
On the Nonlinear Parabolic Systems in Divergence Form. 
Hiilder Continuity and Partial Hiilder Continuity 

of the Solutions (*)(**). 

SE~SlO CA~n'A~ATO (Pisa) 

S u n t o .  - f2 ~ uu aperto timitato di R ~, ~ > 1.2Vel eilind~'o Q = Q x ( -  T, 0), di punto X = (x, t), 
si eousidera i~ sistema non lineare, i~ ]orTna di divergenza, 

(1) - -  ~ D~A~(X, u, Dee) + ~--~-~ = - -  ~ D~Br u) + B~ ~, Du) 

dove u, A ~, B ~, B ~ sono vettori di 1~ ~, N > 1. Si suppone ehe il sistema (1) sia ]ovtemente 
?ambolieo e ehe i vettori A ~, B ~, B o abbiano a~damenti streltamente control~ati. I n  gueste 
ipo~esi, si studia la regolarith, o la parziale regolarit~, h6~deriana delle soluzioni 

eL~( - T, 0, HI(~)) n L ' ( - -  T, 0, L~(~)). 

Preliminare ~ lo studio dei sistemi no~ lineari del ~ipo 

~u 
(2) - - ~  DiA~(Du) + - -  = 0 in Q 

ehe hanno lo stesso ruolo the, ~ella teoria lineage, hanno i sistemi a voe/]ieienti eostanti e ri. 
dotti alla ?arte priuei?ale. Questo studio, ehe ha intcresse in s~, viene ]atto nei paragra]i 3, 
4, 5 e 6. Per le soluzioni del sis~ema (2), si dimostra~o la loea~e differe~ziabilit~, le maggio- 
razioni ti?o t)oincarg e ~e eosidette maggiorazioni /ondamentali dalle ~uali si deduce, in par- 
tieolare, vhe le soluzioni del sister~a (2) so~o h61deriane in Q se n< 2. Per maggiori dettagli 
si veda l'introduzione. 

1.  - I n t r o d u c t i o n .  

For  the  sake of simplicity,  t h roughou t  the  p resen t  work  we will be  concerned 
with  second order  differential  sys tems,  even if wha t  we will p rove  could be  ex tended  
to sys t ems  of even  order  2m. 

Le t  f2 be  a bounded  open subset  of / ~ ,  wi th  n > l ,  whose b o u n d a r y  3 ~  is as 
smooth  as necessa ry ;  ~ is a poin t  of ~ ;  t ~  and  X = (~,t) is a point  o f / ~ X R .  

_V is an  in teger  > 1 (1), (])1~ and  H" ilk a re  the  scalar  p roduc t  and  the  n o r m  in R ~, 
respect ively .  We will d r o p  the  subscr ip t  k when the re  is no fear  of confusion. 

(*) Entrata in Redazione i l  27 lug l io  1983.  
(**) Lavoro eseguito nell'ambito di un progetto nazionale di ricerea finanziato dal M~- 

nistero della Pubbliea Istruzione (40%-1982). 
(1) For the case N = 1 (equations) see for instance [10!. 
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Set Q = - Q •  T, 0) with T >  0 .  
I f  Xo = (x0~ to) we define 

B(xO, ~) = {Xe~,,: II~ x~ < ~} 

Q(Yo, a) = B(x ~ (~) X (to-- a ~, to). 

Moreover,  we say tha t  Q(Xo, a ) c c Q  if 

B(x ~ a) cc  zQ and a2<  to + T < T .  

I f  u: Q -~ R ~, we set Du = (D~u, ..., D j t )  where,  as usual, D~-: 8/8x~. Clearly 
Du e R ~v and we denote  by  p ~- (p~, ..., p~), p~e t~ N, a typica l  vec tor  of / ~ .  

I~et at(X, u ,p) ,  i = 1, ..., n, and Bo(X, u ,p)  be vectors  of R ~, defined in A 
" Q•215 ~:v, measurable  in X and continuous in (u ,p) .  

Le t  us consider the nonlinear differential  operator  of second order 

(1.1) 85b 
Eu : --  i D~aqX, u, Du) Jr --~ --  B~ u, Du) . 

i=1 

Having  set 

(t.2) 
{ A q X ,  u, p) = at(X, u, p) --  at(X, u, O) 

B q X ,  u) = --  at(X, u, O) 

i t  can be wr i t ten  in the form 

(1.3) 

where 

Eu = Eou + ~ D i B q X ,  u) -- B~ u, Du) 

8% 
(1.4) EoU = - -  y~ 9 , A , ( X ,  u, Du) + 8-7 

is the principnl p a r t  of the opera tor  E.  

Le t  u s  suppose tha t  the  vector  mappings p ~ aqX,  u, p) are differentiable with 
derivat ives 8a//Sp~ measurable  in X, continuous in (u, p) and bounded in A: 

Set 

V(X, u, p) e A .  

A ij = {A~} wi th  

1 

A ~ ( X  f 8a~(X, u, ~p) dT:. 
i~, , u , p )  = 8p~ - -  

0 
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The A~j are  • •  r matr ices ,  measurab le  in X, cont inuous in (u,p): and  

(1.6) Ai(X, u, p) --= ~ A , ( X ,  u, p)pJ 

~u 
(1 .7 )  E o U  ---- - -  ~ -D~(Aij(X, ~t, D~t) D~u) @ ~t " 

iJ 

We will say  t ha t  E is quasi- l inear  if 

(1.8) A ,  = A , ( X ,  u) .  

We will say  t h a t  the  opera to r  E has l inear  pr incipal  p a r t  if 

(1 .9)  A .  = A~j(X). 

Let  us suppose t h a t  the  opera tor  E is s t rongly  parabol ic  in the  following sense: 
the re  exists  r > 0 such t h a t  

. .  

for eve ry  (X, u, p) e A and  for a n y  ~ = ( ~ , . . . ,  ~ )  ~/~N.  

Denote  b y  H k = . H  k'2 and  Hok= Ho k'2 the  usual  Sobolev spaces and  set 

O 

(1.12) W(Q) = .L2( - T, 0, H~(.Q)) ~ H~( - T, 0, L2(Q)) . 

Throughou t  this paper~ b y  a solution of the  sy s t em 

Eu = 0 in Q 

we will m e a n  a vec tor  

(1.13) 

such t h a t  

(1.14) 

e r ,  o, • 0, 

Q 

V~ e W(Q): ~(x, - T) = 9(x, o) = o in Y2 (") . 

~) Remark that W(Q)c Hi(Q), so that there exist the traces q ( x , -  T) and ~o(x. 0)in 
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We define qo this way :  

(1.15) 

2(n-~2) if n>2 
n 

qo is any  n u m b e r  e [1, 4) ,  

qo = 4 ,  if n : 1 

i f  n = 2  

then,  i t  is known (see l e m m a  2.I) t h a t  

W(Q) c ~2(_ T, O, ~'(~)) c~ ~ ( - -  T, O, ~ (~) )  c ~.(Q) . 

