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Summary. Let X=(X,, ..., X,) be an R%valued Lévy process on R, or
ergodic exchangeable process on [0, 1], and let V=(V, ..., V,) be a predict-
able process on the same interval. Under suitable moment conditions, it
is shown that, if the Lebesgue integrals | [] V; are a.s. non-random for all
jedJ

Je{l,...,d} with #J<d—1 or #J=d, respectively, then the product
moment E[ ][ V;dX; is the same as if X and V were independent. An analo-
gous statement holds in discrete time. The results imply some invariance
properties of exchangeable sequences and processes under suitable predict-
abl¢ _ransformations

1. Background and Motivation

Let &, ¢,, ... beiid. random variables (r.v.’s) with a finite first moment u, =E &,
and consider a predictable sequence of r.v.’s %, %5, ... (Thus each #, is assumed
to be measurable with respect to &;, ..., ¢,_;.) It is well-known that, under
suitable integrability conditions on the 7,

EY &me=ps EY . (1)
% x

If u; =0 while p,=E £ < o0, it is further known, under somewhat more stringent
conditions on the 7, that

EQ Gemd? = EXni. 2
k k
In the special case when n,=1{r=k} for some suitable finite stopping time

7, (1) and (2) reduce to the well-known Wald identities

EX-:Z.U'lET: EXEZ.U'ZET: (3)
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where X, =&, +...+¢&,. (Cf. Wald (1945). A modern discussion may be found
in, e.g., Chow & Teicher (1978), and some recent results in Franken & Lisek
(1982) and in Klass (1988).)

The continuous time analogues of (1) and (2) are the formulas

EfVdX=u E[Y, 4
E{jVdX}*=pu,E[V?, )

for the stochastic integral of a suitable predictable process V with respect to
a Lévy process X with finite first moment p,=EX,, or with u,=0 and u,
=E X< o0, respectively. Here (4) states essentially that stochastic integration
preserves the martingale property, while (5) is the basic isometry for It6-type
stochastic integrals. (Note that the integrals on the right of (4) and (5) are with
respect to Lebesgue measure.) Again one obtains the Wald identities (3) by
choosing ¥,=1{r =1} for a suitable stopping time 7. (Cf, e.g., Karatzas & Shreve
(1988) for the mentioned results in the special case when X is a Brownian
motion.)

Our aim in this paper is to prove some very general versions of formulas
(1), (2), (4) and (5). To appreciate these, it is helpful to think of the previous
relations in terms of decoupling. More precisely, we may introduce two indepen-

dent sequences (é;)i(ék) and (n;()i(nk), or processes X’ ZXand V'2 V, and note
that (1) and (2) are equivalent to

E{Q &G =E{) &Gy’ (6)

for d=1 and 2, while (4) and (5) are equivalent to
E{fvax}=E{fVdXx}* (7

for d=1 and 2. Thus informally the first and second moments of the sum ) &, 1,
or the integral | VdX may be computed, under appropriate conditions, as if
the two sequences (&) and () or the two processes X and V were independent.

In Sect. 3, the identity (6) will be proved for arbitrary deN, under suitable
moment conditions on the iid. sequence (;) and the predictable sequence (1),
and under the additional hypothesis that the sums over N

Sw=21¥ ®)
k

be a.s. non-random for m=1, ..., d—1, or at least for m=2, ...,d—1 when yu,
=E £, =0. Similarly (7) is proved in Sect. 5 for arbitrary de N, under appropriate
moment conditions on the Lévy process X and the predictable process V, plus
the extra requirement that the Lebesgue integrals over R

Sp={V" ©)
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be a.s. non-random for m=1, ...,d—1,orform=2, ...,d—1 when p, =E X, =0.
Note that the conditions on §,, are void for d=1, and even for d=2 when
u; =0, so that the above statements generalize the classical results. If u; =0,
one even gets for d=13 the simple formulas

E{kank}3=usESs or E{deX}3=u3ES3, (10)
P

with puy=E¢3 or u;=EX3, respectively, in analogy with (1)~(5). The explicit
moment formulas for d=4 are more complicated, though still tractable in the
continuous time case.

At this point it is natural to ask for extensions of (6} or (7) beyond the
case when (&) is iid. or when X is Lévy. Though the formulas for d=1 and
2 were seen to be essentially martingale results, exchangeability theory appears
to be the proper context for the general identitics. Recall that, by de Finetti’s
theorem, an infinite sequence of random variables is exchangeable, iff it is a
mixture (in the distributional sense) of ii.d. sequences. Similarly, a process on
R . is known to be exchangeable (i.e. right-continuous, starting at 0, and with
exchangeable increments), iff it is a mixture of Lévy processes (cf. Kallenberg
(1973)). Thus (6) and (7) hold, under appropriate conditions, when (&) or X
is an extreme (or ergodic) exchangeable sequence or process, respectively, indexed
by N or R, and it is easily seen (at least formally) how the results could
be extended to the non-extreme case.

Much less obvious, and in fact rather surprising, are the corresponding results
for finite exchangeable sequences and for exchangeable processes on [0, 1].
Recall that a sequence &,, ..., &, is exchangeable, iff it is a mixture of so called
urn sequences, where the latter are obtainable through successive random sam-
pling without replacement from a set of size n. Thus the extreme or ergodic
case is when the measure Y d,, is a.s. non-random. Even the exchangeable pro-
cesses on [0, 1] are known to have unique representations as mixtures of extreme
or ergodic processes, where important examples of the latter are given by the
Brownian bridge and the empirical processes. The general exchangeable pro-
cesses on [0, 1], which we describe later, serve as approximations to summation
processes based on finite exchangeable sequences.

In Sect. 3 we shall prove, under a moment condition when d=1, that (6)
holds when £, ..., £, form an extreme exchangeable sequence, while 7, ..., %,
are predictable and such that the sums in (8) are a.s. non-random for m=1, ..., d.
Similarly we prove in Sect. 4, again under suitable moment conditions, that
(7) holds when X is an extreme exchangeable process on [0, 1], while V is
a predictable process on [0, 1], such that the integrals in (9) as a.s. non-random
form=1, ..., d.

To motivate a reader who might think that moment formulas like those
described are dull and of little interest, we insert a simple illustration, phrased
in terms of gambling. Imagine an ordinary well-shuffled card-deck, from which
you are invited to pick cards at random, one by one. Before you draw card
number k, you may bet an amount #,, and if the card is red you get the double
amount back, otherwise nothing. Assume also that you have to decide, before
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entering the game, on the total amount ) #, to bet. Then (6) shows that your
expected total gain is zero. This is surprising, because you know all through
the game the proportion of red cards in the deck, and it would seem to be
a good strategy to bet large amounts when this proportion is high. If even
Y u# has to be fixed in advance, then the variance of your total gain will also
be independent of your strategy, and so on for higher moments.

Our moment identities (6) and (7) are closely related to the predictable sam-
pling theorem in Kallenberg (1988), an extension of a result by Doob (1936),
which states that if £,,&,, ... form a finite or infinite exchangeable sequence
and if 7,, 7,, ... are a.s. distinct predictable stopping times w.r.t. the &, then

(én,éw---)i(él,éz,...). (11)

In fact, we shall see in Sect. 6 how the latter result may be easily deduced
from the identities in (6). In continuous time, one considers instead an exchange-
able process on I=[0,1] or R, and a predictable I-valued process V on I,
such that the paths of V are a.s. Lebesgue measure preserving transformations
of I. The claim corresponding to (11) is then that the process

(X oV~ Y,=[1{V}dX,, tel, (12)
I

has the same distribution as X. Here the proof may be based on the moment
identities (7). Thus the present results may be viewed as extensions of those
in Kallenberg (1988).

(The methods of proof of the two papers are entirely different, and the present
approach seems to provide some better insight into the nature of (11) and its
continuous time counterpart. This fact alone would be enough motivation for
the present paper, since for finite sequences, formula (11) is just as surprising
as (6), cf. Kallenberg (1985).)

By using the present methods, we shall in fact be able to go further, and
derive various extensions of the predictable sampling theorem. In particular,
we shall prove a multivariate version, where different predictable mappings may
be used in the different coordinates. Here the proof rests on certain multivariate
extensions of (6) and (7) of the form

d
ET] X &unun=ETI X &unin (13)
ji=1 k j=1 k
or
d d
E][V;dX;=E]] [V} dX;, (14)
ji=1 ji=1
valid for suitable R“valued extreme exchangeable sequences (&4, ..., &u0),

k=1,2, ..., or processes (X {, ..., X ), and for predictable sequences (44, --., 1),
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k=1,2,..., or processes (V;, ..., V,), where it is assumed that the sums or
Lebesgue integrals

Sr=Y [Inu or S;=[I1V (15)

k jedJ jeJ

are a.s. non-random for all J<{1,...,d} with #J=<d (in the finite case) or
#J<d—1 (in the infinite case). Since (13) and (14) may be proved in the same
way as (6) and (7) and without additional effort, we shall actually state and
prove all moment identities of this paper in their multivariate versions. With
the mentioned application in mind, we shall further incorporate into our main
results some other refinements that will make them more powerful, essentially
without lengthening their proofs.

We proceed to review some basic facts and to introduce some terminology
and notation, which will be used throughout the paper. First we recall the
Lévy-Hinchin representation associated with a Lévy process X in RY which
in case of finite first moments may be written in the form

Eexp(iuX,)=exp{ituy—+tupu” +1[(e**—1—iux)v(dx)}, uclR? 120, (16)

in terms of the mean vector yeRR% the covariance matrix p of the continuous
component, and the Lévy measure v on R\ {0}, where the latter is such that
fUx1? Alx[)v(dx)<oo. (In (16), u should be regarded as a row vector, and 7,
X, and x as column vectors.) The distribution PX ™! and the triple (y, p, v)
determine each other uniquely, and we shall refer to the latter as the directing
triple of X.

An R%valued process X on [0, 1] is known to be ergodic exchangeable,
iff it has an a.s. representation (possibly on an extended probability space) of
the form

Xo—at+0B+ Y fullfn<ti—t, te[0, 1], (17)

k=1

in terms of some vectors o, £, B, ...cR? some (d x d)-matrix ¢, some R%valued
Brownian bridge B, and some independent set of iid. random variables
Ty, Tz, ..., €ach U(0, 1) (uniformly distributed on [0, 1]). Note that the series
in (17) converges a.s. uniformly in t. (Cf. Kallenberg (1973, 1974b).) Write p
for the covariance matrix oo™ and B for the counting measure Y d;, restricted
to R™{0}. Here it is clear that P X ~! and (o, p, f) determine each other uniquely,
and we shall refer to the latter as the directing triple of X.

