
Rea l  Hypersur faces  in  Quatern lon ic  Project ive  Space (*). 

A. ]~L~f~Ez - J. D. I ~ E z  

Summary. - This paper is devoted to make a systematic study o/ real hypersurfaces o/quaternionie 
pro#ctive space using ]ocal set theory. We obtain three types o/ such real hypersur/aees. Two 
o/them are known. Third type is new and in its study the/irst example o] proper quaterniou 
Cl~-submani]old appears. We study real hypersur]aces with constant principal curvatures anaT 
classi]y such hypersurfaees with at most two distinct principal curvatures..Finally we study 
the l~icei tensor o] a real hypersur]ace o] quaterniouic pro#ective space and elassi]y pseuefo- 
Einstein, almost-Einstein and Einstein real hypersur]aces. 

O. - Introduction. 

Real hypersurfaces of a l~iemannian manifold have been largely studied, es- 
pecially in the case of a real space form (see [4], [9], [17], ...) and a complex space 
form (see [5] and its references). However, results for real hypersurfaces of qnater- 
nion space forms (and concretely, of quaternionic projective space) are few. In fact, 
the first paper on this subject is the one of PAx, [18], and we can also cite [19]. 

In the case of complex projective space, CP "~, CECIL and 1~u [5], applying 
focal set theory obtain some examples of real hypersurfaces that  can classify ~ttend- 
ing to the behaviour of their l~icci tensor. They also obtain the non-existence of 
Einstein real hypersurfaees in complex projective space. In the case of qnaternionic 
projective space this result is not true. This can be seen from [15] becanse there 
is a radius such tha t  the corresponding geodesic hypersphere is Einstein. 

The purpose of the present paper is to make ~ systematic study of reM hyper- 
surfaces of quaternionic projective space. For this we adapt focal set theory to 
this space, considering quaternionie projective space embedded in a Euclidean space 
(see [20] and [21]), embedding whose geodesics are easily expressed. 

In w 2, using focal set theory we obtain three examples of real hypersur~aces. 
Two of them are largely known and are the ones classified by PAX [18], attending 
to the behavionr of their second fundamental form. Third example is new and w 3 
and w 4 are centered on its study. 

The examples obtained have constant principal curvatures, thus w 5 is devoted 
to the study of such real hypersurfaces that  we classify if they satisfy an additional 
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Indirizzo degli AA.: Departamento de Geometria y Topologia, Facultad de Ciencias, 

Universidad de Granada, 18071 Granada, Spain, 



356 A. !V[A~TI~EZ - J. D. Pk~Ez: Real hypersur]aces in quaternionic, etc. 

condition concerning certain distributions over the hypersurfaee associated to the 
quaternionic structure of quater!~ionic projective space (Theorem 5.7). 

In w 6 we classify real hypersurfaces with two distinct principal curvatures 
(Theorem 6.2). 

Finally, w 7 is devoted to the study of the Ricci tensor of a real hypersurface 
in quaternionic projective sp~ee. Concretely, after a classification of pseudo-Einstein 
and almost-Einstein (Definition 7.1)re~l hypersnrfaces we obtain that  the only 
Einstein real hypersurfaces are open subsets of geodesic hyperspheres of  a certain 
radius (the ones mentioned above). 

The results obtained ~long the paper establish clear differences between the 
complex case (as studied by CEC~L and RYes) and quaternionic case. 

1. - Quaternionic projective space. Basic  s tatements .  

Let us consider Q~+I, m~>2, Q being the algebra of quaternions with its usual 
symplectic ,product ( , )  and let g0= Re ( , )  be the usual Euclidean metric on 
Q~+I. The quaternionie projective space QP~ c~n be obtained from the unit  sphere 
S 4~+3 of Q~+~ by identifying x to 2x, ~ E Q, ]2] -= 1. Thus S 4~+3 is a fibre bundle over 
QP~ with s~ructurM group S a nnd project ion// .  I f  q e S 4~+8 the horizontal subspace 
of T~S 4m+~ is T: -- {p e Qm+~/(p, q)-= 0} and the vertical subspace is spanned by 
j~q, j , q  and j3q, where j~, j2, j3 are the uni t  quaternions. 

We shall consider on QP~ the metric given by g(X, Y) = go(X', Y') and the 
l ! r connection Vx Y = II . (V x' Y ) for any X, Y e TQt )~ where denotes the correspond- 

ing horizontal lift and V' is the cowriant  differentiation of S *~+3. Then, it is known 
that  the Susakian 3-structure of S *~+a induces on Qi o~ a structure of quaternion 
Kaehlerian manifold of constant quaternionie sectional curvature 4 (see [13], [14]) (~). 
That is, there exists on QP~ ~ 3-dimension~,l vector bundle ~ of tensors of type (1, 1) 
with local busts of almost Hermitian structures {J1, J , ,  J3} satisfying, 

(1.1) 

(1.2) 

(1.3) 

(1.4) 

J 1 J ~ -  - J J 1  = J3 

V x J , - -  q~(X)J~-- q~(X)J~ i = 1 , 2 , 3  

(dqi § qjAq~)(X, Y) -~ 4g(X, J~ Y) ,  i --  1, 2, 3, 
3 

I~(X, Y~)Z --= g(Y, Z ) X - -  g(X, Z) Y T ~ (g(J~ ~, Z )J~X- -  g(J~X, Z )JkY  § 
k = l  

+ 2g(x, J~ ~)J~z} 

. (1) In this paper we shall consider on Qpm the metric of constant quaternionie.sectional 
curvature 4, and m :~ 2. 
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for any X, Y, Z ~ TQP'S where/~ denotes the Riemannian curvature tenser of 
and (i,j,/c) is a cyclic permutation of (1, 2, 3), qt:, k = 1, 2~ 3~ being local /-forms 
on QP"~. 

:Let HM(m + 1) = {B e gl(m + 1, Q)/B ~ = B t} where B ~ (respectively, B ~) denotes 
the quaternionie conjugate (respectively, the transpose) of B. Consider on HM(m + 1) 
the metric given by 

(/.5) g(A, B) = �89 trace (AB),  A, B ~ HM(m + 1) . 

In [20] SAKA~0T0 proves that  v~: S 4'~+3 --+ HM(m + 1) given by 

(1.6) ~(q) = q~ , q ~ S '.~+~ 

nduces an immersion ~ :  QPm-->HM(m + 1) satisfying 

(A) ~(Qi"~) = {B e H ~ / ( m  +/)/B~--  B, trace B = / ) ;  

(B) k~ is an equiwriant  full isometric embedding into (B e HM(m +/ ) / t race  
B = I } .  

Therefore, we can consider QP~ identified to T(QP~). In the rest of the paper 
the re~der would make the necessary changes of notation when QP~ is identified 
to ~(QP'~). Under this identification the tangent and normal spaces to QP~ ~t 
B e QP'~ are 

(/.7) y~Qi.~ = {x  e ~M(.~ + / ) / X B  + B X  = X} 

(Z.S) T~QP= = {Z e ~M( ,~  + / ) / Z B  = BZ}.  

Denoting by V the connection induced on QP'~= g/(QP'~) by the l~iemunnian 
one of HM(m -4- 1) and by #, V• and ~ respectively the second fundumental form~ 
the normal connection and the shape operator of QP'~= T(QP ~) in HM(m + 1) we 
get, [8], 

(1.9) 

(1./0) 

e(X, Y) = ( X Y  + YX)(I-  2B) , ~ X  = ( X Z -  Z X ) ( I -  2B) 

~(J~X, #,r Y) = 5(X, :Y), k = 1, 2, 3 

for any X,  Y e TBQP "~, Z ~ T~QP'% where I denotes the identity matrix of HM(m + i) 
and {J1, J~, J3} is a local basis o f  the qnaternionic structure of Qpm. ~oreover 
from (1./0), 

( / . / / )  ~5  = o 

that  is, the second fundumental form of QP~ in HM(m d- !) is parallel, 
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From (1.4), (1.9), (1.10) and the equation of Gauss it follows 

(i.12) g(&(X, :Y), ~(V, W)) = 2g(X, ~)g(V, W) Jr g(X, V)g(Y, W) + 
8 

-~ g(X, W)g(Y, V)@ ~ {g(JkX, V)g(J~ Y, W ) +  g(J~X, W)g(J~ Y, V)} 
k = l  

for any X,  ~, V, W e TnQP "~. 
~ F i n a l l y ,  the geodesic y of QP'~ passing through B and having the direction 
X e TzQP '~ is given, [20], by 

1 I ~ cos 
(1.!3) y(t) = B ~- -~ sin 2tX + 4 2t 6(X, X ) .  

Let M be a real hypersurface of QP'~ and 2r a unit  local normal vector field to M. 
We shall denote U~= -- J~N, k = 1, 2, 3, D'--  Sp{U~, U~, U3} and D the orthogonal 
complement of 3)' in T M  and JkX  = T~X + ]k(X)N, k = 1, 2, 3, where T~X is the 
tangent component of JkX  and ]k(X)= g(X, U~), X e TM. From (1.2)we have 

(1.14) Vx U~ = -- q~(X) U~ --}- qk(X) U + T , A X ,  i = 1, 2, 3 

V being the connection induced on M and A the Weing~rten endomorphism of M, 
(i, j, k) is a cyclic permutation of (i, 2, 3). 

~r f rom (1.14), we deduce: 

3 

(1.15) S X  : (4m ---1-- 7)X + hA.X -- A.2X -- 3 ~ ]k(X) U~, 

for any X ~ TM, where h trace A and the Ricci tensor of M is given by S(X, ~) = 
= g(SX, Y), for any X,  Y e  TM. 

From (1.14), the Codazzi equation of M in QP~ is, 

3 

(1.16) (V~A) Y--  (V~A)X = ~ {/~(X) T~ r - -  t,0(r) T~X + 2g(X, T~ r)  ~;~), 
k = l  

for any X, ~ e TM. 

2. - Focal  sets and tubes in QP~. 

Let M ~ be an n-dimensional subm~nifold of QP~ (2). Let T I M  denote the 
normal bundle of M. For any (B, ~) e T~M, let ~'(B, ~) be the point of QP'~ a t ~  
distance II~I] along the geodesic of QP'~ passing through B with direction ~. 

(~) Submanifolds appearing in this paper are considered to be connected. For ~heory of 
submanifolds of QP~ see [1], [7], [10], [11] . . . . .  
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DE~INITION 2.1. -- A poin t  E ~ QP'~ is called a focal point of mul t ip l ic i ty  v > 0 
of (M, B) if E = / ~ ( B ,  ~) for  some ~ ~ T~M and  the  Jacob ian  of 2' has nul l i ty  v 
a t  (B, ~). 