Therefore ,  to gua ran tee  the  exis tence of the  in tegrals  which appea r  in (1.14), i t  is 

sufficient to a s sume  thu t  the  vec tors  a ~ and  B ~ have  the  following growths  t h a t  we 
will say  controlled 

(1.16) 

(1.17) 

with 

(1.18) 

(1.19) 

(1.2o) 

Ila~(X, u, P)II <c(1 + II~ll ~ + IIPlI) 

[]B~ u, P)II <c(1 + II~ll~ + IIpF) e) 

l<ar n~-2 ifn>2 
n 

1 < ~ < 2  if n : 2  

1<:r < 2 if n : l  

/ n ~ - 4  i f n > 2  1<~< ~ 
l<fi< 3 if n = 2  

l<fl<3 if  n = l  

n + 4  
l<y<n_}_----~, if n > 2  

I<~<~, if  n = 2  

i<~<~, if  n = l .  

These growths  assure  tha t ,  if u verifies a s sumpt ion  (1.13), t hen  

(1.21) a~(x, u, Du) e ~2(Q) and B~ u, Du) e L<(Q), + q~ = 1 .  

I f  ~ = fl = ~. = 1, we will say t h a t  the  g rowths  (1.16), (1.17) a re  l inear.  

(3) More generally, in the right-hand side, the constant 1 may be replaced with appropriat~ 
integrable functions ],(X) and ]o(X) 

]dx) e L~(Q) and /o e 2~(Q), 1 1 - §  
qo q'o - 
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We observe tha t ,  f rom (1.6), (1.5), (1.2) it  follows tha t  

(1.22) IIA'(X, ~, p)ll < M[Ip[] 

(1.2,?,) IlB'(X, ~) II <e (1  + l]~l?) �9 

In  this paper ,  like in [5], we will suppose tha t  the growths of the  vectors  a ~ and 
B ~ are  strictly controlled, t h a t  is we will suppose t h a t  

l<g<n  ~-2 
(1.24) n ' if  n > 2  

1 ~ < 2 ,  if n - -= l  

I - 
(1.25) 1 < ~  < n + 4 ~ if  n > 2  

1 4 f l < 3 ,  if n----1 

I 1 < 7 < n § 4 n ~----~ ' if  n > 2 
(1 126) [ l < y < ~ ,  if  n = l  

this aims to avoid some technical  difficulties. Notwi ths tanding this I believe tha t  
all the  results of the present  paper  are t rue  also in the case of control led growths,  
as i t  is p roved  in [2] for non-l inear  elliptic systems.  

In  this  paper  we will s tudy  the  HSlder  cont inui ty ,  or the par t iM H51der con- 
t inui ty ,  of the solutions of sys tem E u  ~-- 0 (as mean t  in (1.13), (1.14)). Clearly, the 
H51der cont inui ty  is re la ted to the parabol ic  metr ic  

(1.27) d(X,  Y)  = m a x  { [ Ix -y] l ,  I t -  vl�89 , if X ~ -  (x , t )  and Y ~ - ( y , ~ ) .  

We recall  t ha t  a vec tor  v: Q --~ R N is said to be par t ia l ly  #-H61der continuous 
in Q, if there  exists a subset QocQ (Qo is the singular set oi v), such tha t  

Qo is closed in Q 

meas Qo = 0 

v ~ C~ d) . 

The par t ia l  t tSlder  cont inui ty  of the solutions is bein a l ready studied for quasi- 
l inear  systems with l inear  growth in [4], [14] and for quasi-linear systems with 
s t r ic t ly  controlled growth in [5], [13]. Here  we want  to prov% for the non-linear 
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p~rabolic systems of second order, results which are analogous to those proved in [1] 
gnd [2] for non-linear elliptic systems (4). 

The g61der cont inui ty  and the par t ia l  tt61der continui ty will be obta ined ,  as 
it  is usugl by  now, as a part icular  case of regulari ty,  or par t ia l  regularity,  in the 
~'~(Q, d) spaces (see [8], [6]). 

For  this purpose we will first consider the nonlinear systems of the following 
type  :. 

~u 
(1.2s) - -~D~a~(Du) + - ~  = O in Q 

which satisfy the conditions (1.5), (1.10) and (1.16). Without  any  loss of generality, 
we can suppose tha t  a~(O)-----O; then  

(1.29) ][a~(p)H = IiA~(p)ll <Ml lp l I ,  Vp e R ~  

In  the theory  of the ~'~-regularity for non-linear parabolic systems, those of 
type  (1.28) play an analogous role to tha t  played by  linear systems, with constant  
coefficients and  reduced to the principal part ,  in the theory  o~ linear or quasi-linear 
systems (see [6], [4], [5]). 

The solutions u eL2( - T, O, H~(~)) of system (1.28) are locally dii~erentiable 
(see section 3), i.e. 

(1.3o) 2 ) . u  e L,~oo(Q) and ~{ e L~oo(Q) 

and for every Q(2a) = Q(Xo, 2a) r162 

(1.31) f t,D  u,l  dx< f ,]Dul[  
O(a) 0(2~) 

dX 

where c does not  depend on a. 
F rom this we get tha t  the solutions of system (1.28) verify the fundamenta l  

estimates which follow (see section 5 ) :  
There exists s e (0, 1 ) s u c h  tha t  YQ(a) = Q(Xo, a) ccQ and YA e (0, 1) 

There exists e ~ (0, nl(n + 2)) such tha t  VQ(a) cc  Q and V~ e (0, 1) 

(1.33) [ LI D ~  lr ~ d x  < c ~ 0§ ~<~+ ~> (II D ~  tl ~ d x .  

(~) In the elliptic case, quoted in the text, we have Supposed a q-nonlinearity, with 
q > 1, on the contrary here we confine ourselves to consider the case q -~ 2. 
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There exists 8 e (O, n/(n + 2)) such tha t  YQ(a) cc Q and V~ e (O, 1) 

(1.34) f ] ] ~ -  ~a(~)II 2 < e,~' + ~ ( ' + ~ ) f [ l u d X  -- ~a(~)[l z d X  
a(.~) Q(a) 

where the constants  e which appear  in (1.32), (1.33), (1.34) do not  depend on a 
and ~, and 

(1.35) = f u(X) dx  - l f meas A u d X  . 
A A 

In  part icular  (see section 6) f rom inequal i ty  (1.34) it follows that ,  if n < 2 ,  then 

(1.36) u E C~ d) with # = 2 - - - - - 2 ~  (n + 2) .  

Fur thermore ,  if the derivatives ~a~/~p~ are uniformly continuous in R ~ ,  then the 
vector  Du is par t ia l ly  #-H61der continuous in Q, V# ~ (0, 1), and, Q0 being the sin- 
gular set of Du, 

(1.37) H~+2_~(Qo) = 0 for some q > 2 .  

Here  H~ is the fl-dimensional Hausdorff  measure with respect  to the parabolic 
metric d (see for instance (3.10) in [4]). 

In  section 7 we s tudy  the solutions of the strongly parabolic systems 

(1.38) ~U 

i 

still with str ict ly controlled growth. 
We prove (theorems 7.I, 7.II) that ,  if n < 2  and the vectors  A~(X, p) satisfy an 

uniform cont inui ty  condition with respect  to X (see (7.5)), then the result  (1.36) 
holds again: 

For  a sui table 8 e (0, n/(n + 2)) 

1 - - 8  
(1.39) u ~ C~ d) with # = 2 - - ~  (n + 2) .  