In the previous informal account, the notions of predictable sequences, pro-
cesses and stopping times, as well as that of stochastic integral, were understood
to be with respect to the natural filtration induced by the sequence (&) or
process X. However, all results remain valid and will be stated in the more
general setting where (¢,) or X is exchangeable with respect to some general
filtration & (or % -exchangeable), in the sense of Kallenberg (1982, 1988). In
the case of sequences (£,), it is then required that &, be Z-measurable for each
k, while the shifted sequence &, , 1, &, 5, ... should be contitionally exchangeable,
given %. Note that this holds automatically when #,=o(¢4, ..., &). More gener-
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ally, we may take % =0(¢&4, ..., &, 34), where the 9, are i.i.d. U(0, 1) and inde-
pendent of the £,. (In our application to card games, this device allows for
a randomized decision at each step.) In the case of infinite ergodic sequences,
it is clearly equivalent that (&) be #-iid., in the sense that each &, is
F.-measurable but independent of %,_,.

The definition of & -exchangeability for a process X on [0,1] or R, is
similar, and in case of ergodic exchangeable processes on R, it is equivalent
that X be #-Lévy, in the sense that X, is Z-measurable for each s, while
the increment X,— X is independent of % for any t>s. All filtrations are
assumed to be standard, in the sense of satisfying the usual conditions of right-
continuity and completeness.

For an #-exchangeable process X on [0, 1] as in (17), such that the f,
are distinct and non-zero, the individual jump processes 1{1, <t} are again
F -exchangeable, and have compensators given by log(l—1 A7) (cf. Kallenberg
(1988)). Though the 1, may not even be % -measurable in general, it is easy
to see how the basic probability space (2, @, P) and the associated filtration
% may be extended, in such a way that X will have a representation as in
(17) with the stated properties. (See Sect. 5 for a general discussion of such
extensions.) Since the definition of a stochastic integral is not affected by an
extension of the filtration (cf. Theorem 9.26 in Jacod (1979)), it is enough to
prove our results in the extended setting, so we may assume, without loss of
generality, that the appropriate extension is already accomplished, and that
the 7, have the stated properties.

Throughout the paper, efficient existence criteria and maximum inequalities
will be needed for our stochastic sums and integrals. Such results are provided
in Sect. 2. They may be new, and perhaps even of some independent interest,
already for ii.d. sequences and Lévy processes (cf. Propositions 2.1 and 2.2),
for which they follow by iterated use of the BDG or Burkholder-Davis-Gundy
inequalities (cf. Dellacherie & Meyer (1980)). The corresponding theory for sto-
chastic integrals { VdX on [0, 1] is somewhat harder, but simplifies when |V
is non-random, since in that case (and under suitable moment conditions) there
exists a martingale M and a predictable process U, such that [ VdX = fUdM
(cf. Proposition 2.6). This result plays a key role in the paper, and gives a clue
to the understanding of (7) when d=1. A similar statement is true in discrete
time, but will not be needed in this paper.

Apart from (17) and some other specifically quoted results, no deeper knowl-
edge of exchangeability theory is assumed in this paper, though the reader may
wish to consult Aldous’ (1985) lecture notes, supplemented by the author’s papers
Kallenberg (1973, 1974 a, 1982, 1988), for some further background and motiva-
tion. On the other hand, standard terminology, notation and results from sto-
chastic calculus will be used freely without references, and here the reader may
e.g. consult Dellacherie & Meyer (1975/1980) or Jacod (1979) for details. A
special convention in this paper is to write Lebesgue integrals as [ f, without
explicit integrator ‘dt’ or ‘dA’. If nothing else is stated, L, norms are defined
with respect to the basic probability measure P. We shall often write a < b instead
of a=0(b). When this relation is used in Sect. 2, the implicit constant is assumed
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to depend on p, but not on any particular random sequences or processes which
may occur. In subsequent sections, the dependence on possible parameters
should be clear from the context.

2. Preliminaries for Stochastic Sums and Integrals

Here we shall first study predictable summation with respect to ii.d. sequences
E=(¢,&,,...), where the underlying filtration & =(%,) is indexed by Z,
={0, 1, ...}. Recall that a sequence n=(,, #,, ...) is said to be F-predictable,
if n, is %, _;-measurable for each neIN={1, 2, ...}.

Proposition 2.1. Fix p=1, and write p’=p A2 and p"=pv 2. Then we have, for
any filtration & on Z, and for any infinite random sequences ¢ and n in IR,
such that £ is & -i.i.d. while y is & -predictable,

z Si s

k=1

Esup

p o P w© P2
s|E¢1|PE{Z|nk|} +Elél|PE{Z|nk|P’} LW
k

k=1 =1

When this bound is finite, the sequence

o= &Mm—(EEy) Y m, nely, 2
k=1 k=1
converges a.s. and forms an L,-martingale on Z, ={0, 1, ...; co}.

Proof. We may assume that the right-hand side of (1) is finite, and write & =&,
—E¢&,. Since &, and 5, are integrable and independent for each k, the products
&, form a martingale difference sequence. Hence we get by the BDG inequality

n

Z k’?k

E sup

5 «:knkpsE{Z |Eéknnk} +Esup
k=1 k

=1
o0 o] p/2

sJEwE{Z mkl} +E{2 é;fn,%} .
k=1 k=1

Iterating the procedure, we get after m steps, with 2™e(p, 2 p],

n p m—1 -, ks ) p2-r
Esup| 3 &l < 3 [EEDIP? E{Z |nk|2}
" olg=1 k=1

r=0
By p2-m
+E{ 3 & m%"‘} , 3)
k=1

where we define £ =¢,, and then recursively

é}{”’z(é}{’—Ei}!))z, r=0,...,m—1. )



454 O. Kallenberg
The above argument is justified by the fact that

EIEPIP* " <E|&P,  r=0,...,m, (5)

which follows recursively from (4), if we write for r=0, ..., m—1

1 R
<E[EP? T+ EE T <ElEPP? .

Comparing (1) and (3), it is seen that the first terms agree. For the last term
in (3), we get by subadditivity and independence

p2—m o ©
{z&mmﬁm} <E Y &P P=EIEP P TE Y (. (6)

k=1 k=1

Note also that, by subadditivity,

w e (@ NP2
{zmkr} g{kav} L ezpl ™
k=1 k=1

We now get (1) by combining (3) and (5)«7). The last assertion follows, since
the martingale in (2) is uniformly integrable when the bound in (1) is finite. [

Stochastic integration with respect to Lévy processes was studied extensively
in Kallenberg (1975), and the following result extends the simple Corollary 4.1
there.

Proposition 2.2. Fix p=>1, and write p'=p A2 and p"=pv 2. Then we have, for
any standard filtration F and any R-valued processes X and V on R, such
that X is F-Lévy and directed by some (y, 62, v) while V is & -predictable,

L 4
E sup deX\ <|yIPE(|IV])P+ 6P E(f VZ)?
t o

H{([IxPv@x)y 2+ f1xPvdx)} ELG VI + V1], )

in the sense that [ VdX exists and satisfies (8) when the bound is finite. In that
case, the process

t+
= [ VdX—y [V, 120, ©)
0

[

converges a.s. as t — oo and forms an L,-martingale on R , =[0, c0].
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For our current and future needs, let us record the well-known norm interpo-
lation formula

I le= Al v ISl O<p=qgsr, (10)

valid in arbitrary measure spaces. For a simple proof, note that log | f|,, is
convex in t >0 by Holder’s inequality.

Proof. To prove (8), it is clearly enough to decompose X into its drift, diffusion
and purely discontinuous components, and to prove (8) for each. Now (8) is
trivial if X is linear, and if X is a Brownian motion the integral process { VdX
is a continuous local martingale with quadratic variation | ¥?, so (8) follows
by the BDG inequality. It thus remains to consider the case when X is purely
discontinuous and centered.

Letting meN with 2™e(p, 2 p], and proceeding by iterated formal application
of the BDG inequality, we then get as in the last proof

t+ p m—1 1 p2-r B p2-r
Esup| [ VdX| < Y {E j(dX)Z'} E{j VZ'}
tlo r=1 0 0
© pa—m
+E{j" Vzm(dX)zm} , (11
0
where
t+
f (dX)zV: Z(AXS)ZV, t=0, reN. (12)
[¢] s=t

To justify (11), we need to show that the stochastic integral processes [ VdX
and

t+
[ V7X@, 120, r=1,.m—1, (13)
0]

exist and are local martingales. But this holds by Definition 2.46 in Jacod (1979),
provided that the right-hand side of (11) is finite. It is thus enough to show
that the latter expression is bounded by the one in (8).

To see this, note that

EY [4X, 1=t [|x"v(dx), g¢>0, £=0, (14)

st

and that the jump process J, on the left of (14) is again #-Lévy, provided
that g=p'. Thus J, is compensated, for ge[p’, p], by the function on the right
of (14), and we get by the subadditivity of x?*> ™ and the predictability of | V|?

0 p2
E{j VZ'"ldX|2’"}
0

SEY IVAXFP=E [ [VP[IxPv@. (15
[¢]

t>0
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The estimate in (8) now follows from (11) by means of (10), (12), (14) and (15).
The last assertion follows from the fact that finiteness in (8) implies uniform
integrability of the process [ VdX. O

The remainder of this section is devoted to stochastic integration with respect
to ergodic exchangeable processes on [0, 1], and we begin with a general integra-
bility condition.

Proposition 2.3. Let & be a standard filtration on [0, 1], and let X and V be
R-valued processes on [0, 1], such that X is ergodic & -exchangeable and directed
by («, a2, B) while V is & -predictable. Fix pe(0,2] and ¢20 with ¢>0 if p>1,
and such that Y |Bi|P <o, that ¢=0 if p<2, and that a=) B, if p<1. Then
[ VdX exists on [0, 1] provided that

[V;IP(1—t) *dt<oo  as. (16)

O,

Note in particular that (16) holds if j|V|’<oo a.s. for some r>p. Weaker
conditions for integrability on intervals [0, t] with t<1 may be obtained by
adaption of the methods in Kallenberg (1975).

