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Summary. We consider a time evolution of unbounded continuous spins
on the real line. The evolution is described by an infinite dimensional stochas-
tic differential equation with local interaction. Introducing a condition which
controls the growth of paths at infinity, we can construct a diffusion process
taking values in C(IR). In view of quantum field theory, this is a time depen-
dent model of P(¢), field in Parisi and Wu’s scheme.

§ 1. Introduction

Let €=C(R, R be the space of all R%valued continuous functions defined
on R equipped with the compact uniform topology. 2 (R, R?) denotes Schwartz’s
space of R%valued C*-functions on IR with compact support. The topological
dual space 2'(R,RY is the d-fold direct product of the space of Schwartz’s
distributions 2’ (IR). For given continuous functions a(x)=(a;;(x)): R‘>R‘®@R*?
and b(x)=(b;(x)): R*-IR“ we consider the following infinite dimensional stochas-
tic differential equation for a ¢-valued process X = {X}(u)}:

(L.1) dX,w=a(X,w)dB,u)+b(X,w)dt+4+4X,(w)dt, ueckR,

where B,={B},..., B!} is a system of independent &' (R)-valued standard Brown-
ian motions (simply called a 2'(IR, R?-valued standard Brownian motion, cf.
Itd [4]) and 4=d?*/du®. We interpret the equation in 2'(R,RY), since neither
the first term of the right hand side of (1.1) nor the last one defines a %-valued
process any more. A precise meaning of (1.1) will be given in § 3.

This type of equation describes a diffusion process associated with P(¢),
model in the sense of Parisi and Wu [8], where a(x) is the identity matrix
and b(x)= —% grad U (x) for some potential function U (x).

Funaki [2] discussed (1.1) as an equation describing a random motion of
an elastic string, where parameter u runs over a bounded interval. Marcus [5]
also studied (1.1) in a restricted situation to carry out Parisi and Wu’s program.
However they actually treated the following equation instead of (1.1):
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(12) Xy()= s Xo)+ | [ alt—s; u0) a(X,(0) dBy(o) do

0 R

+ st {a(t—s;u,v) b(X,(v) dsdv,
0 R

where q(t;u,v)=Qnrt)” Y2 exp(—(u—1)?/2t) is the heat kernel and Y,®(u;X,)
= [ q(t; u,v) Xo(v) dv.
R

Let us introduce a martingale problem associated with (1.1). W= C([0, o), %)
stands for the continuous path space taking values in ¢ and let §,: W—% be
the canonical projection at t=0.  (resp. 4,) denotes the o-field on W generated
by the canonical projections (up to time t). For each open set G<IR we define

De={f:4-R;f(X)=F (X, &), ..., (X, &) for somen2 1,
&1y s £€2(G,RY) and fe 2(RY)},
where 2(G,RY) stands for the subspace of 2 (R, R?) consisting of those elements
with support in G, Z(IR") is the totality of real C>-functions on IR"* with compact

support and <X, > = j Xw)-Ewydu=| 2 X'(u) & (u) du. We denote by Df the

R i=1
Fréchet derivative of fe]D—]D,R and define the operator L with the domain
ID as follows:

(13) Lf(X)=4 trace(a(X) a*(X) D* (X)) +<b(X), Df (X)) + <X, ADf (X))
Namely if f(X)=F (KX, &), ..., <X, &))eDD, then

f(<X 15 - <X, En))

Lf(X)=% Z a* (X () & a* (X () 0

kl=1
]
+ Z {<b(X('))5 £k>+%<XaAék>} af(<X’ él>3 [EEE] <X7 €n>)5

where a*(x)=(afi(x))=(a;;(x)). A probability measure P on (W, %) is called a
solution of the ((6 L)-martingale problem starting from X e¥ if

14 @ PO,=X)=1,

t
(i) f(8:)— | Lf(6,) ds is a local martingale relative to (P, {%,}) for all feID.
0]

In the present paper we will first establish in §3 the equivalence between
the stochastic differential Eq. (1.1), the stochastic integral Eq. (1.2) and the (%, L)-
martingale problem (1.4). We will next discuss the existence and the uniqueness
of solutions for Eq. (1.1). In order to guarantee the uniqueness we need to
restrict the state space to a smaller one rather than €, because even if both
a(x) and b(x) are vanishing (then (1.1) is just a heat equation) the uniqueness
fails in ¥. Therefore we introduce a tempered subspace of %:

E={Xe%; lim X (u)e *!“'=0forevery 1>0}.

lu|— o0
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Note that E is a Fréchet space with the topology induced by a system of norms

{I*2}2>0 defined by | X|,=sup|X (u)| e~ *1*l. We will prove in §4 the existence
uclR

and the uniqueness of E-valued solutions for {1.1) under the assumption that
both a(x) and b(x) are Lipschitz continuous. However, since our motivation
consists in studying Parisi and Wu’s stochastic quantization, we need to relax
the global Lipschitz condition on b(x). Therefore in §5 we will discuss this
problem and give another sufficient condition for the existence and the unique-
ness of E-valued solutions of (1.1), which is applicable to polynomial interaction
model (P(¢); model).