I f  the derivatives ~A~l~p~ are uniformly continuous in ~ ) •  then,  whatever  n 
may  be, the  solutions of sys tem (1.38) are part ial ly #-H61der continuous in Q, V# e 

(0, 1). If  Qo is their singular set, one can merely say that  

(1.40) meas Qo = 0 

(see theorem 7.IV). 
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In  section 8 we s tudy  the solutions of the  strongly parabolic systems of general 
type  

(1.41) -- ~ D~a~(X, ~, D~) ~- B~ u, Du) 

which have s tr ic t ly  controlled growth.  
One proves ( theorem 8.II) that ,  if n < 2  and the vectors  A~(X, u, p) sutisfy an 

uniform cont inui ty condit ion with respect  to (X, u) (see (8.6)), then u is part ial ly 
/~-ttSlder continuous in Q with # = 2 -- (1 -- e)(n q- 2)/2 and, Qo being its singular 
Set, 

(1.~2) ~.(qo) = o.  

Furthermore ,  if the  derivatives 8a{l~#~ ~re uniformly continuous in .d, then,  for 
any  n, the  solutions of sys tem (1.41) are par t ia l ly  #-tt51der continuous in Q, V# 
e (0,1). About  their  singular set Qo, one can merely  suy tha t  

(1.43) meas Qo = 0 

(see theorem 8.IV). 

2. - Some notat ions  and prel iminary results.  

Where  there is no fear of confusion we will write simply B(a) and Q(a) instead 
of B(x", (~) and Q(Xo, a), respectively.  We define %(,) as in (1.35), and we set 

(2.1) 

(2.2) 

(2,3) 

[~]o,q,~-----(f[[u[I q dX) TM , [U[o,a if q ~- 2 .  
A 

~(~, No, ~) =fikn~iI~ + q-~ll~ - %(o)1t' dx  
Q(Xo,a) 

u ~(u, Xo, o) = f l  + li~ll oo + [IDyll' § ~-'Hu - Q(o>]I dX 
e(Xo,~) 

where qo is defined in (1.15). 

Lv,~WA 2.I. - I] ~ e L~( - _T, O, Hi(f2)) (3 L=( - T, 0, L~(Q)), then ~ e zq~ and 
Vq e [ 2 ,  qo] 

(2.4) 
(--T, 01 
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where d a is the diameter o] .(2 and 

(2.5) 

PROOF. - If  n > 2  

(2.6) f llul] q dx = f 
P.. P. 

= n  + 2  nq 
2 

II<P'tlull ~-~ d x <  o,,~. 
t~ 

And, by  Sobolev's theorem, we h~ve 

[2 ~9 

G' 

Inequality (2.4) easily follows from (2.6) and (2.7). 
On the contrary, if n = 1 

(2.s) f f �9 u q -2  d2-a/2  1t~II ~ d x < s u l ~  II~'P" I1<1 ~-2 d ~ < s u p  UulP o,,~, ,~ �9 

.O ~ O  

Moreover, by Sobole-c's theorem, 

(2.9) s~p~ Ilull ~< cd~f 
t~ 

IIDuIP + d~llull ~ dx, 

Inequality (2.4) follows ~gain from (2.8) and (2.9). 

L ~ I ~  2.I1. - z l  ~ e . ~ ( t o -  ,~, to, W(B(~,))) n ~ ( t o -  ~,~ to, .~(B(~,)), th,~ 

(2.1o) 

to 

Q(a) t o - a  ~ O(e) 

This lemma is well known (see for instance [4] lemma 2.1). 

~ = ~ ,  2 . I I I . - ,  ~, ~ ~;~(to-,~, ~o, Ho(B(( , ) ) )~- , ( ,o-~ ,  to, v(B(~))), ,he~ 

(2.~) ~(z)~, Xo, ~)<e(n)f ~. 11.,~,11 ~ + ~-~ ~dX. 

Inequality (2.11) is well known too (see for instance [7] lemma 2.II). 
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LE~v~A 2.IV. - Let us suppose that u e Z~( - T, O, H'(Y2)) n Z~ - T, O, Z2(~Q)) 

and oc satis]ies the condition (1.24). Having set 

(2,12) ~(~, xo, ~) = f ( l  + II~ll ~) dx 
Q(Xo,~) 

then, VQ(a)cQ and V2 e (0, 1), we have the inequality 

(2.13) ~P(u, Xo, ~a)<c(n, ~)2"+2T(u, Xo, ~) ~- C(u)a "(1-~)+2 ~)(~, Xo, a) 

where 

U 2(~--1 (2.14) C(u) = e(n, or) sup o,z �9 
( - - T , 0 )  

P~ooF. - ~or  eve ry  2 e (0, 1) 

[llull ~ d x  < c(n, ~)~"+~f/luiI ~~ dx + c(n, ~) f llu - %(~>11 ~ dX . 
O(;,o) Q(o) e (~ )  

Inequa l i ty  (2.13) follows f rom this es t imate  and f rom (2.4), where we assume q = 2~. 

Lv,~2~A 2.V. - I] u 6 L~( - T, O, Hi(Q)) (~ Lr176 - T, O, L~(t~)) and B~ ~, p) veri]ies 

the growth condition (1.17), then, VQ(Xo, (~) c Q a n d / o r  every r, with 2(n ~- 2)/(n -~ 4)~< 

< r < qol~A21~ 

(2.15) 2 [BO(X, u, DU)]o,.,o(.)< C(u)a~r Xo, a) 

where 

(2.16) 

and 

(2.17) 

kr qo 

{f }(2fl/qo)VT--1 
C(u) = e(n) 1 + ll<l~o + I[Dull ~ dX 

Q 

P~ooF. - I t  is easy to obtain the following inequali t ies:  

\2,e/ao V v . 

( f  ,EBoH. dX)'<.c(n)~,~o+'(l,.-'~oov.~'(f ,,.~176 <<. 

e(o) O(o) 

(f ,(~,1oo,,,-, <c(n)~ ~ r  x0, ~1 1 + Ilull~o + lIDu/l ~ dXfl 
Q 



S:EI%GIO (3A'M-PA:NATO: On the nonlinear parabolic systems, ere. 93 

Le t  A , ( X ) ,  ij  = 1, ..., n, be NXN mat r i ce s  def ined in  Q, a n d  suppose  t h a t  

(2.1s) A , e . ~ ( Q )  and sup llA,I] ~ = M 
Q 

(2.19) ~(A,~:il~0>~,l[~ll ~, ~ > o ,  Vxzo and V ~ z R ' ~ .  
4J 

Le t  Br i = 1, ..., n,  a n d  B~ be vec to r s  of R N, such t h a t  

(2.20) B i d  J52(Q) a n d  B ~  L2('+2);(n+4)(Q) . 

The fol lowing resu l t  is well k n o w n  (see [11], [10], [12]): 

Lnm:~A 2 .VI .  - There exists a unique ~ e L~( - T, O, H~o([2)), which is the solution 
o/ the Cauehy-Diriehlet [C.D.] problem: 

(2.21) f~(AijDju]Di~)--(u~t)~X 
Q 

V~v e W(Q): ~o(x, o) = o in ."2 

=f + (Bol )dX, 
Q 

and the /ollowing inequality holds 

(2.22) 

0 

O --T 0 
i 2 7)0  

D 

I n  particular, VQ(Xo, a) c Q 

(2.23) B ~ o,2(~+2 ] 2 ) / ( n+4 ) ,Q  / �9 
( i  

More genera l ly ,  in  sec t ion  4 of [5] t he  fol lowing L~or resu l t  for  t he  
v e c t o r  D u  is p r o v e d  (5): 

LENNA 2 . V I I .  - There exist ~ > 2 and a continuous and increasing function r(q), 

de/ined on [2, ~], with these properties: 

2(n + 2) 2(n + 2) 
(2.24) < r(q) < 2,  l im r(q) - -  - -  

n + 4 q+_~ n + 4 

(5) In [5] I considered the case n > 2, but  in case n = 1 and n = 2 the proof remains 
the same. 



