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Summary. - Si  stabiliseono teoremi di esistenza per probtemi ai limiti lineari su intervalli aperti 
a destra in easo di risonanza. 

Introduction. 

In  this paper  we shall prove some theorems which assure the existence of a bounded 
solution defined on the r ight  open interval  [a, b), (-- oo < a < b<  q- oo), for the BVP,  
boundary  value problem: 

{ 2(t) -- A( t )x ( t )  -~ /(t,  x( t ) )  

(*)  Z'x = r 

where T is a linear operator.  

A BVP on an infinite (right open) interval  implies, beside some sort of initial 
conditions, a certain condition at  infinity (at b). Such a condition may  be a bounded- 
ness condition or the existence of the limit or some other kind of asymptot ic  behaviour.  
I t  is impor tan t  to note  tha t  most  BVPs on infinite intervals have been suggested by  
the s tudy of problems in physics, as in the case of the famous Thomas-Fermi  equa- 
t ion [23], or the Emden-Fowler  equation [22]. 

The corresponding problem on a compact  interval  [a, b] has been deeply studied. 
For  a review of the methods of solution and for an ample bibliography see R. CoETI [7]. 
Among the different methods used for solving this kind of BVPs we recall the alter- 
nat ive method  of L. CESA~I [6], which has been applied to a number  of problems 
for differential equations, see the survey works of L. CESA~I [4], [5]. Following 
J.  Mawhin's method  the problem ( . )  is reduced to the abst ract  equat ion 

~x  -~ Nx 

which is solved, in the case tha t  L is a Fredholm operator,  by  the local degree theory  
of Leray-Schauder .  For  the applications of this method  and for an ample bibliography 

(*) Entrata in Redazione il 24 novembre 1978. 
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see J.  MAwm~ - ~ .  G_SINES [13]: The problem ( . )  on a r ight  open interval  has been 
studied by  many  authors.  We recall the admissibility theory  introduced by  J. L. MAS- 
SEnA and J.  J.  SClzd:~En [20]; W. A. COPI'EL [8], [9], PK. H a i T i A N  [14], C. C0~DV- 
~ A ~ V  [10], [11] and C. AVt~AN:ESCL' [1], [2] use a similar approach to solve m an y  
BVPs.  For  a topological me thod  see A. G. KA~SATOS [15], [16], [17], [18], who 
solves this problem under  the hypothesis  tha t  the linear operator  2" restr icted to the 
kernel of d / d t -  A( t )  is invertible. In  this paper  we shall omit  this last hypothesis  
and we shall not  suppose tha t  the linear operator  associated with the system ( , )  is 
Fredholm,  because this last hypothesis  does not  occur in the problems we are con- 

sidering. 
The me thod  we are going to use is to reduce the problem ( , )  to the search for 

fixed points of an operator  M tha t  we shall construct  using a theorem of P. L. 
ZEzzA [25]. We note  tha t  this operator  m ay  not  be either completely continuous 
or defined in the who!e space. I t  will be then useful to impose appropriate  condi- 
tions to overcome this difficulties. 

In  the case tha t  M is not  completely continuous, using a method  already employed 
by  G. VI~,5A~I [2~], and A. G. KA~TSATOS [15], we shall prove the existence of a 
fixed point  by  means of a diagonal process. The nonlinear boundary  value problem 

is t rea ted  by  the  authors  in [3]. 

w 1. - Le t  C = C[[a, b), R '~] be the locally convex space of continuous functions 

from [a, b) into R ~, and let  B e  = {x(t) e C such tha t  sup ]lx(t)ll < + B C  is a 
te[a,b) Banach  space with respect to the norm 

iJx11.  = s u p  llx(t)ll 
te[a,b) 

( - c ~ <  a <  b < §  ~ ) .  

Le t  us consider the equation 

(1.1): 2(t) --  A ( t ) x ( t )  - -  ](t, x(t)) 

with the boundary  condition 

(1.2) T x = r ,  r e a ~  ~'~ , r e < n ,  

where A(t )  is a n X n  matr ix ,  continuous for t ~ [a, b) and such tha t  the linear system 

associated to (1.1) 

(1.3) ~]( t ) -  A ( t ) y ( t )  ~ 0 

is stable: i . e ,  the  space D of all BC-solutions of (1.3) has dimension ~,. 
Le t  

1: [a, b) X.R ~ -~.R ~ 
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be a continuous funct ion and  

T :  d o m  T c B C  -->1~ (m < n) 

be a linear continuous operator  such t ha t  D c d o m T  and its restr ict ion to D is onto 

R ~  i.e. T ( D ) = R  ~. 