Here and below, we shall use the fact from Kallenberg (1988) that X is
a special semimartingale on [0, 1] with canonical decomposition of the form

t

tef0, 173, 17

0

where M is an L,-martingale with associated quadratic variation process

(M, M],=[X,X],=0t+ i Bz 1{n<t}, te[0, 1] (18)

k=1

Proof. When p<1, we may clearly assume that 6=0, a=) f;, Y |;|’ <o and
flV|?<oo as., and it is then enough to show that | VdX exists as a Lebesgue-
Stieltjes integral, i.e. that

1 0
“V||dX|=Z|ﬁerj|<oo a.s. (19)
0 i=1
To see this, write
Y=Y IBIP1{zr;=t},  te[0, 1], (20)
i=1

and note that Y is compensated by the process with density

—El—i 2 1{,>1t), e[, 1), (1)
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By subadditivity and dual predictable projection, we get
1 P © 1 1
E{j |V} |dX|} <E Z |B;V,[F=E f |[VIPdY=E j [VIPN. (22)
] ji=1 4] o

The same relation holds with V replaced by the predictable processes
V,0)=V(@®)-1{t<s,}, te[0,1], neN, (23)

where ¢, 0,, ... denote the [0, 1]-valued stopping times

t
,,:sup{t§1; | IVV’Ngn}, neN, (24)
0
so we get
ant
{ IV]ldX|<w as, neN, 25)
4]

To obtain (19), it remains to notice that ¢,=1 for all sufficiently large n, which
holds since N is a posilive martingale and therefore a.s. bounded.

Let us next assume that pe(1,2] and ) |B;/P <o, and that (16) holds for
some ¢>0. Then [|V|< 0 as., so we may further take a=0. Starting with the
case when o=0, and defining M, Y and N by (17), (20) and (21), we get by
(18), Jensen’s inequality, subadditivity and dual predictable projection

1 12y p
(i vranon} Y - @2y sz g vy
0 i J
1 1
<EY|B;V,P=E[IVIPdY=EJ|VI’N.  (26)
i 0 4]
Replacing V by the processes ¥, in (23), we get from (26)
ont 1/2
E{ § Vzd[M,M]} <o, nelN, 27
0

with the o, given by (24). As before, 6,=1 for sufficiently large n, so deM
exists by Definition 2.46 in Jacod (1979). If instead p=2 and ¢>0, we get in
place of (26)

{E{I vl Y =gl v+ S8 12 e [V Ny, (8)
0 J 0]

and the existence of | VdM follows as before.
To complete the proof for p>1, it remains to show that ¥ is Lebesgue-
Stieltjes integrable with respect to the second component in (17), ie. that
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V; X,/(1—1t)is Lebesgue integrable over [0, 1). To see this, conclude from Holder’s
inequality that

[y

t

1 1 1/ 1 1/
j U as{ fvra-nad {xea—g a9
0 - 0 0 .

where p~l4+4g '=1 and ¢ =(1—ep~')g<gq, and note that the first factor on

the right is a.s. finite by (16). To show that even the second factor is finite
a.s., we may assume that 1<gq'<g, since (1—t)~% is non-decreasing in ¢'. In
that case there is a p’ > p satisfying p'~' 4+ ¢~ ' =1, and by Theorem 2.1 in Kallen-
berg (1974a) we get | X,|P <1—tas. ast—1,s0

[ X, 91—t T <(1—1)" 979" as,

which is integrable over [0, 1), since —q'+¢q/p'>—q' +q/p'=—1. [

For the remainder of this section, we assume that &, X, V, («, 6% ), p
and ¢ are such as in Proposition 2.3. We shall further assume that (1.17) holds
for some B and t,, 75, ... with the stated properties. Let us write V= |V when
the integral exists.

Proposition 2.4. For p< 1, we have

j VdX = z BV, as., (30
j=
while for p=1,
1 _ 1 0
[ViX=aV+o [ VdB+ ) B;(V,—V) as, (31)
4] 0 ji=1

where the series on the right converges in probability.
The proof requires a lemma of some independent interest.

Lemma 2.5. For fixed re[0, p~* A 1) we have

lim sup (tl—en~" Z B;(1{y;= t}—t)‘=0 a.s. (32)
If instead 1<r<p~!, we get
lim sup t” Z l{rjgt}‘=0 as. (33)
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The second part is stated here only for completeness and will not be needed
in this paper. It follows easily by combination of Theorem 2.1 in Kallenberg
(1974 a) with Theorem 3 in Kallenberg (1974 b). Alternatively, it may be obtained
by adaption of the following argument to the case when r=1.

Proof for r<1. We may clearly assume that p> 1. Denote the sum in (32) by
X,, and introduce the martingale M, = ,/(1 —t). By the BDG inequality, formula
(18), the subadditivity of x?'?, and the #-exchangeability of the t;, we get for
0=t<t+h=1/2,

ELIM . — M P| Z] <E[(IM', M7 | Z] <EL(X, X172 #]
—E[( B2 1{t<t,<t+h}"?| %]

SEDIBIP1{t<t;<t+h}|F]

h
=1 LB o> S2h3 1B

Hence we obtain for any O=t,<t; <...<t,=t<1/2

YE[IM, —M, I"|Z,. 1]<fZ|ﬂ,l"

We may then conclude from Lemma 2.3 in Kallenberg (1975) that, for some
constant ¢>0 and for any increasing and continuous function g: R, - IR,

o | b

P{sup |M;P/g(ct) |B;1)= e} < f ¢>0. (34)
t<1/2 7 o

Here the left-hand side depends only on g(x) for 2x=<c) | B;/", so we may choose
2(x)=(x/c)?" for such x and let 1/g be integrable on (0, wo), to obtain

F’{ sup Itht_'gs}gs_" z |ﬂj|”, e>0. (35)
t<1/2

j=1

Applying (35) and the corresponding inequality for 1= 1/2 to the processes in
(32), we obtain as n — o0

oK

sup |((1—1))~ Z (L{t,<t}—1)| 0. (36)

It follows in particular that the processes on the left have paths in DO, 1].
Since the individual terms are independent, it follows by Theorem 3 in Kallen-
berg (1974b) that the convergence in (36) is in fact a.s. [
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Proof of Proposition 2.4. The result for p<1 was established in the proof of
Proposition 2.3, so it remains to take p>1. Since (31) is trivial when the sum

in (1.17) is finite, it is enough to prove that deX ,,—P>O, where X, is the sum

in (1.17) for j=n. Writing M, and N, for the associated martingales M and
N in (16) and (21), and introducing the stopping times

t
ey=sup{i=li [IVPNE1),  neN, (37
[¢]

we get as before, by the BDG inequality and dual predictable projection,

ot

|

{j+ V2 d[M,, M,,]}P/ZéE{l A jl IVIPN,,}g 1. (38
Y 0

Now N,|0 as n— o0, so leI”N,,—>0 a.s. by dominated convergence, and there-
fore o,=1 for all sufficiently large n, while the integral on the left of (38) tends

to zero in probability. Thus | VdM, 5.

To prove the corresponding result for the compensating term, let p~' 44
=1, ¢ =q(1—¢/p), and r+q ~'=1, where we may assume that 1<q'<gq, so
that 0<r<p~! < 1. Using Holder’s inequality as in (29), we get

F VX, (t)‘ 1|V|" S CCRD 1)
I { ot {j Y S

-1

Here the first two factors on the right are a.s. finite as before, while the last
one tends to zero a.s., by Lemma 2.5.

The next result gives the fundamental connection to martingales when V
is constant, and will play a key role in Sect. 4. Recall that M is the martingale
in (17).

Proposition 2.6. Let p> 1, and assume that V is a.s. non-random. Then

1 ! 1t
thdX,=ocV+§<t 1—t5 d) . as. (40)
0 0 t

For the proof we shall need the first part of the following lemma. The second
part will be needed later.

Lemma 2.7. Let the function f> R . — R be locally integrable, and define

1 t
=— | fids, t>0.
Lo
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Then we have for any p>1 and r 20

Prrrdts|—— PrTrde. 41
I e B L @)

If f is square integrable on [0, 1], we have in addition
1 1
f(fi—g)dt=[(fi—g.)’dt. (42)
0 0

Proof. To prove (41), we may clearly assume that f>0 and | />0, and by
monotone convergence we may further assume the support of f to be compact
in (0, o0), so that the left-hand side of (41) is finite and strictly positive. Writing
F=tg, and letting p~*+q~ '=1, we get by partial integration and Hélder’s

inequality
© ~ 0 o p © ) -
P—rdt= J 2 L ¥ S S— FP 1 v p+1dl’
ojgt oj i r+p—1 Oj S
.Fp 1f dt< p {F P d H j‘ofp d e
- g htTTdIs gt t} { £ t} ,
r+p—1 0 ' ! r+p_1 o t ; t

from which (41) follows if we divide by the second factor on the right.
In particular, feL,[0, 1] implies geL,[0, 1], and in that case we get by
repeated use of Fubini’s theorem

1 1 1 s 1 1
{gids=(s"?Ftds=2[s"%ds | fFdt=2{ f,Fdt s *ds
0 0 (1] t

0 0
1 1
=2 fiE(t '=1)dt=2{ f,g. dt—gi.
o 0

Thus

[(f—erl=[r>=2[fe+[g?=[/"—2[fg+2[fg—gi=[(f~g* O

Proof of Proposition 2.6. First note that the stochastic integral in (40) exists
by Lemma 2.7 and by the proof of Proposition 2.3. Since M is clearly indepen-
dent of o, we may assume that a=0. Define M,=X /(1 —¢) as before, and con-
clude from It&’s formula and (17) that

dX,=(1—1)dM,—M,dt=dM,— M, dt. 43)

Integrating (stochastically) by parts and using the constancy of V, we get for
t<1

t t t+ s t+ 1 1
[ ViMyds=M, [ V,ds— [ dM, | V,dr= [ dM, | V,dr—M, | V,ds,
0 0 0 t

0 0 s
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so by (43)

t+ t+ 1 1 X 1
[ Vidx,= | (VS—T f V,dr)dMs—l— = [ Vids. (44)
0 0 — 8 -t

Thus (40) follows by dominated convergence for stochastic integrals, provided
we can show that the last term in (44) tends to zero as t— 1. To see this,
use Holder’s inequality with p~*+q~ 1=1 along with formula (18) above, to

obtain
1 X 1 1/q 1 i/p
v amsel e s

1 t t

P AR

and recall that the right-hand side goes to zero a.s., by Theorem 2.1 in Kallenberg
(1974a). [

We conclude this section by proving a maximum inequality, similar to those
in Propositions 2.1 and 2.2, for the stochastic integral in Proposition 2.6. Let
us then denote the integrand by U, ie.