Let ~ e T ~ M ,  II$11 = 1 .  F r o m  (1.13), we have:  

(2.1) 
1 . 1 - -  cos 

F(B,  r~) = B 4- ~ sin 2r~ 4- 4 2r if(S, ~:), 

and  taking  -- ~ if necessary,  i t  is enough to consider r e (0, ~/2] in order  to  com- 
pu t e  /~, .  

L e t  {X~, ..., X , ,  $, ~I,, ~ , . . . , ~ } ,  p = 4 m - - n - - 1 ,  be an  o r thonormal  basis of 
T(~,,r177 where {X~, ..., X~} (respectively,  {~t, ..., ~} )  is an o r thonormal  basis 
of TzM (respectively,  of T,~(U(T~M)), U(T~M) being the  set  of un i t  normal  vec- 
tors of M a t  B). Then,  f rom (1.10), (1.11), (1.12) and (1.13) it  follows: 

I:)I~OPOSITION 2.2. 

i) (F,)(B,r~)(X~) 1 4- coS2rx~4-~sin2rd(X~ ' ~)- -~s in2rAeX~4-  
2 

4 - e o s 2 r - - 1  ~ (g(Jk~,X~)J~) 1 - - c o s 2 r ,  
2 ~=~ -ff f i ( A ~ X .  ~), i = 1 ,  . . . ,  n .  

ii) (2~,)(B.~)(~) -= COS 2r~ 4- �89 sin 2rff(~, ~). 

iii) (/~,)(~,~)(nj) = l s i n 2 r ~ 4 -  �89 cos2r)ff(~,nj), j = 1 ,  . . . , p .  
Where A t denotes the shape operator el M in QP'* corresponding to ~. 

DEFI~ITION 2.3. -- Le t  U(T• be the  uni t  n o r m a l b u n d l e  of M and  0 < r<g/2. 
Consider 9,: U(T• -)" QP" given b y  ~,(B, ~) = F(B,  r~), 9,(U(T• is called the  
tube o/ radius r over M. 

Notice t h a t  for small  enough values of r, 9~(U(T• is a real  hypersur face  
of QP~. I f  M is art orient~ble real  hypersur face  of Qpm we consider 9,: M -+ QP~ 
given by  ~0,(B)= ~V(B, IVz), B e M, where 2g is  a un i t  normal  vec tor  field to M, 
for those values of r such t h a t  ~o, is an immersion,  ~0,M is called a parallel hyper- 
sur/aee at  or ien ted  dis tance r f rom M 

Le t  3 I  = 9,(U(T• be a real  hypersurfaee  of QP~ obta ined as the  tube  of 
radius r over  M. I f  we denote,  for  an y  uni t  X e TM: 

(2.2) 

and  

.~7 = 1 4- 2 cos 2r X -- 4- 1 s in  2rS(X, ~) 

1 ~ 1 - -  cos 2r ~(A~X, ~) 4- cos 2r - -  i g ( j ~ ,  X ) J ~ ,  
- -  ~ sin 2rA~X -- 2 k= 1 2 

(2.3) ~ = �89 sin 2r~ + �89 (1 - cos 2r)e(,], ~) ,  
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for a n y  uni t  ~ ~ TJ-M such tha t  g(u, ~)== 0, f rom Proposition 2.2 we obtain tha t  
the t angent  space to 2~ a~ B - =  q~(B, ~) is: 

(2.4) Ts/;ff : Sp{X~/{X~, ..., X~} is an or thonormal  basis of T~M} + 

+ Sp{FT~/{~7~ ' ..., ~ }  is an or thonormal  basis of T,; (U(T~M)) .  

3s M is an orientable real hypersurface whose uni t  normal  vector field N 
is given by  

(2.5) ~ ~ cos 2r~ + �89 sin 2r~(~, ~). 

As ~ local basis of the  quaternionic s t ructure  of QP'b (J~, ~ ,  ~ }  is given by  [8]: 

(2.6) ~7~X == j~(I- 2C), k = 1, 2, 3 ,  

for ~ny X ~ T o Q P  m, C e Q P  "~, f rom (1.9), (2.5) and  (2.6), ~ N ~ =  ]~N~ a, nd then 
if ( J~  J~, Ja} is any  local basis of ~, we get,  

(2.7) J~Sr~ -~ J~VB, k ~ 1, 2~ 3 . 

From Proposition 2.2, we can obtain the following 

LEm~,~ 2.4. - I f  Jk~, k ~ 1, 2, 3 are normal to M at B, 

i) (~,)(~,~)(X~) ~ 0 i f  an only if either r -~ ~[2 or X~ is an eigenvector of A~ 
with eoenvalue cot r, i ~ 1, ...~ n. 

if) (E,)(~,,~)(Vj): 0 if and only if r : ~/2, j - ~ 1 ,  ..., p. 

iii) (~,)(~,~)(W):/: 0 in any other ease. 

L E n A  2.5. - I ]  J~: ,  k ~ 1, 2, 3 are tangent to M at B, 

i) (F,)(~,~)(X) ~ 0 if  and only if  either r ~ ~/2 or X is an eigenveetor of A~ 
with eigenvalue cot r. 

i) (F,)(~,~)(Jk~) -~ 0 if and only if ~ither r • ~/2 or Jk~ is an eigenveetor o/ 
A~ with eigenvalue 2 cot 2r, k -~ 1, 2, 3. 

iii) (~,)(~.~)(~) = 0 if and only if r ~- ~/2, j : 1 , . . . ,  p. 

iv) (~,)(B,~)(W) r 0 in any other ease~ ]or any unit vector X e T~M orthogonal 
to Sp{J,$, J~$, J35}. 
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L n ~ w x  2 . 6 .  - I1 J~ is nominal and J~$, Ja~ are tangent to M at B, 

i) (F . ) ( . ,~)(X)  ~ 0 i] and only i f  either r = ~r/2 or X is an eigenveetor o] A~ 
with eigenvalue co t  r. 

ii) (F . ) (~ ,~) ( J~)  ~ 0 i] and Only i] either r -= z/2 or J ~  is an eigenveetor o] 
A~ with eigenvalue 2 cot  2r, k = 21 3. 

iii) (F , ) (B.~)(~j )~  0 i] and only i] r ~ ~r/2, j - ~  1, ...~p. 

iv) (_~,)~(,.~)(W)~ 0 in any other case, /or any unit vector X r T s M  orthogonal 
to J ~  and Ja~. 

L e t  A,  be t he  shape  o p e r a t o r  of  ~I.  Us ing  (1.9), (1.10), (1.11), (1.12)I (2.2), (2.3), 

(2.4) a n d  (2.5) we get ,  

P~Ol, OSlTIO~ 2.7. - Suppose that Jk~, k ~ 11 2, 3 are normal to M at B. I]  
(X~, ..., X~} is an orthonormal basis o/ eigenveetors of A~ with eorresponding eigen- 
values ~ cot  ~ ,  i -~ 1, ..., n, 0 < ~ <  z ,  

1) Ar(Xi) -~- co t  (oQ-- r )Xi  , i .~ 1, ..., n .  

2) Ar(J~ 2) = -- 2 cot  2rJ~.~ ~ 1 k ~ 1, 2, 3 .  

3) A.(%) = - -  co t  r ~ l  j = 1, ..., p - -  ~ ,  

{$~ J~$, J~8, Ja8~ ~ ,  ..., ~,_~) being an orthonormal basis o] T~ M. 

t)no~osI~IO~ " 2.8. - Suppose that J~$, k ~ 1, 2, 3 are eigenveetors o] A~ with corre- 

sponding eigenvalues 2 co t  20~ O < 0~:< ~r/2, k ~ 1, 2, 3. Let ( X ~  ..., X~_a, J ~  J2~, Ja~} 
be an orthonormal basis o] eigenvectors o] A~ such that A~Xr co t  ~ ,  0 < :r  zr, 

i -~ l , . . . , n -- 3. Then: 

~) A~(X~) = cot ( ~ -  r ) X ~ ,  i = i ,  . . . ,  n - 3 .  

2) A~(J, ~) -= 2 cot  2(0~-- r) ~J~ 2 , k = 1, 2, 3 .  

3) A,(q~) - -  co t  r~]~., j : 1, ..., p .  

PI~O~OSITIO~ 2.9. - Suppose that J ~  is normal to M at B and J,~, J35 are eigen- 
vectors o/ A~ with corresponding eigenvalues 2 cot 2Ok., 0 < 0~ < ~/2, k = 2 ,  3. I] 
{X~, ..., X,_~, J ~ ,  J3~} is an orthonormal basis o] eigenveetors o] A~ such that A~X,  = 

----- co t  o~iXi~ 0 < o~< ~, i ~ 1, .. . ,  n - -  2, 

1) A~(X,) = co t  ( ~ , -  r ) X , ,  

2) 

3) 

4) 

]or any  

Ar(J~ 2) -~ 2 co t  2(0~-- r) J~ 2 ,  

At(J1 ~:) = - -  2 co t  2rJx ~ .  

Ar(~) = --  co~ r # ,  

~] ~ U(T~ M) orthogonal to Jl~. 

i = 1~.. .I  n - - 2 .  

k = 2 , 3 .  
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F r o m  L e m m a s  2.4, 2.5 and  2.6 and  Proposi t ions  2.7, 2.8 and  2.9 the  following 

examples  of real  h ipersurfaees  of QP~ with cons tan t  pr incipal  cu rva tu res  are  obta ined:  

E x i L E  1. - Le t  M = {B}, B e QP~. Then,  the  tube  of radius  r, 0 < r < ~/2, 

o v e r  M is a rea l  hypersur face  of QP~ wi th  two dis t inct  cons tan t  pr inc ipa l  curva tures  

= eo~ r and  # = 2 cot 2r wi th  respec t ive  mult ipl ic i t ies  4 m - -  4 and  3. Not ice  t h a t  
cp,(U(T• is the  set  of points  of QP~ a t  a dis tance r f rom B, t h a t  is, the  geodesic 
hypersphere of cen te r  B a n d  rad ius  r. 

As ~%I~(U(T• is a Qp,~-l, such a geodesic h y p e r s p h e r e  can also be  considered 
as a t u b e  o f  radius  :~ /2-  r over  a QP~-~. 