The author wishes to thank Professor H. Ezawa for leading him to this
problem. He is also grateful to Professors K. It6, T. Shiga and T. Funaki for
valuable suggestions and kind encouragements.

§ 2. Stochastic Integrals

In order to formulate the Egs. (1.1) and (1.2) we will here define stochastic
integrals with respect to a class of &’-valued martingales. We mention the case
9" =9 (R).

Let (2, 7, P) be a probability space with a reference family {#},» . & denotes
the predictable o-field on [0, 00) x Q relative to {#}}, which is generated by
all {#}-adapted left continuous processes. Let .# (resp..#,) stands for the
totality of continuous square integrable martingales (resp. continuous local mar-
tingales) on (@, &, P, {#,}). For Me M., [M]={[M],} denotes the quadratic
variational process.

Definition 2.1. A &’-valued continuous process M ={M,} is called a &'-valued
continuous local martingale with quadratic variational measure (abbr. 2’-c.lm.
with q.v.m.), if

M-1) My=0a.s. and {M., f)e//loc for every (e 2 =2 (R),

(M-2) there exists a nonnegative random Radon measure [M] on [0, «0) xR
such that [M]([0, t] x A) is {Z}-predictable for every AeZ(IR) (the topological
o-field on R) and for every (€D

P([{M., &= [ 1E@)*[MI([O, £], du) for all t 20)= 1.
R

[M] is called the quadratic variational measure of M.

Remark. (i) [M]([0,t] x A4) is, in fact, a continuous process for each 4e#(R),
since [{M., £>], is continuous in ¢t for every £ 2.

(i) A 9'-valued standard {;}-Brownian motion B={B,} is a Z’-clm. with
q.v.am. [Bl(dt, duy=dt x du.

Now we define stochastic integrals. Let M be a &'-clm. with q.v.m. We
introduce the following classes of random functionals:

Z={9:10,00)x R x 0~ R: 90 1.0) - S fi(t, @) g for some > 1,

i=1

fis ---, fo bounded and {#}-predictable and g4, ..., g,,e@(]R)},
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L(M) ={¢: [0, ) xR x Q—-R; {F}-predictable (i.c., ¥ x 4 (R)-measurable)

T N
and forevery T>0and N>0Q P (j [ ¢ w?[M](dt, du)< oo)= 1}.
0 —N
Lemma 2.1. Every ¢ £ (M) defines uniquely a &'-clm. with q.v.m. I (¢) such
that

I-1) if ot,u,0)= i fi(t, ©) g;(w)e Py, then

i=1
<IM(¢)t: Z, f S)d<Ms>g!€> a.s. fore?)ery 6697

where the integrals in the right hand side are one dimensional stochastic integrals.
(1-2) Iy(xdp+BY)=aly(d)+BIr() as. for o, feR, and §, e £ (M),
(1-3)  [Iu($)1(dt, du)= (¢, u)* [M](dt, du),

(I-4)  Ipo(@%)=Ip(P)no for every stopping time o, where M{=M,,,, ¢°(t, u)
=110,61(t) @(t, u) and 10,4 is the indicator function of [0, ¢].

Proof. 1t is a routine work to construct a family {{In(¢),&).}s : < M. that
satisfies (I-1) ~(I-4), so that we omit the details. Regarding as a process of linear
functionals on 2, we see that {{I,{¢), >} satisfies (M-1) and (M-2) in Defini-
tion 2.1 for each ¢.

To realize I,,(¢) as a &’'-valued process we mention a regularization theorem
by S. Nakao [7] (cf. 1t6 [4] and Mitoma [6]).

Lemma 2.2. Let 9 be a real vector space with a multi-Hilbertian topology t.
Suppose M ={{M,*>,} is a process of linear functionals on @ such that

@) <M, &o=0as. and {M, E>.e M, for every (€D,

(ii) there exists a sequence of stopping times {o,} such that o,/ cc as. and
Hilbertian semi-norms {||.} defined by |E|2=E|{M, &), |*> are Hilbert-
Schmidt weaker than t© for every t>0. Then M has a unique o-concentrated
D.-valued continuous version, where 9, is the dual space of 9 with respect to
1.

Therefore we have a 2’-clm. with g.v.am. I () for every ¢ Z(M). It is
immediately checked that the conditions (I-1) ~(I-4) characterize I,,(+) uniquely.
This completes the proof. [

I () is called the stochastic integral of ¢e ¥ (M) with respect to M and
t
is denoted by | ¢(s,*) d M. If p& &£ (M) satisfies
0

E[jT §¢(t,u)2[M](dt,du)]<oo forall T>0,
o R
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then we can define X.e.# as follows: for any {¢,} =2 such that 0<¢&,(u) ~1

o

t
Then X, is denoted by | [ ¢ (s, u) d M (u) du. Similarly we shall use the following
notation. o R

lim E[ sup

n—wo  O=t<T

<§ () dM,, 5n>—Xt

0

f frq’)(s, wdMgwydu= | | ¢(s,u) 1y, (u) d M (u) du.
01 0 R

Finally we prepare some lemmas.

