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S u m m a r y .  - Let E be a Banaeh space. Using the de]inition /or the k-dimensional volume enclosed 
by k +  1 vectors due to Silverman [16], one can de]ine the modulus o] k-rotundity o] E. 
In [22] it  was shown that k-uni]ormly rotund Banach spaces are isomorphic to uni]ormly 
rotund spaces and, indeed, have some o] the same isometric properties with respect to non- 
expansive and nearest.point maps. The present paper examines the modulus o] k-rotundity 
more thoroughly. Included are a result on the asymptotic behavior of the moduli ]or 12; 
a generalization o] Dixmier's Theorem on higher-duals o] non-re]lexive spaces; and an inequality 
relating the moduli o] E**/E and those o / E .  The modulus o] 2-rotundity is shown to be equi- 
valent to one o] the moduli de]ined by V. D. Milman [13] and a necessary and su]]icient 
condition ]or an l~-product o] spaces to be 2.uni]ormly rotund is given. 

1 .  - I n t r o d u c t i o n .  

A definition of the k-dimensional voume enclosed by k + 1 vectors in a t~anach 

space, E, has been given by E. SILVEtCMA~ [16]. Using this definition and extend- 
ing the usual notion of the modulus of rotundity,  one can define the modulus of 

k-rotundity of E. In [22] it was shown that  k-uniformly rotund Banach spaces are 
isomorphic to uniformly rotund spaces and, indeed, have some of the same isometric 
properties with respect to non-expansive and nearest point maps. Our principal 

aim in the present paper is to examine the basic properties of the modulus of k-ro- 
tundi ty  more thoroughly. 

The motivation for this work comes from two sources : the results of J. J. SC]~;~F- 
FE~ concerning girth of spheres [18], [19] and the research of- V. D. MIL~A~ on 

multi-dimensional moduli. Central to Sch~ffer's work is the definition of arc length 
in Banuch spaces. T h e  obvious generalizations are to surface area, volume and 

higher dimensional (( hyper-v01umes )~. The idea of working with uniformities defined 
over all sub-spaces of some fixed finite dimension, k, comes from the point of view 

taken by V. D. MrL~L~N in his study o f  higher dimensional moduli of smoothness 
and convexity. 

(*) Entrata in redazione il 2 luglio 1980. 
(**) Some of the results of this paper are contained in the Ph.D.  dissertation of the first 

author, written under the direction of the second author. 
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In section 2 we give a geometrical result which is useful in studying k-dimensional 
nloduli. We also apply a method of J. BEI~NAL to obtain information on the behavior 
of the k-dimensional moduli of Hilbert space for k increasing. 

Section 3 is most closely related to the results of [22]. We show, first, the ex- 
istence of non-trivial hypervolumes in the unit sphere of higher duals of non- 
reflexive spaces. This generalizes the result of Dixmier on the existence of line 
segments in the unit sphere of a fourth dual space [8]. A corollary of our Theorem 
is tha t  a Banach space E is reflexive whenever the second dual is locally k-Ul~. The 
proof is based on the same sort of (( local reflexivity ,> arguments as were usedin [21]. 
Similar methods yield a connection between the moduli of E**/E and those of E. 
The idea tha t  k-dimensional subspaces of E**/E determine properties of 2k-dimen- 
sional subspaces of E comes from the work in [3] on the ~ l~) problem )>. (The 
deeper connections between existence of maximal hypervolumes and existence of 
subspaces almost isometric to l~.) remain to be examined.) Finally, results on duality 
for the two dimensional convexity moduli and relations with the two dimensional 
moduli defined by ~ i lman  are given. 

Section ~ contains necessary and sufficient conditions for 1 ~ products of Banaeh 
sp~ces to be 2-Ul~. These give ~ meshed for constructing a large class of non-trivial 
examples of spaces which are 2-Ul~ but not 1-UI~. 

The remainder of this section consists of definitions and notation which will 

be used in the sequel. 
A ]3anach space, E, is said to be 1-uniformly rotund (1-UI~) if, for each e > 0, 

(1) there is a ~ (e)>O such tha t  if Ilxll, Ilyll<l ~nd 

then 

[ x .4- y tL --3~ (s) > 1 (1) 

I I1 

<g, x) <g, y) 
: g~* ,  IJglJ <1} < s .  

Here, and throughout the sequel, the symbol I'1 denotes the determinant. Hence, 
1-UR is just the usual notion of uniform rotundity. To generalize this we define 
the 2-dimensional (( area )> enclosed by vectors (x, y, z) as 

A(x, y, z) ~ sup 

II 1 i i 
<f,x> <t ,y> </,z> 

[[<g,x> <g,y> <g,z) : 1fill, !/gll <1 t 

This idea is taken from the work of E. SILVER3iAST [16], [17]. The k-dimensional 
volume enclosed by vectors (xl, x~, ..., xk+~) is defined in the obvious way, and the 
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modulus  of k - ro tund i ty  is g iven b y  

(~ { I x l § 2 4 7  
~(s)=inf i - -  k - F 1  : II~lII, II~ll, . . . ,  [I~+:H <~, 

A(x:,  x~ ..., x~+:)>s|. 

W h e n  no confusion is possible we shall  omi t  the  subscr ipt  <( E >>, The space is said 
to  k-Ul~ if for  all  s > 0, 5(~)(s) ~ 0. 

2. - Geometry of  multi-dimensional volumes. 

Our first resul t  shows t h a t  the  definit ion of enclosed volume makes  sense 

geometr ical ly .  I t  says t h a t  the  volume is grea ter  t h a n  or equal  to the  (~ height  >) 

t imes  the  area  of the  ((base >>. For  vectors  z, y~, y~, . . ,y~ in a Ban~ch sp~ce E, 
dist  (z, [y:,y~,, . . ,y~]) denotes  the  dis tance f rom z to the  affine span  of the  y~. 

L E ~  1. - For  all vectors  x l , x2 , . . . ,  x~ in E 

A(x:, x2, . . . ,  x ~ ) > d i s t  (Xl) Ix2, . . . ,  Xk])A(x2, . . . ,  Xk) . 