94 S ~ I O  CA)I:PAbYAT0: On the nonlinear parabolic systems, etc. 

such that, i] u e L2( - T, 0, H1(~9)) (~/5| - T, O, Z~(tg)) is a solqttion o] system 

(2.25) ~ ( A , j  D~ulDiq) ) - -  u - ~  d X  = + , 

Q Q 

under the hypotheses (2.18), (2.19) and 

(2.26) B ~ Lq(Q) , B~ ~ L'(q)(Q) , 2 < q < ~  

then, ]or every Q(Xo2a)c  Q and Y~ e t t  N 

(2.27) 
�9 d x } l ] q - ~  

Q(a) Q(2a) 

Q(2~) 0(2~) 

where the constants e do not depend on (~. 
* Denote  b y  Ar the adjoint  of the  mat r ix  A , ;  set 

(2.2s) A,~ = �89 (A,~ + A~*), AV~ = �89 (A~j-- A~*) 

and define 

(2.29) 

Lv,~A 2.u - For every # > 0  and V~ e R ~N 

(2.30) sup ll(M +~)~'--XA-~'ll  ~ <{M-- ,  +~/~T4--M~-}II~II. 
Q 

Moreover, i/ tt > (M~_ - v~)/2v, then 

M -  v + V/ # ~ + M ~- 
(2.31) K(#) = M + # < 1 .  

As it concerns inequali ty (2.30) see [3] section 1 and [Q] lemma 8.111, p. 88. To 
ver i fy  (2.31), an e lementary  calculation is enough. 

LEm:v~ 2.IX. - 1] A~j, ij  = 1, ..., n, are _~ •  matrices which satis]y the condi- 

tions (2.18), (2.19), and i/ u e ~L~(to - aS, to, HI(B(z)))  is a solution in Q(Xo, ~) o] 

system 
L 

(2,32) ( A .  I),ulD,~) - -  ~ N dX = O, V~ e ~(Q(~))  
OCo) 
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then there exists s(v, M) e (0, 1), such that V2 e (0, 1) 

(2.33) fllD<l ~ dX < e(~, M)~(~+'filDuli ~ aX . 
~(~) Q(a) 

PI~OOF. - Fix  # = (M ~ -  v~)/v. In  Q(a) we decompose u as u = v - ~  w, where 
w ~ L~(to - a 2, to, H~(B(G))) is the solution of the Cauchy-Dirichlet problem 

(2.3a) 

~176 f :  
V~ e W(Q(~)) : q)(x, t.) = 0 in B(~) 

whereas v ~ L'( to--  cs', to, H'(B((~))) is a solution of sys tem 

f (2.35) (_31 + t t) ~ (D~v[D~ q~) - -  v ~-~ d X  = O, Vq~ e C~ (Q((~)) . 
Q(a) 

l~rom the linear theory,  it  is known tha t  w verifies the inequal i ty 

f 1 IIDwll~dX< ( ~  + ~)~ II(M -+- #1 D~u - -  ~ A .  D~II ~ dX 
Q(a) Q(a) 

therefore,  by  lemma 2.VIII ,  

(2.36) fllD~ll ~ dx <K~(#) f llDuli ~ dx  
Q(a) Q((;) 

v satisfies the fundamenta l  inequal i ty which follows (see [6] and  [4], lemma 2.II) 

(2.37) flIDvll ~ dx<c(~, _~)A~+~fllD~ll ~ ~X,  VA ~ (o, 1). 
Q(~a) Q(a) 

l~rom (2.36) and  (2.37), it  easily follows tha t  V2 e (0, 1) 

(2.38) ID'~[o,Q(~) < {c(1 -t- K)  ,;1, (~+2)/2 -F .K} I D ~ ] o , ~ ( ~ )  �9 

As K E  (0, 1), f rom (2.38), we get the es t imate  (2.33) by  means of lemma 1.u p. 12 
of [Q]. 
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One can p rove  the  following Caccioppoli 's  t ype  inequal i ty :  

L E n A  2.X.  - I f  A , ,  ij - -  1, ...7 n, are N •  matrices, which satisfy the condi- 
tions (2.18), (2.19), and if u e / . 2 ( _  T, O, HI(Q)) is a solution in Q of system 

(2.39) 

0 

then, YB(x ~ 2a) cc [2, V2a ~ (0, T), and V~? ~ ~N 

(2.40) 
0 0 

- a  B(a) - 2 a  /3(2a) 

P~ooF. - Let  O(x)e Co(R ~) be a funct ion  with these proper t ies  

(2.41) 0 < 0 < 1 ,  0 = 1  in B(a ) ,  0 : 0  in / ~ \ B ( ~ a ) ,  [iDOn~ca -1.  

Le t  ~m(t), with m integer  > 2/a, be a funct ion defined o n / ~  this way  

(2.~2) 

2 
~m(t) = 1 ,  if  - -  a < t < - - - -  

m 

1 
~ . ~ ( t ) = O ,  if t > - - - -  or t < - - 2 a  

m 

t 
~ ( t )  = -  -[- 2 ,  if - - 2 a ~ t < ~ - - a  

a 

2 1 
~m(t) = - -  (rot + 1) ,  if  - - - -  <~t~< - - - - .  

m m 

Final ly,  let  {g~(t)} be a sequence of s y m m e t r i c  moll ifying funct ions 

(2.43) 

g~(t) e C~(R),  gs(t) > 0 ,  

supp g~c [--~, ~] 

fgs( t) dt = 1 .  

g~(t) -~ g~(-- t) 

As (2.39) is t rue  for a n y  ~ ~ W ( Q ) : ~ ( x , -  T ) =  ~(x, 0) ~ 0 in ~9, then ,  if s > 

> m V 1 / ( T - - 2 a ) ,  we can assume  in (2.39) 

(2.44) ~(X) ---- O s ~ [ ( ~ ( u  - -  ~)) �9 g~] 
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and we get  t ha t  

(2.45) 
Q 

Q 

f( ' f(  
- -  2 ! - ~ ~10 o~[ (e~(u-v) ) ,g~] )ex= ~-~10~e.[(e~(~-v) ) 

Q Q 

�9 g~]') d x .  

By s y m m e t r y  of the g,(t), the  integral  in the r igh t .hand  side equals zero;  fur ther-  
more,  when s - ~  @ 0% then  

[q~(u - ~)] �9 g~ -~  e~(u - ~) i n / . ~ ( -  T,  o,  H 1 ( 9 ) ) .  