E x A ~ L r ,  2. - Consider M = Qpk, 0 < k < m --  1, embedded  as a quaternionie  

submani fo ld  of QP'~, [11]. Then  if 0 < r < ~/2, the  t ube  of radius  r over  M is ~ real  
hypersur face  of QP~ wi th  th ree  dis t inct  cons t an t  pr inc ipa l  curva tures  21-----cot r, 
2~= --  t a n  r and  # = 2 cot  2r wi th  respec t ive  mult ipl ic i t ies  41, 4k and  3, 1 = m - -  k - -  1. 

l~v,~AgK. - /kS a n y  quaternionic  submani fo ld  of QP'~, m~>2 is to ta l ly  geode- 
sic, [11], f rom E x a m p l e s  1 and  2 i t  follows t h a t  if 0 < r < ~[2, the  t ube  of radius r 
over  a quaternionic  submani fo ld  of QP,~ is a real  hype r su r faee  of QP~ with  2 or 3 
dis t inct  cons tan t  pr inc ipa l  curva tures .  

E x a m p l e s  1 and  2 a re  the  ones s tudied  b y  PAK in [18]. 

]~XAN:PLE 3. -- Consider the  complex  pro jec t ive  space CP ~ embedded  as a to ta l ly  
geodesic to ta l ly  complex  submani fo ld  of Qpm [10]. l~rom I~emma 2.6 a n d  Proposi-  
t ion  2.9, we have  t h a t  if  0 < r < ~/4 or ~/4 < r < ~/2, the  t u b e  of radius  r ove~ CP ,~ 
is a real  hypersur face  of QP~ wi th  four  dis t inct  cons t an t  pr inc ipa l  cu rva tu res  

21 = cot  r, 2~ = - -  t a n  r,/~1 = 2 cot 2r and  /~ = - -  2 t an  2r wi th  respec t ive  mult ipl i -  
cities 2 ( m , 1 ) ,  2 ( m - - 1 ) ,  1 and  2. 

3 .  - F o c a l  p o i n t s  o f  CP '~ i n  QP~. 

I n  th is  section we exhib i t  the  s t ruc tu re  of 9~/4(U(T-LCP'~)) in QP~, CP '~ being 
as in E x a m p l e  3. 

Suppose Q~+I identified to C ~+1 • C ~+1 in the  following way :  (z~, z~) e C *~+1 • C ~+1 
i s  identif ied to zl-b j~z2e Q'~+L (Considering C : R -~ j~R.) Under  this  identifica- 
t ion,  the  un i t  sphere  S~+  ~ of C ~+~ is e m b e d d e d  in the  un i t  sphere  S 4"~+s of QP~ b y  

i: S 2m+~ ~ S 4,~+3, i(z) = (z, 0), and  the  f ibrat ion H: S 4~+~ -~- Qpm with  fibre S s induces  
a f ibrat ion 111: S ~+1 --> CP ~ with  fibre S 1 such t h a t  the  following d i ag ram conmutes :  

i 
S2m+1 .... > S4m+ 3 

Cp,~ , > Opm 

being the  s t anda rd  immers ion  of C2o ~ i n t o  QP,~ (see [10]). 
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Le t  p ~ Qpm and  ~ e S ~+a such t h a t  H(~) = p. I t  is well known,  [13], t h a t  under  
the  above identif ication i f  X ~ f l .(a~ b )~  T~QP ~, a local basis of the  quaternionie  
s t r~cture  of Q_P~ is given by  

(3.1) J'~X l l , ( j~a ,  j~b) J'~.X = H , ( -  b, a) J~ = 11.(--  j~b, j~a) ,  

and 

(3.~) j'~(T,~P=) ~ ~'~(T,c~ ~) ' = T~(C :~), = J~(T~CP ) = T ~ C P "  , x ~ C t  ~m 

The nction of 8 ~ over  ~4~+~ is the  one given b y  8U(2). 
Le t  x E CP "~ and  z E S ~'~+ ~ such tha t  H~(z) = x. I f  y e T~ C 2  ~, f rom (3.2), y = J~ ~ 

a e T~C2  ~, t h a t  is, a ~ (TI~.)~w with  ((% w}} = 0, where ((,}} denotes  the  usual 
I~ermitian produc t  of C ~+1. Then,  f rom Definition 2.1 we have  t h a t  ~/~(U(T-~C_P~)) = 

I I ( M ' ) ,  where  

(3.3) ~ ' =  {(~, w) ~ ,~'~+~/[Izll = l[wI[, <<z, w>> = o } .  

Clearly, f rom (3.3), M'  is invar ian t  under  the  act ion of SU(2) and  so, H ( M ' )  is 

a subman~fold of QP'~. 

T~E0~E~ 3.1. - Let s ~ - I I ( M ' ) .  Then:  

i) N* is a ( ~ m -  3)-dimensional  quaternion CR-submani /old  o/ QP'~ [1]. 

ii) s is m in ima l  in  Qpm. 

iii) I ]  D is the quaternionic distribution and D J- the totally real distribution o] ~ *  

we have: 

a) ~(D, 1)') = {0}, 

b) o(D~, D~) = {0),  

k--=- 1 ,2~3 ~ e) A j ~ z X  = X , 

]or any X e D, where Z is a uni t  vector ]ield o ] D  z and  a is the seconel ]un- 

damental ]orm o] 1~* in  Qt )m. 

P~ooF. - Le t  (z, w) e M'  and  (a, b) ~ T(,, ,)M'. As the  equat ions defining M'  are 
invar ian t  by  the  f i b r a t i o n / / ,  the  t angen t  space to  the  fibre a t  (% w) is 8p{ ( - -  j lw ,  
- -  j lz) ,  (jlz,  - j lw) ,  ( -  w, z)}. )/[oreover, f rom (3.3b 

(3.4) go(z, a) = g0(w, b) ,  go(z, b) + go(w, a) • go(jlz, b) -~ go(j~w, a) = O . 

Thus ,  r = (w, z), r ~- (--  z, w), r -~ (--  j lw ,  j~z) are normal  vectors  to M'  at  (z, w) 
v ! v _L [ As r ~ ,  r are o r thonormal  we deduce t h a t  t h ey  are  a basis of T(~.w)M and then ,  

~__  I �9 (3.5)  T~(~,~).~ _ , ~ p { z L ( ~ )  = r162 =- ~ ,_ r / , ( r  = ~} 



364 A. MA~a!i~EZ - J. D. P~REZ: Real hypersur/aces in quaternionio, etc. 

:From (3.1), (3.4) and (3.5) we have 

j , ~  , (3:6) = -- ~ ,  J~$~ = ~ ,  J'3~i = Z ,  

Z : I I . ( - -  j~z, -- j~w) being a uni t  vector tangent  to N* ~t II(z, w). This proves i). 
On the other hun}l, h~ving in mind tha t  the fibres o f / / ' ~ r e  to ta l ly  geodesic we 

can conclude: 

1) I f  (a, b ) =  ( - - j~z , - - j~w) ,  therl A~,~)(j~z, j~w)= (j~w,j~z) is a vert ical  vec- 
tor. Thus Ar Z = O. 

2) I f  (a, b) is orthogonal  to ( - - j~z , - - j~w) and  orthogonal  to the fibre at  
(z, w), then  

(3.7) A(~w.~)(a, b) = -- (b, a) + go((b, a), (-- z, w))(-- z, w) -~ 

+ go((b, a), ( - - j lw ,  j l z ) ) ( - - j~w, j~z) ,  
f 2 (3.8) (A(w.,)) (a, b) = (a, b) -- go((b, a), (-- z, w ) ) ( w , -  z) -- 

-- go((b, a), (-- j~w, j~z)) ( j~z , -  j~w) , 

therefore A~,(H.(a, b)) = II .(a,  b), where A~, (respectively, A~w,~))is the corresponding 
shape operator of iV* in Qpm (respectively, of M'  in $4m+3). 

Analogously we can prove tha t  A~.II.(a, b) = A~ H,(a,  b) = II ,(a,  b) and Ac Z = 
--- A ~ Z  =- O, for a n y  l I . (a ,  b) ~ T~(~.w)N* , / / . (a ,  b) ~ D and  we conclude the proof 
of iii). 

Finally,  ii) follows from i) and iii) h~ving in mind the properties of qu~ternion 
CR-snbmanifolds, [1]. 

RE~A~K. -- I t  is easy to prove tha t  N* is diffeomorphic to SU(m + 1)/SU(2) x 
x ~ U ( m  - 1) .  

We also remark tha t  N* is the  first example of proper quaternion C_R-submanifold 
known unt i l  now. 

4. - Tubes  over  a m i x e d  t o t a l l y  geodes ic  quaternion  CR submani fo ld  o f  c o d i m e n s i o n  
three  in  QP~. 

Theorem 3.1 suggests to s tudy  a quaternion C_R-subman.ifold M of Q / ~  which 
satisfies, 

(4.1) G(D,D• 

where a is the second fundamenta l  form of M in QP~ and D, D l are, respectively, 
the quaternionie distr ibution and the to ta l ly  real distribution of M. Such a quater- 
nion C/~-submanifold is called mixed totally geodesic, [1]. 
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LE~n~A 4.1. - Let M be a ( 4 m -  3)-dimensional mixed totally geodesic quaternion 
CR-submani~old of QB ~. Then the second fundamental form of M has the same behaviour 
as the one of ~V*. 

FnooF.  - As M is mixed  to ta l ly  geodesic we have  I [i],  

(a.2) 

(4.3) g(a(X, X),  J~A+~zZ) : 0 ,  ~ : l ,  2, 3 

for  a n y  un i t  vec tor  fields X e  D, Z e D ~, where A+~z is the  Weingur ten  endomorph i sm 
corresponding to J~Z. Moreover  f rom (4.1) we can choose an  o r thonorma l  basis 

of e igenvectors  of A ~ ,  {X~, ... ,  X~_~, Z} such t h a t  

(4.4) A + ~ z Z : o q Z ,  A+~zX~-~ fl~Xi, i ~ 1 , . . . ,  4 m - - 4 .  