I ~ E ~ K .  -- These conditions assure t ha t  the linear p rob lem associated to ( . )  for 

](t~ x) ~ 0 has a solution for every  r a/~% 

Le t  L be the linear opera tor  

defined b y  

where 

L:  d o m L c  B C  -+ C X R  ~ 

x(t)  --> ( 2 ( t ) -  A ( t ) x ( t ) ,  Tx )  

dora L = B C  (~ C~[[a, b), R"] ~ dom T ; 

and  let  N be the  opera tor  

defined b y  

N :  d o m N  c B C  --> C x R  ~ 

x(t) (I(., x ( . ) ) , , )  . 

I~E~AaK. - Because of the  hypothesis  of cont inui ty  on ] dom N = BC.  

The sys tem (1.1)-(1.2) is equivalent  to 

(1.~) L x  = N x .  

I n  general  i t  is not  possible to decompose the opera tor  L as done in J .  Mawhin 's  

theory  because it  is no t  a F redho lm operator .  
I n  fact  : 

a) I m  L m a y  not  be a closed subspace of C •  ~. 

EXA~eLv. - Le t  A( t )  ~-- O, T x  =_ O, m = O, n = 1, a = 1, b = + o% then  the  

opera tor  L becomes:  

d 
L x  = ~ x( t )  ; 

if we choose x ~ ( t ) - ~ -  n t  -1/~, then  

d t_a+l/~) I m  L L x . ( t )  = y t x . ( t )  = = y . ( t )  e 
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but._~+ooy~(t)lim ---- y(t) = 1It, uniformly~ and 1It ~ I m  L because 

t t 

fy(s)ds = f l / s &  = logt 
1 1 

in not  bounded  on [ i ,  + ~o). 

b) The codimension of I m  L m a y  be infinity. 

EXAMPLE. -- Under  the  hypotheses  of the preceding example,  let  

because  

y~(t) = t -~/~ , y~ ~ I m  L 

xn(t)--= fyn(s)ds= fs-1/nds 
1 1 

= (t~-~/~) n / ( n  - 1) 

are not  bounded  and  moreover  y~(t) are l inearly indipendent .  

I n  the following we shall use this equivMenee theorem for the  equat ion (1.4) 
(See  P. L. Z E z z A  [25] ) .  

Tn-E0gS~ 1.1. - Le t  X,  17 be linear spaces. Le t  

L :  d o m L c X  --~ 17 

be a l inear opera tor  and  

N :  d o m N  c X -+ Y 

be an opera tor  possibly non linear. 

Then  the  equat ion (1.4) is equivalent  to 

x = M x  

(1.5) 
l x~da 

where 

~md 

= (x e X : Nx  e I m  L)  = N-~ ( Im  L ) ,  

M: x --> Px  q- K~lCx 

~P: X -+ K e r  L 
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is a project ion onto Ker  L and 

K~-~- (LidomLnim(i_p)) -1.  [] 

We shall fur thermore  use the following fixed point  theorem. (See P. L. ZEZZA [25]). 

T~r 1.2. - -Suppose  tha t :  

X is a Banach  space, 

dim K e r  L is finit% 

the operator  M is completely continuous. 

I f  ~ is an open~ bounded neighbourhood of 0 e X,  ~ c dom M, such tha t  

(1.6) x 6 8f2, ~ e (0.1) =~ L x  ~a 2iVx 

or 

x e 8K2, )t e (0.1) ~ x ~ 2 K ~ N x  

then  the operator  M has at  least one fixed point  in ~.  [] 

For  the Theorem 1.1 this means tha t  the equation (1.4) has a t  least one solution 

in ~ .  

w 2. - In  this section we shall construct  the operators we need for defining the 
operator  M. Under  our hypotheses k = d i m K e r L ~ n - - m  ( k r  if r e < n ) .  
Le t  ~1, . . . ,~k be a basis of Ker  L ;  let  us extend it  to obtain a basis of D:  

~1, ... ,  ef~, ~v~+l, ...~ q~; q~e  BC.  