And so, f rom (2.45), taking the  l imit  for s -+ + o% we obtain tha t  

(2.46) 

~ 4 f 
Q Q 

We m a y  es t imate  the integral  in the  lef t -hand side by  the ellipticity condition 
(2.19), and we easily es t imate  the te rms in the r ight-hand side by  the tISlder*s 
inequali ty.  Therefore  we obtain tha t  Ve > 0 

~fo ~ &fibr i l  z dx <@2&lID<j2 d x  + 
Q O 

Q Q 

Choosing s sufficiently small and taking into account  t ha t  ~.~ '~<0,  if t > -  2/m, 
we get  t h a t  

- -  2 1 m  - -  2 1 m  

f f ll uIl  + f f 
- a  B(~) - 2 a  B(2~) 

Now the thesis,  i.e. the  (2.40), follows by  taking  the l imit  for m - *  + co. 
Le t  aqp),  i = 1, ..., n, be vectors  of ~ of class CI(RnN), which satisfy the condi- 

t ions (1.5), (1.10) and (1.29). Le t  us suppose tha t  Bi(X) ,  i = 1, ..., n, and B~ 
are vectors  of R N, which sat isfy condition (2.20). Then,  we can prove the following 
existence lemma.  
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LEPTA 2.XI.  - For any w eL2( - T, O, H~(/2)) there exists a unique vector u e 
e Z~( - T, 0, Ho~(/2)), which is the solution o] the O.D. problem 

Q Q 

V~o ~ W(Q): ~(x, 0) = 0 in /2 .  

Moreover, we have the inequality 
0 

(2.48) f ][Dul]~ d x  § f dT f ]lu(x' t[)t - -u(x '  T)[]~" ~" _ _  T[ 2 a x  a $ ~  

Q - - T  Q 

i.~ 
We give a proof  for the reader ' s  convenience.  

Pl~ooF. - F ix  # - -  (M 2 -  v2)/~. :For an y  u e Z2( - T, 0, H~(/2)) the  condit ion 

(M -4- ~ )D ,u  -- ai(Du § Dw) e L~(Q) 

holds, and  then  (see lemma 2.VI) there  is a unique solution U = 23(u) e Z~( - T, 
0, H1(/2)) of C.D. problem 

= ([M + ~] D,~ -- aqn~ + Dw) + Bqn,~o) + (BOl~) eX,  
I? 

g~o e W(Q): qJ(x, 0) = 0 in  /2. 

23 is a cont rac t ion  mapping sending the Ban~ch space Z~( - T, O, H~(/2)) into itself. 
I n  fact ,  if U----23(u), V = 2 3 ( v ) ,  ~ f =  U - - V  and  ~ = u - - v ,  t hen  f rom (2.49) i t  
follows t ha t  ~] e L~( - T, O, H~(/2)) is the  solution of the  C.D. p rob lem 

f ( .  +,, (. 
' = f ~  (EM + ~l D,~-- a'(D. + Dw) + a'(Dv + ~w)lD,v) ~X, 

Q 

V~ ~ W(Q): ~o(x, 0) = 0 in /2 .  

After  the /r X2V matr ices  

A i, = {J,'~} with 

1 

Ai? : f  ~aih(~ 
0 

Du -J- (1 - -  ~) Dv + Dw) & 
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have been introduced, problem (2.50) becomes 

(2.51) 

Q 

V~o ~ W(Q): q)(x, o) = o in O .  

As A~jeL=(Q) satisfy the conditions (2.18), (2.19), by lemm~ 2.VIII  we get this 
inequality (see (2.36)): 

(2.52) fl[D~]l ~ eX<K%)fllDa? dX 
Q Q 

where K(#) < i. We conclude that ~ has a unique fixed point u Which is the solu- 
tion of problem (2.47). 

As far as inequality (2.48) is concerned, we argue as follows: 
Introduce the N •  matrices 

1 

f ~a~(~ Du + Dw) dv A~j = {A~}, with Ai~k = Op~ 
0 

then problem (2.47) may be written this way 

(2.53) 
Q Q 

Vg~ ~ W(Q): q~(x, 0) = 0 in t9 

so that  u ~ L2( - T, 0, HIo(~9)) is the solution of u C.D. linear problem with coeffi- 
cients A~j which satisfy the conditions (2.18) and (2.19). Then, from (2.22) inequality 
(2.48) follows. 

THE CASE A i =  Ai(p) 

3. - Local  differentiability o f  the  solutions.  

Let u e L2( - T, 0, HI(O)) be a solution in Q of system 

(3.1) 

in the sense that 

(3.2) f 
Q 

~U - - ~  D~A~(Du) - + - ~ - = 0  

(a~(Du)1D,v)  - -  ~ - ~  ~ x  = o ,  vv ~ d~(Q) 
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A~(T), i = 1, . . . ,n ,  are vectors of/~N, of class C~(/~v), which satisfy the conditions 

(1.5), (I.i0) and (1.29). 
We prove the  following 

Tm~o~E~ 3.I. ~ The vector q~ is locally di]/erentiable in Q, i.e. there exist 

~u 
(3.3) D , u  ~ L~oo(Q) , ~-i E L~oi(Q) 

and VB(x ~ 2a) c=/2, V2a e (0, T) 

(3.~) 

0 0 

- - a  B(a) --2a .B(2a) 

P~oor.  - Le t  O(x), ~ ( t ) a n d  {g,(t)} be defined as in (2.41), (2.42), (2.43); {g~} 
being a sequence of symmetr ic  mollifying functions. Define 

(3.5) 7:~,~u = u(x + he ~, t) -- u (X)  

where { }~1 ...... is the s tandard  base of /~', and suppose tha t  

(/  
lhl < g. 

Since (3.2) is va l id  Y~ e W(Q): q ( x , -  T) = q(x, 0) : 0 in Q, for each fixed m and 
Ys > m \ / 1 / ( T - -  2a), we m a y  assume in (3.2) 

= ~ , . _ h { 0 ~ e . [ ( e . ~ . h U )  * g~]} 

and hence we obtain t ha t  

Q 

, g.]}) d x  = 

= f  (~,~ulO~{e~[(~.~u)  . g,]}') d X .  
Q 

Account taken of symmet ry  of g~(t), it  turns  out tha t  

(3.7) 
Q 

I f ,  moreover ,  we set  

Ai~ = {Acj}, with 

1 

0 
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we have tha t  

(3.8) �9 v~,~ai(Du) = ~ Air D~ u) . 
J= l  

By keeping in mind (3.7) and (3.8), f rom (3.6) we obtain 

(3.9) ~o ~ (~ ,~ . .~ ,~ ,~I (~ .~ , ) ,u ) .  g~t ~x  = 
Q 

Q Q 

When s ---> q- ~ ,  then  

�9 g~) ~ x .  

Therefore, f rom (3.9), taking the l imit  for s --> d- c% we get tha t  

(3.10) A = f o ~  ~ (A~r d X =  
Q 

Q 0 

By hypothesis  (1.10) 

(3.11) A > 4 0  ~ ~]] v~,~ Dull 2 dX 
O 

d X = B + r  

and moreover, by  (1.5) together with the H61deris inequality,  we have for every 
e > 0  

(3.12/ IBI<~ f , Dull ~ dX -4- 
Q Q 

Finally,  as ~m~' ~<0 if t > -  2/m, 

--21m 

f . . . .  

(3.13) C<~ dt llvr,~ull 2 dx. 
- 2 a  t~(~)  

:From (3.10)... (3.13), choosing e small enough, it follows t h a t  

--2Ira 0 

- a  B(~) - 2 a  B(~a) o 

--2a B(2a) 
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and taking the limit for m -> ~- c~ 

(3.1~) 
0 0 

- a  B(a)  - 2 a  .B(2a) 

From this, because of a well known 1~irenberg's lemma (see for instance [Q], p. 26), 
we conclude that  there exist D, D u e  Z~(B(a) • (--a, 0)), r = 1, ..., n, and the fol- 
lowing inequality 

0 0 

- a  /~(a) - 2 a  .B(2a) 

holds. From this it easily follows that 

(3.16) 3-~e~u L2(B(a ) • (__ a, 0)) 

In fact, from (3.2) we get that,  Y~ e C~(B(a) • a, 0)) 

(3.17) 

0 0 

- a  ~ ( a )  - a  13(~) 

and, because of (1.5) and (3.15) 

~ ~ ~2(B(~) • (_  a, o)). 

