) ~__ (1__ 11~]2__ n - - 2 ~ )  1 -~- b~y, 
\ n / y  n y ny  

n - - 2  
n 

where b~ is determined by the condition for stability for Z1, p - - n - - 2 ,  
1 

s - -  1 - -  n. [Set y - -  - in (44.2)]. To obtain this condition (call it condition A), 
v 

set u - - P , _ a ( z ) ~  z"-2U and write n - - 2  l inear  equations• 
l?or instance~ suppose n--~ 4; then 

2 
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On setting u : ~ z + z ~ U ,  one finds ~ - b 2 = O ,  ~ - 0  and hence the 
condition for stability bz=  K. 

To integrate (44.2), observe that ~ 1 is regular  for the parametr ic  
Y Y 

zeros Z1, p = 0  and set 

~] = 1 + nvy ; 

then, v is given by the RICCATI equation 

"v~_v~---l_ bz 
n 

o r  if v - - -  
~d 

by w b~ --- - w. Accordingly, y is given by 
n.  

[ y - - w ' K A -  ~ ,  

If w(@ has a simple parametr ic  zero (~ = Xo), then y @ ) =  ( x -  Xo)S(@; for 
y(x) to be stable~ b~ must satisfy the condition of stability A. 

45. Equation E.12. - Consider the equation 

• " l y~  b ~ _ a [ y ~ _ b 2 y A _ b s "  (45.i) Y 2 y y 

For  P2, there is no condition for stability. 
For  Z I ,  one has according to the table of equivalence, 2b~s2~ - 1 - - 0 ,  

p - - 0 ,  0. 
1 

A transformation (),, ¢~) may be chosen such that b~--0 ,  b 4 ~ - - 2 ;  

then the condition for stability 
al ~ b~ = 0. 

The equation E.12 is then 

° °  

(45.2) y 

for Z1 is a l - { - b s s - - 0  or, because s ~ ~---1, 

1~] 2 1 
2 y - -  2y 

and may be integrated by the method of variation of parameters.  
1 

y~ = uy, u ~ - + 2 K  and hence 
Y 

(45.3) y~--  i + 2Ky. 

One finds 

Annal i  di Ma~emattca 38 
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On different ia t ing (45.3), one obtains y =  K and 

K ~c ~ 
(45.4) y(x) ---- -2 q- K~x q- K~; 

therefore,  y(x) is stable. 

On subst i tu t ing y(x) given by (45.4) into (45.3), one finds K ~ - - 1  + 2KK2. 

46. Equa t ion  E.13. - For  P2,  one has p = 2 ,  b~s----3; a t ransformat ion 
(~, ~) may be chosen such that  a~--O, b = 3  and s =  1. The equat ion 
giving u is then 

1 b~ ~ a~ z5 z u2" zu  = 2u - -  ~ b~z + a~z ~ - -  -~ z + ~-- ÷ a~z~u + 

To find the condit ion for stability, set u ~- ~z-I- z~v and obtain 

For  convenience,  set b2=- -12q ,  a2-~ 6q; then, equat ion  E.13 becomes 

(46.1) 362_Gq b 4 y' y + 3y2 q- 12qy + ba --  36~---~2y 

For  Z1, one has p-~O,  12qs-}- l - -O;  p-----2, 12"qs-~3. 

From the table of equivalence,  one finds that  n - - - - 4  andtha t forp~-- -0 ,  
the condit ion for stabili ty is 

s 

1 
because s------- - one has  b 3 = - - 1 2 q ' .  

12q ' 
The  condi t ion for stabil i ty corresponding to Z1, p - - 2 ,  de te rmines  q. 

Indeed,  because 4qs =-: l, one deduces  f rom (37.4), the equat ion 

(46.2) 
. ~ 2  

~ u =  2u - -  2 ~ + A z  + 12q~  ~ q ~u 
q 2q 4 
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with 

To find the 
one obtains 

q 

q 3q~- 1_12q " ' -  

condition for stability, set u = ~ - - ~  ~z--~ z~v 

q q~ 12q, ~ - - - 1 2 q - - 2 ~ q  

into (46.2); 

so that, on eliminating ~, 

o r  

(46.3) 

q(~'= 12q ~ + 12qq 

-= 6q ~ + K~ + / / .  

Therefore, the stable equation of this class is of the form 

3 y2 "Y q- 3y ~ q- 12qy -- t2 4" 36q~ (46.4) y ~-- ~ y- + 6~/y -- ~ - ,  

where q is a solution of (46.3). 
To integrate (46.4), we use a method which gives also the values of q. 

Observe that y-4-12q is regular for the parametric zeros corresponding to 
p -  0. Therefore, the equation (46.4)is equivalent to the differential system 

l y+ 12q=-2 y, 

3 y = - - 2 v  + v ~ -  12q 

which shows that v is stable if y is stable and conversely. 
On eliminating y between these relations, it is readily seen 

determined by the equation 

v ~ - - -  vv + v ~ -  i2qv + 12q 

that v is 

which is of type A(x, y ) ~  0 and class P1, 19-" 2 and 5 [see (25.5)]. 
For this equation to be stable, it is necessary that q satisfies (46.3); the 

general solution of the corresponding equation is then given by 

v - -  V - - ~ '  

where V is a solution of (46.3) distinct from q. Therefore, y is stable. 
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According to the values of K and H, one finds one or the other of the 
three following canonical  equations. 

a. K - - H - - 0 .  Then (46.3) is q- - -6q  ~ or ~2__4ff3~K~.  

When  K~ - -  0, one has q - -  (m ~ K2) -2 ; a trivial change of variable 
(x ~ / ( 2 -  w) brings equation (46.4) to 

• . 3 ~1~ 12 y 12y 72 144 
(46.5) Y = 71 y- + 3y~ ~ + ' 

When K I ~ 0 ,  one has q - - p ( x ;  0, K~) where p is 
elliptic function of Weiers t rass ;  equation (46.4) is then 

the well known 

(46.6) + l ~ p y  - 12/; y 

b. K - - 0 ,  H ~ 0 .  Then q = 6 ~  ~-~H, q~-=4~t ~ + 2 H f f + H ~ ;  therefore, 
q ~---p(x; - -2 t t ,  t11) and (46.4) has the same form as (46.6). 

c. K@=0. Oa using a trivial change of variable, one may assume 

K = I ,  H = 0  so as to reduce (46.3) to q - - 6 q 2 ~ x .  

47. Equation 
p-~O, 2b~s ~ ~ 1 = 0 .  

1 
and b~ = 2" 

First, we consider Z1.  The 
s------~-I so that a l - - 0 ,  b ~ = 0 .  

For  P2, one has s = l  and 

E. 1 4 . -  For P2, one has p - - 3 ,  bls---4 and for Z1, 
By a transformation (),, q~), one may assume b l - - 4  

condition for stability is a1-1- bss ---- O, 

1 1 ~5 
z~t = 3u - -  ~ b2z + 7~ -~ zu2" 

To obtain the condition for stability, set u----~z + 7z~+ z~v and find 

so that b2---~ Kx -]- H. 

The stable equation E.14 is of the form 

(47.1) "y = ~ ~- + 4y 2 q- (Kx + H)y 2y " 
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According to the values 
equations.  

a. K = 0 .  One has 

of K, we h~ve the fol lowing canonical  

(47.2) Y --  2y 2y + 4Y~ + 2tty; 

the method  of variat ion of parameters  gives 

y~ --  4y ~ -{- 4Hy ~ -[- 2Hly + 1. 

Therefore,  y(x) is an ell iptic funct ion  and is stable. 

b. K :4:0. A trivial  change of variables (K~ -~ H ~ - - ~ ,  Ky  -~y) reduces  
(47.1) to 

~]2 1 
(47.3) "Y ~ 2y 2y -[- 4Hy~ - xy, 1t ~= O. 

To integrate  (47.3), observe that-Y -~_1 __~ 2v is regular  
Y Y 

metr ic  zeros cor responding  to s - - ~ - - l .  The  equat ion  (47.3) 
to the dif ferent ia l  system 

for the para- 

is equivalent  

i - - 2 v y - - 1 ,  

I a l ly  = 2v ~- 2v 2 + x. t 

On e l imina t ing  y between these relations, one finds 

v ~ 2v ~ -~ xv - -  2H --  
2 

so that  v is a solut ion of a PAINLEV]~ equat ion  I I  (see Table I). Therefore,  
y(x) is stable. 

68. Equa t ion  E.16. - Consider  the equat ion 

1 y~ a 2 y~ b4 " b (48.1) y - -  ~ ~ -~ ayy - -  ~- ~- ~ ~ aly -~ ly + b~y -{- b~. 

For  PI~ one has p ' - O ,  as ~ 2 ~ 0 ;  there is no condi t ion for stability 
for P1, p - - - - 4 .  



302 F. J.  BuRsAr: Differential equations with ]ixed, etc. 

For  Z1, one has 2b~s ~ + 1 = 0 ,  p~--O, O. 

1 
A t ransformat ion (),, ~) may be chosen such that  a : - - 2 ,  b+ = - - ~ .  

The condit ions for stabili ty are 

for P1, a~ - -  b~ ; 

for Z1, a~+b~s----O, s--- -~+l  and hence a ~ b 3 ~ 0 .  

Therefore,  the equat ion  (48.1) can be wri t ten in the form 

2 2y + f Y '  

where f is an arbi trary analytic funct ion  of x. 

To integrate  equat ion  (48.2), observe that  Y + y is regular  for the 
Y 

parametr ic  poles P1,  p = 0  and that  Y - - 1  is regular  for the paramet r ic  
Y 

zeros Z1 .  Accordingly,  set 

(48.3) "y := - -  y~ + ] q- 2vy ; 

subst i tut ion in (48.2) gives 

(48.4) v + v 2 1 

and y(x) is de te rmined  by the two RICCATI equat ions  (48.3-4). 

iv 
To prove that  y(x) is stable, set y~-~ ~ ;  then from (48.3), one obtains 

2v~ -" w -- w and (48.4) becomes 

2~'v i:b = i~ ~ - ~v 2 + 2 f ~  2, 

whence,  upon different iat ion,  

Thus,  w(m) is stable and also y(~c). 
1 

More generally,  if a : 4 : - - 2  and b~:4:- -~ ,  one finds the condi t ions for 
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stabil i ty 

(48.5) 

(48.6) 

t or PI: 2 b ~ - - a ~ a a ~ ;  

I for Z I :  bs - -O and th.-=--2alb4. 

On set t ing b4"-r,  the stable equat ion E.16 becomes 

49. Equa t ion  E.15. - Suppose  n @  2 and consider  the equat ion 

(49.1) 

~/2 a2 Tl(~ 2 

(n + 2) ~ y: - -  

na~ 
(n - -  2)2y -~ a,y + b:y ~ + b2y + bs. 

Note that  E.15 reduces  to E.11 when a--~b~---O. One has 

for P1 : 

for Z1 : 

I n a s = - - ( n + 2 ) ,  p = 0 ;  

has ~ - -  (n -~- 2)(n -{- 1), p = - -  (n + 2); 

na:s-------(n--2),  p ~ 0 ;  

l n a : s - ~ ( n - - 2 ) ( n - - 1 ) ,  p - ~ - - n - - 2 .  

A 

6$ 2 

t ransformat ion  ()., ¢~) may be chosen 

n - - 2  
- - ~  Then,  equat ion  (49.1) becomes 

n 

such that  a - -  
n + 2  

(49.2) 

1)b 2 n+2yy n - 2 y  
y - -  1 - - ~  Y __ n n y 

y3 1 

and 

n ny 



304 F. J. BUREAU: Differcntial equation.~ with ]ixed, etc. 

The conditions for stability are 

for P1, p - - O ,  s - - l :  a~=b~; 

for ZI ,  p = O ,  s . - ~ l :  a ~ + b s : O ;  

for P1, p = -  (n + 2), there is no condition for stability. 

5Tow, set a~-----b~-~--b~-b and b 2 = f ;  then equation (49.2) 
rewri t ten 

can be 

(49.3) 

( 1 ) y  ~ _  n + 2 y y  n - - 2 ~ l  

y3 1 
n ny --[- b(~l -t- y ~ - 1) + f y. 

It remains to consider the condition for stability for Z1, p - - n - - 2 ,  
s-~- 1 - -  n;  this~condition (call it condition A )  gives a relat ion between b 
and f and their  derivatives. To find this condition A, set as usual  

u = P,-8(z) + zn-~U 

and apply our basic theorem IV. 

For  instance, consider n ~ 2 

For n - - -2 ,  one has 

and n = 3 .  

1 y~ --__ _ 2y~] Y~ 1 y~ 
~J 2 y 2 2y + b(y-t- --  t ) + fy 

and condition A is b----0; one finds equation E.16 (see 48.2). 