Let t ing X ( t ) =  ( ~ ,  . . . , ? , )  we get a fandamenta l  mat r ix  for equation (1.3). F ro m  

our hypotheses we have:  

3 / / > 0  

Le t  us consider the two operators:  

(2.2) /~1: B C  ----> D , 

(2.3) P~: D - .  K e r L ,  

the following lemmata  hold:  

s ch that IlX< )ll 

-Pl : x(t) --> X( t )  X - l ( a )  x(a) 

i=l  i=l  

Lv,~wA 2.1. - Under  the hypotheses of section 1, P~ a n d / ~  are topological projec- 

tions (i.e. linear, continuous and idempotent) .  
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P~ooF.  - L inear i ty  follows immedia te ly  f rom definition. 
For  the  idempotency :  

P~(x) = P~(P~(x)) -~ P ~ [ X ( t ) X - l ( a ) x ( a ) ]  = X ( t ) X - l ( a )  x(a)  - - - -  ./91(X) . 
n ~ Ir 

" =  = i = 1  

for x ~ D .  

~or  the  cont inui ty :  

iiP~(x) [] = I !X(t)x-~(a)x(a)[ t~  = sup  i t x ( t )X-~ (a )x (a ) i l  < H l i x - l ( a ) l ]  [Ixll 
t~[a,b)  

then  201 is continuous.  The cont inui ty  of P~ follows immedia te ly  f rom its l inear i ty  
because D is finite dimensional.  [] 

L E ~  2.2. - Le t  P ,  Q be two topological projections,  t ) :  X --> X1,  Q: X1 ~ X~,  

with  X,  X1, X2 linear topological  spaces, X o X1 ~X2,  then  also the  opera tor  
(Qop) (x )  -~ Q(~(x ) )  is a topological projection.  

P~ooF. - See [12], p a r t  I ,  pg. 481. [] 
, )  

Recall ing t h a t  K e r  L c D ,  f rom the preceding l e m m a t a  we can immedia te ly  infer 
t ha t  : 

P -~ P2oP~ : B C  --> Ker  L 

is a topological  projection.  

Therefore  if x ~ B C ,  then  P x  is a solution of the sys t em 

(2.~) 
?)(t)-- A ( t ) y ( t )  -~ 0 

T y  = 0  

and,  moreover ,  if w ~ B C  is a solution of (2.4) then  P w  = w. 

Tm~o~E~ 2.1. - Under  the  hypotheses  of section 1, if we fix (b(t), r) E I m  L then  
there  exists one and  only one solution z ( t ) ~  dom L c B C  of the sys tem 

(2.5) 
a) ~ ( t ) -  A ( t ) z ( t )  = b(t) 

b) T z  = r 

such t h a t  /~(z)-~ 0. 

P~oo~.  - The existence of a solution for (2.5) follows f rom the choice of (b(t), r).  

Le t  us now prove  t h a t  there exists a t  least  one solution w -~ w(t) of (2.5) such t h a t  
P(w)  -~ O. Le t  z(t) be a solution of (2.5), we know tha t  P ( z ) i s  a solution of (2.4), 
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hence ~lso w = z -  P(z)  is a solution of (2.5) und for this we have  

(2.6) v (w)  = P ( z -  P(z))  = P ( z ) -  _p(z) = o .  

This solution is unique. Le t  zl and  z~ be two solutions of (2.5) such t ha t  P(zx) : P(z2) = 
= 0 and  let  wl = z x -  z~; w~ is hence a solution of (2.4) and therefore P(w~) = w~, 
bu t  

z l -  z~ = w l  = i~  - -  P ( z ~ -  z~) = P ( z ~ )  - 2 ( z ~ )  : 0 .  [ ]  

F r o m  now on we denote wi th  x(t, to, Xo), y(t, to, Yo), z(t, to, zo), respectively,  the  solu- 
t ions of (1.1), (1.3) and  of (2.5) a), where Xo, Y0, z0 are the values of the  solutions for 

t = t o .  

P u t  BCz_~ = I m  ( I -  P) ,  and  denote b y  K~ the  linear opera tor  

K ~ : I m L - - ~ d o m L c B C i _  ~ K~: (b( t) ,r)  -->z(t) 

where z(t) is the unique solution of (2.5) such t h a t / ) ( z )  = 0. We  determine now the 
explicit  fo rm of K~. Le t  z ( t ) =  K~(b(t), r), b y  the  var ia t ion  of constants  formula  

we have :  
t 

(2.7) z(t) = X ( t ) X - ~ ( a ) z ( a )  + fx(t)x  (s)b(s)ds : X ( t ) X - ' ( a )  z(a) + z(t, a, O) ; 
ct 

apply ing  the  opera tor  P we get  

Pu t t i ng  c = (i 1 ) C2 

r 

-s : P 2 ( s  ----- . P 2 ( X ( t ) X - l ( a ) z ( a ) )  : O .  