Lemma 2.3. Let B={B,} be a 9'-valued standard {Z}-Brownian motion. Suppose
T

¢ (B) satisfies E[j | | o(z, u)? dul"dt]<oo, p=1,2,.... Then
0 R

T

(21) E\| | ¢t udB,(uydu
0 R

2p T »
é(p(zp—l))P[f (B[] u)zdul”}l/"dt] .
0 R

Proof. It suffices to show (2.1) for ¢ (t, u, w)= f(t, ®) (W)€ .¥F,. Then (2.1) immedi-
ately follows, since

[ J o uydB@du=|f()d<B,%. O
0 R 0

Lemma 24. Let (U, %, m) be a finite measure space and let X € M. Suppose
Y (t, u, @): [0, 0) x U x Q-R is {#}-predictable (i.e., & x B-measurable) and

T
22 [ fy@uw*m@uwd[X],<wo forall T>0, P-as.
0v
t
Then | Y (s, u)d X has an {F,}-predictable modification and
0]

(2.3) jt(f Y(s, u)ym(du)dX = | <jf Y (s, u) dXs)m(du), t=0, P-as.
o U U \o

We omit the proof. But we note that the same result holds for stochastic
integrals with respect to a £'-cl.m. with g.v.m.

§ 3. On the Equivalence Between (1.1), (1.2) and (1.4)

Our first task is to formulate the Eq. (1.1) as a stochastic differential equation
in 2'=92'(R,R?%. Next we will show the equivalence between the stochastic
differential Eq. (1.1), the stochastic integral Eq. (1.2) and the (%, L)-martingale
problem (1.4).
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Definition 3.1. By a solution of (1.1) we mean a ¢-valued continuous process
X ={X,(u)} defined on a probability space (2, % P) with a reference family {%,}
such that
(i) there exists a &'-valued standard {&}-Brownian motion B={B,},
(i) {X,()} is {#;}-adapted,
(iil) with probability one X ={X,(u)} and B={B,} satisfy

Bl Xi=Xo+ | a(Xy()dBy+ [(BO()+14X)ds, 120,
0 0

in &', where jfa(Xs(-))stz i jta,-j(Xs(-))dBi).
0

j=1 0

Now we introduce a family of integral equations. Given I, reR (I<r) and
weW, Y (u; w) stands for the solution of the following initial boundary problem:

(3.2) ;%Y,(u)=%AY,(u), l<u<r,
YoW=wew), I<u<r, Y(=w(), YFr)=wl), t=0.

Let ¢""(t; u, v) be the fundamental solution of /0t —1/2 4 with Dirichlet bound-
ary condition at u=/ and u=r. Then Y;""(u;w) can be represented as follows
(cf. Friedman [1], Chap. 3, Problem 4):

(3.3)

r t a a
[ "t u, ) wov)dv+1 | (— g""(t—s;u, D w()—==g""(t—s; u,71) ws(r)) ds.
; o \dv Jv

Consider the following family of integral equations:

tr

(34) X )=Y""(; X)+J [ ¢""(t—s;u,v) a(X,(v)) d Bs(v) dv
0 !

tr
+ | [ g (t—s;u,v) b(x,(v)dsdv, [Zus<r,
[V

—w<l<r<oo.

The meaning of the Eqs. (3.4) is similar to that of (1.1) in Definition 3.1. Note
that the above equations are regarded as those for a #-valued continuous pro-
cess, although the stochastic integrals are defined for each fixed >0 and ueR.
Indeed let X ={X,(u)} be an {%}-adapted ¥-valued continuous process. Fix
I, reR and denote by X, (1) the term defined by stochastic integration. We
define a sequence of stopping times by

7, =inf{t>0; max | X,(u)| >n}.

1Zu<r

Next fix 0<t, t' and [Su, v’ £r. An elementary calculation shows
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(3.5) tjt (ff(s, v)zdv)ds§3/]/§;lt—t’|1/2+lu——u’|,

o] 1

where f(s,v)=¢""(t—s; u,0) 1j0,4(s)— ¢"" (¢ —s; 4, v) 1;0,11(s). Thus using Lem-
ma 2.3, we see that form=1,2, ...,

(3.6) E[IX,,)— X2, ()*"5 1,1 <7,]

_ E[ y ; £(,0) a(X, (1) dB,(®) dv
<z 7]

<(m@m—1))" sup |a(9)2"(3/)/2m [t — ¢ [2 +|u—u' )",

|x|=n

2m

;tl éfn]

ty r

§ 1 /(5,9) Lp0,5,4(5) a(X(v)) d By(v) dv

ty=tVe

d
where |a]*= ) |a;|* for a=(a;)eR*®@R". Here we recall Kolmogorov’s criteri-
i,j=1
on (a version for multi-parameter case, cf. Totoki [10]). Since 7,/ o a.s., we
can choose a jointly continuous {X, ,(u)}.