For  n - - 3 ,  one has 

and 

2 y'~ - -  5 1 y y~ 1 
 /-3y -- 3 y 9- 3y 3 3y -+- b(~] -[- y~--  1) + fy 

(5) 
z u - - u  + 3b-t- ~ -t- f 

bz ~ z a 5 2 z u2; 
12 -t- bzu -[- ~ z u -  

the condition for stability is 

(49.4) 3t) + f + 
5 

- -  6b ~ ~ 0  

and determines /. 
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Suppose that the condition A for stabili ty has been determined. To inte- 
grate (49.3), set 

so that 

"y = _  y2 + 1 + n v y  

v + v ~ = b V +  n f - - n  " 

Now, set y = u ,  V = w ;  w and u are given by 

(49.5) w - -  bw - -  nl f _ n w = 0, 

~v 
(49.6) u - -  n - u - -  u = O. 

~v 

The singular points of w are fixed. Let  X : X o  be a simple parametr ic  
zero of w(x); then x , - -~o  is a regular  singular point (in the sense of 
FucKs) of (49.6). Note that the roots of the corresponding indicial equation 
are 0 and n + 1; therefore, u(x)  may have a logarithmic term except  if 
a certain condition (call it condition B) is satisfied. In this case, equation 
(49.6) has two regular  solutions 

u~(x) - -  (x - -  xo) '~+~ [1 + . . .  ], 

(X m Xo) 2 

u~(~) ~-- 1 + 2(1 - -  n) + "" 

to which correspond respectively 

n + l  
yl(x) - -  ..., 

y 2 ( x )  = ~ - ~°  + . . . .  
1 ~ n 

Therefore,  conditions A and B coincide and y(x) is stable. 

50. We  now recall  the method used by B. @ambier to determine the 
stable equations E.15. Set 

1 
(50.1) y = - -  y~ + n v y  

r e - - 1  

Annal~ di Ma tema t i ea  39 
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and substitute into equation (49.3) then 

(50.2) y [v + v 2 - -  by f 2n + 2] b . - -  2 
n2(n - 1 )  ] - -  n - - 1  n - -  1 

To abbreviate, set 

nb 
n - - 2 '  v = Z q - n ,  

V.  

n - - 1  f n 2 - - 2 n +  2 
b ~ 

= n ~ 2 + ( n - -  2) 2 n n'~(n ~ 1) 

so that (50.1) and (50.2) become respectively 

t 
(50.3) y _ .  __ y2 + ~y + nzy,  

n - - 1  

(50.4) y[z -{-- P(z)] - -  n - -  2 
n _ l  z" 

Hence, if y(x) is stable, v(x) is also stable and vice versa. 

On el iminating y between (50.3) and (50.4), one finds 

(50.5) 

z----(1 1 )~  2 n ( n - - 1 )  z z no: • n - - 4  "z 
n - - 2  z n - - 2  n - - 2  z +  n ~ - ~ 2 ~ z  

( n  - -  1)  5 ~ n ( n  - -  l)o: z2 - B2z  - -  Ba 
n - - 2  z n - - 2  n - - 2  z '  

where 

• n - - 1  a s  B2=o: + ÷  + n 2 -  2n + 2 n -  2 
n - - 2  ~ + n - -  1 '  

B ~ =  ~ + - - -  n - -  
n - - 2  a~" 

Equat ion (50.5) is 
n - - 2 .  Therefore,  we 
n is even or odd. 

an equation of the type E.15 with n replaced by 
have to consider two cases according as to whether  
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(50.6) 

a) n = 2 k .  

Z - -  
2 z  

Suppose n = 4 .  The equation (50.5) becomes 

9 - -  + 

2z '  

If ~ - - 0 ,  this equation is stable and of the type E.5 for n----2 
[see 42.3]. 

If ~=~=0, equation (50.6)is an equation of the type E.16 [see 48.6] 

and is stable if the condition for stability ~ + 2:¢~-----0 is satisfied. 

For n - - 2 k  ~ 4, repeated applications of the method give equations 
of types E.5 or E.16 and hence k distinct classes of stable equations. 

b: n - - 2 k + l .  Suppose n = 3 .  One has ~ = 0  [see (49.4)]. 

For n ~ - 2 k +  1 ~ 3 and ~-----0, equation (50.5) is an equation of the 
type E.11 (see 42.3) and is stable. If ~=~=0, repeated applications of the 
method give again equations of type E.11 and hence k distinct classes of 
stable equations. 

51. Equations E.6 and E.17. - Consider the equation 

• a2  ya 
l Y~ _ a y y  + a~y + ~ + b~y ~ + b2y + b3+ • (51.1) Y -  2 y 

If b4=~:0, we have equation E.17 and if b 3 - - b 4 - ' 0  equation E.6. 

Assume b4=~=0. Then for Z1, one has p = O ,  2b , s :+ 1 - - 0 .  The con- 

dition for stability is a l + b s s + s S : O  so that b~--0,  2 a 1 =  b-4" For conve- 

r 
nience, set a l = q - - - a n d  b ~ - - - 7 2 H r  ~, where H is a constant. Note 

r 

that H-- -0  gives equations E.6. 

Now, consider P1;  one has p - - - l ,  a s = - - i  and p - - 5 ,  a s = 3 .  By  
a transformation (),, ~), one may assume a - - - - 1  or s = l  when p - - - l ;  
then 

zu - -  u + q --  b l - -  b2z - -  b~z 3 + qzu + z uS" 

To obtain the condition for stability, set u = a + zv and find 

O~ 2 

: ¢ ' - b l - - q ,  c¢'----b~ + aq + ~ ;  
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therefore,  

(51.2) b~ - -  

For  P 1 ,  p - ~ 5 ,  a s - - 3 ,  one has 

~)4 gU2 
z u  ~ 5 u  -}- q + 3bl - -  b2z - -  ~ z ~ + q z u  + 2 

The condit ion for stability de te rmined  by this equat ion is compl ica ted;  
we use another  method.  

A t ransformat ion ()., ¢~) may always be chosen such that bl-F- 2al ~ 0; 

then, bt = - - 2 q  and b~ : 3(q-{- q : ) [ f r o m  (51.2)]. Therefore,  (51.1) may be 
\ 

rewr i t ten  as 

(51.3) 

~TOW~ set 

(51.4)  12w ~ ~t -[- Y~ - -  3qy  

and note that  w is regular  for the parametr ic  poles corresponding to p - - 1  
and has a double pole at the paramet r ic  poles corresponding to p ~ 5. 

Equat ion  (51.3) gives 

~V2-- H r  ~ 
(51.5) y = 6 : 

w - -  q w  

so that  (51.3) is equivalent  to (51.4-5); moreover,  w is stable if y is stable 
and conversely.  

On e l iminat ing  y between (51.4-5), one obtains 

~v - -  6 w  ~ --1- (q -.}- q2)w - -  6 H r  ~ 

[observe that  r -~ qr, qw  ~ - -  H r r  - -  q (w 2 -  Hr")]. 

r 
Because q-{-q~--  , - -  r one finds 

w = 6 w  "~ + r r w - - 6 H r  ~. 
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This is an equation of type A(x, y ) ~  0 and class P2,  p = 5. To obtain 

r 
the canonical form of this equation, set 12g ~ -  and w ~ v - - g  so that 

r 

(51.6) v - "  6v 2 Zr g - -  6g ~ - -  6Hr 2. 

g 

We have to consider two cases according as to whether B --~0 o~' H:~:0. 

i. H - - - 0 ;  we obtain equation E.6. In order that (51.6) be stable, 
and v must be solutions of 

(51.7) "~J =,  6v ~ + K x  + K~. 

If  vl and v are respectively a par t icular  
(51.7), one has g : v l ,  r ~ 1 2 % r  and 

and the general solution of 

1 1 r d ( v - - v ~  

y - -  6 (v - -  vl) ~ h ii  \ - - ~ - - )  ; 

therefore, y(x) is-stable. 

it. H:4=0:; we obtain equation E.17. We may evidently assume H = I .  
In order that (51.6) be stable, one must have 

(51.8) 

o °  

g - -  6g 2 Zr 6r ~ ~ K x  Jr K I ,  

v ' :  6v ~ + K x  ~ 1(1. 

Because r ' - -12gr ,  one may write 

+--. r ---- 6 (g i±  r) '~ Zr K x  -~ K1 ; 

therefore, if v, %,  v2 are 
g - - r ~ v 2  and 

~oreover ,  

2g -~ vl -~ v2 , 

~3--- V 

y-----6 
v 

distinct integrals of (51.7), one has g ~ r ~- vl, 

V i - -  V2 
2 r ~ v l - - V 2 ,  q - - V I n Y l "  

Vl 2f. V2 
2 ' 

( v  - -  v l ) ( v  - -  v2)  

vl -{- v2 [ 
2 q v  

vl + 2 v2) 

therefore, y(x) is stable. 
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52. Equat ions  E.7 

(52.1) 

if b4:4= 0, 

and E.18. Consider the equation 

1 ,y~ 
i~] - -  2 y = a~y + byS + b~y ~ + b2y + b8 + b_~ - -  y ;  

we have equation E.18 and if b3 = b~ = 0, equat ion E.7. 

3 
a l = 0 ,  b - - 2 .  

condition for 

By a transformation (k, ~), we may assume 

For  Z1, one has p - - O ,  2b~s 2 + 1 = 0 .  The 

bss 2 + s = O ,  i.e. b s ~ 0 ,  s = 0  or b~=K=~=0 .  

For  P1,  one has p - - 2 ,  s = ~ l  and 

Z ?~2. 
zu  = 2u - -  b~s - -  b~z - -  b~sz ~ --  b,z 3 + 

stabil i ty is 

To obtain the condition for stability, set 

~2 

so that 2bls " -  - -  4b2 + b~b~, i.e. g~ = 0, 4b~ - -  b15~ 

u = ~ -t- ~z -t- z2v and find 

~ = o  

or  

W e  

K~:t: O. 

(52.2) 

y(x) 

bl - -  K~w + H, 8b2 = b~ + 8K2. 

have to consider two cases according as to whether K I = 0  or 

a. K I = 0 ;  then bl, b2, b4 are constants and one finds the equation 

y3 "y = + ~ + 4 K l y  2 + 2K.~y K 3 
2y 

Using the method of variation of parameters,  one obtains 

y2 __ y4 _]_ 4Kly~o_{_ 4 K 2 f  + g + Ksy  ; 

is an elliptic function and is stable. 

One also multipl~ (52.2) by 2 y integrate and take into account may v • , ~ Y  

y y2 - -  ~ • 
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b. K~:t:0. Then, by 
b ~ = 4 x  and b~----~2x ~d-K~;  

(52.3) 

which is the 

a trivial change of variable, 
the equation (50.1) becomes 

o 

1 y~" 3 y3 K 
: ~ y -  -t- ~ -I- 4 x y  ~ d -  ( 2x2 d- K~) y -t- 

one may assume 

ba ~ -  3a la~  - -  3a~ .  

For  convenience, let us write a ~ - - r ,  3a~ ~ 2q  so that 

b8 --~ 2 q r  - -  3 r .  

one has 

(53.2) 

For P l ,  1 9 - - 1 ,  

o r  

55. Equat ions  E.8 and E.19. - Consider the equation 

(53.~) ~ - 3 ~ = c~y + a~ + ~- y + ~. a~y ~ + b,y ~ + boy + b~ - -  - -  

if 

3a~2. 

Y 

a2=t::0, we have equation E.19  

By a transformation (k, q~), we 

and if a s - -  b3 ~--- 0, equation E.8. 

2 
may assume a - - - - ~ .  Then, one has 

for P I :  p ~ l ,  s : l  and p----~3, s : - - 2 ;  

for Z I :  p ~ - O ,  3 a s s : - - I  and p - -  1, 3 a s s - - ~ 2 .  

The condition for stability for ZI~ p ~ 0 is 

• ~ 0 a ~ +  b~s - - a S s  + 3 s  - -  

• g U  2 
z u  ----- u -4- a~ - -  b~ -t- z(a~ - -  b2) - -  b ~  - -  b~z ~ -4- a l z u  -t- as z~u d-  y . 

The condition for stability is 

• 1 
a~ - -  bl ~ as - -  b2 - -  a~(a~ - -  bl) -~- 3 (al  - -  bl) ~ - ~  O. 

To simplify the notations, we may assume bl d - 5 a ~ - - 0 ,  on using a 

equation 1.4 of Table L 

For  K - - 0 ,  one obtains the corresponding stable equations E.7. 
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t ransformat ion ()., ~). 

(53.3) 

Equat ion  

(53.4) 

Then  3b~--- - -  10q and 

8 q2 .  