= X - l ( a ) z ( a ) ,  the preceding formula  eaa  be  wr i t ten  as 

(2.8) P ~ ( x ( t )  c) = o . 

F r o m  the definition of P~ and f rom (2.8) it follows 

I and so e is of the  fo rm c =  

(2.9) 

C I =  C2~--- ... = O k =  0 

+: . The equat ion (2.7) hence becomes 

z(t) = x ( t ) e  + z(t, a, o) .  

1 8  - A n n a l i  di  Matemal iea  
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t~ENARK. -- I n  (2.9) z(t) e dora  T because  it is a solut ion of (2.5), X ( t )  e e d o m  2' 

because  we h a v e  supposed  t h a t  D c d o m  T a n d  t h e n  also z(t~ a, 0 ) e  dora T. 

F r o m  the  second equa t ion  in (2.5) we h a v e  

(2.1o) T X ( t )  e = r -  ~rz(t, a, O) .  

F r o m  our  hypo theses  a nd  f r o m  the  choice of ~ it follows 

therefore  if we call To the  m •  m m a t r i x  (T~%+~, ... , T % )  recal l ing t h a t  T ( D )  = R '~ 

we infer  

(2.12) 

Calling ~ =  i , 

,~On I 

(2.13) 

det  To r 0 .  

the  l inear  s y s t e m  (2.10) is equ iva len t  to  

To ~ = r -  Tz(t~ a, O).  

I f  we deno te  wi th  J the  immers ion  o f / ~  in R ~ 

(;) i J : R ~  -+ R~ ~ --> 

where  ~+~ = y ~  i = 1~ 2~ ...~ m ,  we h a v e  

(2.~4) 

) 
c = J T o ~ ( r - -  Tz( t ,  a, O)) 

and  f r o m  (2.9) a nd  (2.14) we conclude  

(2.15) z(t) = K , ( b ( t ) ,  r) = X ( t ) J T o ~ ( r  --  Tz( t ,  a, O)) @ z(t, a, O) = 
t t 

= X ( t ) Z T o ~ ( r  -- ~fx(t)x-~(~) b(~) d~) + fX(t)X-~(~) b(~) d~. 
ct (3 

REd, ARK. -- The  ope ra to r  K~ defined in (2.15) depends  on P ,  because  the  choice 

of the  f u n d a m e n t a l  m a t r i x  X ( t )  is re la ted  to  the  f o r m  of P .  

RE~[AgK. - Id m = n this cons t ruc t ion  can  be semplif ied:  in fac t  in this case t)3 ~- 0 

and  the  m a t r i x  T X ( t )  is inver t ib le ;  hence :  
t t 

a 
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In  this~case A. G. KMCTSA~OS in [15], [16], [17], [18], has obtained some existence 
theorems tha t  can be deduced f rom the results we shall s tate  in section 4. 

(3.1) 

where 

w 3. - The equation (1.4), or the system (1.1)-(1.2), are equivalent,  as it  is s tated 

in Theorem 1.1, to 

X = M X  

x e A  

M: d o m M  = A c B C  - + B C  

M:  x -+ P x  -]- K ,  N x  

A = {x e BC: :Yx e I m  L} = N-~(Im Z ) .  

Let,  in addit ion to the hypotheses of section 1, the following hold:  

there  arc two functions p(t), q(t) e C[[a, b), R], non-negative integrable on 

[a, b) and such tha t  
b b 

t 'p(t)dt = F <  + c>o , j-q(t)dt = A < -[- oo i) 
a 

ii) IIX-'(t)t(t ,  u)] l <~p(t)[Iu[[ -t- q(t) . 

R~.~A~K. - t~rom (2.15) we can easily see tha t  the operator  M is defined on 

t 

~e= {g~BC: fx(t)X-l(s)/(s,g(s))~s 
a 

-~ x(t, a, O) e dora T } .  

Recalling tha t  dora T c BC,  and tha t  T ( D ) = / ~ ,  the  following lemmata  hold: 

L ] ~ A  3.1. - Under these hypotheses,  if dora T = BC, the  operator  M is defined 

on B C and it is continuous. 