Theorem 3.1. If there exists a solution of the stochastic differential Eq. (1.1),
it is also a solution of the family of integral Egs. (3.4), and vice versa.

Proof. Suppose {X,(u)} is a solution of (3.4). Let (e 2(R, R?) be fixed. Choose
a bounded interval ([, #) that contains the support of £ From the definition
of Y,(u)=Y""(u; X.) we sce

o

Denote by X; ,(u) the ith term of the right hand side of (3.4) (i=2, 3). Changing
the order of integration repeatedly (cf. Lemma 2.4), we get

3 (X 4E ds=] [ a*(Xo(0)
0 0 1

{ft (fr g (s—s";u,v) AE(W) du) Lisr, oy (5) ds}st,(v) dv

(o}

= (X, c“>~<  a(X,(-)) dB,, é>,

0
and

1 [ (X3, 48 ds=(X3,,E — [ (B(X(), & ds.
0 0
Since X, ()= Y, (u)+ X, (1) + X 5,,(u), [ <u<r, it follows that
(X1, & =<Xo, €>+<f a(Xs(+)) d B, f§>+ Jb(X), &) +3<(X,, 4E) ds.
O 0

Therefore {X,(4)} is a solution of (1.1).
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Conversely let {X,(u)} be a solution of (1.1). Fix [, reR, then we have

(Xi—Y, 0= | a*(X,) $(u) dBy(u) du
0 R

i (<b(Xs), £ +1(X,~ ¥, 4 s>)ds, £ ((l,r), RY,
0

where Y;(u)=Y""(u; X.). Denote by {¢,} the totality of eigenfunctions of 1/24
with Dirichlet boundary condition at u=! and u=r (124 ¢,= — A, ¢,, d,(u)=0,
ué(l r)). Since ¥, coincides with X at u=1[ and u=r, it follows that

(XY, (;bn> = j _f a* (Xs(u)) d)n(u) st(u) du
0 R

+ [ (BXY), ) ~ 1l X=X, $u)) ds,
0

and consequently

X:— 1, ¢n>:§ § e7 4079 a* (X (u)) §n () d B, (u) du
0 R

[ eI Ch(X, dd ds
[4]

=<X2,t> ¢n>+<X3,t: ¢n>, fOI' n=15 29 raen
Therefore {X,(u)} is a solution of (3.4). [

If we restrict the state space into the space E, we can use a more convenient
Eq. (1.2) in place of (3.4). Here we note that the continuity of solutions is consid-
ered with respect to the topology of E and that the corresponding path space
C([0, o0), E) is equipped with the compact uniform topology.

Theorem 3.2. Suppose a(x) is bounded and |b(x)| S K(1+|x[?), xeR? for some
K>0 and p>0. If there exists an E-valued solution of the stochastic differential
Eq. (1.1), it is also a solution of the stochastic integral Eq. (1.2), and the converse
is true.

Proof. Because of Theorem 3.1, it suffices to prove that any solution of (3.4)
satisfies (1.2) and this is verified by letting (I,7) IR in (3.4). To this end we
use the following,

Lemma 3.1. For we C([0, «0), E) extend Y;""(u;w) to ueR such that it coincides
with w outside (I,r). Then Y*"(u; w) converges to Y, (u; wo)= [ q(t; u, v) wo(v) dv
as (I,¥) 7R in C([0, o0), E). R

Proof. We keep the expression (3.3) in mind. First using the method of image,
we have

0=q@t;uv)—g " (tu, 0)<q(t;u, 21— v)+q(t;u, 2r~v),  [Zu, v=r.
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Hence it follows that
I=|[g""(t; u,0) wo(v) dv— [ q(t;u,v) wo(v) do
1 R

= § q(t;u,0)(1wo2r —v) |+ wo(v) ) dv

""’\'8

H
+ | alt; 0, 0)(wo21=0)|+Iwe@) ) dv,  uel ).
We may assume [ <0 <r, then for >0 the first term is bounded by:
3.7) 2|wol; f q(t;u,0)e** dv

<2 wolze * [ q(t;u, ) €% dv=2|wo|, e2¥ e ™ &2,
R

Next noting ¢""(t;u,v)=>0 and ¢""(t;u,))=¢""(t,u, =0 and applying Fatou’s
lemma, we have

_ 1 ! 5 Lr . a I,r .
J—l—if(%q (=53, D W)= 5 - " (=55 1, 7) wa(r) ds

0

i
§%1im{ sup |wi()] | ¢""(t—s;u,1+6)/0ds

310 Logssy 0

+ sup |wg(r)l fq”’(t—s;u,r—é)/é ds}.
0

O0<s=t

Let >0, then

: 2 6 % 2
(3.8) lim 1/6 § ¢t —s;u, 1+ 8) ds<e*™? — | g (s;u,0)e™* 2 ds
ol0 0 v 0 v=1