(53.i) becomes 

y~ 2 2 y 2 y3 10 

3 r  ~ 
~-b2y- l -b~- -  , 

Y 

where b~ is given by (53.3) and b~ by (53.2). 

The condit ions for stabil i ty for Z1, p =  1 and P1, p = 3  are compli- 
cated;  we use another  method.  

Observe that  ~¢ : . + y - - 4 q  is regular  for the parametr ic  poles P1, 
Y 

p ~ 1 and 

(53.4') 

one obtains 

(53.5) 

that-Y _~ __3r is regular  for the zeros Z t ,  p = O. On sett ing 
Y Y 

Y + y  4 q +  3r 
Y Y 

V 
~ V2 

3 2vq ~ vy. 

Equat ion  (53.4) 
On e l iminat ing  y between (53.4'-5), one finds 

• " 2 V8 v --- § -4- 2v2q q- 4vq 2 -  2vq - -  3rv" 

this is an equation of type A(x, y ) = 0  which, on set t ing 
reduces  to the canonical  form 

(53.6) ~'v --- 2w 3 + (3r - -  2q - -  2q 2) w ~- "q + 2qq - -  3rq 

[see (24.3)]. For  this equat ion to be stable, it is necessary that  

3r - -  2q - -  2q2-- ~ Kx -{- H, 

-1- 2qq - -  3rq : K1. 

and the different ial  system (53.4'-5) are thus equivalent .  

v = 3 ( w - - q ) ,  
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On eliminating r between these relations, one obtains 

(53.7) "q --- 2q ~ -I- (K~ -{- H)q -{- 1(1 

i.e. equation I 2 of Table I ;  then, 

(53.8) 3r ----- Kx  + H -}- 2q + 2q 2. 

The stable equations for this class are of the form 

(53.9) 

~ i j  ° 2 2 • Y 2 y~ 

lo ( 82) 
3 qy2_t_ 4 q - { - r + 3 q  y+(2qr - -3 ; r )  3r~ y '  

where q is given by (53.7) and r by (53.8). 

The general integral of (53.9) is given by 

iv - q + ~v 2 - -  q2 y - -  
w - - q  

where q and w(:~=q) are respectively a part icular  solution and the general 
solution of (53.7). 

To obtain E.8, one has to assume r ~ 0. Equation (53"6) is then 

= 2, ,  ~ - 2(~ + ¢)  ~ + ~ + 2qq; 

for this equation to be stable, it is necessary that  

(53.10)  "q + q2 _ Kx  + H 

so that ~" + 2qq = K. 

The stable equation E.8 is then 

(53.11) 

2 y2 
~J- -3y  

2 2 2 y. 10 
3 y~ + ~ q~ _]_ ~ _ _~ qy2 + 

8 

Anna l i  di  Matemat i ca  40 



314 F. J. BUREAU: Differential equations with. fixe¢~ etc. 

where  q is a solution of (53.10). I ts  general integral  is 

y = 
- + - 

w ~ q 

where w is a solution of 

;~v = 2w ~ -  2(Kx 4-. H ) w  -~ K.  

54. Equat ions  E.9 and E.20. - Consider the equat ion 

( 5 4 . 1 )  
- -  - 9 y  ; 

if ct2 =[= 0, we have equation E 20 and if as = b~ - - -  0 ,  

By a t ransformation ()., ~), we may assume a - - - - -  

equation E.9. 
2 
5" Then, one has 

3 
for P I :  p = l ,  s - - 1  and p = 2 ,  s : - - ~ ;  

for Z I :  p = 0 ,  5 a 2 : - - 3 s  and p = 3 ,  5 a 2 : 1 2 s .  

We  consider the simplest conditions of stability. 

For Z1, p : 0 ,  one finds 

• 3 
a2 = CtlC~2- 5 bs. 

For  P I ,  p = l ,  one has 

zu = u + ce~ - -  b~ + (a2 - -  b2) z - -  b~z 2 - -  b4z ~ + (al + asz) zu + ~ u". 

On setting u = a + zv, one obtains 

+ a l  - -  b~ - -  O, 

~2 

For  convenience, on using a t ransformation (~, ~)~ we assume bl -~ 14al = 0 
and wri te  

5 a l = - - q ,  5 b l = 1 4 q ,  a 2 = r .  
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Hence, the conditions for stability are 

for Z1, p - - O :  3 b ~ - - ~ ( q r - ~ 5 r ) ;  

6 q~. 
for P1, p - l :  b 2 - - r ~ 3 ( 1 - F ~  

Then, equation (54.1) is 

(54.2) 

6 q~ 1 1 • 5 r ~- ~- r - -  3q + 5 y~-- ~ (qr ~- 5r) 9 y 

The conditions for stability for P1, p - - 2  and Zl ,  p = 3 give the 
values of q and r ;  because these conditions are  complicated, we use 
another method. 

Set 

_~ y _~ 3q + 3 r 5 y =-2~" 

[Note that v is regular at the parametric poles 1)1, p--- 1 and at the 
parametric zeros Z1, p - - 0  and has simple poles for P1, p - - 2  and 
Z1, p - - 3 ] .  The equation (54.2) is equivalent to the differential system 

5 5 
~j -" - -  ~ vy - -  y 2  3qy - -  ~ r, 

V V y " -  q. 
v 2 

On eliminating y between these relation% one finds 

( 
This equation is of type A(x, y ) -  0 and on setting v - ~ ! / - - w  reduces 

to the canonical form 

w ' =  w~v + ~v ~ + ( 2q q~ 5 - -  - -  - - ~ r ) w + q ' - - q ~ l + ~ r q .  
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For this equation to be stable, it is necessary that 

(54.3) 

2 q - - q S - - ~ r - - - - 1 2 v l ,  

5 q'- qq + ~ r q =  12v~, 

where v, is a solution of 

(54.4) V - - 6  W-}- K~-{-  H .  

From (54.3), one deduces 

(54.5) = _ q~ + q8 _ 19.vlq + l~v~. 

The general solution of (54.5) is [see (25.5)] 

V- -  v~ 
q - -  V - - v 1 '  

where V(=~=v~) is the general solution of (54.4); then, 

(54.6) r - -  2 4 v l - t - 1 2 V - - 3  V - -  vl 

The general solution of (54.2) where q and r are given by (54.5-6), is 

w - - q  w q y - -  
w - - q  2 2 '  

where w(:~= q) is the general solution of (54.5). 

To obtain equation E.9, one has to assume r - - 0 .  Then, instead 
(54.3), one finds 

of 

2q - -  q~ --  - -  12v~, q - -  q(t - -  12v, 

so that v l - - K  is 
equation E.9 is 

a constant. The general solution of the corresponding 

w - - q  w q 
w - - q  2 2 '  
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where 

~v = - -  w w  + w ~ - -  12Kw , 

2"q = q~ + K. 

1 1 
v i i i .  E q u a t i o n s  o f  t h e  t y p e  A(x, y ) = , T = . +  . 7 - - ; .  ~g 

55. The stable equations of this type are of the form 

[1 + 1 ~y~ M(x, y) y + ~(x, y) 
(55.1) V" = ~ ~ - - 1 /  + V(V - -  1----~) V(V- -  ~--~)' 

where 

M - -  ay  + a~ + 111o 
D - -  D ' 

= by + bty 2 + b2y + b8 + D-'N°" 

Me,x, y), No(w, y) are polynomials of the first degree in y. 

The values of y for which the general existence theorem of CAUCHr 
does not apply are y ' - o %  0 and 1. 

If a and b are not both zero, y(ze) has simple parametric poles; if 
a - -  b - -  O, y(x.) has double parametric poles. 

s z = l + u z  and de. If y(w) has a simple parametric pole, set y - - ~ ,  

termine s by (note that n : - - 2 )  

2bs 2 -  2as --  1 -- 0; 

because p - - a s  and must be an integer, one has a = 0 ,  b:~=0. 
If y ( x )  has a double parametric pole, one has a - - b  = 0; because 

p - - - - l ,  one also has b , - -0 .  

To investigate the coefficients of M and N in a neighborhood of a 
parametric zero, replace y by w -I in (55.1) so as to obtain 

w = (2~ + ~ _ _  1) w~ - -  waM (~, 1)  ~ N ( w  1 w5 
w(w---- 1) + ' ~v) w(w - -  1)" 
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This equation has the same form as (55.1). Therefore,  if y(x) has 
simple parametr ic  zeros, then Mo(x, O)--0), No(x, 0 ) ~  0; if y(x) has double 
parametric  zeros, theu Mo(x, 0 ) - - 0 ,  No(X, 0 ) - - 0  and the coefficient of y 
in N(x, y) is also zero. 

To sum up, and changing the uotations, equation (55 l ) m a y  be 
rewri t ten as 

(55.2) 
1 1 ) .o a y - - b  • 

Y -- 9~ + y--Z-i Y~ + y - - 1  y + y(y - -1)  Q(x, y), 

where 

g h k l 
(55.3) Q(x, y) - ey + f + ~ + ]] + (y _ 1 ) - - ~  2 + y A ~ '  

Note that e = 0 implies f---- 0 and that g = 0 implies h = 0. 

The transformation y ' - w  -1 brings equat ion (55.2) to an equation of the 
same form according to the equivalence table 

y) : a b e f g h k 1 

(w): b a g h e f k k - -  l 

The substi tut ion t - -~ (x )  t ransforms (55.2) into 

y " =  + Y y'~- + ~ _ Q(x, y). 1 [(a - -  (I)) y - -  b -]- (I)] 1~, + y(y ~ l) 

Observe also that y = 1 does not pla,b, the same role as y - - c ~  or 
y = 0; accordingly, y --  1 must be considered separately.  

8 
~6. Parametric  p o l e s . -  Set y - - z '  z - - 1  + u z  and determine s by 

2es ~ = 1 ;  then p - - O  and 

8- - -  1 

8 
+- a + (e - -  f) s + O(z). 

The condition for stabili ty is 

s - -  1 + a s +  ( e - - f )  s ~ = 0 ;  
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therefore, s + as -- O, (e - -  f )s  2--- 1 and finally 

(56.1) e ~ 2ca, 

(56.2) e + f---- 0, 

Note that for F2,  e = 0 so that (56,2) still holds. 

P a r a m e t r i c  zeros. - From the equivalence table, one deduces at once 
the conditi,ons for stabil i ty 

(56.3) g = 2bg, 

(56.4) g + h --  0. 

:Note that for Z2, g - -  h - -  0 so that (56.4) still holds. 

57. Pa rame t r i c  unities.  - W e  have to consider separately the parametr ic  
unit ies of the first order and the parametr ic  unities of the second order. 

For  the parametr ic  unities of the first order, se t  y - - 1  +sz,  z - - 1  + uz; 
one has 

(57.1) t z u + z u 2 ) ,  

1 1 1 1 sz s2z 2 
2y + y - l -  sz + 2  2 + ~ + O(z~)' 

(57.2) 

a y - - b  a -  b 
y - - 1 - - a +  s-~- ' 

k 
y(y--1)Q(x,  y ) - - s z + k + l - { - ( e + [ + g + h + l ) s z  

+ (2e + f - -  g)s~z ~ + O(z~). 
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Because of (56.2) and (56.4), one finds 

(57.3) 

1( a --b 
z u - - -  1 + - -  

8 

+ Ao q- A~z q- uz(a + s) q- O(z~), 

[the coefficient of zu 2 is zero] where 

s s k + t  Ao--~ q- aq-(a--b) ~ + ~ ,  

U 

s a s s 2 s 2 

We determine s by setting 

a - - b  k 

a - - b  
p -  1 + - -  must  be an integer. Therefore, in order that (55.1) be stable, 

8 

one must have one or the other of the following distinct possibilities 

i. a - - b ~ O ,  k--O, p--O,  s = b - - a ;  

ii. a - - b - - O ,  k:J¢:O, p - - l ,  s2q-k--O; 

iii. a--b----O, k - -O.  

[ 11 /see (16.15) and (16.16); observe that n =  ~ and c h a n g e s  into /. 
Case iii corresponds to parametric unities of the second order. 

When a - - b - - - O ,  one may assume a----b----O [choose ~ such that 

To determine the condition for stability corresponding to double para- 
metric unities, observe that  because a = b - - 0 ,  e and g are constants 
[see (56.1) and (56.3)]. The equation (55.2) is then 

(57.4) 
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Now, set y : l + s z  2, z : l + z u  and determine s by 
then 

zd = u + p -  2 + O(z .) + O(zu). 

The condition for stability is 

. . . .  0 o r  8 ---  H e  K~ 
8 8 2 4  

and finally, 

(57.5) 1 " -  H e  K~. 