P ~ oor .  - F r o m  the  definition we have  t h a t  

A(xl ,  x~, ..., xk) 

1 
<11, x~> 

STlp 

(/k-l ,  Xl) 

1 ... 1 ] 

<t:,  x~> ... <l~, x~> 

<t~-:, x~) ... @,_:, x,o) Ilflll, I I t~ l l , . . . ,  Ill~-~li = 1 

= sup {M~<t~_:, x:)  § M~(I~_I,  x~> + ... + M~<I~_:, x~>} 

Here  M: ,  M2, ..., M~ are the  minors  ob ta ined  b y  expand ing  along the  last  row of 
the  de te rminan t .  

Since the  ]~'s can be chosen independent ly  of each other ,  we have  t h a t  

A ( ~ ,  x~, . . . ,  x~) = sup  {[IMlx:+ i~x~+ ... + ~ Z ~ i l  : lit:H, [l/~H, . - . ,  tif~-,]l = 1 } .  

I f  the  las t  row is rep laced  b y  l ' s  the  d e t e r m i n a n t  is zero;  so t h a t  we m u s t  have  

M: -~ M2 + ... -~ M~ --~ 0. Also, f: ~ f~, ..., f~-2 can be chosen so t h a t  M1 is close to 

A(x2, xs, ..., xk). Hence ,  A(xl ,  x2, ..., x~)> []x: ~ a2x2 ~ ... -~ o~x~]lA(x2, ..., xk) where 

~ 2 ~  ... ~ a~---- - - 1 .  Therefore,  

A(x~, x~, ..., x~) > d i s t  (x:, [x~, ..:, xk])A(x~, ..., x~) 

as required.  Q.E.D. 
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I t  is not  hard  to see t ha t  this inequal i ty  is an equal i ty  in case E is a Hi lber t  
space. However ,  a simple reverse inequal i ty  of this form is, in a certain sens% 
impossible for general  spaces. The inequal i ty  of t~ADA1VIARD [10] says t h a t  if 

r~r~,  . . . ,r~ arc the  rows of an n •  dete rminant  wi th  Eucl idean norms [Ir~l[2~ 

[Ir~H~, . . . ,  Ii~.II~ then  

det  (rl, r2, ..., r~)~< llrl]l~, fIr21I~.... IIr.]l~ . 

I t  is known tha t  equal i ty  can actual ly  be a t t a ined  for certain values of n by  taking 

pairwisc or thogonal  rows of • l ' s .  I t  is easy to see t h a t  this is the  volume of the  
convex hull of the  uni t  vectors in l~,) and is equal to (n) "]2. Thus, one can ' t  have 

an inequal i ty  of the  form:  

A(x~, x~, ..., x.) < M dist (x~, [x~, ..., x.]) A(x2, ..., x~) 

with M independent  of n because it  would say t h a t  (n)~/~<2~M ". 
However ,  in the  ease n --~ 3, we have the  following easy Lem m a  which will be 

needed later. 

LEnA 2. - For  all x, y, z e E 

A(x, y, z)<2Ilx - Yll dist (z, [x, y ] ) .  

PROOF. -- Using the  same idea as in the  previous lemma we can write,  for all a 

A(x,  y, z) = sup {II<L z - - y > x  + </, z - - z>y  + </, y - x > z l l :  ll/ll = 1} 

< sup {It <f, z - -  y } x  -~ </, x - -  z}y  + <f, y - -  x} (ax + (1 - -  a)y)ll} 

+ sup {11 </, y - x> ( ~ -  (~x + ( 1 -  a)y))l l}  

= sup {11 <L z - ~ - (1 - a )y )  (x - y)II} 

+ sup {I1</, y -  ~ > ( ~ -  (ax + (1 - ~ )y) ) l l } .  

Hence,  A(x,  y, z )<2 ]ix - -  y II dist (z, Ix, y]). Q.E.D. 

As has been mentioned,  if ~ is Hi lber t  space one ac tual ly  has the  equality 

A(xl ,  x~, ..., xk) = dist (xl, [x2, ..., xk]) A(x~, . . . ,  x k ) .  

Using this fact ,  Jav ie r  Berna l  has been able to compute  the  exact  values of the 
moduli  ~(k)/e~ for I t i lber t  space. The following result  i l lustrates Bernal ' s  technique 
and  is repor ted  here  with his k ind permission. 

TI~EOR]~ 3. -- I f  E is a I I i lber t  space t h en  for fixed s > 0 

lim ~)(e) = I. 
k--> oo 
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P~ooF. - We  shall  need an equal i ty  which is a consequence of the  fac t  t h a t  

the  n o r m  in E comes f rom an  inner  product .  

I t  is immed ia t e  t h a t  for all  x, y E E and posi t ive  integers k 

Hx/k -[- (k - -  1)y/k lie = l l x l l ~ / k  + (k --  1)IIYll~/k - -  ( k  - 1 ) I i x  - y l l ~ / k ~ .  

F r o m  this  an  induct ion a rgumen t  shows t h a t  for any  x ~ x ~ , . . . , x ~ e  E 

] x ~ §  x ~ §  . . .  § x~ 

k 
= 1 - ~  Hx~_~-x~ll g x~_~-~(x~_~+ x~) 

3 ] 1 X~) s j_ + ~ x~_~- g (x~_~ + x~_~ + ... 
t 

-]- 21 (k - -  1) (x2 -IL- x3 -[- "'" + X/~) �9 

Assume, now~ t h a t  Xl] x 2~ o o.~ x/r are norm-1 vectors  and  for each i, 1 ~<i< k 

d , - -  dist  (x~, [x~+l, ..., xk]) . 

F r o m  the  above  we have  t h a t  

</(d~_~, d,_~, ..., d~) 

Using again  the  fac t  t h a t  E is a H i lbe r t  space, we have  A(xl~ x~, ... ,  x k ) :  

= d~_l.d~_~ ... d2"d~. W h a t  remains  is to  show t h a t  the  m a x i m u m  of the  concave 

funct ion ](d~_~, di_~, ..., d~), subjec t  to  t he  cons t ra in t  dTo_~'d~_~ ... dl = s, converges 

to zero as k increases. This is done using the  me thod  of Lagrange  mult ipl iers .  

L e t  

G(dk--1, d/c--l, . . . ,  d l ,  ~) --~ ](d/~--l, d k - - 2 ,  o . . ,  all) ~-- ~(d/~_j.... d 1 -  ~) . 