1 1
U=V—1— [ Vuds,  te[0,1) (45)
t
The constant p may now be different from that in Proposition 2.3.

Proposition 2.8. Fix constants p=1 and q>2p, and write p'=p A2 and p"=pv 2.
Then we have, for any X and V as above such that V exists and is a.s. non-random,

t P 1 p/2 o 1 pla
Esup jUdM} gaPE{jVZ} NNk /Z{Ejlvv} . @)
t 0 0 j 0

in the sense that {UdM exists and satisfies (46) whenever the right-hand side
is finite. In that case, j UdM forms a martingale on [0, 1], and the series in
(31) converges in L,,.

Proof. First we conclude from (18) that
1 pl2 1 p/2
E{j U?d[M, M]} =E{02 |RIEEDW H UZ}
0 0 j
i p/2 pi2
goPE{j Uz} +E{zﬁ,%vg} . 7)
0 j

We shall show that the right-hand side of (47) is bounded, up to a constant
factor, by the expression in (46). If the latter is finite, { UdM will then exist
as a local martingale (which we already know from earlier results), and (46)
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will follow by the BDG inequality. In particular, (46) shows that the process
[ UdM is uniformly integrable, and the asserted martingale property follows.

To estimate the right-hand side of (47), we note first that {U?<{V? by
Lemma 2.7, which takes care of the first term on the right. As for the second
term, assume that p <2, and conclude by subadditivity that

£ (LA} U3} SE DI U P ST I I sup EI U, P
J J J

If instead p= 2, we obtain by Hoélder’s inequality
EQ B U= {Y B T B BT IUL P S (B} sup E| U, 7.
i j J j J

Thus it suffices in both cases to show that
sup E| U, [P <{E[V]|%}#".
j

To sec this, use dual predictable projection, Hdélder’s inequality with r=
(1—p/q)~ !, Fubini’s theorem, and Lemma 2.7, to obtain

1 P
E|U,P=E [|UJPd(1{r;<t EI | t’

oo e oot

To prove the last assertion, write X, for the sum in (1.17) over indices j=n,
let M, be the corresponding martingale M in (17), and conclude from Proposi-
tions 2.4, 2.6 and 2.8 that

(V,,— V{

@ N2 L plq
s{z sy e v
j=n o]

where the right-hand side tends to zero as n—o0. [

3. Moment Identities for Predictable Sums

In this section we shall prove moment identities for certain predictable sums
w.r.t. exchangeable sequences ¢ in R% Thus we take the k-th element in ¢
to be a random vector & ;=(&yy, ..., ), SO that £=(;;) becomes an array
indexed by je{l,...,d} and ke{l,2,...}=N or ke{l, ..., n} for some neN.
The associated filtration # =(%) is then indexed by Z, ={0, 1, ...} or {0, ..., n},
respectively. We emphasize that % -exchangeability is to be understood in the
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joint sense in this section, i.e. the random vectors &, £ ,, ... are assumed to
form an exchangeable sequence. Along with £ we also consider a predictable
sequence n=(n ) =(n;) in R, where j and k range over the same index sets
as before.

We shall first consider the case of finite sequences ¢ and 7, both of length
neN. Let us then introduce the sums '

R;=7% [1¢n SJ:i [0 9+J<={1,....d}. )

k=1 jeJ k=1 jeJ

Recall that a finite exchangeable sequence {=({;,) is ergodic, if the counting
measure

pe= Y Os 4 pe(B)=#{k; ¢ eB}, B<RY, )
k=1

is non-random. In this case each R; is constant, like any function of ¢ which
is invariant under permutations in index k. Our basic assumption is that even
the sums S, be non-random. In addition to this we shall need a technical condi-
tion, to ensure the existence of moments:

(C,): There exist constants py, ..., p;=1 with Y p; ' <1, such that

Elnpli<co, j=1,...d, k=1,...,n

Theorem 3.1. Let & be a filtration on {0, ...,n} and let ¢ and 1 be random
n-sequences in R?, such that & is ergodic F -exchangeable while n is F -predictable.
Assume that (C,) is fulfilled, and that S, is a.s. non-random for every J<{1, ..., d}.
Then

d n
Eg=E[] Y &unp=Ra{Ry, S} 3
j=1k=1

for some polynomial B, in the sums Ry and S;. In particular E;=n"*R,S,,
and under the further assumption R;=S;=0 we have

1 n

Ez:;—_l Rlzsu: E3=m R123S123- (4)

A slightly more general statement will be proved in Lemma 3.4. But first
we need to prove a couple of preliminary results, where the first one will also
be useful later on.

Lemma 3.2. For x€R, j=1,...,d, keN, with

d o
H Z [ x| < o0, 5
j=1k=1
define
d
P=¥ TI %, ©)
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where the summation extends over all choices of distinct kq, ..., k,eIN. Then P
is a polynomial in the sums

s,:i [Txje, OFJ<{1,....d}. (7

k=1 jeJ

Proof. For d=1 we have P=S§,, and we shall proceed to general d> 1 by induc-
tion. Thus assume that the corresponding quantity with products over
je{l,...,d—1} is a polynomial P,_, in the sums S; with 0J<{1,...,d—1}.
Then we get, with k4, ..., k; distinct throughout,

> ﬁ Xy = Z H Xk Zxd ka

(k) j=1 kaoy j=1
= Z H Xjk; (84— Z X4,k
ki,..., kg-1 j=1 i<d
d—1
=S: ) 11 Xjdes ™ > Y XowXak |1 Xk
ki,....kg-1j=1 i<d kis.eec,ka—1 j¥i,d
=S,B_1(S;, {1, ...,d—1}) =Y B_{(S,,J={1,...,d—1}),
i<d
where
J, i¢J,
Ji= .
Jul{d}, ield.

Thus the statement remains true in the case of d factors. []
Lemma 3.3. The assertions of Theorem 3.1 are true when n is non-random.

Proof. Writing = for an arbitrary partition of the set {1,...,d} into at most
n subsets J, and (k;) for an arbitrary collection of distinct indices k;, Jem,
we get by the assumptions on &

d n
ETT X Sunun=2 X EIT Ik,
j=1k=1

n (ky)} J jed

ZE Z {E ]_[ H Eirt {H ﬂ ﬂj,kJ}

n (ky) J jeJ J jed
(n— #ﬂ)
*Z {2 T2 T T T3
(ky) J jeJ ky) J jedJ

which has the asserted form by Lemma 3.2.
For d=1, we get in particular

El—Eka’?k— (ESy) Z k=1 'R;S;.

k=1
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To get E, and E; without effort when R;=8,=0, note that E, is homogeneous
of degree d in both the ¢;, and the #;;, so that necessarily

E;=c,R;,813, E3z=c3R 33553,

for some constants ¢, and c5. The latter may casily be obtained by direct compu-
tation in some simple example. We omit the details. []

Lemma 34. Let %, £ and n be such as in Theorem 3.1, except that the measure
Ue and the sums Sy are only assumed to be F,-measurable, the former with bounded
support. Then

d n
E[H Z fjk"ljk
j=1k=1

%]=B,d{RJ, S} as, ®)

for some polynomial B,; in the sums R; and S;.

Proof. Let us first notice that the product in (8) is integrable by (C,) and Hélder’s
inequality, so that the conditional expectations here and below exist. The state-
ment of the lemma is trivially true for n Ad=0, if the product over an empty
set is taken to be one. We shall proceed to general n= 1 by induction, so assume
that the statement is true with n replaced by n—1 and for all d. Writing J
for an arbitrary subset of {1, ..., d}, we get

d n n
E[ Z Ein M %]ZE[Znénﬂun 2 $ik Mk 970]
j=1k=1 J igd jed k=2
ZZE[H $i1Mix E[H Z CinMix g’l] 970]- ©9)
7 Ligs jed k=2

Now the sums

Sp= [nu=S8Ss—11m, O+£J={1,...,d},

k=2 jeJ jer

are Z,-measurable, while the measure

n

He= > ¢, =H:—0¢,
k=2

is #;-measurable, so the induction hypothesis shows that the inner conditional
expectations

E[H 3 5,.,{;7,.,‘%], Je ... d),

jeJ k=2

are polynomials in the sums Si, I<{l, ..., d}, as well as in the variables ¢;,
with j=1,...,d and k=2, ..., n Thus the sum in (9) is a polynomial in the
sums S, in the random variables #,, ..., 4., and in the conditional product
moments of the variables £, given %,.
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Let us now introduce an array &'=(&%), by suitable randomization, such
that &' is conditionally independent of #%,, given #,, with the same conditional
distribution as &. (This amounts to a randomization of the order between the
vectors & 4, ..., & ) Write &' =F va(l, ..., &) for k=0, ..., n, and note that
the hypotheses of the lemma remain fulfilled for the triple (%, &, ). Repeating
the above computation in the new situation, and noting that the result depends
only on quantities which are the same in both cases, we get a.s.

/
)

But Lemma 3.3 shows that the inner expectation on the right is a polynomial
P, in the sums R; and S,. (Note that the sums R, are the same for ¢ and
¢') Since the latter are #,-measurable, this proves the assertion for sequences
of length n, and hence completes the induction. [J

d n
E[H > Eiti
j=1k=1

%O]ZE[H Z é]k”]k

j=1k=1

=E[E[ﬁ i i

j=1k=1

This also completes the proof of Theorem 3.1, so we may turn to the case
of infinite sequences. Here we shall write

HJzEnfjb lu./I:En(éjl_.uj): §;= Z nrljka Q):':-]C{la-nad},

jeJ jeJ k=1 jeJ

whenever these quantities exist. Let us further introduce the condition

(Cy): There exist some constants py, ..., p;=1 with ) p: ' <1, such that

e @ P2
EE,E Y In,-k|+Eié,-1|"f{Z |n,-k|1’f} <o, j=1,..,d,
k

k=1 =1

where pj=p;A2and p/=p;v2.

Theorem 3.5. Let % be a filtration on Z ., and let & and n be infinite random
sequences in RY, such that & is F-i.id. while n is & -predictable. Let {Ky,.os Ky}
be a partition of {1, ..., d}, such that the corresponding subarrays of ¢ are indepen-
dent. Assume that (C, ) is fulfilled, and that all products p ]S are a.s. non-random,
as well as all sums S; with 2< #J <d and J = K; for some i. Then

d ©
E H 2 Entl

k=1

Z{H.UJ} {SI} EHZ{HSJ} {HI}: (10)

1 n; J i=1 =m;

-

.

s

E

i

It
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where w; denotes an arbitrary partition of K; into subsets J, and where each
P, is a polynomial in the sums S indexed by arbitrary unions I of sets in n;,
while each P} is a polynomial in the moments u; indexed by arbitrary subsets
I of sets in w;. In particular E =y, ES |, and under the further assumption p;S;=0
we have E,=p', ES , and E;=p1,3ES53.