58. Because V : 
der the following nine distinct possibilities; 

1 + 2 s - - O ;  

and y = 0 play the same role, we have to consi- 

P2,  Z2  and ~2 or U1, p - -  O or U1, p - - l ;  

PI~ Z 2  and U2 or U1, p - - O  or U1, p - - l ;  

P1,  Z1 and U2 or U1, p - - O  or U1, p - - 1 .  

(58.1) 

We consider these cases separately and begin with the last three. 

58. P I ;  Z1; U1, p - - 0 .  - Equat ion (55.2) is 

1 "5 a y - -  b • 

The condition for stability is A. = 0 or because s = b--c~,  

1 
(58.2) b + a - - b +  2 ( 5 2 - a ' ) = 0 .  

To simplify the notations~ set 

a :-  2c~ b = - -  2d, 2 e - - q 2  2g --  r~ ; 
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then~ from (58.2), (56.1) and (56.3), 

(58.3) 
I / = 2 [ c ~ - - d ~ - - c - - d ] ,  

t q - - 2 c q ,  ; ' - ~ 2 d r - - 0 .  

Equat ion  (58.1) may be rewri t ten  as 

(58.4) 

-~ 2(c ~ --  d 2 -  ~ - -  cl)y. 

To integrate  equat ion (58.4) observe that  

y 2(c + d) 
y - 1  t y _ ~  

is regular  for U1, that  v ~ - q y  is regular  for P1  and that v ~ q y - ~ 2 ( c ~ - d )  

is regular  for ZI .  Accordingly,  set 

(58.5) ~] 2(c + d)y 
y - - 1  -~ y - - 1  -~ qy  -~ - 2 w  ; 

on subst i tu t ing in (58.4), one finds 

(58.6) y - -  1 w -b 2 w d  

4y - -  4w2-- r 2' 

[write y ~ - -  2w(y  - -  1) --  2(c ~- d)y - -  qy(y - -  1)]. 

The different ial  system (58 .5-6) i s  thus equivalent  to the equat ion 
(58.4); if y is stable, w is also stable and conversely.  

On e l imina t ing  y between (58.5) and (58.6), we obtain an equat ion for 
w. For convenience,  set 

A - -  w ~ 2 d w ,  B - -  4 w  2 - r 2 

so that  

B 4 A  
Y - -  B -~ 4 A ' y - - l :  B -{- 4 A " 



F. J. Bu~nAtr: Differential equations with fixed, etc. 323 

and 

t h e n  

(58.7) 

o r  

Now, rewri te  (58.5) as 

observe that 

-Y -{- 2w -{-- 2(c "4- d) + q(y - -  1) 2w _ 0 
Y Y 

~ 8Aw ~ ~ 4Bd;  

B -{- 4[4 + 4Aq -t- 2(d - -  c)(B -b 4A) --  0 

i i  = - -  2wiv + a,~6 + a2w 2 + a~w + a,  

i.e. an equation of type A(x, y ) = O  and class P1, p = 1; thus, w 
are stable. 

To integrate (58.7), observe that because q - - 2 c q ,  one also has 

hence, on setting 

(58.7) becomes 

d 
Aq -- qw -{- 2dqw -~ ~ (qw) -~ 2(d - -  c) qw; 

4Z ~ B ~ 4A -[- 4qw 

2 a ) - -  , 

2 - -  2 ( c - -  d)Z. 

is de termined by Z - - K q r  Therefore,  Z 

59. P l ;  Z]_; U1, p - - 1 . -  Equation (55.2) is 

(59.1) 

where  e and g 

and y 

and w by a RIccA~I equation. 

• . 1 

+ ( y _  1) ~ + 

are constants .  
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One has k:4=O, p = 1, s~+ k =  0 and 

z{~ = u + Ao + AIz + suz + O(z ~') 

[the coefficient of z~ ~ is zero]; the condition for s tabi l i ty  is 

d [ k + 2 1  S~s ] 
2s s 

= 0  

o r  

d "s O, d ( k + 2 l  . ) 
= o .  

Therefore, 

(59.2) s = He K~ 

and k -{- 2l + 2s ~ -  Kls or 

(59.3) 21-- K l s - -  s ~= K~s + k .  

Now, we consider two cases according as K1 is or is not zero. 

i. / ( 1 =  0; then s, k, I (and e, g) are constants.  

Equat ion (55.2) is 

1 "2 

It~ 2H, 2] 

This equat ion may be integrated by using the method of variat ion of 
parameters ;  one finds 

• [ H1 Ha 
y2 __ 2y(y - -  I) ~ Hy y y - -  1 (y__ 1) 2 + H~ . 

As a par t icular  case, one has 

whose integral is y --  th2(Hx + H1). 
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ii. K~=t=O. By a t ransformation t - - + ( x ) ,  one may assume e ~ -  t 
and k = 2Ht ~, l ---" Ht ~ ~ HIt; hence, on writ ing again x instead of t, 
one has 

(59.5) 

• / /8  

+ H~xy + H~ ~ y(y -[- 1) 
y - - 1  

This is the irreducible equation L5 of Table I. Indeed, a t ransformation 
t - - ~ ( x )  brings this equation to 

(59.6) 
Hly Hy(y-{-1) 

x~ g~y 

60. 

(60.1) 

1)1; Zl ;  U2. - Equat ion (55.2) is 

/ / =  - -  

where  e and g are constants. 

The condition for stability is l - - H e  gx [see (57.5)]. 
thus a par t icular  case of (59.4) or (59.5). 

Equat ion (60.1) is 

61. On using the preceding results, the other cases are readily disposed of. 

I)2; Z2; U2. - One has, for P2,  e - - - f - - O ;  for Z2, g ~ - - h : O ;  for U2, 
a ~.  b = k ~ 0. Equat ion (55.2) is 

"" [ 1  ~ 1 "2 (61.1) y - - - | ~ : - ~ :  y / -~ ly 

with the condition for stability l---HeKX; (61.1) is a par t icular  case of 
(59.4-5). 
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P2; Z2; UI, p - - 0 .  - Equation (55.2) is 

.. (1  1 ) .~ ag -- b . 
(61.2) Y=  ~ + ~ - - i  y + y - - ~  ~+~J 

and is a particular case of (58.1). 

1)2; Z2; U1, p = 1. - Equation (55.2) is 

(61.3) 

and is a particular ease of (59.1). 

P I ;  Z2; U2. - Equation (55.2) is 

" '=  -}- ~J-~-1~1) y -t- y ( g -]- Y-~-l l 
(61.4) y ( ~  1 " 2  - -  1)[e(y--  i) 1 

where e is a constant. This equation is a particular case of (60.1). 

P l ;  Z2; UI, p - - 0 . -  Equation (55.2) is 

• . 1 1 "2 a y - - b  y + y ( y - -  1) e ( y - - i ) - ~ y ~  1 (61.5) Y =  2 y + y - ~ ] -  Y -[- y - -  1 

where e ~ 2ca. This equation is a particular case of (58.1). 

P1; Z2; U1, p - -  1. - Equation (55.2) is 

- - ~ _ l ) y  - -~y (y - -1 ) i e (y - -1 )+  ( y _ l ) 2 + y / ~ 1 ]  

which is a particular case of (59.1). 

2/1 i ) 
IX. E q u a t i o n s  o f  t h e  t y p e  A(x, y)== 3[y-{-~j-~-1~1 " 

62. The stable equations of this type are 

(62.1) y - -~  ~ + ~-~-~ + P(x, y)~I + 3y(y - 1 )  Q(x, y), 
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where 

b 
(62.2) P(x,  y) = ay + Y y - -  1 + d, 

f g k l 
(62.3) Q(x, y) -~ ey -~ y~ (y _ 1) ~ + h + Y + Y _ ~ .  

The values of y for which CAUCH•'S general  existence theorem does 
not apply are 0, 1, c~. 

The transformation y =: u -1 [resp. y ~ 1 -  w] changes y ~ 0, c,z, 1 into 
u - - - -~ ,  0, 1 [resp. w = 1, ~ ,  0] and brings equation (62.1) to an equation of 
the same form according to the equivalence table 

(y): a b c d e f g h k l 

(u): b a - - c  d + c  f e g k h - - l - - g  

(w): - - a  e b a - ~ d  e g f - - e - - h  1 k 

Therefore,  the values y ~ 0, 1, o,~ play the same role. 

Note also that the t ransformation defined by ( 1 -  y)u-----1 
tion (62.1) to an equation of the same form according to 
equivalence 

brings equa- 
the table of 

(y): a b e d e f g h k 1 

(u): c =- a - - b  a + b . + - d  g e f I - - h - - e  - - f - - k .  

The solution y(x) of (62.1) has simple parametr ic  poles if a and e are 
not both zero; y(x) has double parametr ic  poles if a - - e - - 0 .  

8 
Suppose y(x) has a simple parametr ic  pole. Set y--~z, z -  1-~ uz, where 

2 1 
s is given by 3 e s " - - a s - - ~ O ;  then n ~ - - 3  and p = ~ ) - ~ a s .  

In  order  that y(x) be stable, one must  have e - - a  2 and p ~ 0 ,  
3as-{-1-----0 or p = l ,  3 a s - - 2 .  

1 
If y(x) has a double parametr ic  pole and is stable, then p - - - - 3  so 

that h ~ 0 .  [Note that when a~-e-----h----O~ y(x) has in fact parametr ic  
poles of the third order]. 
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To sum up, according to the equivalence tables, one has 

for P I :  e--a'-;  for / )2:  a-~e-~-h-~-O; 

for Z I :  f-----b2; for Z2:  b ~ f - - - - - k - - O ;  

for U I :  g-~c~; for U2: c : g = l - - ~ O .  

Therefore, 

b: c '~ k A- l 
(62.4) Q(x, y) --  a~y + y~ (y _ 1) ~ + h -4- Y y-- - - l '  

where h = 0  if a-----0; k = 0  if b = 0 ;  1--:0 if c = 0 .  

The transformation t - - 7 ( @  brings equation (62.1) to 

(62.5) ( - +  3y(y -- 1) Q(x, y); 

on choosing ~ such ~ -- d~, one may assume d - -  O. 

68. 
four distinct possibilities, namely 

(P2; Z2; U2), (P2; Z2;  U1), 

Equation (62.2) corresponding to (P2;  Z2; U2) is 

2 1  1 .. 1)y 

for one may assume d = 0 by a proper choice of 

= gy (y_ 

y(x) 

Because y-----~, 0, 1 play the same role, we have to consider only 

( P I ;  Z l ;  U1). (P2; Z1;  U1), 

% Then, y is given by 

is thus an elliptic function and is stable. 

[On setting 2 y = l + u ,  one has u s ~ K ( u  ~-1)2]. 
For the other cases, at least one of a, b~ c is not zere. We may assume 

c:~=0. Indeed, the transformations y------u, y : u  -a, y = l - - u  and their 
u - - 1  1 u 

products y - -  u - '  Y - - l - - u '  y - u -  1 bring equation (62.1) to equations 

of the same form, and according to the equivalence tables, commute a, b, c. 
We consider first the equation (P1;  Z1 ;  U1). 
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64. For  a simple pole of y(x), set y ~ ,  ~ - - - l ~ u z  and note that 

8 
P(x, y) = a ~ + d + (b - -  c) s + 0(~~)' 

Q(x, y) = a ~ s _[_ h -1- (h  + l) z s + O(z"); 

then, subst i tute  in 

1 
p - -  3 -{-. as  so that 

2 
(62.1), determine s by 3a2s ~ - a s j ~ - O  and set 

• 1 
zu = p u  -t- A ~- B z  -t- Cuz - -  3 zu ~ -t- O(z~), 

where 

2 S  2 
A - -  ~ s 3s  ~- d - -  as  -~ 3(a ~ - -  h) s, 

B - - ~  3 s  ~ 
2 4 s  b - - c  d s + 3 ( h - - k - -  l), 

8 

2 s  4 
C - - 3  s 3s -I-d" 

i. Suppose p -  0; 3 a s - ~  1 = 0. The condition for stabil i ty is A = 0  or 

(64.1) h + a(a -t- d) - -  a - -  O. 

]?rom the equivalence tables, one has the two other conditions for 
stabili ty corresponding to Z1, p = 0 and U1, p = 0 respect ively 

(64.2) 
t k - f - b ( b - t - c - l - d ) - - b - - - O ,  

i t + c ( a - l - b ~ - c - t - d ) - - c - - O .  

ii. On using the relations (64.1-2), we shall reduce our problem to 
another of the same type involving an equation with only two singular 
values 0 and ~ .  To do this, observe that the parametr ic  zeros and the 

parametr ic  polos of y(~) are poles of the first order for-Y; hence~ the sin- 
Y 

gular  values of Y- are ~ and the value corresponding to y --  1. 
Y 
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b Y Y 5~ow, 3ay is regular  for the parametr ic  poles P1,  p.---0;  ;j+3- 
Y 

is regular  for the parametr ic  ~eros Z1, p = 0 and -Y - -  3c is regular  for 
Y 

the parametr ic  unit ies U1, p = 0. Therefore,  Y --  3a.~I -t- 3b_ _ 3c is regular  
Y Y 

for P1 ,  p = 0 ;  Z1, p = O ;  U1,  p = 0 .  