Set t ing  the  pa r t i a l  der iva t ives  of G to zero gives 

- - ~  d/c_1 ~ ~dk_ 2 �9 dk_8 o.. d I : 0 , 

k ooo 

k ~ H. ~ 
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Simplifying we have 

so tha t ,  at  the maximum,  J(dk_l~ dk_~7 ...7 d l ) =  1 - - [ y ) ~ s .  
~ g 

Multiplying toge ther  the above equalities results in 

and hence 

2 
~,t/(,~-- 1) 

k - - 1  
l(d~_:, d~_~ ""7 d~) = 1 k~l(~_l) e 21(~-:~ 

which converges to zero as k increases. Q.E.D. 

An interest ing way to th ink about  Theorem 1 is this : I f  (x.) is a norm-1 sequence 
in g i l b e r t  space then ,  by  passing to a sub-sequence, we m ay  assume t h a t  ei ther  

l i m A ( x l ~  x, ,  ...~ x~) = 0 or 
k 

l im x ~ - F x ~ q - . . . + x ~  = 0  
k 

Using this poin t  of view one can obtain an unusual  and simple proof  of the  

Banaeh-Saks p rope r ty  [13]. I t  is also possible to ex t rac t  more informat ion from 

the proof of the  Theorem. In  part icular ,  as has been mentioned,  the exact  values 

of the  moduli  ~(~)~ can be computed  [1]. 

3 .  - M u l t i . d i m e n s i o n a l  m o d u l i .  

Let  (en) denote  the  usual  uni t  vector  basis for 11. I t  is clear t h a t  for each k 

[ e ~ - F e ~ - F ' " q - e ~ I = l k  

while A ( e t ,  e~ ...~ ek) > 1. In  fact  7 for some values of k one can a t t a in  the  max imum 

A(el~ e~  ...~ ek) = k ~l~ �9 

A consequence is tha t ,  for each k, d~)(1) ----- 0. In  [22] it  was p roved  t h a t  if E is any  
Banaeh  space which is not  super-reflexive then  for all k, ~ ) (1 )  -~ 0. IIowever~ this  
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does not mean  t h a t  there  exist  norm-1 vectors  x~  x~  ..., x~ such t h a t  

X~§ x ~ §  k "'" § x~ I = 1 

while A(x~, x ~  ...~ x ~ ) >  0. The space E migh t  be  s t r ic t ly  convex,  for example .  

We  shall show t h a t  if E is a n y  non-reflexive space t hen  for each posi t ive  

in teger  k there  are norm-1 vectors  x ~  x2 ~ ...~ x~ in the  2k ' th  dual  of E such t h a t  

l x ~ +  x~ + ... + x~ 1 
k 

and A(x~ x~ ...~x~) > O. 
]~efore s ta t ing  the  Theorem we will need some nota t ion .  Fo r  a (non-reflexive) 

Banach  space E~ let  E<") denote  the  n~th dual  of E.  E l emen t s  of E ("~ will be writ-  

t en  x< ~). There  is a sequence of na tu ra l  imbeddings  

where <Q2mx(~), x<~+~)} ---- <x(~+~>, x(2~)}. The imbeddings  for the  odd numbered  

duals are defined in the  same way.  t Ienc% for each i, we have  

Q* Q~ + I = idlE<'+') 

and Q,+IQ* is a norm-1 projec t ion  on E< ~+3) wi th  range Qi+l[E<i+l)]. 
Suppose,  now, t h a t  I z is a n y  non-reflexive B a n a c h  space and  y<2) is a norm-1 

vector  in Y(~)~Y. Then,  according to  the  resul t  of D I x m E ~  [8], 

Q~Y(~)]r* -= Qo*Y(2)IY* so t h a t  Q2y(~)--Q~*y(=)e Y*• c ~(~) 

while llQ2y (~)- Q*o*y(2)]l ~>dist (y(2), y). The idea is t h a t  Qo*y(2)e ~z~_ but  dist  (y(~), Y) 
is the  s up rem um  of t e rms  <Q=y(2), y• 

I t  is immedia te  t h a t  :y(4) cannot  be  s t r ic t ly  convex and~ in fact ,  17, cannot  be  

ve ry  smooth  [21]. The following can be viewed as a general izat ion of Dixmie r ' s  
Theorem:  

TttEOlCEJY[ 1. - I f  E is no t  reflexive t h e n  the re  is a sequence of norm-1 vec tor  
x(~)e E<~>~ x<~)e E<4)~ ... ~ x(2m)~ E (~), ... such t h a t  for all m 

x (2) 3- x(~) -}-m "'" 3- x�91 = 1 

and A(x (~), x% ..., x~))  > O. 

16 - . d n n a l i  eli M a f e m a t i c a  
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P~oo~. - Choose x(~)eE(~)~.E and let  

x(') Qo* % x(~ . . . ,  , . . . .  

The fact  t ha t  the  averages have norm-1 is clear f rom the  previous discussion. 
To show tha t  the  areas are non-zero note  first t h a t  x(~)e E(~)~E and x(4)e E zz while 

x(~)t~,* = Q~ x(~) I~* . 

This implies that~ in fact,  x(~)E Er (~) because Emm(3 E ( ~ =  E. At  the  n ex t  level 
the same reasoning gives x(~)~ E(~)~E (~) and, continuing~ we get x(~+~)~.E(~m+~)~E(~). 

t tenc% for each m 

A(x(2)~ x (a), . . .  ~ x(2m)~ x(~m+~)) 

> A ( x  (~), x(~), ... , x (~)) dist (x(2~+2), Ix( ~, x(4), ... ~ x(2~)]) 

> A ( x  (2), x(~)~ ...~ x (2~)) dist (x 2~+~, E(~)) . 

A simple induct ion now completes the  proof. Q.E.D. 