P~ooF. - Yrom the preceding remark  if g ~ BC then  

= (t(., g(.)), r) 

if and only if 

t 

f x-~(s) ](s, g(s)) a8 
tl 

B C  = dom T .  
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F r o m  i) and ii) we have 
t 

]x-~(8)t(s, g(~)) ds <rlig[I + A 

hence Ng ~ I m  L. 
Le t  us now prove She cont inui ty  of M - - - - P - t - K ~ N .  We have ~lready proved 

tha t  the project ion P is continuous. 
Le t  {x.}, n e N, be a sequence in BC converging to x e BC; we have to prove tha t  

{K~Nx~} converges to K~Nx; for (2.15) it  is sufficient to show tha t  the sequence 

t 

(3.2) fx-~(s) [/(s, x~(s)) - t(s, ~(s))] as n e iV 

converges to zero. 
Because of the cont inui ty  of ] the sequence 

(3.3) x-~(t) [1(t, x~(t)) - ](t, x(t))] n e ~v 

converges to zero, and moreover  

ilx-~(t) [1(t, x~(t)) - l(t, x(t))] [I < IIX-'t(t, xo(t))II + llx-~(t)i(t,  x(t))iI < 

< II~.llp(t) + IIxljp(t) + 2q(t)<(2ilxll + ~)p(t) + 2q(t) 

for n~n~.  Hence the sequence (3.2) converges to zero for the  Lebesgue dominated 

convergence theorem. [] 

L ~ r ~ A  3.2. - The operator  M transforms bounded sets into sets of equibounded 

and equicontinuous functions. 

P~ooF. - Since P is a linear operator  and its image is finite dimensional (hence 

compact)  it  is sufficient to prove the s ta tement  for the operator  K~N. 

Le t  ~2 be a bounded set, ~ c A; then  

then  

I]K~Nxil < L[X(t)J.ToZ(r -- Tx(t, a, o))11 + II~(t, a, O)ll < 
t 

< [Ix(t)II IId:V~-~( r - ~rx(t, a, o))l[ + [Ix(t) II l l fx -~(s )  r x(s))ds[I <<. 
a 

<ltilJTolil(]lrll § IITIIBT(F# q- A)) q- H ( F #  + A) 

the equiboundedness is proved.  
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and 

Le t  us now prove  the  equicontinuity.  Le t  t~, t~ e [a, b) and if we pu t  

t 

~(t, x(t)) = fx-~(~)  1(~, x(8)) as 
a 

we have  

v = J f o  ~ [ r -  T x ( t )  ~(t, x(t))] 

l[(K, lgx)(t~)-- (K~2Vx)(t~)l] = IlX(t~) V -t- X(t~) 8(t~, x(t~))-  X(t~) V - -  X(t~)(5(t~, x(h)) H <~ 

< I1x(t~)-  x(t~)[I IIvlI + llx(t~)~(t~, x(t~)) - x(t~)~(t~, x(t~)) + 
t ,  

- x(t~)fx-~(s)l(s, x(s)) dsi] < 
t~ t ,  

< IIx(t~) - x(t~)II II vit + lt x(t~) - x(t~)II II fx-,(~)l(~, ~(~)) d~II + 
a tl 

+ fx(tl)x-l(s)l(s, x(s)) as < 
t~ 

< IIx(t2)- /( t , ) l l  {llJTolN(llrlI + ll~ll~(r~ + A)) + r~ + A} + 
t~ t ,  

tl tl 

f rom which the  s t a t ement  follows. [] 

w 4. - I n  this section we are going to s ta te  some existence theorems for the  solu- 

tions of the sys tem (1.1)-(1.2); this problem, as we have  seen, is equivalent  to the  
one of finding the  solutions of the equat ion 

I x = M x = P x ~ K ~ 2 C x  
(4.1) 

l x e A .  

We s ta r t  f rom a special case: the existence of solutions of (4.1) in the space BC~ r BC 

BC~ = {x e BC: lira x(t) = l~} (]1~11 < + oo). 
t--->b 

The following l emma  holds: 

L ~ v t A  4.1. - Suppose tha t ,  for the sys tem (1.1)-(1.2) the following hypotheses  
hold: 

(4.2) A(t) is a real va lued n •  matr ix ,  defined and  continuous on [a, b) (-- cx~< 
a < b <  ~- ~ )  and such t ha t  if X(t) is a fundamenta l  ma t r ix  of (1.3), defined 

as in section two, we have  IIX(t)l[ <~H. 
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(4.3) limX(t) = W ,  
t-->b 

(4.4) ] e C[[a, b) • R ~] and such tha t  

i.e. D c BC~ 

[IX-~(t)](t, u)I 1 <~p(t)Nu H if- q(t) 

(4.5) 

where p(t), q(t) ~ C[[a, b), R] are non negative, integrable,  functions such tha t  

b b 

.i-p(t)dt-~ 1~< -}- co,  j q ( t ) d t -  A < q- cxz 
ct r 

T is a bounded,  l inear operator  f rom dora T = BCz onto R m and the ma t r ix  
TX(t)  has rank  m. 