§2e121/2(1_e~21(r—l))—1elle—lu’ ME(Z, r)‘

From (3.7) and (3.8) it follows that sup [I+J|,; tends to 0 as (L r) R for

0<IST

every A>0 and T>0. Thus the lemma is proved. [

We now let (I, #) /IR, then each term in the right hand side of (3.4) tends
to the corresponding term in (1.2). To see the convergence of the third term,
we have only to note that {b(X,(u))} is again an E-valued process since
|b(x)| < K(14[x|?). The proof is complete. []

Finally we show the equivalence between the stochastic differential Eq. (1.1)
and the (%, L)-martingale problem (1.4).
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Theorem 3.3. If P is a solution of the (¥, L)-martingale problem (1.4), then {X,=0,}
is a solution of the stochastic differential Eq. (1.1) on some extension of
(W, %, P,{%9.}). Conversely let {X,(u)} be a solution of (1.1), then its probability
law on (W, %) solves (1.4).

Proof. Let P be a solution of (1.4), then
t

Mt:gt"go_ 5 (b(gs)“‘%A Bs)ds

0

defines a @'-clm. with q.v.m. on (W, %, P, {%4,}) and

[M](dt, du) =( S (0,0) a0, d x du).

k=1

Suppose det(a(x)) =0 for all xeR? and denote by a(x)=(a;;(x)) the inverse matrix
of a(x) for xeR?. Then

Bo= [ a0,() dM,

0

is a Z'-valued standard {%,}-Brownian motion and

M= a(0.() dB,

0

This means {X,=0,} is a solution of (1.1). If det(a(x))=0 for some x’s, we can
prove it by applying the same method used in finite dimensional cases (cf. Ikeda
and Watanabe [3]).

The converse is an immediate consequence of 1t0’s formula. [

§ 4. Existence and Uniqueness — Lipschitz Condition

We show here that the Lipschitz conditions on a(x) and b(x) guarantee the
existence and the uniqueness of solutions for the Eq. (1.1).

Theorem 4.1. Suppose a(x) and b(x) are Lipschitz continuous, ie., there exists
a constant K >0 such that

la(x)—a()|+]b(x)-bMISK|x—y| for x,yeR?,

and further suppose a(x) is bounded. Then for each X,€E the Eq. (1.1) has an
E-valued solution starting from X ,. Moreover the pathwise uniqueness of solutions
holds on E.

Proof. By virtue of Theorem 3.2 it is sufficient to prove the theorem for the
integral Eq. (1.2).

Let o7 denote the class of all predictable processes X,(u) such that for every
A>0and T>0,

(4.1) IIXWEr= sup E[§ X, e " du]<co.

0=<t=T R
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We define the mapping @ on &/ by

(4.2) PX)(t, u)= Yz“’(u;Xon §a(t—s;u,v)a(X(v) dB(v)dv
0 R

+§t { q@t—s;u,v)b(x,)dsdv
0 R

=Y, (u; X o)+ P, (X)), u)+ D5 (X) (¢, u).
Since a(x) is bounded, we have by (3.6),
(4.3) E|®,(X)(t, ) — &, (X)(, w)|*"
<(m@m—1)"sup |a() P 3/ 2m |t~ "2+ [u—u' )"

Modifying the proof of Kolmogorov’s criterion, we can deduce from (4.3) that
&, (X) defines an E-valued continuous process. Next we choose a constant K'>0
such that |b(x)[? < K'(1+|x|?) for xeR?. Then we have

4.4) |®,(X)(t, u)|2§f [ q(t—s;u,v)? e’””'dsdvf [ 16(X @)|)? e **Tdsdv
0 R 0 R

< t/ne’lzt/z(e’l“ﬁ—e"'")K’f{f(l-{—le(U)lz)e‘“”'dv} ds.
0 R

Hence @;(X) also defines an E-valued process and so does ¢(X). Furthermore
@ maps o7 into itself.

Let X', X?eo/. We observe
EL[19,(X")(t 1)~ @, (X2 (1, u)> e 1" du]
R
-} {f fat—s;u,0)* Ela(X; @) —a(X? ()] dsdv}e”"‘! du
R L0 R
= 21 e/IZT/Z K? j‘l/ﬁ‘l E[J‘ IX;(U)_XSZ(U)IZeAMUIdU] dS,
0 R

and
E[[195(X")(t,u)— D3(X2)(t, u)]* e 1 du]
R

gEL{ {f [ qt—s;u,v)dsdv

0 R
f fat—s;u, U)lb(Xsl(U))—b(st(U))fzdeU}e_“uldu]
o R

t
STe¥™ K2 [ E[{|X{()—XiW)|*e M dv]ds, O0Si<T,
[¢] R
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where we used the estimate:

[alt;u,v)e ™ du< min { q(t;u,v) e du=e*"? eIl
R a=1t1 R

Therefore, if we set C=2(T32+(27)~ 1/?)e**T/2 K2, then we have

@45 eEY)— X, SC | /ims  IX —X22.ds, 0St<T
[}

Now we use a successive approximation. Defining X"*! by &(X”") inductively
(X°=Y.®(-; X,)), we see that there exists a constant M >0 such that

X" —X"13, r S M C"I(1/2)" T((n+1)/2) 1 T2
This means that {X"} is a Cauchy sequence in «/. Let X;°(*)= lim X7(-) (I*-limit

n—> 0

for each 1), then X{°(-)=®(X*°)(t,-) a.s. for each t. $(X ™) is a desired solution,
since @(X) defines an E-valued continuous process for each X e.«/.