A similar idea has been used by  PEEEOmm [14] to s tudy  the  relat ionship bet- 

ween super-reflexivity and ergodic propert ies .  
Eecal l  t ha t  a Banach  space, E,  is locally uniformly ro tund  if for all [Ixn = 1 

and all norm-1 sequences (x..), [ ix- f -x .  n -+ 2 implies tha t  ] I x -  x .  n -> 0. GenerM- 
ising this we say t ha t  E is locally k-UI~ if for each ]Ixll = 1 and e > 0 there  is a 

d = d(x; s) > 0 such t ha t  for all norm-1 (x~, x~ ...~ x~), if 

x + x~+ x~+ ... + + l > l - - a  

t hen  A(x ,  xl, x2, ..., x~) < e. I t  is an immedia te  consequence of Goldstine's Theorem 
tha t  if E *~ is locally UR then  E is reflexive. In  [22] we showed t h a t  a locally 2-UR 

second dual is reflexive. Using Theorem 1 and Goldstine's Theorem we get the  
following: 

C01~OLLA~u 2. -- If ,  for any  posit ive i n t eg e r  k, E** is locally k-UE t h e n  E is 

reflexive. 
We shall need the  combination of Goldstine"s Theorem and ge l ly ' s  Theorem 

which LI~DENSTtCAUSS and ]~OSENTttAL called <~ local reflexivity ~> [23]. The form 
we shall use is due to DEA~ [7] : I f  A c E** and F c E* are finite dimensional sub- 

spaces and 0 < d < 1 is arbi t rary ,  t hen  the re  is ~ l inear  map  /~: A - + E  such t h a t  

(1) T(a) = a for all a e A  (3 E ;  

(2) <f, T(a)> ---- <a, J> for all a ~ A  and ] e ~ ;  

(3) ( 1 - -  c~)[lal]< lI / '(a) l] < (1 A- ~)llall for all a c A .  
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Loca l  ref lexivi ty  has  been  used  b y  DAWs,  JO~rNSO~ and  LI~qDE~STlCAUSS [3], [4] 

to  ob ta in  i n f o r m a t i o n  on t he  re la t ion  b e t w e e n  geomet r i ca l  p roper t i e s  of t he  quo t i en t  

R(E) ~--E**/E a nd  those  of  E.  ~o l lowing  the i r  lead we h a v e :  

TttEOI~ENI 3. -- F o r  all pos i t ive  in tegers  k a n d  for  all ~ > 0, ~ w ~ -  ~(s)w~- 

P~oo~.  - Suppose  t h a t  k a nd  s a rc  g iven  a n d  t h a t  a > 5 ~ ) ( s ) .  W e  shal l  show 

~(~+~)~% F r o m  t he  def ini t ion of t he  modulus ,  t he re  are norm-1  cosets  t h a t  a > ~ ~ ~. 
** ** 

x 1 -t- E, ..., Xk+ 1 ~- E e E**/E such  that 

llx~** + x** 2 -J[- ~ 

while  A(x~* + E, ...~ x~ -~ E) > ~. 

-~ ** E x~+~ ~_ > 1 -- a 

W i t h o u t  loss of genera l i ty ,  we m a y  assume t h a t  t he  vec tors  (x**) h a v e  n o r m  

a rb i t r a r i ly  close to  1. Reca l l ing  t h a t  (E**/E)* is l inear ly  i sometr ic  to  E ' ~  the re  

• E •  are  no rm-1  vec tors  x~, . . . , x  k e such t h a t  

]Dl = 

1 1 . . .  1 

~X • **~  • * * \  ~X • ** \ ~ xl 2 /-,xl, x2 ? ~, k, Xk+l) 

( X ~ ,  ** ** ** xl > <x~,x~ > ... <xf, x,+~> 

> ~ .  

A p p l y i n g  Dix imie r ' s  Theorem~ we have  t h a t  

** ** ** Q**x:~, > X*~* + xF § ... + x~+~ § Qo x~ + . . .  + 
2 k + 2  

- - a .  

W e  need  on ly  show t h a t  ** ** ** ** A(x~ , x 2 , ..., Q0 X~+l) > e and  an  app l i ca t ion  of local  

ref lexivi ty  will t h e n  give t h e  result .  To  ob t a in  t h e  las t  iuequality~ no t ice  t h a t  t he re  

is a no rm-1  y ' e E  • so t h a t  all  <y• ) are  close to  1 and  no rm-1  vec to rs  

{ ~ ,  * * E* x~, . . . , ~ } ~  so t h a t  for  each  ~ a n d j  <x**,x*> is close to  < ~ ,  ** x~ ). F ina l ly ,  

recall  t h a t  ** ** = E •177 ** ** ** Qo [E ] Now,  e s t ima te  A(x~*, x~ , ..., Qo x~+l) b y  eva lua t ing  

t he  fo l lowing d e t e r m i n a n t :  

1 . , .  1 1 . , .  1 

x 1 > <x j-, xk+l> (,x ,Mo x~ ~ Qo xk+l> <xf, ** ** " • ~** **" <x~, ** ** 

<X~, * *  * *  * *  * *  * *  * *  x~ > ... <x~, X~+l> <xf, Qo xl ) "" <x~, Qo x~+,> 

xl ) "" <Y• xe+l> <Y ,~o xl 2 ... s ,~8 x~+i) 
y• ** ** ~ • ~** **. . • ~** ** . 

** * ** ** ** 
<xl ,x~>  ... ** **** * <xk+~, x~> <Qo x~ , x~> ... <Qo x~+~, x~ > 

* *  * * *  * * *  * *  * - - ~ * *  ** * 
<x~ , xk> ... <X~+l, xk> <Qo xl , x~> ... <Mo xk+l, x,> 
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I t  is not  hard  to check tha t  after evaluating and interchanging rows (and possibly 
changing the sign) this has the form: 

D 0 

D D 

* *  * ~  * *  * *  
Hence, A(x 1 , x  2 ,...~Qo xk+l)~IDl 2> e2. Q.E.D. 

An interesting special case of this Theorem is when d(~)(e) - - 0  for some ~ > 0 .  
For  example, if Ee*/E is not  1-U~ then  there are norm-1 vectors x~, x~, xs, x~ in E 
with A(x~ x2, x3, x4) > 0 while 

x~ § x~ +4 x~ + x~ 

is arbitrari ly close to 1. Stated very informally this says t ha t  if the sphere of E**/E 
almost contains a line segment, then  the sphere of E almost contains a tetrahedron.  
Another  easy consequence along the same line is t h a t  if every te t rahedron on the 
uni t  sphere of E has volume less t han  4 (i.e. 61)(4 ) > 0) then  ~ ) ( 2 ) >  0 and so 
E**/E is super-reflexive. 

