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An Inequality for the Volume of Inscribed Ellipsoids 

L. G. Khachiyan 
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Abstract. Let K be a convex body in R n, and let x*e int K be the center of the 
ellipsoid of the maximal volume inscribed in the body. An arbitrary hyperplane 
through x* cuts K into two convex bodies K ÷ and K-.  We show that w(K±)/w(K) < 
0.844 .... where w(.) is the volume of the inscribed ellipsoid. 

1. Introduction 

Let K be a convex body in R n. It  is known [11 that among all the ellipsoids E 
contained in the body, E ~ K, there exists a unique ellipsoid E* = E*(K)  of the 
maximal volume. We call E* the ellipsoid inscribed in the body and denote by 

w(K) = max{vol EIE is an ellipsoid, E _~ K} 

the volume of E* viewed as a function of K. The center x* = x* (K)  of the inscribed 
ellipsoid is called the center of the body. 

Let x* be the center of a convex body K. Since x*~  int K, an arbitrary 
hyperplane P = { x ~ R n l p ' ( x -  x * ) =  0} through x* splits K into two convex 
bodies 

K + = {x ~ K lp'(x - x*) > 0}, K -  = {x ~ K l f f(x - x*)  < 0}. 

We show that the size w(.) of the splinters K +, K -  is always at least ~t = 0.844... 
times smaller than the size of the initial body, i.e., for all n, K, and P 

fw(K ÷) w(r-)) 
max~[ w- ~ , ~ j~ < ~  = 0.844 . . . .  (i) 



220 L, G. Khachiyan 

Remark. In [2"1 inequality (1) was proven with a worse constant of shrinkage, 
= 0.888 . . . .  It may be conjected that the best possible value of g in inequality (1) 

equals 0.5e 1/2 = 0.824 . . . .  The latter value is attained as n ~ ~ in case K is a 
spherical cone with P parallel to the base. 

Remark. If K is a polyhedra defined by a finite system of linear inequalities, then 
w(K) can be determined in polynomial time with an arbitrary fixed absolute 
accuracy [2]. The same computational problem for determining vol(K) is # P- 
hard. 

Remark. Replacing the "lower ellipsoidal volume" w(K) by the "upper ellipsoi- 
dal volume" W ( K ) = m i n { v o l E I E  is an ellipsoid, K c_ E}, and taking an 
n-dimensional Euclidean ball as K, we get 

fW(K +) W(K-) '~ 1 
max'( W---~ ' W(K)  J >- 1 - 2--n 

under an arbitrary choice of x* and P. Thus, for W(.) inequality (1) can hold for all 
n only trivially, i.e., with ~ = 1. 

2. Proof of Inequality (1) 

An arbitrary ellipsoid E in R n can be given by the pair (a, A), where a ~ R n is the 
center of the ellipsoid and A is an n x n symmetric positive definite matrix: 
E = {x ~ R~l(x - a)tA-Z(x - a) < 1}. This ellipsoid is the image of the Euclidean 
unit ball IlYll = (y,y)l/2 < 1 under the transformation A, shifted to the point a, i.e., 

E =  {x~Rnlx  = a  + Ay, I[yll -< 1}. 

In particular, the support function and the volume of the ellipsoid E ~ (a, A) are 
given by the expressions 

O~(c) = max{dx lx  ~ E} = c'a + tlc'Atl, 

vol E = v(n) det A, 

where v(n) stands for the volume of the n-dimensional Euclidean unit ball. First we 
need the following 

Lemma 1. Let E* ~ (a*, A*) be the ellipsoid inscribed in a convex body K and let 
E ~ (a, A) be an arbitrary ellipsoid contained in the body. Then 

vol E/vol E* <_ x-exp(1 - x) 
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for any x in the interval 

Il d A II ll c' A II 
min - 2 < x < A = m a x - -  
,~R-}]c'a*]t c~R- tlc'A*]l" 

Proof. Since the contents of  the l emma is invariant  under affine t ransformations,  
we may  assume that  E* is the unit ball A* = I  =d iag (1  . . . . .  1) and A = 
diag(21 . . . . .  2,)  > 0, where 21 . . . . .  2. are the semiaxes of  E. Then 2 = rain 2i and 
A = max 2 .  i~  {1 . . . . .  n}. Since the ellipsoids E* and E are contained in K, it 
follows that  for any t 6 [ 0 ,  1] the ellipsoid E ( t ) ~  ( 1 -  t ) (a* ,A*)+ t(a, A) is 
contained in K as well. Consider  the function 

f(t) = ln(vol E(t)/vol E ( 0 ) )  = Y' l n ( l  + t (2  i - 1)). 
i e { l  . . . . .  n} 