Accordingly, set 

(64.3) 

and subst i tute  in (62.1). For  convenience, set first 

and find 

then, write 

~ - -  3 a ( y - -  1) -[- 3w 
Y 

~;v ~v ~ -~ (2a -[- d)w ~ bw - -  - -  - - a c ÷  l 
Y 

+ 1-- ab+k+y + T ~  i 

b 
w = v + c + b - -  - 

Y 

so that 

Q(v) 
(64.4) y - -  1 _ . 

v - -  p(v)'  
where 

(64.5) 
I P(v)--v ~+(2a+2b+2c+d) v, 

Q(v) - -  2v 2 + 3cv. 

cw--C]; 

Equat ion (62.1) and the differential  system (64.3-4) are thus equivalent ;  
if y is stable, v is also stable and conversely. 

T~o determine v, one has to eliminate y be tween (64.3) and (64.4). To do 
this, rewri te  (64.3) as 

Y 3a ( y -  1) -{- - -  
y - - l - -  

3(v + ~) 
y - -  t -[- 3ca ~ b -{- c -{- v), 
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take the logarithmic derivative of (64.4) and observe that 

3(v -f- c) 1 1 
Q(v) - v ~- 2v + 3~ ' 

then 

v - -  P + 3aQ v + 3"c _~ P 

v - -  P 2v + 3c 2v + 3~ 
2v - -  (a -{- b ~- c - -  d), 

i.e., v is a solution of an equation 

(64.6) ~ - -  ~'~ 2v --[- 3c + B(x ; v) v + C(x ; v) 

1 
of type A(x  ; v ) - - - ~ .  

To reduce (64.6) to a canonical  form, set 

3c U~V-~-~ 

(64.7) - -  2 ( a  -~- b) - -  c -~ d,  

(64.8) 
3c 3~ 

-= 3c(a + b) -{- ~ (c -{- 2d) 2 

so that 

A simple calculat ion shows that 

u u~  3u~ 
= ~ + ~ -  + (a + b + c + 2d) u ÷ 3 (b - -  a - -  c) u ~ 

(64.9) 

+ u  a ~ - 9 a c - - ~ - - T ( c - { - d )  - b ~ ( a - I - b + c - { - , 2 d ) - - ~  2u" 

Now, the t ransformation t---¢~(x) brings equation (62.1) to (62.5). ]if u 

is replaced by w~(x), (64.3) and (64.4) remain invariant  if the coefficients 
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of (62 1) are replaced by the  corresponding coefficients of (62.5). If  ~?(x) is 

chosen so that  2 ; ~ = ( a + b + c + 2 d )  % and if w is to be stable (and thus 
also y), then equat ion (64.9) must  reduce to the canonical  form [see § 52, 
eq° E.7 and E.18] 

w~ 3w ~ 
(64.10) iv - -  ~ --}- ~ + 4 D w  2 + 2 E w  ~ - -  

where  D, E. F are given by (52.2) and (52.3). 

Therefore,  to de termine  a, b, c, d, one has 

(64.11) ~ - -  2(a -~ b) - -  c ~- d, 

3c 3~ 
(64.12) ~ - -  3c(a .-~ b) + ~ ( c  -~ 2d) - - 2 '  

(64.13) a -t- b -{- c -{- 2d -~ 0, 

(64.14) 3(b - -  c - -  a) - -  4/), 

• ) (64.15) ~ + 9ac - -  ~ - -  (v + d) = 2E,  

(64.16) ~ = o, 

(64.17) ~ --  F.  

Set 3 v - - 2 W .  Then,  from (64.12-13) and (64.17), 

I/V 2 F  
(64.18) 3(a + b) --  2 -~--}- ~ ;  

from (64.14) and (64.13) respectively,  

(64.19) 3(b - -  a) - -  41) -}- 2 IV, 

3 d = - -  N + ~ + W .  

Therefore,  

F 2 
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so that, 

(64.20) 

from (64.15), 

V¢ 2 3 W~ 
P,/- --  2 -~  + 2 +4DW2-+-2EW - -  

F2 

2W" 

65. From 
class (P1, Z1, 

the preceding, it follows that 
U1) are 

1 -~ b 

the stable equations of the 

° ) 

+ 3y(y -- 1)[a~y -{- 
b ~ c ~ k l ] 
y ( y - -  1)~ + h + y +  y~--1 , 

where 

F w F 
3a--  ~ + w - -  2D--  W, 3 b - - - ~ - , - [ - - ~ - { - 2 D +  W, 

VV VV 

3 c - - 2 W ,  3 d - - - -  + ~ +  W , 

h - ~ a +  2(b + c--a),  

k = b  b - -  ~ (b + c - -  a) ,  

l : i - -  c ~ ( a + b + c ) ;  

W is a solution of (64.20) and 

2~v(~ --~) 2~V(~V ~ W )  
y - - l - -  . --- 

w - -  ~v ~ - -  ~ w  + ~ w - -  W - -  ( w  - -  W ) ( w  + W + ~) 

becau se 

Therefore,  

(65.t) y --- w - -  W +  ( w  - -  w ) ( w  - -  w - ~ )  

and is stable. 
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66. R e m a r k  For  P1,  p - -  1, 3as  -~ 2, one has  

1 
zu  - -  u + A + B z  + Czu - - 3  zu~ + O(z~)' 

where  

D = ~ - a - { - d  so that  a - - a D ,  (see 64.1); 
a 

3h 
A - - D - - - - ,  

Ob 
3C --  3d - -  6a - -  2D, 

1 ~ 3 
B - -  - -  b - -  ~ D - -  (2a - -  d)D + ~ a(b - -  o - -  a) + 3(h - -  k - -1 ) .  

The condi t ion  for  s tabi l i ty  is 

A s 
A + B - - A C - - . 3 - = O  

o r  

d h ~ a ( b _ c _ _ a ) + k + 1 2 h d . _ [ _ h D _ . O  
d x  ct a a~ 

o r  

2(ah - -  2a/~) + (a ~ + 2h) ~ - -  a~(b - -  ~) + 2a:(k + l) = O. 

There  are two s imi la r  condi t ions  for s tab i l i ty  for Z1,  UI,  n a me l y  

2(bk - -  2kb) + (b ~ + 2k) ~ - -  b2(a -k" c) + 2b2(h - -  l ~ c ~) -~ O, 

2(el - -  2lc) + (c ~ -{- 2l) ~ - -  c~(b - -  a) - -  2c~(h -}- k + cd + b 2) - -  O. 

These re la t ions  are not easy to hand le  and thus  the reason why ano ther  
method  was used. 

67. P 2 ;  Z2;  UI.  One has a - - h -  0 for P2,  b - - k - - 0  for Z2 ;  the stable 
equa t ion  for this  class is 

(67.1) + 
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where 

t = ~ - -  c(~ + d). 

We use the above method and assume c + 2 d - - O ;  then w is determined by 
(64.10) and c and d by (64.11-17). One easily finds 

therefore, 

3c -= 2 W,  VV + F = O, 2D Jr" W = O, 3d  = - -  W ,  

~ - - - -  W, ~ = - F ,  E = D  ~" 

W =  - -  F x - -  t t .  

Equation (67.1) is then 

y -~ ~+i~-2y F+ 
y - - 1  3 y - -  

its general solution is 

2 w ( w  - -  W )  _ w + ~v ~ - -  W w  + F _ 

y - - l +  . w ~ ~v - + Ww + F - - w  w ~ + -Ww + P -  

• b - -  W + w(w - -  W) 

w -  ~ V -  w ( w -  W)' 

where w is determined by 

• . ~V ~ 3~V a F ~ 
w - -  ~ + - 2 -  - -  2 W w  2 + 2D2w - -  2~--v" 

68. 1)2; Z1; U1. One has a - - h - - 0  for P 2 .  The stable equation for 
this class is equation (62.1), where a - - h - - O .  We use again the above 
method and assume 

b + v + 2 d = O ,  3 ~ = 2 ~  
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Then,  one has 

(68.i) W =  w ~ q - 2 D W - F  

so tha t  W is de t e rmined  by a RICCATI equat ion.  

]}~oreover~ 

3b = 4D + 2 IV, 3d --  - -  2 W -  2D, 

and 

2 D  + 2b'- - -  F = 3E.  

The stable equa t ion  is thus  

2 1 .~ c d)~j + + 

--[- 3 y ( y  - -  1)[Y (y _ 1) ~ -q-- Y ~ , 

where  k " -  b q-  bd, 1 - -  c -t- cd. 

The genera l  solut ion is given by (65.1), where  W is a solut ion of the 
RICCA~I equa t ion  (68.1) and where  w is the genera l  solut ion of (64.10). 

Note that  if W is rep laced  by - - -  u in (68.1), one obta ins  
U 

u - -  2 x u  - -  F u  ---- 0; 

if D = x and F ' - -  2n, n an  integer ,  this equa t ion  is sat isf ied by It~(x),  

the  I~IERMITE polynomial  of order  n. 
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3(1 1) 
X. Equations of  the  type A(x,  y ) = 4  y + ~i~-]1 " 

69. The stable equations of this type are 

(69.1) 
3zl  1 \ .~ 

- -  4 ( y  + ~ - ~ ) y -  + F(x,  y;y + y ( y - -  i)Q(w, y), 

where P(x ,  y), Q(x, y) are given by (62.2.3). 

The values of y for which CAuc~t¥'s general existence theorem does 
not apply are 0, l, c~. 

The solution y(x) of (69.1) may have  simple or double parametric poles. 
8 

If y(x) has a simple parametric pole) set y - - z '  z - - 1  + uz, where s is 

given by 2es " ~ - 1 ;  then n - - w 2  (case vi), a - - 0 ,  e T 0  and p - - 0 .  Then, 
substitution in (69.1) yields 

zu - -  s 3 
s 4s ~ d + (e - -  h)s + 0(~). 

The condition for stability is thus 

• 3 
s - -  7~ + ds + (e - -  h)s ~ = 0 

or, because 2es ~ -  - -  1, 

finally 

(69.2) 

s + ds - -  O, 4(e - -  h)s ~ -- 3; 

2h + e - -  O, e = 2ed. 

I f  y ( x ) h a s  ~ double parametric pole, then a - - e - - 0  and as a conse- 
quence, h = 0. 

Changing the notations and taking into account the re la t ions  (69.2), we 
shall rewrite equation (69.1) as 

(69.3) 3(1 1)  
= 71 ~ + ~ y2 + P*(x, y)y + y(y - -  1)Q*(x, y), 

Anna~i gi M a t e m a t i e a  43 
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where 

Note that  

b c 
P*(x, y) -" a zr 

y y - - l '  

2 2 f g Q*(x, y ) = 4 d ( y ~ l ) + y ~  ( y - - l )  ~ + y  y - - l "  

(69.4) d - - a d  

according to (69.2); for PI ,  one has d~=0  and for P2, d----O. 
The except ional  values  y - - 0  and y ~ 1 play the same role;  indeed, on 

set t ing y - - 1 -  w in (69.3), one obtains an equat ion of the same form accor- 
d ing to the equivalence table 

(y): a b c d f g k l 

(w): a c b d g f l k. 

It  is readily seen that  y(w) has simple paramet r ic  zeros if b and f are 
not both zero and double parametr ic  zeros if b -  T -  0 and k =~::0. 

In  agreement  with the equivalence table~ one sees at once that  y(w) has 
s imple paramet r ic  uni t ies  if c and g are not both zero and double parametr ic  
unit ies,  if c - - - -g - -O  and l:4=0. Therefore,  we have to consider  only six 
dist inct  possibil i t ies namely  

(P2 ; Z2 ; U2~, (P2; Z2 ; U1), (P2 ; Z1 ; U1), 

(P1 ; Z2 ; U2), (P1 ; Z2; U1), (P1 ; Z1 ; U1). 

We begin by consider ing the ease (P1; Z1; U1). 
Fur the rmore ,  note that  a t ransformat ion  t - - ~ ( z )  br ings equat ion (69.3)to 

y , , 3  1 ,2 : 
-" 4 -1- y------ 1) y + P*(x, y) - -  =-~ + ~2 Q'(x, y). 