Le t  P~ denote the cononical projection of E*** onto Q~[E*] a n d / ~  the projec- 
t ion of E (4) onto Q~[E**]. In  [2] A. L. ]3gow~ proved tha t  ][I--P~I[ = 1 iff for all 
x**E E**, [[Q2x**~ Q**x**[[ = d i s t  (x**, E). I f  I[I--P21[ = I then  E *• is isometric 
to E(~)/E ** and also ] [ I -  P~ [I ---- I [20]. Combining these ideas with the Theorem 
of KAD~O [11] we get the  following: 

COI~OLLARY 4. -- Le t  E be a Banach space such tha t  llI - -  t)2 II = 1. I f  (x,**) is a 
sequence in E** such t h a t  ~x** converges uncondit ionally t hen  

Zd~!.(dist (x~**, E) 2) < c~. 

P~OOF. - Since ~x** converges uncondit ionally ~ ( O ~ x . -  Qo**X~**) does also 
* *  * *  

Using the fact t ha t  {{I--P2{[ = i we have, for each n, d i s t (x ,  , E ) =  H(Q2x~ - 
** ** ** ** ** Fj(a) /E** --  Qo x~ )lI = II (Q~x~ - (20 x~ ) ~- E** ]l. Applying Kadec 's  theorem in 

gives 

~ d ~ . . ) ( d i s t  (x**, E)) < c<) 

and the result follows from Theorem 3. Q.E.D. 

:Notice t h a t  if for some a < 1 6 , . 8  ( ) > 0  then  dist ** (x~ , E ) - >  0 for any un- 
conditionally summable sequence (x~). 

Dual i ty  for the multi-dimensionM moduli appears to be a complicated and tech- 
nical question. In tui t ively ,  the dual  of a triangle on the uni t  sphere of E should 
be a three dimensional corner on the sphere of E* i just  as the dual of a line segment 
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is ~ two dimensional corner. This is the  idea behind 1~. ~ .  Day ' s  definition of a 
qzni]ormly flattened ]3anach space. The space E is qzni]ormly flattened (U-F) [6] iff 
for all pairs o~ sequences (x~)(y~) if ]]x~--Y~]I ~ 0 then 

IIx~II + I]y~l]- II~+ y~[]-~o. 

Day  proved tha t  E is U R  iff E* is UF. Generalizing Day ' s  definition we say tha t  E 
is 2-UF if for all sequences (x,), (y~), (z~) if ]]x.--y~][ and ]lx~--.znII converge to 
zero then  

Q(x~, y~, ~) - -  ([Ix.II + Ily~II + IIz~ll - [ Ix~+ y ~ +  zo]l) ~ ~ 0 .  
A(x~, y~, z~) 

Tm~O~EH 5. - I f  E* is 2-UF then E is 2-Ul~. 

I~ooF .  - I f  E is not  2-UR then for some e > 0 there  are norm-1 sequences 
(x~), (yn), (z,) such tha t  

while A(x~,y~, z~)>~e. Using Lemma 1.2 we get tha t  for all n ]ly~--xn][>~e/4, 
Uz~-x~I[>~e/4 and ]]y~--z~]]>e/4. Hence,  there  exist norm-1 sequences (]~), (g~), 
(h~) such tha t  for all n, 

and (g~, y.--x~), (h~, zn--xn)>~e/4. 
Consider now the sequences (]~+ (1/n)g~), (]~- (1/n)hn) and (]~-- (1/n)gn-- (1/n)h~). 

All three differences converge to zero bu t  

On the other  hand, for all n 

A 1 1 1 1 ) 
] .+ ngn,]n+ uh~,]~--ug~--nhn 

~<2"ln ]]g.--h.[] dist ( / . - - -1  g . - - 1  h . , \  n n [/" + l g . ,  1. + ~ h . ] )  

5 ! <2"l- I[g~--h'll <~ n'~ " 
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Thus,  (1 
Q ]~+ng,~,],~+ h~,]~--ng~--nh~ >~e~/6~ 

and  _E* is not  2-UF.  Q.E.D.  

A dual i ty  t heo ry  for mul t i -d imensionM modul i  of r o t u n d i t y  has been  developed 

b y  MIL)~A~ [12], [13]. These modul i  are defined using subspaces Y as follows: 

~(~)(e) = inf  inf sup (llx + s y l l - - 1 } .  
]1~11 = 1 Y c E  Ii~1} = 1 

dim Y = k  y e Y  

The space, E,  is said to be k-uni formly convex if for all e > 0, A(kl(e) > 0. A :Banach 

space is 1-uni formly  convex iff i t  is 1-UR. A proof  of this  can be found in the  p a p e r  
of FIG-IEL [9]. We extend  Figiel 's  technique  to the  case k ~- 2. Again,  the  general  

k-dimensional  resul t  appea r s  to  be  compl ica ted  and  technical .  

W e  shall  need several  p re l imina ry  results .  I n  order  to  s impl i fy  the  proofs we 

assume t h a t  d im ( E ) <  co. This is possible because for each e 

($~)(e) = inf ( ~ ( e ) :  E 1 c E,  d im E ~ < c~} 

and  

A~)(s) = inf (A(~)(8) : E x c  E,  dimE1< oo}. 

LEMM2~ 6. -- I f  d im ( E ) >  2 t hen  for each e > 0 there  are vectors  v~ v2 and  v3 such 

t h a t  Ilvl[l = llv211 = [Iv31[ = e and  v l +  v 2 §  % =  0. 

1)~oo~. - Choose Ilvtll = s a rb i t r a r i ly  and  consider the  continuous funct ion on 

the  e-sphere given b y  

F(x )  - Ilvl + x[I 
3 

Obviously  F(vl) = 2s/3 and  E(- -v~)  = 0. The e-sphere of E is connected so t h a t  

for some IIv~ ]] = e 

~/3 = F(v~) = [1~1+ v~[I 
3 

To comple te  the  proof  s imply  let  v3 = -  v l - - v s .  Q.E.D. 

LE~:~A 7. - L e t  vl, v2, % be as in the  previous  L e m m a .  Then  dist  (vl, [v~])>s/3. 