Weaker versions of this result may be obtained from Theorem 3.1 through
a suitable approximation argument. However, a direct proof seems to be required
to obtain the above statement in its full strength. A similar remark applies
to the corresponding continuous time results in Theorems 4.1 and 5.1.

The theorem follows from Lemma 3.7 below. But first we need the result
in a special case.

Lemma 3.6. The conclusions of Theorem 3.5 are true when y is non-random.

Proof. First conclude from (C,), Proposition 2.1 and Hdlder’s inequality that
E, cxists. From (C,) it is further seen that S; exists whenever u;=0. Finally,
it is seen from (C,) and Holder’s inequality that S, exists for all J={1, ..., d}
with #J=2, and that p; exists for all J. Similar arguments show that # can
be approximated by a sequence with finitely many non-zero elements, so we
may assume that already # has this form.

By independence, E; splits into a product of similar expressions, with the
products taken over the sets K, ..., K,,. It is thus enough to consider each
factor separately, so we may assume that m=1. Writing = for an arbitrary
partition of {1, ..., d} into subsets J, and (k,) for a corresponding assignment
of arbitrary distinct indices in N, we get

d o0
ETT X &unn=EX X I1 11w i,
j=1k=1

n (ky) J jeJ

=2 {IJT w2 T T )

(ky) J jeJ

By Lemma 3.2, the second factor on the right is a polynomial in the sums
S; with I a union of sets in n. This proves the first representation in (10),
and the second one follows if instead we collect the terms corresponding to
the different products []S,. The explicit formula for E,, and for E, and E,
when p;=0, are easily obtained in this case by direct computation. If instead
S;=0 for some j, we may reduce to the case u;=0 by subtracting u; from
each ¢, which neither affects the sum ) &;#; nor the moments ), and

Hizz. [
Lemma 3.7. Let &, & and n be such as in Theorem 3.5, except that the products

u;S; as well as the sums S; with 2< 4 J <d and J =K for some i are only assumed
to be Fy-measurable. Then

#|~€| 11 7

=1

970] as., (11)

d o0
E[H Z fjk”ljk
j=1k=1

where the P. are polynomials of the stated form.
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Proof. First we note as before that the quantities involved in (11) exist because
of (C,). To prove (11), we shall proceed by induction over deZ . , starting with
the triviality 1=1 for d=0. Thus we fix a deN, and assume that the statement
is true for dimensions <d. Whenever S; exists, write

U..= Z HﬂijSJ_ Z H”jk: nelN,

k>n jedJ k=n jeJ

and note that the sequence (U; ) is predictable. By the induction hypothesis,
we may conclude that

E[n Z éjk”jklg:n:lz 1_[ RInK,-(:uIa U, as, neN,
i=1

jeJ k>n

where the factors on the right are polynomials in the products u;U;, with
jeJ N K, in the moments p; with I «J N K, and in the sums U, , with IcJnK;
and #1=2. Letting J denote an arbitrary proper subset of {1, ..., d}, and condi-
tioning in the n-th term below, first on &%, and then on &%,_ |, we obtaln

d © B ©
E[H Z fjk'?jk yo]zE z Z Hfinﬂinn z 5jk’1jk 9;0]
j=1k=1 LJ n=1i¢J jeJ k>n
=E z Z HémnmnﬂnK, /’tls(/}n) :’
LJ n=1i¢J
=E Z,u.lc Z Hnm l—[ RInKr(.uI: UI n) :l

n=1 i¢J r=1

The remaining argument is similar to that in Lemma 3.4. Thus we construct
d, .
some &=¢ independent of %, = v %,, and put F =% va(&,, ..., &, for

keZ . . Since the above computation gives the same result for the triple (%, &, #),
we get
7|

d <]
=E[E[H Z f;’k”]jkfoo
1k=1

j:

d o
E[H Y Eintlix
i=1k=1

d 0
370]=E[H Z f}kﬂjk
j=1k=1

)

Here the right-hand side has the desired form by Lemma 3.6, which completes
the induction. [J

370] a.s.

4. Moment Identities for Predictable Integrals on [0, 1]

In this section we shall prove moment identities for certain stochastic integrals
with respect to exchangeable processes on [0, 1]. Thus we consider R%valued
processes X =(X,, ..., X, and V=(V,, ..., V) on [0, 1], where X is ergodic
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exchangeable and directed by («, p, ). Put 6;=p}/? and define for non-empty
Jc{l,...,d}

ﬁlk:Hﬂjk’ By= Z 6ﬁJk’ B,= Z Bres (1)
jeJ k=1 k=1
1 1
V=11V, S;={Vs, Vi=II(V=S), S;={Vj, )
jeJ 0 jeJ 0

whenever these expressions make sense. Note that f§, is to be regarded as a
measure on R\ {0}. We shall need the following condition.

(Cs): There exist some constants p;=1 and ¢;>2p;, j=1,...,d, with
Y p;j ' =1 and such that for every j

1 1 p;i2 o 1
|a,.|Ej|V,.|+a,.5{j ij} + Y BPE [ V< .
0 0 0]

k=1

Theorem 4.1. Let & be a standard filtration on [0,1], and let X and V be
R%valued processes on [0, 1], such that X is ergodic & -exchangeable and directed
by (&, p, B) while V is & -predictable. Assume that (Cs) is fulfilled, and that all
the products o;S;, p;;S;; and f;S; are a.s. non-random. Then

:Elfll VidX;= Z{n“ S}{Hpjks et {HBJ} B{S1}, 3)

cn‘,,_

where the summation extends over all partitions m of {1, ...,d} into singletons
{i}, pairs {j, k}, and sets J with #J=2, and where each F, is a polynomial in
the integrals S} indexed by arbitrary subsets I of sets Jen. In partzcular E,=0,84,
and under the further assumption o;S;=0 we have E,=(p;,+B,)S, and
E3=B,35123-

As in case of Theorem 3.5, there is also a dual form of (3) with B and
S’ interchanged in the last two factors, and such that each P, is a polynomial
in the sums B, indexed by arbitrary unions I of sets Jen. When X has finite
variation, it is natural to write o;=a;— B;, and to replace (3) by the relation

B[] [7ax,-SAI1%5) (15 RIS} @

where 7 denotes an arbitrary partition of {1, ..., d} into singletons {i} and sets
J, and where each P, is a polynomial in the integrals S; indexed by arbitrary
subsets I of sets Jemn.

For the proof of Theorem 4.1 we shall need two lemmas, where the first
one will also be needed later. Let us write M* = sup | M,|.
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Lemma 4.2. Let M, ..., M, be continuous & -martingales starting at 0, and such
that p;j=[M;, M1, is a.s. non-random for i=j. Further assume that |M¥|, <o
for some constants p;21, j=1,...,d, where p~'=Y p;'<1. Then the mart-
ingale

. ,
M,=g| [ 0| | 20 ©)
j=1
has a continuous version satisfying | M*|| ,< co, and moreover
EM,=M,=>[]p; as. (6)
n i
where the summation extends over all partitions n of the set {1, ..., d} into pairs
{1, j}- In particular, EM,= M ;=0 a.s. when d is odd.

Proof. Write

VJ(Z)=[Mi>Mj]t7 pJ:VJ(OO): J={l,]}C{1,,d},

and conclude from Itd’s formula that

d d t t
[I M=) | [IMidM;+} [ [IM:dV;, 20, )
j=1 j=10 i%j J 0 i¢J

where the last summation extends over all (unordered) pairs J<{1, ..., d}.

Applying this formula to the integrands in the last sum and proceeding recursive-
ly, we get

HM ZH_[MdM+ L 22 2JdVe - fdVs [ M dM,

1=sk<d/2 Jy Je j

+X > fdvyf...fav;,,. 8)

Ji Jap

where the last sum occurs only when d is even. Here the summations in the
k-th term extend over all sequences of disjoint pairs J;, ..., J,={l, ..., d} and
over remaining indices j, while the product in the integrand extends over all
indices i=%j outside J,, ..., J;. Finally, the integration is taken over the set

{(tlﬁ T tk+1)61R’Si—+1; tl ZtZg gtk+1 ;0}
Similar conventions apply to the last sum in (8).

We shall now use the fact that, if vV, ..., V, are continuous functions of
bounded variation starting at 0, then

SJav, . fav,= 17,
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where the summation extends over all permutations r=(r,, ..., r,) of (1, ..., k).
Applying this to (8), we get

ﬂM ZfﬂMdMJr ) ZZIdﬂVJH—[MdMJrZHVJ, )

15k<di2 n §

where the inner summations in the k-th term extend over all (unordered) collec-
tions 7' of k disjoint pairs J<={1, ..., d}, and over remaining indices j, while
the last product is taken over all other indices i. Moreover, integration is now
over the set {(t;, t,)eR% ; ¢, =t,}.

Next we integrate by parts in (9) to obtain

[1M,=3 (T [Mam,
+ 2 XRADITIMAM, [V [ MM+ 3 17

1sk<d/2 o' j

Changing the order of summation and noting that the products [ [ V;(c0)=]]p,
are a.s. constant, we finally obtain

HM(oo) ZZf{HpJ HVJ}HMdM +2Hp1, (10)

j n 0

where the inner summation in the first term extends over all partitions ' of
the set {1, ..., d}\{j} into pairs J plus a remaining set of indices i. The assertions
of the lemma will follow immediately from (10), if we can only prove that the
integral processes on the right are bounded by random variables in L,,.