From (3.17) and (3.15) we can furthermore get 

(3.1s) 
0 0 0 

dt ~i ~ =  dt D~a~(Du) dx<e(nM) -~ a dt ]lDuI] ~dx.  
- - a  .B(a) - - a  ~ ( a )  - - 2 a  ,B(2o)  

This completes the proof of the estimate (3.4). 

4. - Poincar~'s type estimates for the solutions in Q of system (3.1). 

Let u e Z~( - T, O, HI(Q)) be a solution in Q of system (3.1), under the hypo- 
theses (1.5), (1.10) and (1.29). 

Let Q(Xo, 2a) r162 Because of theorem 3.I, the vector u belongs to Z~(to - 4a 2, 
t , ,  ,--, - - ' ( t o -  4o- , to, 
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THEO~E~ 4.I. - The ]ollowing t)oincard's type inequalities 

(4.1) 

(4.2) 

hold (~ is de]ined in (2.2)). 

~(u,  Xo, (7) < e(~, M) f IIDul] ~ d X  
Q(2a) 

 (Du, Xo, M) f IID, utl  dx 
O(a) 

PI~ooF. - ~ r o m  lemma 2 . I I  and es t imate  (3.4), where one assumes a = (7~, ine- 
qual i ty  (4.1) follows b y  taking  into account  t h a t  

to 

Inequa l i ty  (4.2) follows f rom lemma 2 . I I I  together  with the fac t  that ,  in Q((7) 
we have 

~u 2 12 -~ = ~ Diai(nu) <~(M) ~ij lInijuH2" 

5. - Some fundamental  estimates for the solutions in Q of  system (3 .1 ) .  

Let  u e Z2( - T, 0, Hi(D)) be a solution in Q of sys tem (3.1), under  the  hypo- 
theses (1.5), (1.10) and (1.29). Le t  Q(Xo, (7) ccQ. Because of theorem 3.I it  turns  
out  t ha t  

U ~ .~2(t o -  (72 to , Hg(B((7)) ) / .~  . l ( t o _  (72, to , ~2(B(o.) ) )  . 

F r o m  (3.2), assuming ~ = Ds~, s ---- 1, ..., n, with ~ e C~(Q(a)), we obtain 

Q(a) 

and set t ing 

We have  

(5.1) 

A~. = {A~V}, with kk ~a~(p) 

Q(o) 

V ~ e  Cr(Q((T)) and s = 1, ..., u .  

~ 0 ,  
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Fur thermore ,  we introduce 

(5.2) 

U - -  Du 

Ai~(p  ) = 

Ai~ 0 0 

o ~:".. o 
........... :: ........ ::.i ........... 

0 i 0 A .  
1 

n: blocks 

then, f rom (5.1) i t  follows tha t  U ~ L~(to-- a ~, to, H~(B(a))) is a solution of system 

( 5 . 3 )  

~(~) 

We observe tha t  A, (p )  ure nN •  r matrices, bounded, continuous and elliptic, i.e. 

(5 .4 )  

Then, we can prove some fundamenta l  estimates for the vectors u, Du and D~u.  

Tn:BO~W~ 5.I. - I ]  u e L~( - T, 0, H~(/2)) is a solution in Q o /sys tem (3.2), then 

there exists an e ~ (0, 1), such that, VQ(Xo, a ) c c Q  and V2e (0, 1), 

( 5 . 5 )  

~(aa) Q(q) 

t)~ooF. -SYStem (5.3) can be regarded as a lineur, s trongly parubolic, system 
of second order, with coefficients AI~(U(X) )eL~(Q(a) ) .  Therefore, e s t i ma t e  (5,5) 
is a consequence of inequal i ty (2.33) of lemma 2.IX. 

T~.EO~E~ 5.II.  - I /  u ~ L2( - T, O, H~(~)) is a solution in Q of system (3.2), then 
there exists an s, 0 < e ~ n/(n -~ 2), such that, VQ(Xo, a) cc Q and V2 e (0, 1), 

(5 .6 )  f[IDull ~ a x  < e(~, M)Z~§ o a X .  
Q(~o) Q(,~) 

P~oo~. - Le t  us suppose 0 ~ 2 < ~ < � 8 9  Then, 

( 5 . 7 )  j[DulJ 2 d X  <~ e(n) ]IDuH 2 d X  ~- HDu - -  (Du)~(~,)j[ ~ d X  . 

Q(~a) Q(va) Q(~a) 
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On the  other  hand,  account  tuken of inequalities (4.2) and (5.5) 

0(~a) O(~a) 0(at2) 

where e(v, M) ~ (O, 1). Tn conclusion 

(5.8) llnuH2dX<e(~) Ji[Dull~dX + ]]D.ull~aX. 
O(~ta) Q(ra) Q(a[2) 

~Tow chose e < n/(n + 2); t hen  by  lemm~ ] . I ,  p. 7 of [Q] 

f ll'~l[~ a x <  e \ 7 /  J " o ~ 
O(~a) O(~a) O(a/2) 

Taking the l imit  for ~ -+ �89 we obtain that ,  VO < 2 < �89 

0(za) Q(a) 

and, because of inequal i ty  (3.4) 

o(a/2) 

O(~a) Q(a) 

This shows the  thesis when 0 < ~ < 1, however (5.6) is d e a r l y  t rue  also for �89 < 1 
too. 

T]~LEOR:E~ 5.III .  - I] u ~ Z2( - T, O, Hi(Y2)) is a solution in Q o] system (3.2), then 
there exists an s, 0 < e < n/(n + 2), such that, VQ(Xo, a) ccQ and V2 ~ (0, 1), 

(5.10) f]Iu -- uQ(~)[I 2 dX<e(~,  M)Z4+~('+2)fl[u -- uQ(o)[] 2 d X .  
o(~a) Q(q) 

PROOF. - Le t  us suppose 0 < ~ < ~. Inequa l i ty  (5.6) is valid 

(5.11) f llD<l 2 dX < e(~, M)~2+~'~+2)f l]~ull~ a X .  
O(2~a) O(a/2) 

Also the  Poincar4's  type  inequal i ty  (4.1) is t rue  

O(~a) Q(2).a) 
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Finally, system (3.1) may be written in the form (see (1.6)) 

~u 
--  ~ Di(A~j(Du) D~u) -~- ~-~ = 0 in Q 

ii 
(5.13) 

where 

A ij----- {A~}, with 

1 

~k f ~ai(,p) 
A,~ (p ) -~ ~ dv . 

~PT, 
0 

Therefore, the system has the form of a linear, strongly parabolic, system with 
coefficients A~(Du(X))  eL~(Q). Then, estimate (2.40) of lemmu 2.X 

(5.14) c(v, M) 

a(~/2) 0(~) 

holds. From (5.12), (5.11), (5.14), inequality (5.10) follows when 0 < ~ < �88 however 
inequality (5.10) trivially holds for �88 < 1 too. 

CO:~OLLA~u 5.I. -- I] U e Z2( - T, 0, Hi(D)) is a solution in Q o/system (3.2), there 
exists an e, 0 < e < n/(n + 2), such that, VQ(X0, a) ccQ and V2 e (O, 1)i 

(5.15) ~5(u, Xo, 2a)<c(~, M)~+~(~+~)~5(u, Xo, a). 