P~0oF. - Not ice  first t h a t  
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W e  need  on ly  show t h a t  t h e r e  is an ] ~ E*HIII < 1  such t h a t  (] ,  v~}>s/3 and  

<], v~> ~ - 0  for  t h e n  we have  live--av~t] ><], v~>~e/3 for  all rea l  a. I f  for  all ]I]ll < 1  
</, v~> ~ 0 impl ies  <f, v~} < e/3 t h e n  f rom the  L e m m a  of ]?]~n~s  [15] e i the r  

live§ v.i l<~e/3 or II~l-V,~li<~e/~. Q.E.D.  

L]~a~i 8. - F o r  all  s > 0 

whe re  

I ~ o o F .  - Reca l l  f irst  t h a t  

8 - -  

A(')(e) 
1 § A(')(e) 

(1 + a(~)(~)) ~" 

A(')(s) ~ inf  inf sup {]]x -F ey]] - -  1} .  
Ilm[l=l dimY=2 I]vll=l 

B y  t h e  r e m a r k s  m a d e  ear l ier  we m a y  assume t h a t  t h e r e  is a norm-1  vec to r  u~ and  a 
two d imens iona l  subspace  17 c E such t h a t  

A ~ , ( , )  = sup ll~ + ~yll - 1 .  
I]~]l = 1  

Choose v i e  17, [ Iv l ] l - - s  so t h a t  1/a=--I-F A<~)(e)= lju § viii, and  select  IIv~ll = 
= IIv3ll = s wi th  v l §  % §  % :  0. L e t  x ~ :  a(u § vi), x2-= a(u -F v~) and  x3= a(u § v~) 
~nd no t e  t h a t  [[xli], ][x2]I, ]Ix311<1. 

We have dist (v~ [v~])>~/8 by the previous lemma; so there is an ~o~ E* such 
t h a t  Illoll = I , / o ( v ~ )  = o a n d / o ( v ~ ) > ~ / 3 .  

~ o w  consider  

A(xl, x2, xs) = a2A(u § vl, u § v~, u § v~) --~ a2A(v~, v2, v~) 

J B [ e l l c %  

1 

= a '  sup I f / ( ~ -  v,)vl §  ~)~. § ](v.-  v,)v31I 

= a s sup [l/(-- 3v~)vl § t(3vl)v~ iI > 3a~ II]o(Vl) v~-- fo(%) v~ li 
f 

8 ~ 

= 3a'l]~ > (1 § A(')(s)) ~" 

1 
= 1 - ~  113a~ll 

1 A(')(s) Q,~.]). 
1 § A(2)(~) i § A(2)(e) 
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LE~MA 9. -- :For all e > 0 

where 

A(~)(s) < 

1 2 ( 1  - ~(~)(~)) " 

Pa00F.  - Given s > 0, choose norm-1 vectors  x~ y, z e E such t h a t  

llx § y § zll = 3 ( 1  - -  5(2)(e))  

and  ], g norm-1 in E* such t h a t  

e = A ( x ,  y,  z) = 

1 I 1 

<], x> </, y> <t, ~> 

<g, x} <g, y> <g, z> 

Le t  u -  
x § 2 4 7  

]ix § y + ~H 
and eva lua te  the  de t e rminan t  to ob ta in  vectors  

and  

( ] ,  z - -  y } x  § <], x - -  z ) y  § (], y - -  x } z  

v~= 41ix + y + zH 

(g,  y - -  z } x  § <g, z - -  x } y  § <g, x - -  y>z 

v ~ =  41ix § Y § zl I 

N o t i c e  t h a t  s = ilv~ ]1 = <g, v~> = I[~ [] = </, v~> a n d  <t, v~> = 0 = <g, v~> so t h a t  vl 
and v~ are l inear ly independent .  We shall  show t h a t  if I]avl § by2 Ii = s t hen  

Hence,  

Hu + a v e §  bv~[] < 
1 - -  ~(~)(~) " 

A(~)(s) < 1 - -  

as required.  
I f  s ~ l i a r1§  bv~l I t hen  s>~ la<g, vl}l  and s>~ Ib<], v2}I and  lal, Ib ]< l .  Define now 

cl = ~ § } < a t -  be, z -  y> 

c~ = 1 § } < a ] -  bg, x -  z> 

c a =  1 § l <a] _ bg, y - - x }  
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and  notice t h a t  c~, c~ ~ e3 ~> 0 while c~ -~ c~ ~- ca ---- 3. Hence  

Ilu + av~ + broil = flc,x § c~y § e~zlt 3 z 
IIx Jr y -F zll < llx -F Y -F zll - -  Z - -  ~(~)(~)" Q.~.D.  

Tn~E0~E~ 10. -- A :Banach space, E,  is 2-UI~ iff i t  is 2-uni formly  convex.  

1)~ooF. - Combine L e m m a s  8 and  9. Q.E.D. 

4. - Products of  uniformly rotund spaces. 

I n  this section we give a necessary  and  sufficient condit ion for the  l ~ p roduc t  

of spaces ~o be 2-U/~. Recall  ~h~t for  ~ sequence of Banac~  spaces (E~), and  

l~<p < c~ the  l~ product ,  ( Z |  E~)~ is the  space of all  sequences (x.~), where for 

each n, x~eE~ and Zilx=lP<~. The no rm is g iven b y  

II(x~, ~ ,  . . . ,  x . ,  ...)li = (~ l lx . I I~ )  Iz~ 

For,  e > 0, let  ~(~l)(e) denote  the  1-modulus of the  space E~" The  sequence of 

spaces (E.) is said to  have  a common  modulus  of convex i ty  if for each e > 0, 

~b 

The following is due to IV[. M. :DAY [6]. 

Tn~0~E~  1. - I f  (E.) is a sequence of Banuch  spaces, t hen  (27G E~)~, 1 ~ p ~ c~, 

is un i formly  ro tund  if and  only if the  sequence (E~) has a common  modulus  of 
convexi ty .  

Our  resul t  for  2 -UR spaces is based  on D a y ' s ;  viz:  

Tn:EORE~ 2. -- I f  (E~) is a sequence of Banaeh  spaces, t h e n  ( Z G  E~)~, 1 < p  <c~ 
is 2-UI~ if and  only if all bu t  one of ttie E ,  are 1-UI~ wi th  a common  modulus  of 
convexi ty  and  the  remain ing  Space is (2-UR). 