To see this, let p;'=p; ' +p; ! when J={i,j}, and note by the BDG and
Hélder inequalities that

HVI*HP_,é H{[Mza Ml] I:Mjan]}l/ZHpJ

< IIM, MIY2, I IM G, MDY, < ML, I MEL,

I, |

By the same inequalities, we hence obtain for fixed j and #n' as above

sup
t

f Mol
<|{ § eI} Tmzanse, )

i

p

= H]_[ VFTIMEIM;, M2,

i

d
STV, TTIME ITM 5 MYV, < TT [IME ] <oo. [
J i k=1
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Lemma 4.3. Let M be a continuous & -martingale on [0, 1], let V,, ..., V; (d=1)
be F -predictable processes on [0, 1] with [ Vi=...=[V,;=0a.s, and let 1, ..., 7,
be i.i.d. U(0, 1) random variables such that the processes 1{t;<t} are F -exchange-
able. Assume for some constants p, q, ..., q; =1 withp™ ' +2% q; ' £1 that

E|M*[P<o0;  EfIVl<o0, j=1,...d (1D
Then

EM, f[ Vi(z,)=0. (12)

i=1

Proof. By Proposition 2.6 we have
1 1
Vitp=[ Vi) d(1 {z;<e))=[ U;dM;, j=1,....4d, (13)
0 Q

where the martingales M; and the predictable processes U are given by

=1{r;=t}—log(l—tA1), te[0,1], (14)

1 1

GO=VO-1= [Veds,  te[0 D). (15)
Tt

Since the martingale M and the integral processes N;=[U;dM; are mutually

orthogonal, we get by It6’s formula

M(t)]—[N(t)—j]—[NdM-i—z jMHNdN as, te[0,1]. (16)

j=1 0 j 0 iFj

Thus (12) will follow if we can show that the integral processes on the right
are martingales.

To see this, choose p;<q;/2, j=1, ..., d, such that p~'+3 p;'=1. Using
the BDG and Hoélder inequalities plus Proposition 2.8, we get from (11)

E sup

[ [1N,dm <E{f [1NZd[M. M]} <E[M, M]}2]| N

o Jj U

1 1/q;
S0 M1, TTIN = nM*t,,H{Ejl |%} <o,
0

j

so by uniform integrability the integral on the left must be a martingale. In
the same way we get for j=1, ..., d

E sup

t

5

1 1/2
jsE{IMZHMzd[M,Z\G]} <o,

0 iFj

i*j
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where the finiteness of the second expression shows that the stochastic integral
on the left is a local martingale, and hence justifies the use of the BDG inequality
in the first step. []

Proof of Theorem 4.1. Note first that E, exists, in view of (C,) and Propositions
2.6 and 2.8. By Proposition 2.4 we may integrate termwise in (1.17), and by
Proposition 2.8 it is enough to assume that X has finitely many jumps. Writing
Xi()=X,(t)—a;t, so that X(1)=0, we get

d 1 1
E[] { v;ax =En{as+wdx} > [1oS,ETT J vjdx;,
j=10 j=1 J Jj¢J Jjel 0

where the summation extends over all subsets J = {1, ..., d}. Thus we may further
assume that o;=S;=0.

For each j=1, ..., d we write M; for the martingale component of B; and
define U; by (15), so that

1 1
[ V;dB;= [ UdM,=N(1), j=1,....d, (17)
0 0

by Proposition 2.6, where the integral process N; on the right is a continuous
L, -martingale. From Lemma 2.7 it is further seen that for i+

1 1 1
[N, N, = j (]i(deI:Mian:lzpijj Uil]j=pij§ ViVi=pi;Sij.
0 0 0

By Lemma 4.2 there hence exists for every J<{1,...,d} some continuous
L,,-martingale M, (p; ' =) p; ') satisfying
J

M;O)=TINMD=]] fl V;dB;, (18)
jed jeJ o
and
EM,(1)=Y [TIN, N1, =X T10:Sis (19

where the summations in (19) extend over all partitions 7, of J into pairs {, j}.

Let us now write ' for an arbitrary collection of disjoint sets J<={1, ..., d},
put J'=")J%, and let the indices k;€N, Je ', be different but otherwise arbitrary.
Using Proposition 2.4 and (18), we get

d 1 d 1
EHI%M’EH{U@B+Z&J@&

j=1 i=1 X0

_EZMJ (n z Hﬁj - TkJ)

k) J
= 2 [T, EM;() HVJ(%
n (kyy J
Writing
H Vi) =1 1{8:+ (Vi (ni,)— S0}
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and expanding the product on the right, it is seen from Lemma 4.3 and (19)
that

EM, ()] Vst )=EM,(D]]S;=3 [Tr:;S;; T1Ss
J J Ty i,j J
so we get

e 1l

j=1

VidX;=3 [1p:iSi; 1185 X T1Brk,- (20)

n i,j J ky) J

Oty

By Lemma 3.2, the inner sum on the right is a polynomial in the sums By
with K a union of sets Jen'. If instead we collect the terms involving a given
product II By, it is clear that the coefficient will be a polynomial in the integrals
§; with J a subset of some K. This completes the proof of (3).

The explicit formula for E, follows immediately from (3), while those for
E, and E; when o;S;=0 are obtained from (20) with S} in place of S,. [

5. Moment Identities for Predictable Lévy Integrals

In this section we shall prove moment identities for certain stochastic integrals
with respect to Lévy processes. Thus we consider R“%valued processes X
=Xy, ..., Xy and V=(V,, ..., V) on R, where X is Lévy and directed by

(7, p, v). Put 6;=p;j/*, and define for non-empty subsets J = {1, ..., d}

Ny={TIx;vdx)=[]]x;vdx,...dxs, V,=][]V;, S;= FV,, (1)
0

JjeJ Jjed jeJ

whenever these expressions make sense. The following condition will be needed.

(C,): There exist some constants p, ..., p;=1 with ) p;* <1, such that for
allj
[ EfIVl+ o, E{f V2 }mi
+ {1, P vdx)EL{f V11752 + [ VP < oo,

where p;=p;A2 and pf=p,;v2.

Theorem 5.1. Let & be a standard filtration on R ., and let X and V be R%-valued
processes on R, such that X is &-Lévy and directed by (y, p,v) while V is
F -predictable. Assume that (C,) is fulfilled, and that the products v;S; ( for d>1),
pi;Si; (for d>2), and N; S, (for 2 < #J <d) are a.s. non-random. Then

EIT § VidX;=EX | 17:S: 10+ Np) Su TN Sy, )
=10 T i ik 7
where the summation extends over all partitions n of {1, ...,d} into singletons

{i}, pairs {j, k}, and subsets J with #J>3.
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Note that N;, can be omitted from the second product on the right, provided
that sets J with #J=2 are allowed in n. If X has locally finite variation while
| V| is integrable on R, one may introduce the constants y;=y;,— N;, and write
(2) in the form

d

ETI | vdX;=E} [1vS:]IN:Ss. 3)
0 T i J

j=1

where the summation extends over all partitions 7 of {1, ..., d} into singletons
{i} and subsets J.

The method of proof is similar to that for Theorem 3.5, though technically
more complicated. The key step is Lemma 5.8, where we proceed by induction
over d to establish a conditional version of (2) (though formally in terms of
optional projections). Our proof of Lemma 5.8 requires v to be bounded, so
a reduction to that case is given through the construction in Lemmas 5.4 and
5.5. We shall also need some simple moment estimates, as provided by Lem-
mas 5.2 and 5.3. The remaining Lemmas 5.6, 5.7 and 5.9 are simple results in
real analysis and stochastic calculus, which ought to be known, though we
were unable to find references.

Unless otherwise stated, we assume that X and V are such as in Theorem 5.1,
and in particular that (C,) is fulfilled. As before, let p, be defined for subsets

Je{l, ..., d} by py =) p; .
J
Lemma 5.2. For any J<{1, ..., d} with #J =2, we have

STLIx; P vdx)E{f 1V, P} <o,  1<p=p,. )

jed
Proof. We may assume that
{Ix;Pivdxy<co, E{[|V|P}5 P +E[|V|Pi<c0, jed, 5

since (4) is trivially true if any of these integrals vanishes. Then Holder’s inequali-
ty yields

[TTix v <co, EfIvIv<eo,

jeJ
so by norm interpolation (formula (2.10)) it remains to show that

fTTIx;lvdx)<oo,  E{f|V;[}* <.

jedJ
To see this, note that x> < x* A 1+ x? for x, p>0, so that by (5)
{1x1P5v@dx) < f(xF A ) vdx)+ [ |x;Pv(dx)< oo, jeld. (6)
By norm interpolation we get from (5) and (6)

flx;IPv(dx)<oo, E{f|VF}¥"<c0, piSp<p; jel. ™
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Now clearly

so we may choose some g;e[pj, p;], jeJ, satisfying qu =1. Using (7) with
p=4;, we get by Holder’s inequality
FTT1x1v@x) ST {f1x;1% v(dx)}* " < o0,

jed jeJ

E{5|I/J|}PJ§E H U | Vj|qj}pJ/qj§ n {E{j | I/lej}p{'/Qj}PJ/Pj< w0,

as desired. [

In the special case when p=0, we introduce the covariation processes X ;
and their associated total variation processes X, given for J<={1, ..., d} with
#J22 and for t =0 by

X,0=% [14x;6),  X,0=) []14X; (S)l—fldXJ ®)

s=t jed s=t jeJ

Note that X; and X, are again #-Lévy with Lévy measures v, and ¥,, given
for Borel sets B<IR\ {0} by

v;(B)=v{xeR% [ x;eB}, ¥,(B)=v{xeR%[]l|x;leB}. 9)

jed jeJ

In particular X has drift N;. Recall that p; * =) p; L.
J

Lemma 5.3. If p=0, we have for any J< {1, ..., d} with #J =2

E{fIV;dX,}™ < sup {H—[|x|"v(dx}““’ sup E{j|VJ|"}"J“’<oo (10)

1=p=ps jeg

Proof. The expression on the right is finite by Lemma 5.2 plus norm interpola-
tion, so Proposition 2.2 applies with X, V and p replaced by X, |V,| and p,,
and (10) follows. [

Lemma 54. Fix arbitrary numbers m;eR, O+J {1, ...,d}. Then there exists
some measure p on the cube C=[—1, 1], such that p(C)="|m,| and moreover

(1T x;udx)y=m;, O+J<={1,...,d}. (11)

jeJ
Proof. Suppose we can find some probability measures u; and p; on C satisfying

[TIxui@dx)=+1{=J}, O=+IJc{1,...,d). (12)

iel
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Then the measure
p=y,(myv0)uy = (m; AO)uy (13)
J

J

has clearly the desired properties. To construct uj, fix keJ, and let ¢,

jeJ\{k}, be independent random variables (on some probability space) with

P{{;=1}=P{{=—1}=1/2. Choose &, such that ]_[éj= +1, and let £;=0 for
J

jéJ. Take uf to be the distribution of (¢,, ..., &,). Then (12) is trivially fulfilled
for INJ =0 or IcJ\{k}, and if kel =J we get

jnxi/hi(dx):EHéi:iEnfin§j=iE 1—[ fj=i1{1=.]}. O

iel iel iel  jeJ je\I

For the purpose of the next lemma, say that the probability space (€', ¢, P)
is an extension of (@2, @, P), if P is the image of P’ under some ('/¢-measurable
mapping ¥: &' — Q. Note that any random element & on Q then extends, with
preserved distributional and path properties, to a random element ¢ on €'
through the composition & =¢&e1y. We shall further say that a filtration %’
on ' extends & on Q, if ¥ is also £%'/#-measurable for every t. In this case,
adaptedness and predictability are automatically preserved by the extension,
as is the stopping time property of a random variable. Usually (€, ¢, P) is
formed as a product of (2, 0, P) with some other probability space, in which
case Y is always taken to be the natural projection of €' onto Q (cf. Ikeda
& Watanabe (1981), p. 89).