70. Suppose that  y(x) has s imple parametr ic  zeros. Set y ---- sz, z - -  1 ~ uz 
so that  

b 
P*(x, y) = ~ + a + c + csz + O(z~), 

f k Q*(x, y) - ~ + ~ - -  (4d~-~ g + l) -~ sz[Sd 2 - -  20 --  l) - -  s2z2(3g + l) + O(z~). 
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On subs t i tu t ing  in (69.3), one obtains 

z u = l z  + s - -  + + s  u + A - ~  O(z) (70.1) 

where  

(70.2) 
s k f i s  

A - - a + c + b ~ - - s - ~  s - - 2 s - - - -  

Now, de termine  s by 

1 
then p -- ~ 

38 

4 

f b 3 
s ~ s ~ = 0 ;  

b mus t  be an integer.  Therefore,  according to Appendix  I, 
8 

vi 

[substi tute s with s-t] ,  one finds 

(70.3) 

and 

p - - 0 ,  

f - -  b 2 

2b -~ s - -  0; p --  2, 2b --  3s. 

For  Z1, p -~ O, the condit ion for stability is A - -  O, s - -  - -  2b, i.e., 

(70.4) k - -  2b - -  2b(a -{- b ~- c). 

In  agreement  with the equivalence table, one obtains for U1, T - "  O, the 
condi t ion for stabil i ty 

(70.5) I g --  c~' 
1 - -  2~ - -  2c(a ~- b ~ c). 

71. Before consider ing the case Z1,  p : 2, 

stabili ty for Z 2 .  

For  ~ double paramet r ic  zero, one has 

(71.1) b --  f - -  0, k=~= 0. 

we find the condi t ion of 
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On sett ing y = sz ~', z - -  1 + uz, one f inds 

6 ~  
0 

y ~ l - -  
a + o + csz ~ + O(z'), 

k 
Q*(x, y) = s - -~-  (l + g + 4d ~) + O(z3 

and 

[Note that  p --- 0]. 
Determine s by s - - k ;  because p - - - 0 ,  the condit ion for stability is 

(71.2) k --  2k(a + c). 

For a double paramet r ic  unity, the condi t ion for stability is, according to 
the equivalence table, 

(71.3) e --  g --  O, 1:4= O, i - -  21(a + b). 

72. P1 ;  Z1; U1. We have d:~=0 for P1. On using the condit ions (70.3-5), 
we reduce  the problem to another  one involving an equat ion  with only one 
s ingular  value, namely  cx~. 

To do this, note t, hat  -Y-4-2b is regular  for Z1, p 0 and that  ~ -  2c . - - -  - - -  1 S  

y y 1 - - y  
regular  for U1, p - - O  [set 1 - - y - - s z  and note that  s - - - - 2 e .  We don ' t  pay 

par t icu lar  a t tent ion to P1 because one ought  to consider  ~ Y with s - -  

1 y 4dy is regular  for a set of parametr ic  poles and y 4dy is 

regular  for the other set of paramet r ic  poles]. 
Now, set 

+ i2-  - 4v; 

on subst i tu t ing in (69.37, one finds 

(2y - -  1)(v ~ - -  d 2) - -  v - -  av. 
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Hence,  the dif ferent ia l  system 

(72.1) y - -  2b(~ - -  1) + 2oy - -  4 v y ( y  - -  1), 

V - -  ~ V  
(72.2) 2y - - 1  : ~ d~ 

is equivalent  to equat ion (69.3); if y(a~) is stable, v is also stable and conversely. 
To de te rmine  v,  el iminate  y between (72.1-2). To do this ,  set 

- -  a v  = A ,  v ~ - d ~ = B 

and note that  d " - - a d  [see (69.4)] and 

- -  2 v A  - -  2 a B  ; 

then,  

o r  

(72.3) 

A --  2(a + b + c)A + 2(v - -  b + c )B  

v - -  (3a + 2b + 2c)v + 2v  8 -{- 2(c - -  b)v 2 

+ [a ~ 2a (a  + b -t- c) - -  2d2]v + 2d2(b - -  c) 

i.e., an equat ion of type I [see equat ion  20.5 and § 24]. 

Now, by the method used in type ~ Y [i.e., a p roper  choice 
~], one may  assume 

(72.4) 3 a  -t- 2b + 2c --- 0 

so that, on set t ing c -  b----3D, one may rewri te  (72.3) as 

v - -  2v  8 + 6 D v  ~ + (a  + a 2 - -  2d~)v - -  6 D d  2. 

The t ransformat ion v - - w - - D  brings this equat ion  to the canonical  form 

(72.5) w - -  2 w  ~ -F (a -{.- a 2 - -  2d  ~ ~ 6D~)w + 

-F 1) J r  4D~ - -  (a  + a 2 - -  2d~)D - -  6 D d  2. 

In  order  that  w be stable, equat ion  (72.5) must  be ident ical  to 

(72.6) V - -  2 V s + S V  -F T 

of 
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so that 

(72.7) 

(72.8) 

d-~- a 2 -  2d : -  6D 2 ~- S, 

D -t- 4D~ - -  (a  -{- a 2 - -  2 d 2 ) D  - -  6 D d  2 ~ -  T .  

On using d - - a d ,  one obtains from (72.7) and (72.8) after simple calculations 

(72.9) - -  2 d  a - -  S d  ~ 6 D ~ d  -=- O, 

(72.t0) .b  ~ 2 D  ~ - -  D S  - -  T -  6 D d  ~ - -  O. 

From (72.9-10), it is clear that D -  d - -  V1 and D ~ d - -  V2 are solutions 
of (72.6); therefore, on using (69.4) and (72.4), one finds 

(72.11) 
2d --  V2 - -  V~ :~= O, a --  V2 - -  VI' 

D = ~ ( c - - b ) - - ~ ( V ~ - b V ~ ) ,  b + c - - - - ~ . V , _ V  ~. 

The general  solution of equation (69.3), where  

(72.12) i f - -  b ~, g - -  v2, 

k - -  2b z~ ab ,  1 - -  2c  -{- a c ,  

is thus given by 

(72.13) 2y - -  1 -- 
w - -  JD - -  a ( w  - -  D)  

(w - -  D - -  d ) (w - -  D + d)  - -  

2 ? -  7 1 -  95 - a(2 v -  v l -  v~) 
2( v - L)(  v - -  v~) ' 

where V is the general  solution of (72.6); therefore y is stable. 

73. P2;  Z l ;  Ul.  For 1 ) 2 ,  one has d -  0; then (72.2) becomes 

V ~ a v  

(73.1) 2y --  1 ----- v~ 

On el iminating y between (72.1) and (73.1), one finds again (72.3), where 
d - - 0 .  

The method used above shows that w defined by v : w - - D ,  3 D - - c - - b ,  
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3a + 2b + 2c --  0 sa t is f ies  

~'~) = 2w ~ -{- (a -}- a ~ - -  6D")w -I- D -i- 4D ~ - -  (a -{- a~)D. 

In  order  that  w be stable,  this  equa t ion  mus t  be ident ica l  to (72.6) so that  

(73.2) 

(73.3) 

a + a'-' - -  6D * - -  S, 

b + 4D ~ - -  (a -[- a2)D = T. 

Hence ,  D is a so lu t ion  VI of (72.6) and a is g iven by the RIccA~I equa t ion  

a+a' =S+6V  

or by the linear equation (set a : u )  • 

(73.4) u --- (S -{- 6 W~)u. 

The  general  so lu t ion  of the co r re spond ing  equa t ion  (69.1) 
(72.13) and  is s table .  

is g iven by 

74. 1)2 ; Z2 ; U2. B e c a u s e  d - -  k ---- l - -  0, the s table  equa t ion  for this class is 

3 /1  1 \ "9 

B y  a t r ans fo rma t ion  % one may  a s sume  a - - 0 .  The  so lu t ion  of (74.1) is 
g iven by  

~, --- Ky~(v - 1)~; 

therefore ,  y(x) is an el l ipt ic  func t ion  and is stable.  

75. P1 ; Z2;  U2. The  s table  equa t ion  for this class is 

1 "9 - -  1) [4d~(2y 1) k 1 

By  a t r ans fo rma t ion  % one may  a s s u m e  a - - 0 ;  consequen t ly ,  d, k, 1 are 
constants .  
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To find the solution of (75.1), set y = w -~ and obtain 

3 l i ] W ~ + ( ~ v _ _ l ) [ 4 d ~ ( 2 1 ) + k w ~ _ _  - 

The solution of 

f l 3 ] w2 ; v =  2~ + 4(~ _ i-) 

is 

(75.3) w ~ = Kw(w - 1)8/2. 

~v-- 1 

On us ing  the method  of variat ion of parameters ,  one de termines  K as 
a funct ion  of w by 

d K  2 
t - v  (~ - Iv) + k 

d w - -  (w - -  1) 1/'2 [w ~ 

Now, set w ----- 1 -]- u s and ~(u) = K(1 ~ u~); then, 

d g 414d , .  1 - - u ' -  du - -  (1 -~- uS): - -  + k - u ,  

and 

l 4d~u ] 
~ { ( u ) - - 4  ku-J-u  - ~ l T u s T H  . 

Thus,  u is an ell iptic funct ion  and y(w) is stable. 

76. P1 ;  Z~; UI.  For  convenience,  we sl ightly change the notat ions and 
replace a by 2a in P*(x, y). Then,  the condi t ions  for stabili ty are 

i. for P1, d --  2ad, 

ii. for Z2, b = f = O, k =~O, k = 2k(2a -~ c), 

iii. for U1, l = 2 c -  2c(2a ~ c) 

so that  it remains  only to consider  the condi t ions for stabili ty for U1, p ' - 2 .  
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(76.1) 

Equation (69.3) may be rewri t ten as 

3 1 -° c + 

No~5 set 

(76.2) y -~ 2cy - -  4dy (y  - -  1) - -  2v(y ~ 1) 

and substi tute in (76A); on taking into account the values of d" and l, one 
obtains 

(76.3) :~_v = 2~ + 2v: - -  4(a + ~ + d)v + k. 
Y 

On eliminating y between (76.2-3), one finds 

v 3 v  - -  - -  ~ v + 2 ( d  - -  a )  - -  + 3vJ. 

(76.4) + ~ v 8 + 3 - -  4E(c --]- 2d) - -  

8 + S E k - - ( o + 2 d ) k  k k~ 
2 3v'  

where  E - - a + c + d .  
This equation (76.4) is of type I I i  and class E - 1 9 ;  to obtain a canonical 

form, we use the usual method (see § 53) and assume bl ~ 5 a l -  0 (notations 
of § 53), i.e., 

(76.5) e + 3a --  0. 

Then E - - d  ~ 2a, k - - - - -  2ak  so that  (76.4) may be rewri t ten as 

(76.6) 3 v ~ ( a  3v  ~ + ( a - { - d ) v  ~ -  

- -  -}- 4 ( a  + d) - -  ~ (a -~ d)" v ~- 3 (a ~- d)k ~- k --  3v" 

Anna l i  d~ Matema t t va  44 
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According to (53.4), set 

k 
q - - - - ( a ~ - d ) ,  r = - - 3 ;  

then, equation (76.6) becomes 

(76.7) 
v ~ 2 v ~ 2 • 2 v 2 ~ ~ 3r ~ 

3 v 5 v qv2 . . . . . . .  v 

where 

For v (and y) to be stable, one must  have (see § 53) 

= 2q ~ + (Kx  + It)q + K~, 

3r - -  K x  + H @ 2q -~- 2q~; 

the general  solution of (76.7) is 

(76.8) v -- 

where w is a solution of 

~V - -  q 

-~ 2q 3 @ (K~ + It)q -{- K1. 

77. 1~2; Z2; U1. For P2, one has d --" 0. The stable equation for this class is 

(77.1) y'" 43 @y__l 1 Y~ -~ a - - y ~ - i  y @ y ( y - - l )  @ y - - 1  ( y - - ] ~  ' 

where  

= 2k(2a -~ c), 

l = 2~ - -  2~(2a -t- c). 

The solution of (77.1) is obtained on setting 

y - -  2cy - -  2v(y - -  1) 

k 
and is given by (76.7) and (76.8), where q - -  a~ r - - - - - - ~ .  
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2 1 
XI. E q u a t i o n s  o f  t h e  t y p e  A(ae, y)=__~y q - 2 ( y - - 1 ) '  

78. The s~able equations of this type are 

(78.1) l 2 1 l ~t = ~ q- 2(y - -  1) ~ -k P(x, y)~t q- y(y - -  l)Q(x, y), 

where  P(x, y), O(x, y) are given by (62.2-3). 
The values of y for which CAUC~¥'S general  existence theorem does 

not apply are 0, 1, oo. 
The solution y(x) of (78.1) may have simple or double parametr ic  poles. 