Thus f rom (4.3) and  (4.4), a~fl~= 0, i ~ 1, ..., 4 m - -  4. Therefore  us ing (4.2), 

al = 0 ~nd we ob ta in  t h a t  A+~zZ ~ O. Now f rom (4.2), fi~ = 1, t h a t  is, A ~ z X  ~ X 
for a n y  X e D. Analogously  i t  cau  be shown t h a t  A+~zZ ~ A a z Z  ~ 0 and  A ~ , X  -~ 

X for a n y  X ~ D, which concludes t he  proof.  

t)]~oPosITIO~ 4.2. - ]Let M be a ( 4 m -  3)-dimensional mixed totallq] geodesic guater- 
nion CR-submanifold o/ QB% I] 0 < r < II/4, then q~( U(TJ-M)) is a real hypersur- 
face of QP" with four distinct constant principal curvatures 2 t ~ n  2 r , -  2 cot  2r, 
cot ( / / / 4 -  r) a n d -  t a n  ( H I 4 -  r) o~ respective multiplicities 1: 2, 2 ( m -  1) an~ 2 ( m -  1). 

PROOF. - Le t  us consider B e M, ~ ~ U(T~M). F r o m  Theorem 3.1 ~nd L e m m a  4.1 

we c~n choose a basis  in T ,  M o~ e igenvectors  of A~, {X~, ..., X~m_~, Z} wi th  D ~ :  Sp(Z} 
~nd such that 

(4.5) A~X, ~- X ,  , i = 1, . . . ,  2(m --  1 ) ,  

A ~ X j ~ - -  X~, j ~ 2m--  ] ,  . . . ,  4 m - -  1, A~Z ~ 0.  

Thus f r o m  Propos i t ion  2.2 (1.10), (1.11), (4.5) and  hav ing  in mind  t h a t  $ 

-~ ailJ1Z ~ ai~J2Z -~ al~J~Z, a~l -~ a~ ~ a~ : 1, we c~n deduce  

(4.6) 

(4.7) 

(~),(~.~)X~ = cos r(cos r - -  sin r)X~ -~ sin r(cos r - -  sin r)5(X~, ~), 

i - ~ 1 , . . . , 2 m - - 2  

(%),(~,~)Xj ----- cos r(cos r ~- sin r)Xj • sin r(cos r ~- sin r)5(Xj, ~) , 

j ~ 2 m - -  1, ..., 4 m - -  4 

(4.8) (~,),(,,~)Z = cos 2 r Z .  
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1Roreover, if {$, ~1, ~2} is an  or thonormal  basis of T ~ M  such tha t  ~ =  a~J~Z 
-F a ~ J , Z  -~ a~aJ~Z, k ~ 2, 3, (a~) e S0(3), then  f rom Proposition 2.2 and (1.10), 

(4.9) (%),(~,~)~k ---- �89 sin 2r~k, k : 2, 3 .  

Consequently from (1.12), (4.6), (4.7), (4.8), (4.9) ~nd as 0 ~ r ~ 11/4, we conclude 
tha t  M, = ~,(U(T-LM)) is ~ real hypersurface of QP'~. 

Let  B ---- ~0,(B, ~), f rom (2.5) the  uni t  normal  vector to M, a t / ~  is given by 

(4.10) s = cos 2r~ ~- �89 sin 2r~(~, ~:). 

Using the same notat ion ~s in w 2, f rom (4.5) and (4.10) we have 

(4.11) 

A,X,= cot (~-- r)_~, 

A,27~ = cot ( ~ - -  r)X~ = --t~n 

i -~ 1, ..., 2 m - - 2  

j ~ 2 m - - 1 , . . . , d m - - 4  . 

Now let a(t) be ~ differentiable curve on M such tha t  ~(0) ~- B and  s = Z. 
Then, denoting by ~(t) the parallel displacement of ~ along r in T• from (1.10), 
(1.11), (1.12), (4.5), (4.8) and  (4.10) it  follows 

(4.12) d )T 1 
- - A , Z - -  ~(Nv,(~(t).~(t)))It=0 = ~sin2r(--X~(~,~)Z) T ~  

~ 2 sin 2rZ --~ - -  2 tan  2rZ 

where ( )T denotes the corresponding component  in T~M. 
Finally,  and  similarly as (4.12) we obtain 

(4.1~) -- A , ~  ---- cos 2r~l~ : 2 cot 2r;?~ , k - ~  2, 3 

which concludes the  proof. 

R E M A R K .  - I~otice t h a t  f rom Proposition 4.2, Z, ~ ,  43 are eigenvectors and from 
(2.5) and  (2.7) Sp{JI$, J,~,  J,}}-----S~{2, ~ ,  ~s}, so we conclude 

(4.14) g(A, D', D) -~ 0 ,  

where D',  D are as in w 1. Thus if we ta, ke us a new local basis of ~ {J~, Jg, J~}, 
where 

. a .  / = / J : l  
~, ~ "~ /  J~ \ J~ l 
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then  the  corresponding U~ = - -  J~N~, k = 1, 2, 3, are e igenvectors  wi th  pr inc ipa l  
cu rva tu re s  2 t an  2r, - -  2 cot 2r a n d  - -  2 cot 2r, respect ively .  

THEORE)~ 4.3. -- Let M be a ( 4 m -  3)-dimensional mixed totally geodesic quaternion 
CR-submani/old o] QP'*. Let M be a real hypersur/aee which lies in a tube o] radius r, 
0 < r < 1 I / 4 ,  over M. Then Fd lies in a tube o] radius r ' =  l l /4  -- r over CP% 

P~OOF. - As /~  c_ q;~(U(T• for soma r, 0 < r < / / / 4 ,  f rom Propos i t ion  4.2 
and  lust l~em~rk we can  suppose t h a t  there  exists  ~n o r thono rma l  basis  (X~, ..., 
�9 .., )~,,,-a~ J~N,  J~N,  J~N} of T2]~ sa t i s fy ing  

(4.15) 

- 4 J I N  ~ 2 t an  2rJ~N,  

i = 1, ..., 2 m - - 2  

~ : 2 m ~ 1 ~ . . . ~  4 m - - 4  

A J k N  = - -  2 cot 2 r J ~ N ,  k = 2 , 3  

where  Z is ~he Weingar ten  endomorph i sm of IF  and  N is a un i t  norton,1 vec to r  field 

to  ~-I, for some local basis  {J1, J~,Ja) of i ?. Using L e m m ~  2.5 it  follows t h a t  
9~': ~ -> Q-P~, r ' =  11/4 - r has  cons tan t  r~nk  2m on M and  then  (see [3]) for each 

point  B e M,  9 ~ , ~  is a 2m-dimens ional  submani fo ld  in a ne ighborhood of q~,(B). 
Moreover ,  the  d is t r ibut ion  T o ( B ) :  ( X  e T , ~ / ( % , ) . X  : 0} is in tegrab le  wi th  2m- 
dimensional  leaves on 2/I. T h a t  is, the re  exists  a ne ighborhood U of B in M such 
t h a t  T~,(U) = V is a 2m-dimens ional  subm~nifold  of QP~. 

Le t  V~ and  V~ be,  respect ively ,  the  eigenspaces corresponding to the  eigenvalues 
cot r '  and  - -  t a n  r ' .  Then  f rom (4.15) as To is in tegrable  we have  g([X, ~], Uk) --~ 
: g([X, U~], Ue) = 0, k = 2, 3 and  t h e n  using (1.14) we e~n conclude 

(4.16) q~(X) = qs(X) = 0 ,  g(X, Jk Y) ---- 0 ,  k = 2, 3 

for a n y  X ,  Y e V !. B y  a s imilar  reasoning  appl ied  to ~/~_, : ~ -+ Qpm i t  follows 

(4.17) q~(Z) = ~8(Z) = O, g(Z, J ,  W)  = O, k = 2, 3 

for a n y  Z, W e  V2. 

Thus,  f rom (4.16), (4.17) and  bear ing  iu mind  the  proper t ies  of the  quaternionic  
s t ruc tu re  we have  

(4.18) J~ VI = V~ , Jk V~ = V~ , k = 2 , 3 .  

Moreover ,  f rom (1.16), (4.15) a n d  (4.18) it follows 

(4.19) g(VwX , Z) : 0 , W, Z e Y~, X e  V1 
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Also, using (1.14), (1.16) and (4.15) it is easy to see that  

(4.20) q~(Us) = q~(u~) = 2 tan 2r'. 

~ow, let 71= sv{x  + tan r'~(x, ~%)/x e v1} and ?2= {Z + tan r'~(Z, R~)/Z e V2}. 
Clearly from (1.12), (2.5), (2.7), (4.15) and Proposition 2.2 it follows 

(4.22) r ~ v  = ~ |  s p ( ~ l ,  cos 2r'~7.+ �89 sin 2r 'e (~ . ,  ~7.)}, ~ = ~.(B, ~7.) 

and consequently from (4.18), (4.21) and (4.22) 

(4.23) J1T~ V ---- T~ V , J~ T~ V : J3 T~ V : T~ 7 

that  is, T~V is a totally complex subspuce of T~Q1 ~ in the sense of [10]. 
In the following we shall see that  V is a totally geodesi c submunifold of QP% 

for which we denote by  ~*= cos 2rN,-5 �89 sin 2r~(NB, NB) and X*---- X -5 tun r'5(X, N,) 
for any X e  V1Q V2. From (4.15) and similarly a s i n  Proposition 2.8 it follows 

(4.24) A* ~ 0 

where A* is the corresponding Weingarten endomorphism of V in Qpm. l~[oreover 
if Z, W e V~ and (~* is the second fundamental form of V in QP% 

(4.25) a*(Z*, W*) : (VzW -5 O(Z~ W) -- t~n r'A~(w.~)Z -5 tan r'(5(Vz W, N,) + 

-5 5(Vz57B, W) ~) : (VzW-5 (1 -5 tan~ r')~(Z, W ) -  2 t~n r'g(W, Z)Nz-- 

-- tan r'g(J~ W, Z) U1-5 tan r'~(VzW, N~) -- tan~r'g(W, Z)#(N~, N~))z 

where "denotes  the corresponding component in T~V. Thu% from (2.12) and (4.]9) 
g(a*(W*, Z*), J~/V,) ---- 0. :From this, together with (4.23) ~nd (4.24) we obtain 

(~.2~) o*(?~, ~) = { 0 } .  

As from (1.14 i and (4.15) a*(Z*, J~N,) = (VzJ~NB-5 ~(Z, J~/V~))-~= (ql(Z)4N,~-5 
-5 t~n r ' J~Z-  ~(J,Z, A7,) ) •  C~ and ~s g(C, X*) = g(C, J1N,,) = 0 for any X e  V1, 
we also conclude 

(4.27) a*(?~, J,~,) ----- {0}. 