Lemma 5.5. For every ¢> 0 there exists on some extended standard filtered proba-
bility space (2, 0', #',P") an R%valued F'-Lévy process X' on R, such that
X' is directed by (y, p,V') for some bounded and boundedly supported Lévy measure
v’ with the same moments Ny (#J 2 2) as v, and such that moreover

d d o
E n f deX}—H f VidX; <e. (14)
j=10 0

j=1

Proof. For each neN, form a process Y, on R, by adding to the drift and
diffusion components of X the centered sum of jumps in X with size between
n~! and n. Note that both Y, and X —Y, are again &#-Lévy, and directed by
(y, p, x,) and (0, 0, x}), respectively, where k, is the restriction of v to the set
{xeR*: n~ ! <|x|<n}, while k,=v—x,. For J {1, ..., d} with #J>2, put

Mar = T1 %, %4(d%) = N, — [ T] 3 Ko (d ), (15)

jeJ jeJ

and form a measure u, as in Lemma 5.4. Next define on the Lebesgue unit
interval (I, 4, A) a centered compound Poisson process Z, with Lévy measure
Uy, and consider all random processes as functions on the product space
(Q,0,P)=(Qx1I,0x%B,PxA). Let % be the (¢, P')-completed filtration on
(2 generated by # and Z,, and note that &, is automatically right-continuous.
It is easy to check that the pair (Y,, Z,) and hence also the sum U,=Y,+Z,
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are &%, -Lévy. Note also that U, is directed by (y, p, v,), where v,=x,+u,, and
that v, gives the same values as v to the moments N; with #J>=2.

It remains to show that (14) is fulfilled for X’=U, when » is large. We
may then assume by (C,) and Lemma 5.2 that (with pj=p; A 2)

flxlPvidx)<co, pelplpl j=1,....4d, (16)
[TIIx;lvidx)<oo, Je{1,...,d}, #J22. (17
jeJ

From (15)-(17) we get by dominated convergence as n— o0

fIx;1Px,(dx) >0, pelpipl i=1,....4d, (18)
1617t (d ) < 1, R = | m, 5 | [ TT 151 165, (d x) = 0. (19)
J jed

Hence, by (C,) and Proposition 2.2,

=
p;

+

Pj

-0. (20)

pj

§ de(Xj_ U"j)
o

| V;d(X;—Y,)
0

[ V;dZ,;
0

Since also Hj V;d X, < oo for each j, we may conclude by Holder’s inequality
that the left hand side of (14) tends to zero as n—o0. [J

Lemma 5.6. Let F,, ..., E; be right-continuous functions of locally bounded varia-
tion, and define for J<{1, ..., d} with #J =2

FO—F@)= )Y [l4FW®, —wo<s<t<oo. (21)
us(s,1] jeJ
Then
d d t+
[MEO-TIE60=Y [ dE@I[Fu-), -oco<ssi<o,  (22)
j=1 j=1 J s+ JjeJ
where the summation extends over all non-empty subsets J < {1, ..., d}.

Proof. This is obvious for d=1, and for d=2 it reduces to the formula for
integration by parts. The assertion for general d follows easily by induction. [

Lemma 5.7. Let X, Y and A be random processes on R , such that X is measurable
with EX* < co, while Y is optional and A is adapted and right-continuous with
locally bounded variation. Assume that E[X,; 1< ]=E[Y,; 1< 0] for every
stopping time t, and that E [|X||dA|<oo. Then E{X dA=E[YdA.

Proof. For any stopping time T,
Y,=E[X,|#] as. on {t<w0},
so by Jensen’s inequality

E[Y|; t<oo]SE[IX [;1<00]
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Assuming without loss that A4 is non-decreasing, and letting 7,, =0, denote
the associated random time change, we get

EfIYIdA=[E[Y,;,<0]dt<[E[IX,|;t,<o0]dt=E[|X|dA.
Using Fubini’s theorem, we thus obtain

EfYdA=[E[Y,;t,<w]dt=[E[X,;1,<0]dt=E[XdA. []

2

We are now ready for our key lemma, where we assume again that X and
V are such as in Theorem 5.1. For any subset J<= {1, ..., d} with #J=2, we
write

Uy ()= FVJ(s)ds, t=0. (23)

Lemma 5.8. Assume that v, p=0, and that v is bounded with bounded support.
Let M be a continuous martingale with |M*| ,< oo, where p~ '+ p:*<1, and
assume that N; S; is a.s. non-random even for J={1, ..., d}, unless M is constant.
Then we have for any stopping time ©

EM,, f[ }O V,dX;=EM.Y []N, U, (), (24)

j=1 z+ T J

where the summation extends over all partitions m of {1, ..., d} into sets J with
#J=2.

Proof. We shall proceed by induction over d, starting for d=0 with the fact
that M, has optional projection M,. Let us thus fix a delN, and assume that
(24) is true with d replaced by 1, ...,d—1. To extend (24) to d, fix T >0, and
proceed as follows, where each step will be explained in detail below:

K

d ] d
EMQOH j' deXj—EMmH f VdX;
j=1 =+

j=1tv T+
v T+ @
=EM,> | V,®dX,;®]] | V;dX; (integration by parts)
J T+ JEJ t+
v T+
=EY | V,(@dX;0OM,Y [INUl() (optional projection)
J o+ A §
tvT
=EY N, | V;()deM,Y [INU(¢) (dual predictable projection)
J T LA §
v T
=EM,Y N, | V;()dtY. [N U(r) (optional projection)
J T L AS §

EM Y [IN U@ —EM Y. [IN;Us(rvT) (integration by parts)

x J x J

=EM.Y [N U;(x)—EM > [[N;Us(xv T) (optional sampling).

T J n J
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Here the integration by parts in the first step is according to Lemma 5.6 but
in reversed time. The optional projection in the second step is by the induction
hypothesis plus Lemma 5.7. Note that the inner summation on the right extends
over all partitions 7' of the set {1,...,d}\J into subsets I of size =2, and
that the integrability requirements are fulfilled by Proposition 2.2 and Lem-
ma 5.3. Since the new integrands are continuous adapted, and hence predictable,
we may proceed in the next step by a dual predictable projection, where each
process X ;(t) is replaced by its compensator, which is N, ¢ if #.J 22 and vanishes
otherwise. Note that the outer summation on the right is restricted to subsets
J<{1, ..., d} with 4 J=2. The third step is formally justified by Proposition 2.2
with p=1, where the integrability condition follows from the fact that, by
Hélder’s inequality and Lemma 5.2,

T
v

0

[TIT],, <oo. (25)

pr I

ESIV,MI]Ul=(M*|,
0

I

In step number four we are using Lemma 5.7 again to replace M, by M,
where the required integrability conditions now follow as in (25). Step number
five is again by reversed integration by parts, as in Lemma 5.6. The sum in
the first term is now Z-measurable, unless M is constant, so we may replace
M by E[M | %]=M,, which yields the final expression.

To complete the proof, it remains to notice that, by Holder’s inequality

d 0 d w0
\EMwﬂ [ vaxj<sim*|, IT| [ vdx;| ,
j=1tvT+ j=1lew T+ 141
while
‘EMQOZ]_[NJUJ(TV T)}éIM*IpZHlNJI vl s
T J T J v T ps

where the expressions on the right tend to zero as T— oo, by Proposition 2.2
and Lemma 5.2 plus dominated convergence. [

The following simple result will be needed to prove Theorem 5.1 when d=2.

Lemma 5.9. Fix p,q>1 with p~*+q '<1, and let M and N be martingales

with |M¥*| ,< oo and |[N*|,<co. Then

I I

EM N,=EMyN,+E[M,N],. (26)
Proof. By the BDG and Holder inequalities,

! @ 1/2
Esup| [ M- dN‘sE{E M2 d[NaN]} SEM*[N, NP <{IM*|, I[N, 12,
t 0 0

<IM*(, IN*[l;< o0,

and similarly with M and N interchanged, so the processes { M _ dN and [ N_ dM
are uniformly integrable martingales, and (26) follows from It6’s formula. []
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Proof of Theorem 5.1. Since the assertion holds for d=1 by Proposition 2.2,
we may assume that d=2. In that case the products y;S; are non-random,
so we get with X(6) =X ;(t)—v;t

d 0 =]
ET] JVidX;=2 I1%SE]] | V;dX;, @7
0

j=1 J jeJ JjéJ 0

where the summation on the right extends over all subsets J< {1, ..., d}. Thus
we may henceforth assume that X is centered. By Lemma 5.8 we may further
take v to be bounded and boundedly supported.

Write B and Y for the continuous and purely discontinuous components
of X, and denote the integral processes | V;dB; by M. Then the quantities

[Mi’Mj]ooz j. Vide[Bi,Bj]=PijSij, ij, (28)
0

are non-random when d=3, so in that case there exist by Lemma 4.2 some

continuous martingales M, J<{l,...,d}, satisfying M,(c0)=]]M;(e0),

IM3¥|,, <, and J
EMJ:EHPUSU’ ®4=JC{1,...,d}, (29)

A A

where the summation on the right extends over all partitions =" of J into pairs
{i,j}. Putting M;=1 when J =0, we get by Lemma 5.8 with t=0

Eﬂ }OdeXj:EEMJ(OO)H ;ijde:Ez npijsinNJSb (30)
0

j=1 J JjéJ 0 n i J

with summations first over arbitrary subsets J < {1, ..., d}, and next over parti-
tions = of {1, ..., d} into pairs {i, j} and subsets J with #J=>2. This completes
the proof for d=3, so it remains only to take d=2. But in that case the first
equality in (30) holds with M,,=M;M,, as does the second one, since by
(28) and Lemma 5.9

EM,(0)M,(0)=E[M;,M;,],=Ep,S,- O

6. Invariance Under Predictable Transformations

Our aim in this section is to demonstrate the power of the moment identities
of the previous sections, by giving new and simple proofs of certain invariance
theorems involving predictable transformations of exchangeable sequences or
processes. First we shall show how the predictable sampling theorem of Kallen-
berg (1988) and its continuous time analogue follow easily from the appropriate
moment formulas.
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We begin with the claim that (1.11) holds for any finite or infinite & -ex-
changeable sequence &, &5, ..., and any sequence of a.s. distinct & -predictable
stopping times 7,, 7,, ... . By conditioning on the (permutation) invariant o-field
(cf. Aldous (1985)), we may reduce to the case when (£,) is ergodic. By a suitable
transformation of the state space, we may further assume that the £, are bounded
by a constant.

