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Abstract. This paper deals with the introduction of theoretical statements which 
are the results of studying equidecomposability of polyhedra with reference to 
discrete transformation groups. Lattice polygons and paving polyhedra play the 
most important role. The equivalence of volume equality and equidecomposability 
of any two of this polyhedra is shown for special discrete groups. 

I. Introduction 

We consider spaces (R, G), where R is the usual d-dimensional Euclidian space 
E d and G is a crystallographic group of E d. So G contains d linearly independent 
translation vectors generating the subgroup V of translations. The investigation 
of those spaces is motivated by models such as lattice point spaces, scanning 
fields, or other ideas relevant to practice. 

The crystallographic groups can be described by an orbit of a point x of E d. 
The orbit G ( x )  is the set of all points x' for which there exists a transformation 
g'  of G where g'(x) = x'. We select the point x so that the number of transforma- 
tions g of G where g ( x ) =  x is maximal. So it is clear that all lattices which 
describe G are equivalent under the group of all transformations. 

We speak of G-equality of two sets of points A and B if there exists a 
transformation g of G such that g(A)  = B. A generalization of this relation leads 
to the important concept of the G-equidecomposability. Two sets of  points A 
and B are called G-equidecomposable if there are dissections of A and B in a 
finite number of pairwise G-equal subsets. 

The concept of the fundamental domain is essential for the work with crystallo- 
graphic groups. This is a closed set T of points of E d, where at least one point 
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of  each orbit lies in T but no two G-equal points lie in the interior of T. It is 
possible to select the fundamental  domain as a compact set, because the subgroup 
of translations is d-dimensional. 

2. Foundations 

The substantial ideas, which are connected with G-equidecomposabil i ty of  poly- 
hedra, come from Hadwiger (see [6] and [7]). He defines the degree of  belonging 
to(x, A) of  a point x of  E d to a polyhedron A c E d. That means the proportion 
between the volume of  the intersection of K(x ,  e) with the polyhedron A and 
the volume of  K(x,  e). Here K(x,  e) is a ball with its centre in x and a sufficiently 
small radius e. So the value ~x(A) is defined for every point x of  E d and any 
polyhedron A to be the product of  vx with the sum of all values to(x', A), where 
x '  is an element of  G(x)  and Vx is the number  of transformations of G where 
g ( x ) = x  (Fig. 1). 

The equality of  Cx(A) and ¢x(B) for all x of  E d follows from the G- 
equidecomposability of  two polyhedra A and B because this functional Cx is 
additive and G-invariant. Hadwiger also proves the converse of  this fact. 

Theorem 1. I f  A and B are polyhedra of  E d, G is a crystallographic group of E d 
and if, for all points x of  E d, ~x( A)  = ~x( B ) holds then A and B are G-equidecompos- 
able. 

The proof  is constructive. The analysis of  the proof  allows an algorithm which 
determines the G-equidecomposabil i ty of  two polyhedra (of  equal volume) in a 
finite number  of  steps. 

I f  we consider only pure discrete translation groups V with d linearly indepen- 
dent vectors, Hadwiger proves that any translates of  lattice parallelotops P and 
Q of  equal volume are always V-equidecomposable (see Fig. 2). Here a lattice 
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polyhedron is a polyhedron whose vertices belong to the lattice describing the 
group G. 

3. Lattice Polygons 

As was seen there are remarkable statements about G-equidecomposability, 
although the possibilities of transformations of  G are very much restricted. Lattice 
polyhedra play an important role. The G-equidecomposability of lattice poly- 
hedra has very nice parallels with the equidecomposability of common polyhedra, 
as in the classical transformation groups. It is well known that two polygons of 
equal area in the plane are always S-equidecomposable where S is the group of 
all translations and all point reflections in the plane. The counterpart to this 
classical result is given in 

Theorem 2. Two lattice polygons A and B of equal area are always W2-equidecom- 
posable where W2 has two noncollinear vectors a and b and one point reflection as 
generators. 

Proof. It is possible to dissect the lattice polygons A and B into lattice triangles 
as in the classical situation. We can dissect these lattice triangles into (so-called) 
simplest lattice triangles. Simplest lattice triangles are lattice triangles which have 
no other lattice points on the edges or in the interior. It is easy to see that the 
area of  every two simplest lattice triangles are equal. It follows that the number 
of such simplest triangles, after the dissection of A and B, is equal independent 
of  the concrete dissection. So it is sufficient for proof  of Theorem 2 to prove the 
W2-equidecomposability of two simplest lattice triangles. 
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Simplest lattice triangles under the group W2 are paving polyhedra (see 
definition of  paving polyhedra at the beginning of Section 4). It follows that 
Theorem 2 is a corollary of Theorem 3. [] 

An example is given in Fig. 3. 
The transitivity of  the G-equidecomposability in connection with the state- 

ments at the end of Section 2 allows us to conclude that any translated lattice 
parallelogram is W2-equidecomposable to any lattice polygon, if they are of 
equal area. The lattice polygon can even be translated by a vector n(a/2) + re(b~2) 
with the integers n and m. 