Analogously, 

(4.28) 
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Final ly ,  f rom (1.14), (4.10) and  (4.15) i t  follows 

(4.29) ~. (J ,R . ,  J .R . )  = (q~(J ,R . )J ,R . ) '=  o 

Therefore ,  V is u to ta l ly  geodesic submani fo ld  of QP". Thn~ (V, J1) is a K a e h l e r  

submanifo ld  embedded  in Q_P" as ~ to ta l ly  complex  to ta l ly  geodesic submanifo ld  
and  then ,  [10], V is a a  open set  of CP'*. I t  is clear now t h a t  as M is connected ,  i t  

lies on a t ube  of radius r '  over  C.P m. 

5. - Real  hypersurfaces  o f  QP~ with  constant  principal curvatures.  

IJet M be a real  hyper su r face  of QP~ with  un i t  local n o r m a l  vec to r  field Yr and  

U~, U2, U3~ D'  and  D as in w 1. 
I n  this  section we shall  classify real  hypersur faces  wi th  cons tan t  pr incipal  cur- 

va tu res  sa t i s fying g(AD, D') -= 0 

L E ~ - ~  5.1. - _Let M be a real hypersur]ace of Q2  m. Then g(AD, D') -~ 0 i] and 
only i] there exists a local basis o] [7, {J'~, J~, J'3} such that the corresponding U'~ = 
= -- J~:.Y, k = 1, 27 3 are principal. 

P~ooF. - I f  g(AD, D') = O, A D  c_ D and  AD'c_ D'. As A is d iagonal izable  there  

exis t  X~,X2 ,  X 3 e D '  such t h a t  D'-= Sp{X~, X~, X3} are  e igenvectors  of A. Thus 
the re  exis ts  P e S0(3), [14], such t h a t  

p X2 = U2 . 

Xs U3 

I f  we choose as a new local basis  of ]ff {J~, J'~, J~} where  

P J~ = J~ 

J~ J~ 

the  corresponding U'~ = -- JrkN , k = 1, 2, 3 are pr incipal .  

The converse be ing t r ivial ,  this  concludes the  proof.  
Using (1.16) we ob ta in ,  [19], 

L v . ~  5.2. - Let M be a real hypersurlace o] QP'~. I f  U1, Us and Us are principal 
with corresponding principal curvatures ~ ,  o~2 and ~ ,  

X ( ~ )  = Ui(oti) ] i (Z)  -- q~( Ui)(~i--  ~k) ],c(X) -F qk( Ui)(oti-- otj) f i (X)  , 

X 6 T M ,  (i, j ,  k) being a cydic permutation of (1, 2, 3). 
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Let  now M be a real hypersurfaee of QP~ with constant  principal  curvatures  

and  such tha t  g(AD, D ' ) - ~  O. From L e m m a  5.1 we choose a local basis of ]7, 

{j~, J~, J.} such that, 

(5.1) 

Now, we distinguish the following cases: 

CAsE I. - A t  least, two among oq, o:2 and o:a are equal. 

We can suppose tha t  ~ = g2 and  as t hey  are constant ,  we consider 

(5.2) ~ =  g ~ :  2 cot  2 r ,  0 < r < z .  

F rom Lemma 2.5, q~,: M -~ QP~ has cons tan t  r ank  q, and  from the Inverse  Func-  

t ion Theorem, [3], for any  B e M there exists a neighborhood U of B in M such 

tha t  ~,(U) ---- V is a q-dimensionM submanifold embedded into Q_p% ~Soreover the 

dis tr ibut ion To given by :  

(5.3) To = { x  e m , ~ / ( v , ) , x  = 0 } ,  

is integrable with (din --  q --  1)-dimensional leaves. 

Consider the  map  7:  U - +  T z V given by  

(5.4) 7(B) -~ cos 2rNB ~- �89 sin 2r~(N~, IYB), 

t ha t  is well-defined. 

L E ~ ) .  5.3. - With the above notations and ~nder the above conditions, we have 

i) r ank  7 .  ~ 4m -- 1 i] ~sve -- 2 t an  2 r ,  

ii) r ank  7.  ---- 4m -- 2 i /  ~3 = -- 2 tan  2r . 

P~ooF. - Let  {XI,  ..., X4~_4, UI, Us, Ua} be ar~ o r thonormal  basis of eigenvec- 

tots  of A such t h a t  A X e =  v~X~, i----1, ..., 4 m - - 4 .  Thus from {1.12), (5.4) and 

the formulas of Gauss and  Weingar ten  it follows 

(5.5) 7,(X~) = -- ($~ cos 2r + sin 2 r )X~+  (cos 2r --  sin 2r?~)~(X~, N ) ,  

i = 1, ..., 4 m - -  4 .  

Clearly, f rom (1.12) and (5.5) 7.(X1), ..., 7.(Xtm_4) are l inearly independent .  F rom 

(1.12), (2.7), (5.1) and  the formulas of Gauss and  Weingar ten  

(5.6) U*(Uk) -~ (-- cos 2 r ~ - -  2 sin 2r) U~, k -~ 1, 2, 3 .  
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Therefore ~ . ( U ~ ) = 0  if and  only if ~ : - - 2 t a n 2 r .  As ~ : ~ 2 c o t 2 r ,  from 
(5.5) and  (5.6) we conclude tha t  rank  ~], =- 4m -- I if and  only if ~ r  -- 2 tan  2r 
and  rank  ~,  ~ ~m--  2 if and only if ~ ~ -- 2 tan 2r. 

L v . ~  5.4. - I ]  r a n k u . : 4 m - - 1 ,  then ~ =  ~ and M is an open 
either 

i) a geodesic hypersphere, or 

ii) a tube o/ radius r over QP~, 0 < k < m - -  1. 

subset o[ 

l~ooF.  - F rom the  definition Of ~ if we denotc by Tr the tube of radius r over V, 
t h e n  ~ , ( - - u ( B ) ) = B .  Thus U has a left  inverse and  as rank u , =  4m--  l ,  ~ is a 
diffeomorphism onto an open subset v(U) of U(T • V). Then, denoting by U,(s)(T z V) 
the fibre of U(T• ~(U)(~ Us(s)(T• is open in Us(s)(T• and contains a basis 

• .L of Tr spanned by {~(C)/C ~ V~_C V}. F rom this and Proposition 2.2 T~,(s)V is 
invar iant  under  Jx and J~. But  then  i t  must  be invar iant  under  Ja and as g((~,). Us, 
Js~(B)) -~ (�89 sin 2ra3-- cos 2r)g(U~, Us), a3 ~- 2 cot2r .  That  is, U is a real hyper-  
surface of QP~ with  constant  principal curvatures,  U~, Ua, Us are principal wi th  
the same principal curvature  and q,(U) ~ V is a quaternionic submanifold of QP% 

By a similar reasoning as the one used in [5], U lies on the tube of radius r over V. 
The proof follows from Examples  2 and  3, the fact  t ha t  the principal curvatures 

are constant  and  the connectedness of M. 

LE~IA 5.5. - I / x a n k  U* = 4m -- 2, M lies on a tube o/radius  r over a complex 
projective space C_P ~, 0 < r < ~/4 or ~/4 < r < ~/2. 

P~ooF. - By the assumption and from Lemma 5.3, a~---- -- 2 tan  2r, then  r ~e ~/4. 
Now (5.1) can be wr i t ten  as 

(5.7) A U ~ = 2 c o t 2 r U ~ ,  k ~ 1 , 2 ,  

A U 3 =  ~ 2 t a n 2 r U 3 ,  0 < r < ~  or ~ < r < ~ .  

Let  7t, .. . ,7~ be the dist inct  principal curvatures corresponding to eigenvectors 
in D. We dist inguish:  

CASE I1. - ~=~ COt r, ]or any t ~ {1, ..., p}. 

F rom Lemma 2.5, ~ (U)  = V is a (4m -- 3)-dimensionM submanifold of QP% and 
from (2.7), (5.4) and:  (5.7), {u(B), J1NB, JsNB} are orthogonM to V at  Wr(B, N). 

• Thus T~,(~,~)V ~ Sp{u(B), JI~(B), Jsu(B)} for any  B e U, t ha t  is q)r(U) is a (4m -- 3)- 
dimensional quaterniou CR-submanifold of Qpm. 

As in the proof of Proposition 2.8, q~(U) is mixed total ly geodesic and Lemma 
follows in this  case from Theorem 4.3, 
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CAs~ I2. - 7t = cot r ]or some t e {1, ..., p}. 

Suppose t = 1 and let V, be the eigenspaee corresponding to the eigenv~lue 7o, 
s -=  1, . . . ,p .  As To is integr~ble, f rom Lemma 2.5 ~nd (5.7) we h~ve for any  

(5.s) g([x, Ir], v , ) =  g([x, ~,], u~)=  g([x, ~,], u , ) =  0, 

and from (i.16), 

(5.9) 
3 

(cot  r I -  A)[X,  I7] = 2 ~ g~X, J ~ )  U~, 
k = l  

I denoting the iden t i ty  automorphism of TM. 
From (1.14), (5.8) ~nd (5.9), g(X, J3Ir) ---- O and q~(X) ---- q2(X) ---- 0, for any  X, 

iYe V~. That  is, 

(5.10) j~r~c_ r~ ,  q~(v,) = q~(v,) = {o}. 

On the other ban(l, if we take X,  .Y e {U~, U2, U3}, from (1.14), (1.16) and  (5.7), 

(5.11) q~(~/1) = ~ ( ~ )  = 2 cot ~r .  

From L e m m a  5.2 i t  follows O ----U8(2 cot 2r) ---- (2 cot 2r + 2 tan  2r)q~(U1), 0 = 
-~ Ua(2 cot 2r) ~ -- (2 cot 2r ~- 2 tan  2r)q~(U.), then,  ' 

(5.12) q~(~,) = q~(U~) = o . 

Taking in (5.9) the scalar product  with Us, k ----1, 2, we obtain 

(5.13) g([X, Ir], U~) ---- 2 cot rg(X, JAY) ,  k = 1, 2 ,  

for ~ny  X, I r e  V,. 
Wow, from (1.3), (5.10), (5.11), (5.12) and (5.13), 

(5.14) 4g(X, J~ Y) : (dq, + qjAq~)(X, Y) - = -  q,([X, Ir]) ---- 

�9 ---- -- 4 cot r cot 2rg(X, J~ Y) 

i = 1 ,  2, for any  X,  Y e V , ,  (i,j ,  k) being a cyclic permuta t ion  of (1, 2, 3). Thus, 

(5.15) J, VIC_ V~, J, V1c_ V•. 
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If  X e  V~, from (5.15), there exists Z e  Vt, t=/= i such tha t  g(X, J~Z) r O, i ~ 1, 2. 
From (1.16) applied to X and Z, 

3 

(r,I -- A)VxZ -- (cotr I - -  A)V~X = ~ 2g(X, J~Z) U, .  
k = l  

Therefore, 

(5.16) (7t-- 2 cot 2r)g(VxZ, U~)- (cot r - -  2 cot 2r)g(U~, VzX) ---- 2g(X, J~Z). 