Then the operator  M is defined on BC, its image is contained in BC~ and it is 

completely continuous. 

P~ooF. - Le t  us observe tha t  in Lemma 3.1. we have proved tha t  

b 

fx-l(s) /(s, x(s)) as e Be  
ft 

but,  moreover,  this integral  for (4.4) is absolutely convergent  and it is convergent  

on In, b), i.e. 

A = dom M = B C .  

Moreover, recalling tha t  I m P  = D c BC~, we have from (4.2) and (4.5) 

I m  M c BC~ . 

Fur thermore ,  still f rom Lemma  3.1, it follows tha t  M is a continuous operator ;  hence 
it  is sufficient to show tha t  K~N transforms bounded sets into relat ively compact  

sets. 
I t  is known tha t  a subset q} of BC~ is relat ively compact  if and only if it  is ([1]) : 

1) equibounded;  

2) equicontinuous ; 

3) uniformly convergent,  in the following sense: 

Vs > 0 3~(e) > 0 such tha t  Vt > ~(s), Vg e q) => llg(t) -- lull <~e. 

The equicontinui ty and the equiboundedness of K~N(~)  has been already proved 

(Lemma 3.2). Le t  us now prove the uniform convergence. 
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:Let ~2 c dom M be bounded~ i.e. 

f rom (2.15) and  f rom our hypoteses  we have  

I[(K~Nx)(t)- {l~m (K~Nx)(t)}I[ < [IW- X(t)ll{llJro~I] I-Ilril + llTI[B(F~ + A)]} + 
b t 

-~  W f X - l ( g ) ] ( 8 ,  pd~(8))d~ - ~ . ( t ) f X , ~ ( 8 ) ] ( 8 ,  x ( 8 ) ) d 8  ,. 
a 6 

but  

b 

a a 
b b b 

a a t 
b b 

t t 

and then  

[[ (K~Nx)(t) -- lira {(K~Nx)(t)} iI < 
t--~b 

< llW- x( )ll{llJT  ll(lirIl + IITIIB(r  + A)) + + A} + 
b b 

t 

the  uni form convergence is proved,  t3 

To get theorems which assure the  existence of solutions of (1.1)=(1.2)~ t ha t  is of 

fixed points  for the  opera tor  M in BC~, i t  is sufficient to add  t o  the  conditions of 

L e m m a  4. i .  an  a-priori  bound and to use some fixed point  theorems.  
Fo r  example  the  following theorems hold:  

TtrEOI~E~r 4.1. -- I f  the conditions (4.2), (4.3), (4.4), (4.5) are verified and  if 

(4.6) H211JTolll nTI I / ' exp  ( H E ) <  1 

then  the  opera tor  M has a t  least one fixed point  in BC~. 

PlCOOF. - The opera tor  M:  BC~ -~ BCt is complete ly  continuous because of Lem- 
m a  4.1. ~o r  Theorem 1.2 we have  to show tha t  there exists $2 c BC, open~ bounded  
neighbourhood of 0 such t h a t  

x # ]LK.2Yx x E~f2 )~ ~ (0,1) �9 
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Let  ~2 = (x e BC~: ][xll <~}, if there exists ~ e ~2  such tha t  

= IK, N~ for some I e (0, 1) 

we have 

l[ml l = [[AK~N~I [ < [IK, N~iI<H[IJTo~II [i]r]] + itTIIH(-PllmI[-~ A)] + HA-~/~-pl[m[[ �9 

then Vt e [a, b) we have 

1 
II~(t)H < ~  H~(t)l[ = r](g,N~)(0[[ < 

t t 

a a t 

<~IIJT;~IF [llrll + JIr;[~(vll~ll + A)] + HA + ~fp(*)H~(*)II4* 
a 

and applying GromwalFs Lemma 

H~(t)]] < (H]]STo~!j [HrH + [[T][ ~(rll~ll + A)] + HA} exp (~r)  

then 

][~(t)l] <[R[[J:TolH Hr]l -~ H2[[J:Tolt! ]]TH-P[[~ H -~- H~]lJrol][ [[T]]A + HAl  exp (H_P) 

namely 

(1 -- H2[IJ/'~-~]I i l l ' I f  exp (H-P))I[m]l < 

< [ g U J T o l [ [  ]]r[[ ~- H~[[JToZ!t [[T[[A ~- HA] exp (HI') 

but~ recalling (4.6), this is a contraddiction for Q sufficiently large. The theorem is 

hence proved.  