In  fact, (5.15) is a consequence of theorems 5.II and 5.III. 
Consider now system 

~u 
(5.16) - -~D~A~(Du)  ~ - - ~ = - - ~ D i B ~ ( X ) ,  in Q 

i 

under the conditions (1.5), (1.10), (1.29) and the hypothesis 

(5.17) Bi(X) e Z2(Q). 

THEOREH 5.IV. - Let u ~ 1.2( - T, O, HI(~))  be a solution o] system (5.16), that is 

(5.1s) 
0 Q 

Then, VQ(Xo, a) ccQ and V~ ~ (0, 1), 

where; as usual, e e (0, n/(n + 2)). 
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P . o o . .  - i u  Q(o) ~ e  d e c o m p o s e  u as u = ,  - -  ~ ,  w h e r e  ~ ~ Z ' ( t o - -  ~' ,  t0, Ho'(B(~)))  
is the solution of the C.D. problem 

(5.20) f "f, ( + Du)[D'9)--(w ~t)dX : f  ~, (ai(Du)--B'[D'q~) dX' 
o(a) O(a) 

V~ e W(Q(~)) : ~(x, to) = 0 in B(~) .  

As a * -  BteL2(Q),  by  l emma 2 .XI  such a w exists and  is unique.  Moreover,  w 
verifies inequal i ty  (2.48). Hence  VA e (O, 1) 

(5.21) #(~, xo, 2q)<c(v, M) ~2 ~ IB Io,Q(~) �9 
i 

Clearly v ~ Z2(to - ~2, to, HI(B((~))) is a solution of sys tem 

O(a) 

Then,  by  corol lary 5.I, the re  exists e e (0, n/(n + 2)), such tha t  V2 e (0, 1) 

(5.23) #(v, Xo, ~.,~) < e(v, M) ~+~<'++) 65(v, Xo, ,~). 

As ~ : v - -  w, f rom (5.21) and  (5.23) es t imate  (5.19) easily follows. 

H ( ) L D E R  C O ~ T I ~ U I T u  & ~ D  P A R T I A L  H O L D E R  C O I q T I ~ U I T u  

6 .  - T h e  c a s e  A t : At(p) .  

Consider now sys tem 

3u 
(6.1) - -  ~ D~at(Du) +--~ = 0 in Q 

under  the hypotheses  (1.5), (1.10) and  (1.29). F r o m  theorem 5 . I I I  i t  follows tha t  

Tn:~OlCE~ 6.I. - I] u ~ L~(-- T, O, H1([2)) is a solution in Q o/sys tem (6.1), and 
n <2, then 

[ (6.2) u ~ C~ d),  with ju = 2 1 - -  e (~ + 2) e e 0, 
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and ]or every cylinder A cc Q 

(6.3) [u]~,~ < clulo,Q (~ 

where c delgends on M, v and on the distance between A and the parabolic boundary 
o/ Q (7). 

In fact, from the fundamental estimate (5.10) it follows that for every cylinder 
A ccQ 

[u]~ ..... (~+,,(~,d)<cJUlo.~. 

If n<2 ,  then 4 -~ e(n ~- 2) > n ~- 2, and thus (see [8], theorem 3.I) 

[u].,,i < c[u]s ..... ,,+~)(~,~) < crUlo,~. 

If the derivatives ~a/~p~ are uniformly continuous in ~,N, then also the vector 
Du is partially #-ttSlder continuous in Q, V# < 1, and this fact holds for any n. 
Indeed (see section 5) the vector U ----/)u, at least locMly, is ~ solution of the quasi- 
linesr and strongly parabolic system 

Q 

where coeificients A~j(p) are uniformly continuous in R ~ .  Therefore, the following 
theorem holds (see [9], [4]) 

TttEOI~:E~ 6 . I I . -  There exists a set QocQ, closed in Q and with measure zero, 
such that 

(6.5) U -~ Du e C~ d), V~ < 1 .  

Eurthermore, 

(6.6) H~+~-~(Qo) : 0 for a q > 2. 

By (3.18) of [4] and inequality (4.2), the singular set of the vector Du m~y be 
defined this way 

(6.7) Q~ {X  ~O: lim' ( r - i  lIDujl~ + ~ tlD~JuI'~ d "  > O} ~ 
Q(x,~) 

lI~(X) - ~(]~)II (e) [u]~,~ = sup 
~,i.~.l dl'(X, ~) 

(~) I .e .  [.~x{--T}]u [ ~ x ( - - T ,  0)]. 
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However, u is a solution of system (5.13), s trongly parabolic in Q and with coef- 
ficients A,j(Du(X)) ~ YL~(Q), whereas U = Du is a solution of system (6.4), s trongly 
parabolic ~nd with coefficients ~4~j(U(X)) ~ L~(Q). Therefore, because of lemma 2.VII 
and  inequalities (4.1) ~nd (4.2), there exists a q > 2, such tha t  

(6.8) {f ? I[Dull~ + ~ II/)~,uIl~ ~lz <e{qS(u, x, 2~) § ~(Du, X, 2~1}~< 

r 

Equal i ty  (6.6) follows f rom (6.8) (see for instance [Q] theorem 0.I, p. 142). 
Account taken of theorem 6.I, the following conjecture seems to be reasonable: 

I f  n > 2 and Q* is the singular set of the vector u, then 

(6.9) Hn-2(Q~) = O . 

7. - T h e  case  A ~ =  Ai (X ,p ) .  

Consider the system 

~ u  
(7.1) -- ~ D~A~(X, Du) + -~ = --  ~ D~B~(X, u) + B~ u, Du),  in Q 

i 

where A~(X,p) are vectors of / ~ ,  which satisfy conditions (1.5), (1.10) and (1.29), 
whereas B ~ and  B 0 are vectors of RN~ measm~able in X and continuous in u and (u, p) 
respectively, each having str ict ly controlled growth 

(7.2) 

(7.3) 

[IBr u)]l <v(1 + llul?) 

IIB~ u, Du)]l <c(1 + l[u[I ~ + llpll ~) 

where ~, fl, 7 are subject to the conditions (1.24), (1.25), (1.26). 
Let  u e L ~ ( "  T, 0, H~(/2)) n L~( - T, 0, ~( /2))  be a solution of system (7.1) 

Q Q 

In  order to s tudy  the H61der regular i ty  of the u we consider two cases: n < 2  
and n > 2. 
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The ease n < 2. 

Suppose that  vectors A ' satisfy the following uniform continuity condition in X: 

There exists a bounded non-negative/~netion co(a), defined/or a > O, which is non- 
decreasing and goes to zero as a--> O, such that VX, Y e Q and Vp e ~ 

(7.5) ~, IIA,(X, p) - A*(~, p)li*<co(d(X, ~))(1 H- ilpl[") �9 
i 

:Fix q(x0 ,  2 a ) c c Q  and let w e Z 2 ( t o  - a ~, to, H ~ ( B ( a ) ) )  be the solution in Q(~) of 
the C.D. problem 

(7.13) 
~(~) 

= f  - (Bo(x. dx. 
Q(a) 

V~ e W(Q(,~)): ~o(x, to) = o in B((~). 