As g(X, J~Z) =/= O, from (1.14) and (5.16) we conclude that  7, = cot r for some t r 1. 
Thus 7~, ..., y~ are not distinct and the proof follows. 

Let Vx,---, ~ be the distiaet principal curvatures corresponding to eigenveetors 
in D. Denote by V~, ..., V~ the corresponding eigensp~ees. :From (1.16) it follows: 

(5.17) (ockI-- A)VxU~-- (?jI-- A ) V v X  : - -  J~X,  k = 1, 2, 3 ,  

for any X ~ V~. 
As Ux, U2 and U3 are principal, from the formulas of Gauss and Weingarten, 

VD,D_c D. �9 from (1.14) and (5.17) we have 

(5.18) q~(X) ----- 0 ,  k = 1, 2, 3 ,  

for any X e D .  
Now, from (1.14) and (5.18), we get, 

(5.19) Vx Uk ~- J~AX,  k -- 1,2, 3, X e D .  

From Lemma 5.2, U~(a,) ---- •  a~)q~(U~), (i,j, k) being a cyclic permutation 
of (1, 2, 3) and the fact that  a~V= ~.~ if i =/=j, i , j  = 1, 2, 3, gives: 

(5,20) qk(Ui)•O, lCVai, k i = 1 ; 2 , 3 .  

Take X e  Vr and suppose tha t  for some k ~ 1, 2, 3, J~X has components in V. 
and V.., n, m=/=j. Let :Ye V,,, Y e  V,. such that  g(X, J~Y) =/= 0 and g(X, J ~ Y ) r  O. 
From (t.16) applied respectively to X, Y and X, Y, it follows that  

and 

3 

(y . I - -  A )VxY- -  (ajI-- A)VyX---- 2 ~. g(X, JkY)Uk,  
k = l  

3 

~. e(X, J,~F)y~= (~,~I- A)vzF- (~j- A)V~X, 
k=! 
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Then  f rom (5.19) it  follows: 

(5.2~) 

From (5.21)~ (y . - -  y~)yj-~ (y,~-- Y~)(7~-- a~) = O. I f  n r  m, ~ =  2y~.; F r o m  this 

and  (5.21), 2 - k 2 y ~ = 0 .  Thus n = m ~  th a t  is, 

(*) (~If J~V~cV~ for some k = 1 , 2 , 3 ,  j e { 1 , . . . , p } i  there  exists  n ~ j ,  n e  
e ( 1 ,  . . . ,p}  such t h a t  J ~ V ~ V ~ ) .  

Tn:EORE)~ 5.6. -- There exist no real hypersur]aees with constant principal curvatures 
o/ Qt )'~ such that U~, Us and Ua are principal with principal curvatures r a~, ~ 
respectively, and ~ ~:/: ~:/: a~. 

PxooF.  - Suppose t ha t  ~ =  2 cot 2r~, 0 < r~< ~/2~ r~.=z=r~, i r  i , j  = 1 ,  2, 3. We 
distinguish two cases: 

CASE II1.  - y t r  cot  rk /or some t = 1, ...~p and some k = 1, 2, 3. 

Suppose t = 1~ k = 1. Considering ~0,: M ~ Q / ~  ~o,~ has  cons tan t  r ank  q. Thus 
for any  B e M there  exists a neighborhood W~ of B in M such t h a t  ~,,(W~) is a q-di- 

mensional  submanifold of QPm and the  distr ibution 1~o(B) = ( X  e T~M/(~o,,),X = 0} 
is integr~ble with ( d i n -  q -  1)-dimensional leaves in M. Then~ f rom Zem m a  2.5 
i t  follows 

(5.22) g([x, r], ~;~)= g([x, r], ~ . ) = 0 ,  x ,  r e  v~, 

3 
and from (~.~6), (r~I-- A)[X, ~] = ~ ~ g(X, J~ Y) U,,. 

k = l  

(5.23) J~:Vlc_ V~ ~ k = 2~ 3 . 

Thus, f rom (5.22) we get,  

Bu t  f rom (5.21), if JIV~ had  a componen t  in some V~, ne ( l~  ...,p}, ( ~ - -  ~ ) ~ -  
-~- (yl-- ~l)~n = 2, and a.S ~1 = 2 cot 2r~ and  ~---- cot  r~, ~, = cot  r~ = ~ .  Thus 

(5.24) J I V I :  V1 �9 

F r o m  ( , )  and  (5.23) the re  exis t  m ,  n e (2, . . . ,  iv} such t h a t  J~ Vl= V~ and  J ,  Vlg V~ 
and  now J1V~= V~ impl ies  J2Vl = J2J~V~ = J3V~c_ Vm~ t h a t  is, n = m. Therefore  
the re  exists n e {2, ..., p} such t h a t  

(5.25) J2v~= v,,, J3v~_c vn. 
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Final ly  f rom (5.21) and  (5.25) it  foliows 

( ~ - -  a2) cot rl + (cot r~-- ~)y~ = 2 
(5.26) 

()',~-- ~3) cot r~ § (cot r~-- as)~. = 2 .  

F r o m  (5.26)7 ~. = cot r~=  y~, thus  ~ ..., y~ cannot  be dist inct .  Thus this case is 
not  possible. 

CASE 11.2. - y~=/= cot rk, k = 1, 2, 3 ]or any t e {1, ..., p}. 

In  this case, f rom (1.16) if X~ ~ 'e  V~ we have  

8 

(5 .27)  ( ~ [  - A) fX ,  ~] = 2 ~ g(X, J~ ~) Y,~ . 
k = l  

From (5.27) i t  follows tha t  (2y~(r~-- 2 cot 2r~) -- 2)g(X~ Jk:Y) = 0 for a n y  X, 
:Ye Vt, k = 1, 2, 3. As 2y~(~t--2 cot 2 r ~ ) -  2 = 0 if and  only  if e i ther  ~ =  cot r~ 

or y~ = -- t an  rk, and  F~:~ cot  r~ and  we can also suppose t h a t  r~=~ -- t an  rk, k = 1, 2, 3 
(if not ,  we apply  Case 11.1 to  the tube  of radius 1 1 / 2 -  rk), we have 

(5.28) J~Vtc_Vf  , t = l , . . . ~ p ,  k = 1 , 2 , 3  

and  then  there  exist  n, m, q e (2, ..., p} (we suppose n = 2, m = 3, q = 4) such t h a t  

(5.29) J1V~ : V~ ~ J3 V~ : Va , J~ V1 : V~ . 

F rom (5 .29)hav ing  in mind  (1.1) we obta in  

(5.30) J 2 V ~ =  V~ , J~V~= V~ . 

F r o m  (1.3), (1.14), (5.18) and  (5.29) 

(5.31) 4g(X, J~ Y) = (dql + q, Aq~)(X, 17) = --  q~([X, ~]) = 

= - g ( [ X ,  ]r] ,  v ~ ) q , ( v ~ )  = - (~, + ~,~)g(X, J~ ~)ql(rye) 

for  a n y  X e V1, X e V2. 

(5 .32)  

Then f rom (5.29) and  (5.31) 

4 
q1(U~) = 

Y~ § Y2 " 

I t  is easy to prove in a similar way tha t  

r 4 
(5.33) q2(U2) =~' yl @ ya '  ql(U1) = Ya @ 7a'  

4 
q~(U2)  = ~'~ + ~ "  
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Thus from (5.32) and (5.33) ?~ -+- y~ = Y8 + 74 and Y2 + ~4 = Y~ + Y3. This implies 
t ha t  ?~-= ~4 and  this case is no t  possible. This eoncluSes the proof. 

F rom Lemma 5.1, Case I and  Cuse I I  we ob ta in  the following 

Tn-EO]~E~ 5.7. - Ze$ M be a real hypersur]aee with constant principal curvatures 
of QP'~ such that g(AD, D') = O. Zet s be the number o] distinct principal curvatures 
o] M. Then S e { 2 , 3 ,  4}:and 

i) I f  s = 2, M is an open subset o] a geodesic hypersphere. 

ii) I] s -= 3, M is an open subset o] a tube o] radius r, 0 < r < 1I/2 over QP~, 
0 < k < m - - 1 .  : . . . .  

iii) I] s = 4, M is an open subset o] a tube o] radius r, 0 < r < 11/4 or H/4 < 
< r < 1-I/2 over CP% 

6. - Real hypersurfaces of  quaternionie projective space with two distinct principal 
curvatures. 

In  this section we shall determine those real hypersurfaces of QP~, m >  3, having 
two dist inct  principal curvatures at  any  point.  

THEOI~E)I 6.1. -- Let M be a real hypersur/ace o] QP~, m > 3 ,  with two distinct 
principal curvatures, 2 and/~, at any point o] M. Then there exists a local basis {J~, 

! l l ! 
J~, J'8} of ~ such that the corresponding U~, U2, U~ are principal with the same prin- 
cipal curvature. 

P~ooF. - Le t  Tz ~nd T ,  the eigensp~ces corresponding respectively to 2 a n d / t .  
As T M  =-T~O T~ we can suppose t ha t  

(6.1) 

for eertMu uni t  vector fields X~e T~ and  V~e T~, k = 1, 2, 3. 

I. - Suppose t ha t  ak, b~=~0, k = l , 2 , 3  on an open set of M. Le t  now X =  
=- { X e  T~/g(X, X~) = 0, k = 1, 2,3} and  Q = {V e T j g ( V ,  V~) ---- 0, Ir = 1, 2, 3}. As 
m > 3 ,  ei ther  Z or t9 must  have dimension >2 .  Suppose dim X > 2  (if not ,  we would 
proceed with ~9). I f  X, 17 are orthonormM vector f idds in X, from (1.16) we have 

3 

(6.2) (21-  A)[X, Y] + X(2)Y-- ~(2)X = 2 ~ g(X, J~Y_)V~ 

and taking the inner product  of (6.2) and X (respectively, Y) we obtain X ( 2 ) =  
= :Y(2) = 0. That  is, (6.2) is 

3 

(6.3) ( 2 I - - A ) [ X ,  Y] = 2  ~ g(X, JT, Y)U~,  X,  Y e X ,  
k = l  
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From (6.3) we obtain the following homogeneous linear system whose variables 
are g(X, J~ :Y), k : 1, 2, 3 

0 = a~g(X, J~ Y) + a~g(X~, X2)g(X, J~ Y) + a~g(X~, X3)g(X, Ja~) 

(6.4) 0 -~ a~g(X~, X2)g(X, J~ Y) + a2g(X, J2 ~) + asg(X~, X~)g(X, J~ Y) 

0 = a~g(Xx, X~)g(X, J~ 7[) + a2g(X~, Xa)g(X, J~ 7[) + a3g(X, J~ ~) ..  