Tm~ogE~ 4.2. - If  the conditions (4.2), (4.3)~ (4.4)~ (4.5) are verified and if 

(4.~) H~IIJTo~ll IITI]-P + H-P< 1 

then the operator  M has at  least one fixed point  in BC~. 

PI~OOF. - As in Theorem 4.1. Let  ~c2 ~ {xeBC~: Hx]]<0}, and suppose tha t  

there exists ~ e ~s such tha t  

~ 2K~N~ for some ~ e (0, 1) ; 
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F r o m  this 

(1 - -  . ~2 / I J~o1 [ I  Ilrlll~ + 111~)[Ix[[ <~11]IJTol[l I]ri] -~- W l I J T o ~ I I  I ITIIA + H A  

but ,  recalling (4.7)~ this is a contraddict ion for ~ sufficiently large. The theorem is 

hence proved.  [] 

We can now consider a more general case: the existence of solutions of equat ion (4.1) 
in BC (omitting the hypothesis  (4.3)). Le t  us suppose tha t  dom T = BC. F r o m  
L e m m a  4.1. we can affirm tha t  M:  BC -+ BC, bu t  i t  is not  possible to repeat  in BC the  
same reasoning used in BCt,  because the compactness theorem is not  t rue  anymore.  

The existence of fixed points for the operator  M shall be proved via Theorem 4.1 

together  with a diagonal process. 
Le t  {a~}, i e N, an increasing sequence of real numbers such tha t  

al = a ,  lim a~ = b ; 
4--~ + co 

let  I~ -~ [a, a~], if g(t) ~ C[I~, R ~] call E~ the set of every function ~(t) defined in this 

way:  

g(t) if t ~ I ~  

~(t) = g(a~) if t ~ [a~, b) ; 

E~ is a Banach  space with respect to the norm 

Ilg]l = sup [Ig(t)lL ; 
t~lSt 

moreover E~ is isomorphic to C[I~, R"]: 
The following lemma holds: 

LwlgMA 4.2. - Suppose that ,  for the system (1.1)-(1.2) the following hypotheses 
hold: 

(4.s) A(t) is a real valued n X n matr ix,  defined and continuous on [a, b) (-- ~ < a < 
< b < ~  oo) and such tha t  if X(t) is a fundamenta l  mat r ix  of (1.3), defined 
as in the second section, we have IIX(t)ll < t l .  

(4.9) ] E C[[a, b) • R ~, R ' ]  and such tha t  

l[x-l(t)f(t, u)[[ <p(t)l[u[I + q(t) 

where p(t) and q(t) are non negative, integrablc, real-valued functions such tha t  

b b 

fp ( t )d t  = r <  + ~ fq(t)dt  = A < + ~ .  
a 
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(4.10) T is ~ bounded,  l inear opera tor  f rom dora T = B C  onto R ~ and  the  

m a t r i x  T X ( t )  has  character is t ic  m. 

If ,  moreover~ the  condit ion (4.6) is satisfied, then  the  opera tor  

defined b y  

where 

M~ : dora M~ _c E~ -~ E~ 

M,: y(t) -~ ~(t) 

x(t) = (M~)(t) g(t) z C[I~, t ~ ] ,  t e I~ 

has a t  least  one fixed point  in E~. 

P~ooF.  - The complete  cont inui ty  of the  opera tor  M~ cgn be p roved  via the  Ascoli- 

Arzels theorem whose hypotheses  arc easily verified f rom the L e m m a t a  3.1 and 3.2. 

The s t a t emen t  follows f rom (4.6) as in Theorem 4.1. D 

We can now show tha t  a solution of sys tem (1.1)-(1.2) exists in BC. 

TYa:E0t~EH 4.3. -- I f  the  conditions (4.6), (4.8), (4.9), (4.10) are satisfied, then  the  

sys tem (1.1)-(1.2) has a t  least  one solution in BC. 