8 
If y(~v) has a simple parametr ic  pole, set+ y = ~, z - - -1-}-uz ,  where s is 

5 2 
given by es ~ - a s - ~ = O  and p = 3 q - a s ;  then n - - - - 6  (see14.4~ case vii) 

and 8e ~ 3a 2. Accordingly~ y(x) may have two families of simple parametr ic  
poles corresponding respectively to p - -  O, 3as ~ - -  2 and p -~ 4, 3as -.~ 10. 
Then, substitution in (78.1) yields 

l s  1 
z u  = 3 ~ - ~ + d - -  a s  + (e - -  h)s  + O(z). 

The condition for stability for p - - 0  is thus 

(78.2) 2h - -  3a - -  3 aS _ 3ad. 

If y(x) has a double parametr ic  pole, then a ~ e ----- 0 and as a consequence 
h = 0  [see § 17]. 

Consider now y ---- 0; the parametr ic  zeros of y(x) may be simple or double. 
If y(x) has a simple parametr ic  zero, set 

and determine s by 

Then  

y = s z ,  z - - l  + u z  in (78.1) 

2 b f 
3+s  s ~ - 0 "  

2 s s b,4 f~__k 
3s 2 + c + d + ~  + +O(z). 

1 b must be an integer, one sees at once [see § 16; note Because p = 3-~- s 
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that n = -  3] that f-----3b ~ and that y(~) may have two families of simple 
parametr ic  zeros corresponding respectively to p ~--- 0, s + 3b ~ 0 and p----- 1, 
2s ~ 3b. 

The condition for stabil i ty for p-~-0  is 

(78.3) 3 b2 ~ 3b(c + d). k - - - 3 b - - 2  

If y ( x ) h a s  a double  parametr ic  zero, then b = f - ' O  and as a conse- 
quence k ----- 0. 

Finally,  consider y = l ;  the parametr ic  unities of y(x) may be simple or 
double. 

If  y(x) has a simple parametr ic  unity, set y ~ l + s z ,  z = t + z u  so 
that (78.1) yields 

_(~1 c g) Cu + Ao + O(z) ' 
8 

where  

Ao --  s 2 - - s  + 3 s + a-t-b -{-d +-l-gs 

1 c g ~ 0 ;  because p - - ' - - -  must be an inte- Now, determine s by 2 s s 2 s 

ger, one has c - - 0 ,  g=4==0, s ~ - - 2 g  and p = 0 ,  0. The condition of stabili ty 
is then Ao = 0 and according to s~--~ 2g, 

~s2+l--g=O, s--a+b+d 
8 

o r  

(78.4) 3I + g = 0, 

(7s.5) g - -  ~g(a + b + a). 

If y(x) has a double parametr ic  unity, then c ~---g---0 and consequent ly  
1 - - 0 .  

Note that c is always zero. Because  of the asymmetr ic  role of y - - 0 ,  1, 
e<~, one has to consider eight dist~inct possibilities, namely 

(P2; Z2; U2 or U1); 

(P1;  Z2;  U2 or U1); 

(P2; Z1;  U2 or U1); 

(P I ;  Z1; U2. or U1). 
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The conditions for stability are given above except for P1, p - - 4  and 
Z1, p--~ 1. 

We begin by considering the case (P1; Z1; U1). 

79. 1~1; Zl ;  U1. On using the conditions for stability already obtained 
in paragraph 78 and, for convenience, changing l into 3/, one may rewrite 
equation 78.1 as 

i b d)y + 

(79.1) + 3y(y --  1) - ~ y  -~ y=~ -t- (y _ 1)" -t 

k 31 ] 

where h, k and g are given by (78.2.3-5) respectively and where 

(79.2) 9l + g ~ 0. 

Now, we reduce the problem to another one involving an equation with 
only one singular value, namely y----~.  

To do this, note that y 3a y 3b y 2 y is regular for P1,  p ~ - 0  and that ~-1-- ~- 

is regular for Z1, p - - 0 ;  accordingly, set 

(79.3) 
36~ 

y = - ~  y(y  - -  1) -{- 3b(y - -  1) + 3vy  

and substitute in (79.1) For convenience, set first 

(79.4) y = 3b(y - -  1) -~ 3wly  

and find 

(79.5) n,1 -~  1 -b y _ l j  2 -{- (b -[- d ~ ay)wl  ~- ab(y - -  1) 

a 3l a a s a d  l ] 
+ (y=- l )  8 Y + ( y _ l ) ~  ~ 2  4 2 - [ - ~ - - i  ; 
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then, write 

(79.6) wl---- 2 (y - -  1) ÷ v 

so that 

(79.7) 2 ( a = l - b ~ d ) v - - l - - y _ l  ~ l  . 

Now set 

(79.8) 

a -t- b -~ d -~  - -  r, 

A - -  2v - -  v 2 -~ 2rv - -  2l, 

B ---- v = -J- 2/; 

then, according to (79.2) and (79.5-8), one obtains 

(79.9) i - -  - -  2lr, 

3B 
(79.10) y - -  1 ---- -A" 

To eliminate y between (79.3) and (79.10), rewri te  (79.3) as 

and note that 

(79.11) 

then v satisfies 

(70.12) 

3_2_ v 
- -  32  + 3b + 3v + ( y - -  1) + Y 1 y - - 1  

- -  v A  ~ -  (v ~ 2r)B ; 

v - - - - v v : i - v  = 3 13 ] - - 2 ( a  ~ 2b-{- 2 r ) v - -  ~ ( a - - b )  ~ r v ~ -  

- -  (r-l-  3 (a 2r 2b)r - -  21 -~ 2r ~] v - -  3(a - -  b)l. 

To integrate this equation of type I and class p - - 2 ,  19 : 5 [see (20.6)], 
set v : w - - q  and determine q so that the coefficient of w be three times 
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the coefficient of w2; one finds 

3 

(79.14) ~ v - - - - - - w w + w ~ +  + ~ - ~ d  (3w + w2)~ - CIw-4:- C2, 

where  Q ,  C2 are independent  of w. 
2/1,~. ~11 ) t~y the method already used for the equations of type ~(~ + [i. 

a proper choice of ~; see § 64], one may assume 

2a b 
5 + ~ +  d=O (79.15) 

so that 

9a - -  - -  10(q + r), 9b ~-- 4(2q - -  r), 

t C~ ~ q - -  3q ~ - -  (r -{- qr  - -  r ~ - -  2/), 
(79.16) ( C2 - -  q + 2q ~ -~ (r -~ rq  - -  r '~ - -  2l)q -~ 61q -~ 2rl .  

If equation (79.14) is to be stable [see § 25.c], one may have 

(79.17) C1 - -  - -  12V~, 

where V1 is a solution of 

(79.18) 

equation (79.14) is then 

(79.19) 

Now set 

(79.20) 

and observe that, because of (79.9)~ 

(79.21) "s + sr~--- O, 

I/ ~ 6 V ~ --~ K x  -{- H ; 

--~ - -  w w  -]- w 8 - -  12 Vl+v + 12V1. 

2 l  - - "  - -  8 ~ . 

~ + s(r - -  r ~) = O; 

e .  
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one has 

s(r + qr - -  r ~ - -  2/) = - -  s - -  qs + s~; 

then, f rom (79.16-17), one deduces  

"s = - -  sq ~ sq ~ 12 V~s + s ~ + 3sq ~", 

~t = - -  q'q - -  ss  - -  12V~q + q3 + 3s2q _]_ 12~7 ~ 

so that  q -+-s  and  q - - s  are  so lu t ions  of (79.19). Accord ing  to § 25.c, one has  

y,-v  
q + S - - v ~ _ ~ ,  q - - S - - v ~ _  L ,  

w h e r e  V~, V2, Vs are  d is t inc t  so lu t ions  of (79.18). 
The  so lu t ion  of (79.1) is g iven by 

y - -  1 - -  . 
3(v ~ - -  s ~) 

2 v - -  v ~ + 2rv -~ s ~ 

8 
w h e r e  r -  

8 ~ 
v = w - - q  and where  

q o - -  
V - - V ,  

is a so lu t ion  of (79.19), 

80. W e  now cons ider  the other  cases.  

i. P 2 ;  Z2;  U~. The  equa t ion  is 

[ 2  1 ]y2 dy. (8o.1) Y = + 1) + 

A t rans fo rma t ion  w ~ ¢p(x) may  be chosen  so that  d = 0  [set ~ = d~]; 
then,  the in tegra l  of (80.1) is g iven by  

(80.2) y6 ___ Ky4(y  __ 1)~ 

whe re  K is as usual~ an a rb i t r a ry  constant .  Therefore ,  y(x)  is an el l ipt ic  
func t ion  of x and is stable.  
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it. P'~; Z2; U1. The equation is 

2 1 ]-  
(80.3) ~J -- ~ + 2(y 1) y~ -~ dy gY + ly" 

by a proper choice of the transformation w ~ ~(x), one may suppose d ~---0; 
hence [see 78.4-5] t~ ~--0, g ~ -  31, 1 a constant. 

T o  integrate (80.3), where d "--0, set y ~ w-~; then 

" i 5 - ~  • 1 l w ~ 3 1  w: lw 
~;v ---- ~ 2 ( re -  1) re - -  1 

or on setting w ----- z 3, 

1 3 z ~ l ~ Iz4 1 
z'--  ~ +  2 (z3 1) "-I- zs 1 _ _  _ _  3 g "  

The integral of this equation may be obtained by the method of variation 
of parameters.  To this end~ set 

~2 __ z(z~__ 1)K(z) 

and determine K(z) by 

so that 

d K  2 l d ( z )  
dz ~ d~ 

z~= Klz(z 3 -  1)--~--/z 2 

where K1 is an arbitrary constant. Therefore, z(x) is an elliptic function 
and w(x) is stable. 

81. P2 ;  Z l ;  U2. The equation is (78.1), where a = h - - ~ l ~ . O ,  i.e., 

1 b [362 
(81.1) ~) - - - - [~+ 2 ( y - -  1)] ~2 + ( y  -]- d ) y - ~ ( y - - 1 ) [ y  -~ k l, 

where k is given by (78.3). 
We use the notations of paragraph 78. According to (79.4), set 

~ 3b(y --  1) + 3vy 
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so that  [see (79.10)] 

3v ~ 
(81.2) y - -  1 --  2v - -  v ~ - -  2(b -}- d)v" 

By a proper  choice of ~¢ ~ ~(x), one may suppose b + 4 d - - 0 ;  then, 

(81.3) 4q - -  3b, r + q -= 0, 

(81.4) v - -  w - -  q ,  

(81.5) n, = - -  ~v~v + w ~ + 01~v + C~, 

(81.6) C1 - -  2q - -  q= - -  - -  12V1, 

(81.7) c ~ = ~ - q q =  1271. 

Different ia t ion of (81.6) and compar ison  with (81.7) show that V1 
constant ;  therefore,  equat ion (79.18) reduces  to 

(81.8) V - -  6 V ~ -}- H. 

set t ing q - -  - -  2 ~ ,  On 

(81.9) 0 - -  3V~Q. 

The integral  of (81.1) is given by (81.2) and (81.4), where  

? 
(81.10) w - -  V ~ ;  

in (81.10), V, the solut ion of (81.8), is an ell iptic function.  

one sees f rom (81.6) that  Q is de te rmined  by 

is a 

82. P2 ;  Z l ;  U1. The equat ion is (79.1) with a - - - h - - 0 ,  i.e., 

1 l)]y~ }_ (~ + d)y ~- 3y(y-  1) l~  ~ (Y 3l]~]  _{_ 

+ k(y -- 1) -b 3Iy. 
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(82.2) 

(82.3) 

so thai  

Using again the method of paragraph  79, one finds 

q + r ~ O ,  

O2 - -  "q - -  q q  + 2 l q  - -  12V~ 

3 ~ -  3q~ + 2i + 21q = o. 

Because i =  21q [see (79.9)], one also has 

(82.4) ~ - qq + 2~q = o 

so that  C2---0 and V1 is a constant ;  therefore, equat ion (79.18) reduces  to 

(82.5) V - - 6 V ~ + H .  

Now it follows from (82.2) and (82.4) that  

(82.6) 

On set t ing q - -  - -  Q '  
third order  

- -  3qq -{- q~ - -  12 Vlq - -  O. 

equat ion  (82.6) becomes the l inear  equat ion of the 

(82.7) 4= 12vt¢ 

and 1 is given by 

(82.8) 1Q 2 - .  R ~ ,  

where  K1 is an arbi t rary  constant.  
The  integral  of (82.1) is given by 

V 2 - ~  2 l  
y - -  1 - - 3  

2V - -  V ~ - -  2 q v  - -  2l '  

V - -  ~V - -  q, ~V - -  
V - - V '  I 

where V, the solution of (82.5), is an elliptic function.  
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(83.~) 

83. P I ;  Z2; U'2. The equat ion  is (78.1) with  b = f = k  = g - - l - - 0 ,  i.e., 

- -  3-y + 2(y --  1) y" -~ (ay -t- d)y + 3 g y~(y - -  1) + 

q.. 3~ ( y -  1)In as2 ad 1" 

We again use t ransformat ion  (79.3) and f ind 

(83.2) y -  1 - -  

with  r = - -  (a -l- d). Now set 

(83.3) 

so that  

(83.4) 

where  

3v ~ 
2v  + 2 r v  - -  v ~ 

2 q - - r  

;v -= - -  w w  + ~v ~ + O , w  + C=, 

C1= - - q - - q ~ = - - 1 2 V ~ .  