We can immediately see that X is a unique solution of the equation X
=@(X), Xeo/ and of contains any E-valued solution of (1.2). Thus the pathwise
uniqueness of solutions holds for (1.2) on E. ]

We can make a step forward in the case of Funaki’s string model.

Theorem 4.2. For each I, reR (I<r) and we W consider the following stochastic
differential equation:

4.6)  dX,w=a(X,(w)dB,w)+b(X:w)dt+34X,(w)dt, ue(,r),
Xo@W=wo), uel,r), X(DH=w(), X.@)=w(), =0

Suppose a(x) and b(x) are locally Lipschitz continuous, i.e., for every N>0 there
exists a constant Ky >0 such that

la()—a()|+1b(x)—bO)N=Kylx—y| for x,ye{xeR%|x|<N}.
Further suppose a(x) is bounded and there exists a constant C >0 such that
4.7) (bx)=b()-x—y=C(x—yl>+|x—y)), x yeR~
Then the existence and the uniqueness of solutions hold for (4.6).

Proof. It suffices to show the theorem for the following integral equation (cf.
Theorem 3.1):

“8) X = Y w)+ | | g (=31 0) a(Xe(0) dBy(e) do
[

+§ srql’r(t—S;% v) (X () dsdv
01

=Yt(u)+X2,t(u)+X3,t(u): ue[l, T].
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Using a standard truncation method we see that the above equation has a
temporally local solution. Let {X,(u)} be such a solution. We define a sequence
of stopping times by t,=inf{¢>0; max|X,(u)|>n} and set 7= lim z,. The local
uell,r] n— o

Lipschitz continuity of a(x) and b(x) implies the pathwise uniqueness of solutions
until the explosion time 7.

We will show t=c0 a.s. Note the estimate (3.6). Since a(x) is bounded, we
see by Fatou’s lemma,

4.9) E[ X5, )— X5 ()P 1,8 <]
<(m2m—1)"sup |a(x) P (3/)/ 2m |t —¢ [V + lu—u' )"

Hence, just as in the proof of Kolmogorov’s criterion, it follows that

(4.10) sup max[X,,(u)|<cc forany T>0 as.

O=Zt<tAT uegllri

Because b(x) is locally Lipschitz continuous, we may assume that b(X(u)) is
jointly Holder continuous. Then X5 ,(u) is continuously differentiable in ¢ and

8
7 X, ()= 4 X5 () + b(X, ()

(cf. Friedman [1], Chap. 1). Since X3 ,(l)= X3 ,(r)=0, integration by parts yiclds
the following:

| =

1 r ¥
5 77 ) 1 X )Pm du= [ 1 X5, @) X, () {34 X5, () + (X, (w)} du
! 1

«Q,

t
S [ 1X, )P X5 0w {b(X () — b(X,(u) — X 5., ()
I

+b(X,(w)— X5,,(w)} du
SCIXs P+ [ X5, 12" HHBX() = X5, ()] +CI,

where || X || is the I2™((l, r), R%)-norm of X and we used the condition (4.7) and
Holder’s inequality. Therefore,

d
77 1 X3l S ClIXa  + b0 ()~ X5, ()I+CI.

Noting that X3 o=0and X=Y+X,+ X, and applying Gronwall’s lemma, we
have

t
4.11) X5, e [IIb(Y()+ X2, s(- )+ Cll ds
[¢]
and, in particular,
t
(4.12) max|X; ,(u) <e | (max |b(Y;(u)+ X, )|+ C)ds.
uell,r] [1] u

From (4.10) and (4.12) we obtain 7= co a.s. This completes the proof. []



154 K. Iwata

Remark. (i) Suppose d=1 for simplicity. If b(x) can be written as a sum of
a nonincreasing function b,(x), a Lipschitz continuous function b,(x) and a
bounded function bj(x), ie., b(x)=by (x)+b,(x)+bs(x), then b(x) satisfies the
condition (4.7).

(i) The inequalities (4.11) and (4.12) are still valid, if b(x) is just continuous
and satisfies (4.7).

§ 5. Existence and Uniqueness — Another Condition

In the previous section we have shown that the boundedness and the Lipschitz
continuity of a(x) and b(x) imply the existence and the uniqueness of solutions
for the Eq. (1.1). However, as we have mentioned in the introduction, it is
not sufficient for the study of stochastic quantization which is our motivation.
So that we here give another sufficient condition.

Theorem 5.1. Suppose a(x) is bounded, |b(x)| <K (1+|x|"), xelR¢ for some con-
stants K >0, p>0 and there exists a constant C >0 such that

(.1 b)) —b)-(x—y=Clx—yP+Ix—y), xyeR"

Then for each XeE the Eq. (1.1) has an E-valued continuous solution starting
from X.