Thi~ system has tr ivial  soh t ion  if and only if X~, X~, X~ are l inearly independent .  
So we distinguish the following c~ses: : 

1.1. - X~, X~, X3 are  l inearly independent  . . . .  
F rom (6.4), g(X, J~Y) : 0, k ---- 1, 2, 3, for a n y  X, :Ye Z. Thus 

(6.5) J~XeT~,QSp(X~,X2, Xa), k : 1 , 2 , 3 ,  X e 2 7 .  

On the other  hand  taking XT~,/~ ---- 1, 2, 3 and  a un i t  X E X, from (1.16) we get 
3 

()~I-- A)[X, Xk] + X~(~)X = ~ {(-- ]~(X~,)J~X-- 2g(J~X, XT~) U,}, k = 1, 2, 3. Taking 
k = l  

the  inner  product  of this  expression and  X, X7~(2) = O, k -- 1, 2, 3, thus  the  above 
expression is 

3 

(6.6) ( ~ I "  A)[X, X~] = ~ {-- ]~(Xk)J~X-- 2g(J~X, Xk) U~}, k ---- 1, 2, 3.  
k = l  

From (6.6) we obtain 

(6.7) 

0 = a~g(X1, J~X) + a,g(X~, X2)g(X~i J~X) + a3g(X1, X3)g(X~,J3X) 

0 -~ axg(X,, X2)g(XI, J~X) + a2g(X~, J~X) + a3g(X2, X3)g(X~, J3X) 

0 = a~g(X~, X3)g(Xx, J~X) + a~g(X2, X3)g(X~, J2X) + a3g(X1, J~X) 

and similar systems changing X1 by  X2 (respectively, by  X~). As X1, X,  and X3 
are l inearly independent  we have 

(6.8) g(J~X, X~) = 0 ,  i, k = 1, 2, 3 

and thus  0 ----- g(JkX, Ui) = aig(JkX, X~) + b~g(JkX, V~) = b~g(J~X, V~), k ---- 1, 2, 3. 
F r o m t h i s  a n d  (6,5), - . . . . .  - :: : -  :-; 

(6.9)  J ~ Z ' c  ~Q , k : 1, 2,  3 . 

If  V1, V~, V3 were also l inearly independent ,  Jk/2c_X, k = 1 ,  2, 3 and then  
dim X + d i m / 2  would be even, bu t  if this is the case, dim M ~- dim 27 + d im/2  + 6 
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is also even and  M cannot  be a real hypersurface of Q/o~. Thus V~, V, and Va must  
be l inearly independent .  

:Prom (6.9) there exist two or thonormal  vectors V, W in ~2 and  from (1.16) we 

have 

3 
(6.10) (~I -- A)[V, W] = 2 ~ g(V, JkW) Uk. 

k = l  

If  we apply ( 2 I -  A) to (6.10) having in mind tha t  the only principal curvatures 
3 

of M are r and  /~, i t  follows 0 = 2 ~, g(V, J~W)(~.I -- A) U~ and from (6.1) 
i = l  

(6.11) 0 -~ blg(V, JIW) V~ -4- b~g(V, J~W) V~ + bag(V, JaW) I~. 

From (6.9) we can choose V and  W in {J~X, J~X, JaX}, X ~ X, and from (6.11) 
we h a v e  

(6.12) V I =  V~= V3=O 

which concludes the  proof in this case. 

1.2. - X,,  X~, Xa are not  l inearly independent.  
I f  V~, V2, V8 were l inearly independent  the result  would follow as in Case 1.1. 

Thus we suppose t ha t  V~, V~, V8 are not  l inearly independent.  Then (6.4) admits  a 
nontr ivial  solution, t ha t  is, for any  orthonormal  X, Y ~ X, g(X, J~ Y) =/= 0 for some 
k = 1, 2, 3. Suppose tha t  k = 1. Applying (#I -- A) to (6.3) and  having in mind 

3 

(6.1) we have 0 = ~ a~g(X, J~Y)Xk, t ha t  is I 
k = l  

a~g(X, J~ Y) X a3g(X, Js ~) 
(6.18) X~---- a~g(X, J ~ )  ~ a~g(X, J l~)  x8 

and taking U i =  U I +  (g(X, J~ Y)/g(X, J~ Y) ) U~-~ (g(X, J3 Y)/g(X, J~ Y) ) Us from (6.1) 
and  (6.13) we have 

(6.14) AU1 ~-- #U1 �9 

f 
Taking as a new or thonormal  basis of D' {U'I, U~, Us}, where U'I= U1/[fUI/t 

and if C e S0(3) is the  mat r ix  of change of basis, (.1) (J1) 
C J~ - -  J2 

J~ J~ 



A. MA~TI~EZ - J .  D. P]~lzEz: Real hypersur]aces in quater~ionie, etc. 379 

is a new local busis of ~" such t h a t  the  corresponding U~ = - -  J~:~, k = 1, 2, 3 ver i fy  

I ! I / ! ! I ! / ! I ! 
(6.15) U~ = U~, U~ = a2X ~ + b~ V s , U~ = a3Xs + b~ V~ , 

! ! / / l 
where U1, V~, V s are  un i t  vec tor  fields in T and  X 2 , X  3 uni t  vec tor  fields in T~. 

l f ! 
I f  U~, V 2, V s were l inear ly  independen t ,  the  proof  would finish as in 1.1. Suppose 

thus  t h a t  U' ' ' ~, V~, V s are l inear ly  dependen t ,  g(U~, U~) -~ 0, k -= 2, 3, impl ies  t h a t  
I = = ! 7- I  

if b ~  0, /c 2, 3, g( U~, V'~) = 0, k 2, 3 and  t h e n  V s = ?T 2 Y being a rea l  va lued  
! 

funct ion  defined on some open subset  of M. Moreover  if  V~ = ?V'~ f rom (6.15) it  
/ l ! l I f / ! ! / 

follows t h a t -  (bJb, )?U~+ U s =  asX 3 -  (bJb~)?a2X2eT~, t h a t  is, t he re  exists  a 
- -  ! ! 

vec to r  field Use D ' n  T~. (Notice t h a t  if  b k = 0 for  some k = 2, 3, e i ther  U~e Z,  
l 

or Use T~, so we can m a k e  the  following reasoning  also in this  ease.) Tak ing  as 
l /  I !  I l !  new orthouormal basi~ of ~ '  { ~ ,  ~ ,  ~ )  where ~ = ~ ,  ~ =  V~/~V, ll aud i~ 

C'e  S0(3) is the  m a t r i x  of clmnge of basis,  

c'  23 --  J~ 
Js J~ 

I f  I t  
is a new local basis  of ]~ such t h a t  U I = - - J ~ N e T  a n d  U~--=--J~.NeT~.  Thus 
(6.1) can be wr i t t en  as 

I f  l !  f[  I!  f !  

(6.16) U~ = U1, U s = U s , U s = a X ' +  bV' 

/' V ' e  T~ are uni t  vec tor  fields. F r o m  (6.16) we obta in  where  U~, X ' e  T~ and  U 1, 

3 
l II  

(6.17) (2I --  A)[X,  Y] = 2 ~ g(X, J ,  Y)  U, 
k = l  

(6.18) ( ) ~ I -  A)[X, X ' ]  - -  ' 2g(J~X, " = / s ( x ) d s x -  ' x ' ) v ~  

for a n y  o r thono rma l  vec tors  X,  I7 e 2:. F r o m  (6.17) and  (6.18) we get  e i ther  J'~I=_ 27z, 
J~27r [2, or a = 0. I f  J~27c_27• J~ . ,V ,~ ,  d i m Q > 2  and  we also ob ta in  e i ther  
J : / 2  c Q ' ,  J~Q c 2: or b = 0. B u t  d im M -= dim ! + d im ~9 + dim Sp{U~, V:, aX', 
bV'}, ~nd then  e i ther  a = O or b : 0. Suppose t h a t  b = O (the case a = 0 is s imilar)  
F r o m  (6.16) we h a v e  

/ /  / /  / /  / /  / /  / /  

(6.19) A U  1 = IaU 1 , A U ~ =  .~U 2 , A U  3 = 2U 8 

and  f rom (6.14) i t  follows 

(6.20) J~27c_Q, J ' 2 7 c _ ~ ,  ' c J1Q _ X .  

F r o m  (1.1) and  (6.20), J~27 ' ' c ' = J 1 J s X _  J1Q c_ X, which con t rad ic t s  (6.20) a n d  
proves  the  Theorem in th is  case. 
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I I .  - I f  e i ther  a~-----0 or b ~ : 0  for some k ~ 1 , 2 , 3 ,  the  proof  follows f rom 

Case 1.2. 

Tm~ol~E~ 6.2. - Let M be a tea hypers~rfaee o] QP% m > 3. Then M has two 
distinct .prineipal curvatures i] and only i] M is locally an open subset in a geodesie 

hypersphere. 

P~OOF. - F r o m  Theo rem  6.1, U1, U2 and  U3 are  p r inc ipa l  wi th  the  same pr incipal  
cu rva tu re  ~ for some local b~sis of ~. F r o m  L e m m a  5.2 ~ is locally cons tan t  and  

we can  suppose t h a t  ~----2 cot 2r, 0 ~ r ~ ze/2. I f  ~ denotes  the  o ther  pr inc ipa l  

cu rva tu re  of M and  V is the  set where  ~ r ~, V is c lear ly open.  Tak ing  the  maxi -  
m u m  r a n k  be tween  ~ and  ~nt~-~, there  exists  an  open subset  U of V where  ~0~ has 

cons tan t  r a n k  q and  ~tsing the  Inve~'se Func t ion  Theorem,  ~ ( U )  is a q-dimensional  

submani fo ld  of Q /~ .  Reasoning as in L e m m a s  5.3 and  5.4, r a n k  U, ~ 4 m - -  1 over  U 
and  ~0~(U) is a quaternionie  submani fo ld  of Q/)~. The resul t  follows f rom Examples  1 

and  2. The converse is trivi,~l. 