The proof  requires several  p re l imina ry  lemmas .  

LE~V~A 3. -- I f  E and  27 arc Banach  spaces such t h a t  ( E O  F)~, 1 < p < o o  is 

2-U1~ t h e n  a t  least  one of E or 17 is 1-U1~. 

P~ooF.  - I f  ne i ther  E n o r / v  is 1-UR then  there  are "norm-1 sequences (x(~l)), -42)) ( ;]J~ ] 

_C E 7 (1) (y~) ,  (y~) )c  ~ s , c ~  tha~ t l~ : )+  x~) l l -~  2 while for all n, 

]lx(:)--xT)H > ~1> 0 

and i/y<~l)+ ~ <2> ~,, II ~ 2  while for all n, []y}~) y(1)[] > ~2> 0. 
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Let  s----rain (s~, s~). By  passing to z subseqnence we m ay  ~ssume that 

~nd 

Let  

IXO) _I_ 2 ~ ( 2 )  

wn - -  lf~(1) _[_ 2r 

1 ~ (~) 

and define sequences i n  ( E |  F)~ by  u ~ =  ~(~),~,~,(~h~, v~=,(xr ,J~'(z)~ and w ~  , ~  , ~  ~. 

Clearly I l u 4 - ~  IIv,~II = Ilw~ll = 2 ~/~. Using the  fact  t h a t  l[x~)-~ x~)-~ x?)]] -~ 3 
y~ ~- y(~8)I[ -->3 we have t h a t  ]Iu~+ v ~ -  w~]] -->3.21/~ To complete the  

proof  we need only show tha t  A(Un)Vn)~Vn) remains bounded away from zero. 
To show this  we use the  fact  t h a t  for each n, 

Clearly, Ilu~--v.]l >e-2~/~; and from the  tr iangle inequal i ty  

> inf  {l(x2 ) -  (ax(~l'-~ (1 a)x(~:))l[~-~ (a, r 

> inf g-- s- -- s- . 

which is bounded away f rom zero. Q.E.D. 

L ~ A  4. - I f  E is a !~anach space and x, y, z aE,  t hen  at  least one of the  

al t i tudes of the  t r iangle formed b y  the  three  points lies inside th~ triangle.  

P~ooF. - By  t rans la t ing  and re-labeling the  points we m a y  assume th a t  x = 0 

~ n a  I i y i i > / l ~ - z l l > I I ~ t ( .  C h o o s e / ~ *  w i t h  ltill = 1 a n d  / ( z ) =  ll~ll. 
I f  f(y)>O, t hen  for any  t < 0 we have  

[[z - t y  i[ > I ( z  - t y )  

= llzII - t / (y)  

> II~ll 
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and  for  t > 1 we have  I l z - ty I l> Ilzf[ since I l y - z l I >  llzll. H e n c e  t h e  bes t  approxi -  
m a t i o n  to  z on  [0~ y] m u s t  be  in  t he  fo rm t y  where  O < t < l .  

I f  / ( y ) <  O~ t h e n  for  t > 1 we have  

litz + (1 - -  t)yli > l(tz + (1 - -  t)y) 

= tllzll + ( 1 -  t)](y) 

> I1~11 

and  for  t < 0 we m u s t  have  Iltz + (1 - -  t)yll > llzll s ince llyll > lizfl. H e n c e  t he  bes t  
a p p r o x i m a t i o n  to  0 an  [y, z] is a convex  c o m b i n a t i o n  of y and  z. Q .E .D.  

L~,iv~h 5. - I f  E and  F are  B a n a c h  spaces such t h a t  E is 2 -UR and  ~ is 1-UR,  

t h e n  ( E O  F)~ i 1 < p < 0% is 2-UR.  

P ~ o o s .  - Set  s > 0 a n d  le t  x ~- (x~ x~), y = (y~, y~), a n d  z ~- (z~ z~) be  norme-1  
e l emen t s  of ( E Q  F)~ w i th  A(x~ y~ z)>~s. We first  consider  t h e  p roof  for  t he  case 

w h e n  I1~,It = iIy, lI = l lzd fo r  ~ = x, 2. 
B y  L e m m a  I I .2  we h a v e  

II x - yll dis t  (z, Ix, y]) > �89 y, z)>~12 ~ ~', 

and  since IIx - yn < 2  and  dist  (z, Ix, y]) < llx - -  zll < 2  we have  Ilx - -  Yll >sl/2 and 
dist  (z, [x, y ] ) > s ~ / 2 .  S imi la r  reason ing  shows fix - -  zll , Ily - zll, d is t  (y, [x, z]), and  
dis t  (x, [y, z]) > s~/2. 

W e  consider  t he  fol lowing two  .cases: 

Case (i): 

m a x  { 1 1 ~ -  y~ll, I I ~ -  ~11, l ly~-  ~1 I }>~ ' / 4  �9 

W e  m a y  assume t h a t  IIx~--y~li>~l/4. Set  # = IIx~ll = IIY~II and  no t e  t h a t  f l < l  
since Ilx]f ~ - 1  and  fl>~sl/8, Since IIx~--y~ll>e~14. Since ~ is 1 -UR and  

t h e r e  is a ~(1)(sl/4)> 0 such t h a t  

| 

x~ Y~ / >~I/4 
I 

] l x~+  y~]l < 2 # ( ~  - ~,,) .  H e n c e  we have  

II~ -I- yll = (II.,~H- y d ~ - I  - Hx~-F y~l l9 '~  

< (2~lix, tl~-I - 2 ~ # , , ( 1 -  ~(,)9*z~ 

< 2 , -  2~g;-  (1 - (1 - ~ ( ' ) 9  

~ 2 ~ ~*(s) .  