It is not possible to make the same statement of  Theorem 2 in the three- 
dimensional case. There exist lattice polyhedra of  equal volume which are not 
G-equidecomposable by the lattice describing group G. This is parallel to the 
Third Hilbert Problem. 

Finally, we have reason to believe that other concrete results are possible in 
this direction. The proof  exists, for instance, in the case of squares of  equal area 
with at least two nonneighboring vertices of order 4 which are always W4- 
equidecomposable. 

Betke and Kneser [1] studied other F groups and the consequences to the 
F-equidecomposability and the F-equicompletability of lattice polyhedra in the 
lattice of integers Z d. It is surprising that in their case F-equicompletability and 
F-equidecomposability are not equivalent. In this case the equality of volumes 
is equivalent to F-equicompletability for lattice polyhedra. G-equicompletability 
and G-equidecomposability by crystallographic groups G are always equivalent, 
because the existence of  the functional ~x guarantees the correctness of  the 
Subtraction Theorem. 
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4. Paving Polyhedra 

There exists another set of polyhedra with the property that the equality of 
volumes is equivalent to the G-equidecomposabili ty if G is a crystallographic 
group. In this section a polyhedron P will be a G-paving polyhedron in the 
following sense: 

1. There exists a subgroup G' of G such that the union of  all g'(P) is the 
space E d where g '  is an element of  G' .  

2. The intersection of gl(P) and g2(P) has no interior points, if gl and g2 are 
two different transformations of  G'.  

It seems that it is not a natural requirement that G '  should be a subgroup of G. 
There are other common subsets G" of G that can also realize the paving. It is, 
on the one hand, sensible to require this for the proof  of Theorem 3 and, on the 
other hand, it is conjectured that for any convex G-paving polyhedron with 
subset G" of G there also exists a subgroup G'  of  G which realizes a possibly 
different paving with the same polyhedron. 

The assertion of this section can now be given in 

Theorem 3. Two G-paving polyhedra P1 and P2 ( G being a crystallographic group) 
are G-equidecomposable if they are of equal volume. 

Proof. Since P~ are paving polyhedra there exist subgroups G~ (i = 1, 2) of  G 
and it is clear that the potyhedra P~ are also fundamental  domains of Gi (i = 1, 2). 
It is simple to prove that two fundamental domains T' and T" of  the same 
crystallographic group G' are G'-equidecomposable .  For this we assume that T'  
and T" are simultaneous paving polyhedra of  G'.  

We will now construct two fundamental domains T~ and /'2 of  G~ and G2 
which are G-equidecomposable.  Thus the dissection of G into cosets is used. 
The indexes of  G~ and G2 are finite because the polyhedra P~ and P2 are bounded. 
We now assume G =l._J~= l i i akG~ (akE G, i = 1, 2). We will show that the sets 
T~=I._.J~=1a~(T) are fundamental domains of G~ ( i = 1 , 2 ) .  Therefore it is 
necessary to prove the properties of  fundamental domains for T~ which are 
formulated at the end of Section 1. 

i 1. The choice of the elements ak guarantees that the union of gi(T~) over all 
g~ c G~ (i = 1, 2) fills the entire space E d. Thus the orbit of an arbitrary point x 
of  E d lies in the union ~..Jg.~, g~(T~) (i = 1, 2). It follows that x is an element of 
a subset g~(T~). So the point g~o~(X) is an element of  T~ ( i =  1,2). This means 
that at least one point of  every orbit lies in T, (i = 1, 2). 

2. The choice of the a~, (k = 1 , . . .  ,j~; i = 1, 2) can be made in such a way that 
a ~ ( T )  c~ a~2(T) is empty as long as kl ~ k2. This is because the number of  cosets 
of  G, with respect to G~ and G2, is finite, and also because there is a d-dimensional 
subgroup of  translations in G. Thus the interior points of  T~ (i = 1, 2) may be 
simultaneous interior points of  T. The assumption that two G~-equivalent points 
lie in the interior of T~ (i = 1, 2) obviously leads to a contradiction in the properties 
of  the fundamental domain T of G. 
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It is clear that the intersection of  the two different sets air(T) and a~(T) 
(1 <- r, s<-ji; i = 1, 2) has no interior points. Hence the polyhedra T~ and T2 are 
G-equidecomposable, since the P~ (i = 1, 2) are of equal volume, and so it equally 
holds that j~ = j2. Transitivity and symmetry of  G-equidecomposability complete 
the proof  and establish the theorem (see also Fig. 4). [] 

The result of  Theorem 3 can be compared with investigations of similar 
questions by Debrunner in [3] and [4]. The difference is that our study of  
crystallographic groups is more limited. On the other hand, Theorem 3 holds for 
arbitrary paving polyhedra and does not confine itself only to concrete types of 
polyhedra. 

As Theorem 3 holds for all finite dimensions d of  E d it is possible to formulate 
a special conclusion: 

Two nonequidecomposable polyhedra of equal volume in E 3 cannot be G-paving 
polyhedra in one and the same crystallographic group (3. 
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