In order to prove Theorem 5.1 first, following Funaki [2], we derive the
string model (cf. (4.6)) by a polygonal approximation and then we take a limit
(I,r) 7R. In the following we always assume the boundedness of a(x) and the
condition (5.1).

For a while we fix two points x4, x; €lR? and we use € to denote

{XeC([0,1],RY; X (0)=xo, X(1)=x,}.

Let us introduce a stochastic differential equation on RW -1 N=2,3, ...,
k k k
(5.2) X, (7\7) =}/Na (X, (ﬁ» dB,(k)+b (Xt <N)> dt
L

1 k
+—ANXt(—)dt, 1<k<N-—

2 N

0 N
Xt(]_v_)=x09 Xt(ﬁ>=x15 tz(),

where {B,(k)} is a system of independent d-dimensional Brownian motions and

k 5 k—1 k k+1 k a—1)
R e U S R A S R )
Note that the Eq. (5.2) has a non-explosive solution (cf. Theorem 4.2). Let X €%

k k
and let {X N (ﬁ)} be a solution of (5.2) starting from {X (N)} Then a €-valued
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process is defined by

63) X¥w=xV (—N—> (k—Nu)+ XV (—Zlf?) (Nu—k+1), ue[%—l, %]

Lemma 5.1. Let By be the probability law on C([0, ), ) induced by {XY(u)},

N=2,3, ..., then the family {Fy} is tight.

Proof. Let gV (t; k/N, j/N) be the fundamental solution of 0/0¢t— 1/2 4y with
g"(t; /N, j/N)=q"(t; N/N, j/N)=0

Bl A s

=1

and set

- k L
where X (u)=xo(1 —u)+x,u. Then {X?’ W)} satisfies the following integral
equation:

oo Q) el e e

k k k
=KN(—N>+X12VJ(N)+X§J(N)’ Isk=N-1.

We define Y,¥(u), X5 ;(u) and X% ,(u) for ue[0, 1] as in (5.3). First we see that
Y¥(u) converges to the solution of the heat equation with the fixed boundary
condition. Just as in the proof of Theorem 4.2, we get

k k k
ng,t<ﬁ) b(YsN (W)+X9’,S<N))‘+C)ds.
Furthermore an estimate similar to (4.9) holds (cf. Funaki [2]), iec., for every

m=1, 2, ..., there exists a constant M > 0 such that

EIXY ) —X5, )P = M(t—t "> +lu—u'|"), Nz2.

max
15ksN-1

t
<& | (max
0] k

Thus the argument in the proof of Kolmogorov’s criterion tells us that for
any T> 0 there exists a sequence K, >0, n=1, 2, ..., such that

lim inf P(X¥(w)|<K,for0<t< Tand ue[0,1])=1.

nrowo Nz2
Therefore we obtain easily the tightness of {R}. []

Let P be any weak limit of {Py}. Then following the methods in Stroock
and Varadhan’s book ([9], Chap. 11), we can show that P(8,=X, 6,(0)=X(0),
t

6,()=X(1), tz0)=1 and f(6)— [ Lf(8;)ds is a local martingale relative to
0
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(P,{9.}) for every feD, ;). In view of Theorem 3.3, this means that for every
I, reR (I<r) and X eE the following stochastic differential equation has a solu-
tion.

(5.5 dXFrw=a(X}?" W) dB,w)+b(X W) dt+1AXEwdt,  ue(l,7),
X=X, uel,r), Xy'()=X(), X"@)=X(@), tz0.

Choose a solution of (5.5) {X+"(u)} and extend it to uelR such that it coincides
with X (u) outside (I, ). Let B¢ be its probability law on C([0, c0), E). To prove
the tightness of the family {P}"} we further assume that |b(x)|<K(1+]|x]|?),
xeR“ Note that {X}"(u)} satisfies the following integral equation:

t r
Xerwy=Y""w; D)+ [ § ¢ (t—s;u,v) a(X5"(v)) dBy(v) dv
01

g (t—s;u,v) b(XL"(v)) dsdv

ey

t
+
0

= Y () + X5 W)+ X5 w),  ued,r),

where X e C([0, «0), E) is defined by 0,(X)= X for t=0.

Lemma 5.2, For every T>0, A>0and m=1,2, ...,

(5.6) sup sup E[j |X§”(u)lz'"e_“"'du]< 0.

LreR,r—121 0ZtsT 1

Proof. Since X457, =0, (4.9) implies
E| X4, w)*" <(mQ2m—1))"sup |a(x)*™(3]/t/2n)".