7. - On the Ricci tensor of  a real hylmrsurface of  0 ~  TM. 

DEFINITION 7.1. -- Le t  M be a rea.l hypersur face  of QP~. I f  the  l~icci tensor  of M 

satifie~, 

for a n y  X E T M ,  where  a and  b are cons tan t ,  we shall  say t h a t  M is u pseudo- 
Einstein rea l  hypersur face  of QIo ~. I f  the  Ricci tensor  of M satisfies, 

3 

(7.2) S X  ----- aX  ~- b ~ i~(AX) U~ 

for  a n y  X ~ T M ,  where  a and  b are cons tan t ,  we shall  say t h a t  M is an almost 

Einstein real  hypersur face  of Q/)~. 
~ r o m  Defini t ion 7.1 a n d  (1.15) i t  follows 

3 

(7.3) ( x ~ -  hA § ~)X = 0 ~ s  ~ , X e ~_~ 
l c = l  

for a pseudo-Eins te in  real  hypersur face  and  

3 8 

(7.4) (A n - hA + ~)'X = -- b ~ ]~(AX) Uk-- 3 ~ ]~(X) U~ , 
k= l  k= l  

X e T M  

for an  a lmos t -Eins te in  real  hypersur face ,  where  2, ---- a - -  (4m ~ 7) and  0 = - -  (b ~- 3). 
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L v , ~ A  7.2. - Zet M be an almost-.Einstein real hypersurfaee o] Q.P'~, m > 2, Or a 
pseudo-~instein rear hypersurfaee oJ QP'~, m > 3 .  Then there exists a local basis 

I ! I {g .  J~, ~;} of ~ such that the eorresponding V '=  k -- J'kN, k = 1, 2, 3 are principal 
and at least two among them have the same principal curvature. 

P~ooF. - Case I .  - Suppose t h a t  M is a p~eudo-Einstein real  hypersur face  of 
QP~, m~>3. Le t  T =  A 2 -  hA. F r o m  (7.3), we have,  

(7.5) T X =  ( 4 m @ 7 - - a ) X ,  T Z  = (4m @ 4 - -  (a + b))Z , 

for  a n y  X ~ D, Z e D'. 
Le t  {X1, ..., X~m_l} be an o r thonormal  basis of T M  of eigenvectors of A. F r o m  

the  definition of T, {X~, ..., X4~_~} are also eigenvectors of T. Then  we have:  

a) b va -- 3. F r o m  (7.5), D and  D'  are invar ian t  under  T and T has 4m -1- 7 - -  a 

as an eigenvalue for a n y  vec tor  of D and  4m + 4 -  (a + b) for a n y  vector  of D'. 
Then there  exists an o r thonormal  basis of D',  {X1, X~, X } such t h a t  T X ~ =  

= ( 4 m + 4 - - ( a + b ) ) X ~ ,  k = 1 , 2 , 3 .  Thus g(AD, D ' ) = O  and f rom L e m m a  5.1 
/ f / 

there  exists a local basis {J~, Js ,  g~} of l? such t h a t  the  corresponding b'~ = -- J'kN, 
k - ~  1, 2, 3, are principal.  ~o reove r ,  in this ease, ~rom (7.5) a t  least  two among 
t hem have the  same pr incipal  curvature .  

b) I f  b ~ - -  3, f rom (7.5), M has at  most  two dis t inct  pr incipal  curvatures  
l 

at  each point  and  f rom Theorem 6.1, there  exists  a local basis {J'~, J~, J's} of ~r such 
f ~  f ~  t h a t  U~: -- JT~ , k = 1, 2, 3 are pr incipal  wi th  the same pr incipal  curvature .  

Case H .  - Suppose now tha t  M is an Mmost-Einste in  real  hypersur faee  of QP~, 
re>f2. F r o m  (7.4) we have  

3 

(7.6) (A ~ -  h A ) X +  b ~. g (AX ,  U~)Uk = (4m + 7 -  a ) X ,  
7r 

8 

(7.7) (A s -  h A ) Z  + b ~ g ( A Z ,  U~)Uk---- (4m + 4 - -  a)Z  , 

for  any  X ~ / ) ,  Z ~ D' .  

From (7 .6 /we have g((As-- (h--  b )~ )X,  Z) = 0 for any X e D, g ~ ~ '  ~nd the~, 
t ak ing  the  tensor  T = A s -  (h - -  b)A, we obtain  

(7.8) g(TD, D') = O. 

From (7.7), T Z  ~ (4m + ~ - -  a)Z  + b(AZ) T, for a n y  Z e D', d e n o t i n g  by  (AZ) T 
the  component  of A Z  in D. Now, f rom (7.8), 

(7.9) b(AZ)C-.~ O . 
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I f  b r 0, f rom (7.9), g(AD, D ' )  = 0 and  f rom (7.6), (7.7) and  L e m m a  5.1, there  
I t 

exists  a local basis  {J~, J '  = - -  ' h  r ~, J'~} of ~ such t h a t  the  corresponding U~. J'~ , 

k = 1, 2, 3 are  pr incipal  and  a t  least  two of t h e m  have  the  same pr incipal  curva ture .  
I f  b = 0, f rom (7.4), M is pseudo-Eins te in  and  b ~ --  3. 5To~v the  resul t  follows 

f rom Case I a). 

THE01~E~ 7.3. -- Zet M be a real hypersurfaee of QP~. 

1) I f  M is 

1.1) A 

1.2) 

1.3) 

2. - I f  
o r  

Then: 

almost-Einstein and m > 2, M is an open subset el one of the following: 

geodesic hypersphere. 

A tube of radius r over QP~, 0 < k < m -  1, 0 < r < ~/2 and cot~r = 

= (dk + 2 ) / ( 4 m -  4 ~ -  2). 

A tube el radius r over Ct)% 0 < r < ~/4 or ~/4 < r < ~/2 and cot 22r 

= l l ( m  - 1 ) .  

M is pseudo-Einstein and m > 3 ,  then M is an open subset o~ either 1.1 

1.2. 

PI~ooF. - Suppose t h a t  M is an  a lmos t -E ins t e in  real  hypersur face  of Q_P~. F rom 

L e m m a  7.2, we can ~uppose t h a t  Uk ~ -- J~2i, lc -~ 1, 2, 3, {J~  J~, J3) be ing  a local 
basis  of 17, are  p r inc ipa l  (on the  open set where  {J~, Js ,  Js} are  defined) and,  a t  

least  two a m o n g  t h e m  have  the  same p r inc ipa l  curva ture .  Thus we suppose,  

(7.1o) A U1 ---- al U~, A U~ ~ gl Us,  A Ua = as Us �9 

We  shall  dis t inguish two cases: 

CASE I.  - ~ -~ a l =  ~8, theI1 f r o m  L e m m a  5.2, ~ is locally cons tan t  and  f rom 

(7.4) as a and  b are  cons tan t ,  the re  exis ts  an  open subset  U of M such t h a t  U is a 
real  hyper su r faee  of QP'~ with  cons tan t  pr inc ipa l  curva tures  such t h a t  g(AD, D') -= O. 
Then,  f r o m  T h e o r e m  5.7 and  hav ing  in mind  t h a t  M is connected ,  M is an  open  
subse t  of e i ther  a geodesic hype r sphe re  or a t u b e  over  a QP~, 0 < k <  m - - 1 ,  

0 < r < ~/2. Among  all these  tubes  only the  one appea r ing  in 1.2) is a lmost -Eins te in .  

CASE II. - Suppose  t h a t  gx=# ~a a t  some poin t  B. Then  f rom the  con t inu i ty  
of ax and  ~8, t he re  exis ts  a ne ighborhood  V of B such t h a t  ~ ~3 on Y a n d  such 

t h a t  J , ,  J s  and  Ja are  defined on V. Suppose t h a t  

(7.11) 

Then  f r o m  L e m m a  5.2, 

(7.12) ~(a l )  = Iz(~,) = U,(~I) = U~(~,) = o ,  

for  a n y  lr ~ D. 
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II .a)  I f  ~ee  0, f rom (7.5), q~(U~) = ql(U~) ---- 0, t ha t  is, V~. Ua = 0. As g(Vz grad ~a, 

~) =- g(V~ grad ~ ,  X), f rom (1.14) we have,  X(fl)h(Y) ~- g(VzU~, ~) -= Y(fl)I~(X) 
-~ g(VzU~,X), for any  X, Y e  TM, where fl--~ U~(~3). Taking  X---- U~ or Y = U3 
it follows, 

(7.1~) ~g(V~ G~, ]~) = ~g(V~ ~ ,  ~ ) .  

Final ly,  f rom (1.14) and (7.13) we have flg((JaA ~-AJ3)X,  Y ) =  O, q2(X)= 
= q~(:Y) =- 0, for a n y  X, I Z e D .  Ba t  f rom the equat ion of Codazzi J3A -k AJ3:/: 0 
on D. Thus fl ----- 0. F r o m  this and (7.12), ~3 is locally cons tan t  on V and  we can 
suppose tha t  is cons tan t  on V. 

F r o m  (7.7) ~3----- a - -  (4m + 4), thus x~ is also cons tan t  and  then  f rom (7.4) 

and (7.11), V is a real hypersurface  with cons tan t  principal  curvatures  such tha t  

U~, U~ and Ua are pcincipal and exact ly  two among their  corresponding principal  

curvatures  are equal. Thus from ('7.4) and Theorem 5.7~ as M is connected,  M mus t  

be an open subset of 1.3), because this is the one a lmost-Einste in  tube  over C_P% 

II.b) I f  ~x ~- 0, ~.~ = 2 tan  2(~/4). Taking the tube of radius 7~/4 over V and 

denoting by  X a connected open subset of V over which ~/4 has m a x i m u m  rank, 

we conclude as i n  w 5 tha t  as aaV= -- 2 tan  2(~/4), r ank  ~. = 4 m - -  1, t h a t  i s ~  = 

=- ,~----- ~a on X. But  this is a contradict ion and  we conclude the proof in this case 
I f  M is pseudo-Einstein ,  the  proof  is similar. 

COROLLARY 7.4. - M is an Einstein real hypersur]ace o/QP~ i] and only i/ M is 
an open subset o] a geodesic hypersphere o] Qpm o] radius r, with eot2r = 1/2m. 

PROOF. - This is the only Einstein real hypersurface of Q_pm appearing in Theo- 

rem 7.3. 
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