As in Kallenberg (1988), we introduce the allocation sequence

a=inf{j;t;=k}, k=12,.., )

associated with the ;. Fixing arbitrary constants c,, c;, ...€lR such that at
most finitely many are distinct from 0, we get

Ycile, =2 s 2
i k
where ¢, =0 by convention. Since the sequence (c,,) is predictable, and since
DA IH (3)
k j
is a constant for each melN, it follows by Theorem 3.1 or 3.5 that

E{chétj}"‘:E{chéj}’", melN. @

Here the sums within brackets are bounded, so the moments determine their
distributions, and therefore

Zc;frjichfr &)
; 7

Thus (1.11) follows by the Cramér-Wold theorem.

The proof of the continuous time version is similar. Assume for the sake
of simplicity that the exchangeable process X is ergodic, i.e. a Lévy process
or a process of the form (1.17). Given any predictable and a.s. measure preserving
transformation V of the time scale, it is required to show that the process X oV "1
defined by (1.12) has the same finite-dimensional distributions as X.

Let us then fix a finite set of times t,,t,,... and associated real constants
Cy, €y, ---, and write

zck(X°V~1)tk=j{zck1{Vs§tk}} aX. (6)

By the hypothesis on V, we have
[ al{V.sgltmds=[{d a1{s=s4}}"ds, meN, (N
k k

so if the appropriate moment conditions are fulfilled, we may conclude from
Theorem 4.1 or 5.1 that

EQ XV Y, I"=E{ e X, }" meN. (8)
k k
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If the moments determine the distributions, we obtain
_ d
YaXeV Y, =>eaX,, ©)
k k

and the assertion follows as before.

The required moment conditions are automatically fulfilled for the processes
in (1.17), and also when X is a Lévy process with bounded jumps. For a general
Lévy process X, we may introduce the processes X, obtained by deleting all
jumps of modules >n. Then

(o VY, (o V7 Dy o) = (Xltr), Xt ), (10)

and as n— oo, the right-hand side tends to (X,,, X,,, ...). Applying the statement
for bounded jumps to the Poisson process of jump times for X —X,,, it is further
seen that the left-hand side of (10) tends in distribution to the corresponding
sequence for X. Hence the assertion is generally true.

The predictable sampling theorem and its continuous time counterpart have
non-trivial extensions to the multivariate case. To state these, say that a finite
or infinite sequence of R%valued random vectors ¢=(¢ ¢, ¢ ,,...) with &,
=(& ks ---> Cax) 18 separately exchangeable, if the distribution of ¢ is invariant
under arbitrary, possibly different permutations in the d coordinates. (To distin-
guish this from the original notion of exchangeability, where the same permuta-
tion is being used for all coordinates, we may refer to the latter as joint exchange-
ability.) Similarly, an IR-valued process X on [0, 1] or R, is said to be separate-
ly exchangeable, if X starts at 0, is right-continuous, and has separately exchan-
geable increments. In each case, the definition extends in an obvious way to
the context of arbitrary filtrations &, defined on the appropriate index set.

The next result shows that the distribution of ¢ or X remains invariant
under possibly different predictable permutations or measure preserving trans-
formations in the d coordinates.

Proposition 6.1. Let £=(¢ ,, & 5, ...) be a finite or infinite, R%valued, separately
F -exchangeable sequence indexed by I, and let ©5,j=1, ..., d, kel, be I-valued,
F -predictable stopping times, a.s. distinct for fixed k. Then (¢ j,,jk)ié. If instead
X is an R valued, separately F -exchangeable process on I=[0, 1] or R ., while
Uy, ..., Uy are & -predictable, a.s. measure preserving transformations of I, then

(X, UL ., X0 Um )= X,

To see how this follows from previous results, we need a simple lemma
of some independent interest (along with its corollary).

Lemma 6.2. A finite or infinite R%valued random sequence =(E_(, ¢ ,,...) is
extreme separately exchangeable, iff the R-valued sequences &; =({;1, &5, ---),
j=1,...,d, are mutually independent and ergodic exchangeable. Similarly, an
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R%valued process X=(X, ..., X,) on [0,1] or R, is extreme separately ex-
changeable, iff the R-valued processes X, ..., X; are mutually independent and
ergodic exchangeable.

Proof. We may e.g. consider the case of processes X =(X,, ..., X,). Directly
from the definitions it is clear that, if X is extreme separately exchangeable,
then each component process X; is ergodic exchangeable. Moreover, each X;
is seen to be conditionally exchangeable, given the processes X; with i=j, and
since X; is extreme, the conditional distribution must be a.s. independent of
X;, i=j. This shows that X, ..., X, are independent.

Conversely, it is clear that any set of independent ergodic exchangeable
processes X, ..., X, gives rise to a separately exchangeable process X
=(X4, ..., X)) in RY To see that X is extreme, write its distribution as a mixture
of extreme distributions, and note as before that each of these is a product
measure fy X ... Xy, with the u; ergodic exchangeable. But since X, ..., X,
are extreme, the measures pq, ..., 4y must be a.s. unique, and the extremality
of X follows. [

Corollary 6.3. Any R%valued extreme separately exchangeable process on [0, 1]
or R, is also jointly ergodic exchangeable. The corresponding statement holds
for infinite (but not for finite) separately exchangeable sequences.

Proof. For processes on IR, we note that, if X, ..., X, are independent Lévy
processes in R, then X =(X, ..., X, is a Lévy process in R%, and is therefore
jointly ergodic exchangeable. A similar argument applies to infinite sequences.
For processes on [0, 1] we note that, if X, ..., X, are independent processes
in R of the form (1.17), then X =(X,, ..., X,) is an R%valued process of the
same form. [

It is now clear, in the three cases covered by Corollary 6.3, how the assertion
of Proposition 6.1 may be obtained through an application of the multivariate
moment identities of Theorems 3.5, 4.1 and 5.1. Though the original methods
of Kallenberg (1988) in the one-dimensional context could be extended, with
some effort, to cover the present more general situation, the approach via
moment identities seems to be easier and more natural in this case.

For finite sequences, extremality in the sensc of separate exchangeability
does not imply extremality in the joint sense. Nevertheless, the moment method
can still be adapted to this case, via the following slightly extended version
of Theorem 3.1, which may be proved by similar arguments. We omit the details.

Lemma 64. Let & be a filtration on {0, ...,n}, and consider two random n-
sequences & and n in RY, such that & is % -exchangeable while n is & -predictable.
Let {K,, ..., K,,} be a partition of {1, ..., d} which splits £ into independent ergod-
ic sequences. Assume that (C,) is fulfilled, and that for each ie{l, ..., m}, the
sums Sy with J = K; are a.s. non-random. Then

fjk"ljk: 1_[ Rn,Ki{RJaSJ}a (11)

1 i=1

M=

d
ETI
ji=1

k

where each P, x is a polynomial in the sums R, and S; with J =K.
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The invariance theorems in continuous time admit vast improvements, in
the special case when the exchangeable process X is assumed to be continuous.
From our present point of view, this merely reflects the fact that only the first
and second order integrals S$;=[V; and S;;={V;V; enter into the hypotheses
and conclusions of Theorems 4.1 and 5.1. The situation is particularly nice

when S, =...=S§, a.s., since in that case both (4.3) and (5.2) reduce to
d
ETT§VidX;=3 [1piSu (12)
ji=1 n j.k

where n ranges over all partitions of the set {1, ..., d} into pairs {j, k}. Thus
in particular, all moments of odd order equal zero in this case.

The following simple result, which in the case of Brownian motion could
also be obtained directly from elementary properties of the 1td integral, illustrates
the power of formula (12). Say that a Brownian motion or bridge B is defined
with respect to a filtration %, if B is # -exchangeable.

Proposition 6.5. Let B be a Brownian motion on I=IR, or a Brownian bridge
on I=1{0, 1], each defined with respect to some standard filtration &, and let
Ve Qx1-R, tel, be a family of F-predictable processes with | V;=0 a.s. for
each t, and such that

[ ViVi=sAt as, s,teR,, (13)
[¢]
or

- 1
jVthzsx\t—st as., ste[0,1], (14)
0

respectively. Then the process Y,=(V,dB, tel, is another Brownian motion or
bridge.

Proof. If I=[0, 1], we get by Theorem 4.1, for any delN and ¢,, ..., t,€[0, 1],

d d
EJ] Y=Y [ltnrt;—tt)=E[] By, (15)
j=1 j=1

T i,j

where 7 ranges over all partitions of the set {1, ...,d} into pairs {i,j}. Since
any Gaussian distribution is determined by its moments, the assertion follows.
The proof for I=IR , is similar. [J

As a non-trivial example, we may take V=(V)) to be an integrable and ergodic
exchangeable process on I=R_ or [0, 1], directed by some triple (y, o2, v) or
(a, o*, B), respectively, satisfying

y=0 and o2+ [x*v(dx)=1 (16)
or
a=0 and o’>+) f7=1 17
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Choosing the Lebesgue unit interval as our probability space, we may regard
each random variable ¥, as a deterministic process on [0, 1], which as such
is trivially predictable. If I=R ., we extend ¥, to a process on R. by putting
V.(u)=0 for u>1. Then (13) and (14) reduce to obvious moment properties
of the process V. Using Proposition 6.3, we may hence conclude that the process
Y,={V,dB, tel, is another Brownian motion or bridge on I. This is surprising,
if we think of the integral Y={VdB as a stochastic average over the paths
of ¥, in the sense of integration with respect to Gaussian white noise on Q
with control measure P. Note that integration with respect to P instead would
yield the expected value of V, which is identically zero.

Acknowledgment. 1 am grateful to a referee for bis careful reading of the manuscript, which lead
to numerous corrections and minor improvements.
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