~ h u s  IIx + Y + zll < 2  - -  ~*(~). 
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Case (ii): 

B y  L e m m a  I we m a y  assume t h a t  

a i s t  (z~, [x~, y,]) = IIz,-- (a,x, + (1 - -  a)y,)11 

for some a~ wi th  O < a ~ < l .  l~rom above we have  

el/2 ~< dist  (z, Ix, y]) 

< ( l l ~ - ( ~ x l +  ( ~ -  ~)y~)ll '+ I I . ~ - ( ~ +  ( ~ -  ~)y~)II~) ~'~ 

~<dist (zl, [xl, Yl]) -t- alllz~-- x~U + (1 - a~)llz2- Y~]I 

~< dist  (z~, [x~, Yl]) -t- e~/~ 

so t h a t  dist  (z~, [Xl, Yd)>~e~/4. Since we also have  

~ / 2 <  I l x - y l [ <  [Ix1- y~]l -5 ]Ix~-y~[]< I[x~- y~ll -1- ~ I4 ,  

t h e n  by  se t t ing  fl = [Ix1[[ = []y~][ = ]lz~][ < 1  and  app ly ing  L e m m a  I I .1  we get  

(x~ ~ ~ 1 A ~, ~ ,~]  =~X(x~, ~, ~) 

1 

Since E is 2-UR the re  is a 6(~)((sl ')a/16)>0 such t h a t  Ilxl-t-yl-kzl[[~<3fl(1--d(~)). 
Using the  fac t  t h a t  fl>~sl/8 we have  

Ilx + g + zjl -- (][xl+ y l +  zlll '+ I]x~+ y~+ ~ll') 1/" 
~< (3"fl~(1 - -  0(~)) '+ 3"[lx~]l~) ~/" 

= (3"fi'(1 - -  d(~))" + 3~(1 - -  fl~))~/" 

( _ _ 0c~)),)) "~ < \3~-  3" ~- (1 (1 

------- 3 - -  ~ ( s ) .  

S e t  d o ( s ) =  min{ �89  {-5*(s)} so t h a t  if A(x,y,z)>~s a n d  []x~ll = IEy, L[ = [Iz, ll 
for  i = 1, 9, t h e n  Ilx + Y + zl[ < 3 ( 1  - -  ~o(~)). 
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For  the  general  case, let  s > 0 and  choose a < e/16 and  k <-~ such t h a t  

kai~)(~) + -i~ < ao(~/4) 

where n(~) is the  modulus  of un i fo rm convex i ty  for Ir and  8o is as above.  

I f  x, y, z e (EG/v)~, arc norm-1 vectors  wi th  l]x ~- y ~- zll > 3(1 - -  k51~)(a)) , t hen  

3(~ - kai~)(~)) < ( I I~ + y~ + ~li~ + II~ + y~ + ~I I )  ~ 

< ((llx~ll + lly~ll)~+ (ilx~ll + lly~l])~)~/~+ i 

which implies  t h a t  

(( II~ ]I - IIy, II)~ + ( II~ II - II ~ ll) ~) ~ < ~ .  

Similar ly  we can show 

2 

Define u, v e (EO/~)~  b y  

[ y~llx~ll i f  y ~  0 
~ =  lly~ll 

x~ i f  y~ = 0 

for i : 1, 2 and  wi th  a s imilar  definit ion for v wi th  z~ replacing y~. 

= llv, ll = llx, ll f o r  ~ = 1, 2, a n d  

l iu-y] l  = ( ~ l ( ] I x , ] l -  ily~ll)')1"<~ �9 

Similarly II~ - zll < ~ .  Wow we  c o n s i d e r  

Then  II~]l : 

IIx + u + ~11> l]x + y + z l l -  [ 1 ~ - y l ] -  I[v- zll 

> 3(1  - k~il)(2) - - ~ )  

>3(~ - ao(q4)) 

which implies  f rom above  t h a t  A(x, u, v ) ~  s/4. 
Final ly ,  we note  t h a t  

A(x, y, z) : sup II](z--y)x + / ( x - - z ) y  + ](y--x)zll  
I[sll=l 

< sup  (111(~ - ~ ) x  + t ( x  - ~ )y  + l (~  - x)zl] + I l l ( z -  ~)xll + II/(~ - y)xll 
f 

+ ll/(v-z)yll + l l /(y-u)zl]) 
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< sup (lI/(v - ~)x  + r - v )~  + t (u - x)vII + Ill(x- v)(y - -  u)I I -l- 
f 

+ IIr + ~ll~-vll + 211u-y[I) 

< A(x ,  u, v) + 4i lu-  yll + 411~-vii 
< el 4 + s~ 

~ s  

which comple tes  the  proof.  Q.E.D.  

We  now have  al l  the  resul ts  necessary  for the  proof  of Theorem 2. 

P~ooF.  - Suppose t h a t  ull bu t  one of the  E~'s are (1-UI~) wi th  a common  

modulus  of convex i ty  and  the  remain ing  E .  is (2-UI~). We  m a y  assume t h a t  E1 

is 2-UI~ and  t h a t  E ~  E37 ... are 1-UR and have  a common modulus.  ]3y Theo rem 1, 

is 1-UR and b y  L e m m a  5 

| | 
q*=2 n = l  

is 2 - U R .  
Conversely,  suppose t h a t  

is 2-UE.  :By L c m m a  3 a t  mos t  one of the  E.Ts can fail  to be 1-UI~ so we m a y  assume 

t h a t  /~7 Es,  ... are all  1-UI~. 
I f  E , ,  E37 ... do not  have  a common  modulus  of convex i ty  7 t h e n  there  is an  

e > 0 and  norm-1 sequences (x~) and  (y~) wi th  x~, y ~  E k  such t h a t  I Ix~+ Y~]I -+ 2 

while ][x~--y~II > s, Ym. I f  we define t h e s e q u e n c e s  (u~)7 (vm) 7 und (w~) in 

b y  

u ~  = (07 ...7 07 x2m_l~ 07 ...~ 07 x~,~7 07 ...) 

v,~ = (07 . . . ,  07 Y2m_l~ 0, ...~ 0, Y2~7 07 ...) 

w~ = o, ...7 o, tlx~m_l+ 2y~,~_1II 7 07 ...7 07 Ilx~ + y~l l  7 07 . . .  

and  proceed  as in the  proof  of L e m m a  37 then  we ob ta in  a cont rad ic t ion  to  
c o  

being 2-UR. Hence  E2~ Es~ ... mus t  have  a common  modulus  of convexi ty .  Q.E.D.  
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