The maximal i ty  of  the volume of E* = E(0) implies f ' ( 0 )  < 0, i.e., 

tr A = ~ 21_< n. 
i e { 1  . . . . .  .} 

Therefore 

vol E/vol  E* = 17 2i -< 1~ 2 , . exp( t  - 2i). 
iE{1 . . . . .  n} iE{1 . . . . .  n} 

Since x exp(1 - x) < 1 for all x and the min imum of the function x .exp(1  - x) 
over  [2, A] is at tained in the endpoints  of the interval, the proof  is completed.  [ ]  

We now want  to prove  inequality (1). Since K ± ~ K :~ as p ~ - p ,  it suffices to 
prove  that  w ( K - ) / w ( K )  _< ~t = 0.844 .... Let E* and  E -  be the ellipsoids inscribed in 
K and K - .  Inequal i ty  (1) is invar iant  under  affine t ransformat ions  and we may  
assume without  loss of  generali ty tha t  E * ~  (a,D) and E ~ ( - a , O - ~ ) ,  where 
D = diag(dl . . . . .  d , )  > 0. Since the c e n t e r s  of  E* and E -  are placed in the points  a 
and - a ,  it follows that  0 e int K. In this case the body  K can be defined by the 
system of linear inequalities K = {x ~ R"lc'x <_ 1, c ~ K°}, where K ° is the polar  set 
of  covectors. The  ellipsoids E* and  E -  are contained in K if and  only if 

Ow(c) = eta + [Jc'D[[ < 1, Vce K °, 

O~-(c) = - c ' a  + IIc'D-Xll < 1, V c ~ K  °. 

Multiplying the last inequalities for a fixed c e K ° we get 

dc < llctDII IIdD-1H ~ (t  + da)(1 - eta) = 1 - (da)  2, 

i.e., 

dc + (da)  z = Ildx/l + aaql = Oe(c) < 1, Vc ~ K °, 
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where E is the ellipsoid given by the pair (0, x/Q-+ aat). Hence the ellipsoid 
E ... (0, x / l  + aa') is contained in K. Note that vol E = v(n). x / l  + a'a. We now 
wish to apply Lemma 1 to the ellipsoids E* and E. To this end, let us show that 

x//1 + ata IIc'x/l + aa'll min Ilc%/I + aa'll _ 2 < <~ A = max 
c ,e ,  ItdDll d c~R- Ilc'Oll 

where d = max(d1 . . . . .  dn). Indeed, let d = dl. Setting c 1 = (L 0, . . . .  0) we have 

2 < llc]x//l + aatll = x/1 + a Zl < J 1  + a'a 

IIc'~O[I d d 

On the other hand, the choice c 2 = a/llall yields 

,/i+ + ata 

d < IIc~Oll 
Ilc~x/i + aa'tt 

[Ic~DIl 
< A  

and we can apply Lemma 1: 

volE x/1 + aia x/1 + ata.exp(1 x/1 + a 'a)  
v o l E * =  d l . . . d  n < d d " 

To complete the proof the last observation is needed: since the center a of the 
ellipsoid E* lies on the boundary of K - ,  it follows that 

a ¢ i n t  E -  = { x e R " l x  = - a  = D - l y ,  IIYll < 1}. 

In other words, 211aDl{ > 1, and consequently 4dZ(ata) >_ 1. Therefore 

w ( K - ) = v o l E - =  1. 2<j_~.exp(2 2 x / l + a ' a )  
w(K) vol E* (dl . . .dn) - d 

< .exp 2 2~/1 + 1/4d2 <_ max 
- d as ~ "  exp d2 

= 0.844 . . . .  

the last maximum being attained in the root d 2 = 1.517... of the cubic equation 
4d 6 - 3 d  4 - 4 d  2 - 1  =0 .  

R e f e r e n c e s  

1. L. Danzcr, D. Laugwitz, H. Lenz, Ober das L6wnersche Ellipsoid und sein Analogen unter den einem 
Eikorpcr einbeschriebener Ellipsoiden, Arch. Math. 8 (1957), 

2. S. P. Tarasov, L G. Khachiyan, I. I. Erlich, The method of inscribed ellipsoids, Soviet Math. Dold. 
37(I) (1988). 

Received June 1, 1988. 