2qq = 12g , ;  

V1 is solution of (79.18). 
Therefore,  the integral  of (83.1) is 

given by 
given by (83.2.3.4), where q = Q  is 

0 = 12 V1Q. 

8t .  P I ;  Z2; U2. The  
- -  f - =  k : 0 ~  i.e., 

(84.t) ~) = 3-y 2(y - -  ~ y2 -t- (ay -t- d)y Jr- 3y(y --  1) -g 

We use again (79.3) and find 

3(v ~ + 2l) 
(84.2) y - -  1 - -  2v - -  v ~ + 2vr - -  2l 

stable equat ion for this class is (79.1) wi th  b--: 

Y + (y - -  1 " 
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with 

(84.3) 

Set 

(84.4) 

so that  

(84.5) 

where  

r ~ - - - - ( a A -  d), i -=----21r.  

v -~ w ~ q, 2!t ~- r 

(84.6) c l = - - q - -  q2 + 2 1 = -  12v1, 

(s4.7) c~ = ~ + ~gqq + 8lq = 1271; 

VI is a solution of (79.18). 
On e l iminat ing  l between (84.6) and (84.7), one obtains 

-[- 6q~ -{- 4q a - -  48 V~q - -  12171 = 0. 

Or, on set t ing 2 q - - Q ,  

-~ - -  3QQ - Q~ A- 48V1Q q- 241~1. 

This  equat ion is of type I and class p-----0, p - - ~ - -  3 [see (20.4)]; by the 

t ransformat ion  Q = ~ ,  it reduces  to 

/ Y -  4 s u i t ; -  2 4 v ~  = o. 

From (84.3), it follows that  lU  ~ ~--K1, where K1 is an arbi t rary  constant.  
g~ 

The integral  of (84.1) is given by (84.2.4) with q - - 2 U "  

85. P1 ;  Z l ;  U~. The stable equat ion for this class is (79.1) wiCh 1- -0 ,  i.e., 

(85.1) ~ 3 - - [ ~ - 2 ( y _ l ) ] y 2 + ( a y - [ - y ~  - 1 ) [ ~  2 3b' . 
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We again use the same method. One has 

(85.2) 

On setting 

(85.3) 

one finds 

(85.4) 

where  

(85.5) 

(85.6) 

3V 2 
y - - l = - .  

2 v -  v ~ + 2rv 

c ,  = q - 3 ~  ~ - -  ( ;  + ~ r  - -  r ~) = - -  t ~  ~'~ , 

C~ = "q "k 2q ~ -[- (r -{- rq - -  r~)q = 12 V~ ; 

Iq is a solution of (79.18). 

On eliminating r ~ q r - - r  2 from (85.5-6), one sees t h a t  q is a solution 
of (85.4). Fur ther ,  on setting 

g~ 
q - - r = ~  

in (85.5), one obtains 

U - -  q / ) - -  (3q ~ - -  12 V1)U = 0 

which determines r when q is given. 
The integral  of (85.1) is determined by (85.2.3). 

XII.  Equations of  the  type A(x, y) : ~ ~ + Y --~1 + 

86. The stable equations of this type are 

(86.1) ~_~_ _H) 2¢(x, y) 
- -  2 \y  y----~ + + y(y - -  1)(y - -  H) y(y - -  1)(y - -  H) '  

where M(x,  y), N(x ,  y) are polynomials in y of degrees 4 and 6 respectively;  
H is a constant distinct from 0 and 1 or H =  x. 
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For  convenience, we rewri te  equation (86.1) as 

(86.2) 
1  -/ll 

Y---~2 ) + y - - 1  + + a y + a ~  Y y - - l + - -  y - -  

Ie 
+ y(y --  1)(y - -  H) ~ f + 

( y -  1) ~ 
g k 

( y _ H ) . ~ + h  ~ y q - - - - -  

where  a, al ,  ..., m are analytic functions of x. 
The values of y for which CAuc~¥~s general existence theorem does 

not apply are y = c% 0, 1. H. 
If  a and h are not both zero, y(x) has simple parametr ic  poles:  if c~--- 

-----h--: 0, y(m) has double parametr ic  poles. 

s z := 1 + uz. According If  y(x) has a simple parametr ic  pole, set y--~z,  

to (14.4), one has n = -  2 and hence [see (16.22)] 

(86.3) a = 0, h 4: 0, p - -  0, 2hs = = 1. 

The corresponding condition for stabili ty follows from 

and is 

or, because  2hs ~ -  - -  1, 

zu = s + al - -  (k + 1 + m)8 + O(z) 
8 

s 
s + a~ - -  (k + l + m)s = 0 

(86.4) k + 1 + m -~-- 0 

and 

s 
(86.5) - + a l = 0  or ],----2hal.  8 

If  y(x) has a double parametr ic  pole, one has a = h = 0  and thus 
k + l + m = 0  (see § 17). 

The values y - -  0, y ~ 1 play the same role ; the t ransformation y - -  1 - -  w 
brings equation (86.2) to an equation of the same f()rm accord ing  to the 
equivalence table 

(y):  H a al b c d e f g h k l m 

(w): 1 - - H  - a  a , + a  c b - - d  - - f  - - e  g h - - 1  - - k  - - m  



360 F. J. Buan .~ :  Differential cql~ation.~ with fixcd~ ctc. 

If y(x) has a simple parametr ic  zero, set y=sz ,  z---1+ uz; then (86.2) gives 

where 

A 0  ~ - - - - - -  

z u = -  + + Ao+ O(z), z s + . ~  + s  u 

S (l + l ~s d s e k H 
s \ 2 + a ~ + c - - H + b j - - s ( l + H ) + s  

[according to (86.3), one has a = 0]. 
Now determine s by 

1 b eH 
~ + s + 7 = o ;  

b 
because  p ~ -  must be an integer, one concludes that 

8 

b - -  0, e =~ 0, p ---- O, s 2 + 2ell ~ 0; 

the condition for stabili ty is Ao = 0 or because s2------ 2ell, 

(86.6) ---s + al + c - - d + k H - -  O. 
s H s 

Because s 2 = - - 2 e H ,  one has 

(86.7) k -- '0 ,  

(86.8) ( 2 a l + c - -  --e+~. 

If  y($) has a double parametr ic  zero, then b : e = k--~ 0, [see § 17]. 
According to the table of equivalence,  one obtains the conditions for stabil i ty 

for UI:  c = 0 ,  f=~=0, 

(86.9) /----0, 

(86.10) 2 a , + b + l _ H  = f  l - - H ;  

for U2: c = f = l = 0 .  
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87. W e  have  to cons ider  two cases  acco rd ing  as to w h e t h e r  H is a con- 

s tant  or H - -  x. 
Suppose  H is a cons tan t  d i s t inc t  f rom 0 and 1. The  t r a n s f o r m a t i o n  

y = H(1 - - v )  br ings  equa t ion  (86.1) to an equa t ion  of the same fo rm accord ing  

to the table  of e q u i v a l e n c e  

(y): H a a ,  b c d e f g h k 1 m 

1 d b c 
(v): 1 H aH aH-}-a~ H H H g - - e  - - f  hH ~ - - m H  - - k H  - - I H  

1 
[Note that  y = 0, 1, H c o r r e sp o n d  to v = 1, 1 - - ~ ,  0 respect ive ly] .  

The re fo r e ,  y = H plays  the same role  as y = 0 or y = 1. 
T h e  condi t ions  for  s tabi l i ty  for  H fol low read i ly  f rom the p r e c e d i n g  

p a r a g r a p h ;  one obta ins  

for  H I :  d - - 0 ,  g ~ 0 ,  

(87.1) ~n ~ 0~ 

(87.2) 2 al H - - 1  g 

for  H2: d - - g - ~ m = O .  

Moreover ,  a t r a n s f o r m a t i o n  x ~ ~(x) may  be chosen  so that  a~ = 0 [set 
----a~ ~]. I t  then  fol lows that  e, f~ g, h are  cons tan t  or e v e n t u a l l y  zero [see 

(86.5-8-10); (8~.=)]. 
The  s table  equa t ion  of the type cons ide red  is then  

1 I 1 (87.3) ~j 2 ~ y ~ - y _ l - ~ y _ ~ ) - ~ y ( y - - 1 ) ( y - - H )  y ~ ( y _ l ) ~ - ( y _ H ) ~ - h ,  

where  e, f, g, h arc  cons tant .  
To in t eg ra t e  this  equa t ion ,  we use the me t h o d  of va r i a t ion  of pa rame te r s .  

One obta ins  

e f g ] 
y2 __ 2y(y - -  1)(y =- H) KI + hy - -  ~ -~ Y __ 1 y - -  H ' 

where  K1 is an  a r b i t r a r y  cons t an t ;  this  equa t ion  shows that  y(w)is an e l l ip t ic  
func t ion  and is s table.  

T h e  resu l t  holds  if one or more  of the cons tan ts  e, f, g, h is zero. 
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88. Suppose H = x  Taking into account the conditions for stability 
already obtained for y - - c ~ ,  0, 1 [i.e. a - - b - - c - - 0 ,  k - - l - - - - m - - 0 ] ~  one 
may rewrite equation (86.1) as 

+(1 1 1 ) (  

e f 
+ y (y  - -  1)(y - -  x)  y~ (y _ 1) , -{- - -  g -+- h i .  ( y  - -  x )  2 

Set y : x -{= sz, "z = 1 ~ zu; equation (88.1) yields 

1 zu --  ~ [(1 -{- s) 2 + 2d(1 + s) + 2x(m - -  1)g)] + 1 +s d 

where 

(88.2) 

u + A(x) + O(z), 

s l - - k s  g 
A ( x ) = - - 2 s  + ( a l ~ - - +  d ~ ) +  (2x-- l) s + 

Determine s by 

(88 .3)  (1 -{- s) ~ + 2d(1 + s) + 2x(m - -  1)g = 0 

and note that 

1 - ~ d  
(88 .4)  p - -  

8 

m u s t  be an integer. 
Elimination of s between (88.3-4) gives 

d - - ~ l  , 

Taking into account the value of g given by (88.5), one rewrites (88.3) as 

( ) s ÷ 2 + - - - - + 2 d  
P P 

- - 0  

so that 

l ' ~ d _  l P' 
s P 

2p_[_ t =q" 
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The integers p, q satisfy the Diophantine equation 

p -.~ q -k 2pq = O 

so  t h a t  p - - q - - 0 .  
Accordingly, 

(88.6) d - - - - l ,  

(88.7) s ~ - -  1 - -  2 ~ ( w - -  l)g.  

The corresponding condition for stability is A ( x ) ~  0 or 

(88.8) 

(88.9) 

1) 
3a~ q- 2(2x - -  1)g -k (1 q- s ) ~ q- 

s 1 1 
- - s -k  a~ + ~-b ~ - -  1 --0. 

= 0 ,  

From (88.7-8) and (88.9), one obtains 

(88.10) 
1 1 

a ~ + x + ~ - -  0, s--O. 

Therefore, 1 --  2x(~-- 1)g or ~(x--  1)g is a constant and 

1 - - K  
(88.11) g -- 2x(w - -  1)' 

where K is an arbitrary constant. 
The values of h, e, f are now given by (86.5-8-10) and are 

kl k2 k~ 
(88 .12)  h = ~ ( x  - -  1) ~' e _ x ( x  - -  1) 2, f = ~ ( z  - - - l i '  

where kl, ks, k8 are arbitrary constants. 
The equation is then 

: 2 \ y  y - - 1 - { - y ~ - x -  ~----x-[- ;  -k 9 +  

y ( y  - -  1)(y - -  x )  [k k2x  k3(x - -  1) ( 1  - -  k 4 1 x ( x  - -  1) 1 
-k ~ - ~ 2 -  [ 1-b ~--q-  ( y _ l l 2 - - b  (Y- -X)  2 1; 

kl,  k2, ks, k~ are again arbitrary constants. 
That the equation (88.13) is stable has been shown by PAI~I~EV~' Equa. 

lion (88.13) is the irreducible equation 1.6 of Table I. 
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