Just as in the proof of Theorem 4.2, we have (though integration by parts yields
some extra terms, we can easily deal with them)

1 d r 12 r
o o DX @7 e M dus T [1XYn )2 e du
2m altlj 3 4mlj >t
+ [ 1 X5 P72 X5 b(X @) e du.
1

Therefore we get

r 1/2m
{Txt e auf
i

trr 1/2m
< o€ am | [f (1b(XE () + X7, 1)+ C)2 o= 14 du] ds.
0o L:
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Noting |b(x)| = K(1+|x|?) and combining with Lemma 3.1, one can complete
the proof. [J

Lemma 5.3. For every i=2,3, T>0, A>0 and m=1,2, ..., there is a constant
M >0 such that for every I, relR (r—1z=1)

(5.7 E|XEi @)= X0 )P S M(t—t |2 +{u—u' )" el

for 0Zt, VST Ifu, v Er:jlu—u' |1

Proof. The estimate for i=2 immediately follows from (4.9). To simplify the

notation we set f(s,v)=¢""(t—s;u,v) 1j0,4(s)—g"" (' —s; ', v) 110,14(s). Since
1b(x)] £ K(1+]x|?), by using Schwarz inequality and Lemma 5.2, we have

E | X50,(u)— X5l ) [*"

tvVe oy 2m tvVt r 2m
g( [ [rG v)ze’"'”'dsdu) E( | jlb(Xé”(v))lze'“”'dsdu)
o 1 o i

Ve oy m otV r m
§M/< | j"f(s,v)ze“’”'dsdv) ( [} ff(s,v)zdsdv> , O0=tsT,
o I 0

where M’ is a constant independent of / and r. On the one hand

VY r
[ [f(sv)?e**dsdy
i

0

tVe r

< " (t—s;u,0) Lio,m(s)
0 1

+ (¢ —s; U, v)? 1io,eq(5)} €227 ds dv
:<__ 2e}.2t(2t/n)1/2 e2). |u| + Zelzt’(zt//n)lﬂ e2,1|u’] .
Hence the estimate for i=3 follows from (3.5). []
Lemuna 5.4. Let {Fy} be a family of probability measures on C([0, ), E). Then
{B} is tight if it satisfies the following conditions:
(i) there exists a constant y>0 such that sup (|0,(0)]” d B < oo,
N

(i) for each T >0 and 2>, there exist positive constants o, § and M indepen-
dent of N such that

F16:@)—0,@) " d By M (|t —s>*P + |u—v[**F) el
for 05t s T, u, velR: Ju—v|Z1.
Proof. Note that a relatively compact set A in C([0, T, E) (T >0) is characterized

by the following conditions:

(i) for every K>0, A is uniformly bounded and equi-continuous on
[07 T] X [—Ks K]:

(i) for every A>0, lim sup sup  |w,(w)] e *1*=0.
K~ wed 0=5:t=T7,lu|zK
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Hence the lemma is shown by the similar arguments in the proof of Kolmo-
gorov’s criterion (cf. [107). [

We are ready to prove Theorem 5.1.

Proof of Theorem 5.1. A series of Lemmas 52~5.4 and Lemma 3.1 imply the
tightness of {P¢"},—;>; on C([0, o), E). Clearly any weak limit of {Pr"} as
(,¥) 7R is a solution of the (%, L)-martingale problem starting from X. Thus
we obtain the existence of solutions for the stochastic differential Eq. (1.1) because
of Theorem 3.3. [

Finally, we show a uniqueness theorem.

Theorem 5.2. Suppose a(x) is a constant matrix, |b(x)| < K(1+|xP), xeR? for
some positive constants K and p, and there exists a constant C>0 such that

(5.8) bX)~by)-(x—ySCIX—y|> for x,yeR"
Then the pathwise uniqueness of solutions holds for the Eq. (1.1) on E.

Proof. Let (X, B) and (X', B') be two solutions of (1.1) on the same probability
space with the same reference family such that X=X}, and B=B' as. If both
X and X’ have E-valued continuous sample paths, then Theorem 3.2 tells us
that

)= Xo(w)= | { qt—s; 1 DB~ b(Xw) ds dv.
OR

Following the proof of Lemma 5.2 and using the condition (5.8), we have

1 d
2 dt

~ —

}Z,(u)P e~ Alul dug(c+,12/4) Sr \Zt(u)lz el gy
4

v Y 1z 20

u=l,r

A —Alu
1@l

where Z =X — X'. The boundary terms tend to zero as (I, r) #IR, since for each
T>0 and A>0 we can find a constant M >0 such that

]

R

Aldo< M2 0Lt T, ueR.

0 £, 0)
%(J( U, D

Therefore

FIZ@) e dus@C+22/2) J (§ 1Z,0) 2 e du) ds.
R 0 R

Hence from Gronwall’s lemma we obtain Z,=0,ie., X=X"as. [0

Because the arguments on the uniqueness of solutions of stochastic differen-
tial equations due to Yamada and Watanabe (cf. [3]) are valid for our situation,
Theorem 5.1 and 5.2 assert that (L, D) generates uniquely a diffusion process
on E under the conditions in Theorem 5.2. In particular let U(x) be a real
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function on IR? which can be written as a sum of a convex C'-function and
a C?-function with compact support (so called double-well potential is described
by a function of this type). Then we see that b(x)= —% grad U(x) satisfies the
condition (5.8). Thus we have a diffusion process associated with P(¢); model.
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