P~ooF. - Because of L e m m a  4.2. there exists a sequence (xi},  ~ =~ E~ such t h a t  

f rom the definition of M~ we h a v e  

(4.1~) x~(t) ~- (M~V.~)(t) ---- M ~ ( t )  t ~ I~.  

The sequence (xi} is equiboundcd and  equicontinuous in C[11, R '~] : the equiboundedness 
follows f rom the proof of Theorem 4.1 and  the equicont inui ty  as in L e m m a  3.2. Hence,  
for the  Ascoli-Arzel~ Theorem~ there exists a subsequence {x~(t)} t h a t  converges uni- 

fo rmly  to zl(t) e C[I1, R '] ,  i.e. 

l im x~(t)  = z l ( t )  uni formly  gt ~ 11 �9 

i - ~ +  oo 

Analogously there  exists a subsequcnce {x~(t)} of (x~(t)} t h a t  converges uni formly  
to z~(t) on I~ such t ha t  z~(t) -=- zl(t) Vt E I1 We Call repea t  this reasoning Vi ~ iV. I n  
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this way we obtain a family of subsequenees of x~: 

~ unif. cony. on I1 X l l  ~ 3 ? 2  ' ~ 3  ' " � 9  

x~, x~, x~, ... unif. cony. on I2 
�9 . �9 . . . �9 , 

x~,  x~, x] ,  ... unif. cony. on I~ 

Let  {x~(t)} the subsequence of {x~(t)} obtained with a diagonal process: the sequence 
{~} converges uniformly in each compact of In, b); then there exists z(t) e C[[a, b), R~] 
such that 

(4.12) lim U~(t)- z ( t ) l  I = 0 
~ - - + +  r  

uniformly on each compact of [a, b). 
Moreover z(t) is bounded on [a, b) because {~(t)} is equibounded. 

prove tha t  z(t) is a solution of our problem�9 
Let  

y(t) -~- Mz(t) =- Pz(t) -]- K~Nz( t ) � 9  

I t  remains to 

For fixed e e In, b), Vt ~ [a, c] and for i sufficiently large from (4.11) we have 

I I ~ ( t ) -  y(t)l I ~-- tIMV.~(t)- y(t)l I ~< 

~< IIPII II~(t) - z(t)[[ -}- I I K ~ N ~ ( t ) -  K~iVz(t)l I <~ 

b 

< LiPll ll~(t)- ~(t)ll + H(BllJ~;llLII~II + 1)]  IIx-l(8)[I(s, ~ (8 ) ) -  1(8, ~(s))]ll ds. 

From (4.12) and applying the Lebesgue dominated convergence theorem, we can 
infer: 

(4.13) lim [l~(t) -- y(t)11 = 0 t e [a, el�9 
i - - > +  c o  

Comparing (4.!2) and (4.13) we can conclude 

y(t)  --- z(t) = Mz( t )  t e [a, el 
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Since e is ~ rb i t r~ ry  t h e n  

z(t) = Mz(t)  t ~ [a, b). 

T h e  t h e o r e m  is hence  p roved .  [] 

Likewise ,  we can  s t a t e  a t h e o r e m  s imi lar  to  T h e o r e m  4.2. 

TI~EOlCE~ 4.4. - I f  the  condi t ions  (4.7), (4.8), (4.9), (4.10) a re  satisfied,  t h e n  the  

s y s t e m  (1.1)-(1.2) has  a t  l eas t  one so lu t ion  in BC. 
T h e  p roof  is s imi lar  to  t he  one of t he  p reced ing  t h e o r e m .  

REMAI~K. - I n  t he  L e m m ~ t a  3.1~ 3.2, 4.1 t he  cond i t ion  

~!]X-~(t) ](t, u)I t <p(t)[luil + q(t) , 

wi th  p, q e C[[a, b), R +] such t h a t  

b b 

fp(t)et= r<  + ~ fq(t)gt 
Ct a 

c~n be  r ep l aced  wi th  the  less r e s t r i c t ive  one 

= A < + ~  

IIX-~(t) l(t, u)l t <g(t, Ilull) + q(t ) ,  

w i th  g e C[[a,  b) X R e, R+] ,  q e C[[a, b), R +j such t h a t  

b 

fg(t, l]uH)dt< + c~,  u e B C  

b 

f q(t) dt  = A < + ~ .  

(2 
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