By lemma 2.XI, such a w exists and is unique, in fact (see (1.21)) 

A~(X, Du) e Z~(Q) and B~ u, Ou) e L2("+~)/("+~)(Q). 

Set v : u -~ w. 

(7.14) f ~ (A~(Xo, Dv)[D,q~)--(v ] ~ ) d X  
r 

v~ ~ C~(Q(~)). 
Estimate on w. 

Obviously, v e.L~(to - a 2, to, HI(B(a))) is a solution of system 

=f (.,(x, dx, a(,~) 

Using lemmas 2.XI and 2.11, we get the following estimate on the vector w: 
V~ e (0, 1] 

(7.15) 4~(w, Xo, ~)<c(~, ~l / ) f~ [IA!(X, Du)--.4,(Xo, D~)ll ~ d X  + 
4t  ~ 

Q(~) + e(v, M)]B~ u, .Du)l~o.s(~+~}l(n+,),Q(o) . 

On the other hand, because of the hypothesis (7.5), 

f Z Llaqx, D~)-  x,(Xo, Du)ll ~ dX<~(~)~(~, xo, ~) 
q(a) 

and taking into account lemma 2.V 
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We conclude tha t ,  V~ e (0, 1), 

(7.16) ~(w, Xo, ~ ) < o ( ( ~ ) r  Xo, or) 

where o(a) goes to zero in respect  of a. 

Estimate on v. - By theo rem 5.IV, we get the  following es t imate  on v: There  
exists an e ~ (O, n/(n § 2)) such t h a t  V2 e (0, 1) 

On the  o ther  hand  (see (2.12)) 

Z [B,(X, u)]~,~(o,<ef(1 + Ilu]l ~) dX = e~(u, x . ,  6) 
, $  

O(X~ 

moreover ,  because of l emma 2.IV, V~ e (0, 1) 

(7.18) W(u, Xo, Aa)<cA~+2T(u, Xo, a) § r  "(1-~)+2 qS(u, Xo, a) . 

Account  t aken  of l emma 1.II,  p. 8 of [Q], f rom (7.17) and (7.18) it  follows that  
VA e (0, 1) and Ve'e (0, s) 

(7.19) ~(v, Xo, ~(r)<e(u, M)2 e+~'(n+e) qS(v, Xo, a) Jr 

§ e~(u, Xo, ~){2 ~+~'(~+~) § ~(i-~)+~}. 

As u : v -- w in Q(a), f rom (7.16) ~nd (7.19) we conclude with the theorem below 

T~Ol~V,~ 7.1. - I] u e L~(-- T, O, H~(9)) ~ JL~~ - T, O, ~(Y2)) is a solution o] 
system (7.1), under the assumptions (1.5), (1.10), (1.29) and (7.2), (7.3), (7.5), then 
VQ(Xo, el)ccQ and V~e (0, 1) the ]ollowing estimate holds 

(7.20) ~(u, xo, ~)<e~(u,  Xo, z){A~+~'("+~)§ o(~)} 

where O(a) goes to zero with a. 

PROOF. - As u = v --  w in Q(a), f rom (7.16) and (7.19) we obtain tha t  V2 e (0, 1) 

(7.21) ~(u, Xo, ~ ) <  er Xo, ~)(~+~'(~+~) + o(~)} 

where 0(a) -+ 0 when a -+ 0. To the  lef t -hand side of (7.21) we can add the integral  

f l  + IluV ~ dX 
~(,~) 
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because 

f l  + II~l[ ~o dX<~(~)~+~fl + II~ll ~o ~x  + e<n>fl]~ - ~<~>, ,~o ~ x  
O(Aa) Q(a) Q(a) 

and f rom (6.37) of [5], if n > 2, or f rom (2.4), if n<~2, we have 

f ll~ - ~(o)II ~~ a x <  c (~ )o (~ )~ (~ ,  Xo, ~1 
a(a) 

where O(a) goes to zero in respect of a. 
Inequal i ty  (7.20) allows us to achieve the H61der continui ty in Q of the vector u 

when n <~ 2. 

In  fact,  f rom (7.20) and f rom lemma 1.II I ,  p. 9 of [Q], it  follows tha t  Vs'< e 
there exists a a(e') such tha t ,  VA e (0, 1) and 0 < a~<~(e') 

(7.22) (:~(~,, Xo, Aft)<eA2+8'(n+2)(~(~t, Xo, 0"). 

This inequali ty is quite analogous to the fundamenta l  est imate (5.15) which holds 
for the solutions of system (6.1). In  part icular,  f rom (7.22) we obtain 

(7.23) 

Therefore, 

(7.24) 

f [ ] U  
--~Q(~a)[] 2 d X  < e~4+8'(n+2)(y2~(q~, Xo ,  (7) . 

a(,~) 

~'2,4+ 8'(n+2)/O ~ 

and certainly it results 4 ~- s'(n ~- 2) > n ~ 2, if n<~2. In  general, the validi ty 
of the previous inequali ty depends on the value of s, which in its tu rn  depends on 
the constants r and M of the s y s t e m .  

o] system (7.1), q~nder the assumptions  (1.5), (1.10), (1.29) and (7.2), (7.3)~ (7.5), then 

(7.25) u ~ C~ d ) ,  with # = 2 1 - -  t - - - ~ -  (n + 2 ) .  

As it is known from (7.24), by  theorem 3.I of [8], (7.25) follows. 

As (see (1.6)) 

T h e  c a s e  n > 2.  

A~(X, p) = y_, a~(X, ~,)~ 
S 
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system (7.1) m a y  be wri t ten in the form 

(7.26) 
~U 

--  ~, D~A~(X, Du) Dju Jr ~-~ = --  ~, D~B~(X, u) -k B~ u, Du) . 

Let  us suppose tha t  the derivatives ~aij3p~, us well ~s the matrices A~(X ,p ) ,  are 
uniformly continuous in ~ )xR  ~N. As the 3a~/~p~ are also bounded (see (1.5)), it  
follows tha t  there exists ~ non-negative function o(a), defined fo r a>~ 0 with co(0) ---- 0, 
non-decre~sing, continuous, bounded ~nd concave, such tha t  VX, Y ~ Q  und Vp, 

(7.27) I lAi j (X,p)--A,(Y,  ~)1/' <o(d~(X, 30 + lip --PI[ ~) �9 

We premise u result  of L~oo-regula.rity for the vector Dqt. This result  can be proved 
for systems of the general  type.  

I~]~x~ 7.I. - I] u e Z~( - T, O, HI(~)) (3 Z~(-- T, 0, Z2(#2)) is a solution in Q o] 

the system 

3u 
(7.28) --  ~ D~A~(X, u, Du) ~- V-t = --  ~ ~ B ~ ( X '  u) + B~ u, Du) 

i i 

which is strongly parabolic, with strictly controlled growth, and satis]ies hypothesis (1.5), 
then 3~ 

(7. 2 < ~ <  qo 

such~that Vq ~ (2, ~] and VQ(X0, 2(r) ccQ, with a<~l, 

(7.30) 

where C(r is defined in (2.17) (s). 

PROOF. - AS (see (1.6)) 

A~(X, u, p) = ~, A~(X, u, p)p~ 

system (7.28) can be regarded as a linear strongly parabolic system with coefficients 
A~j(X, u(X),  Du(X)) e .L~(Q). 

(s) An analogous result for quasi-linear parabolic systems is proved in [5], section 5. 
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Because of lemma 2.I 

B~(X, u) ~ Zqo/~(Q) and B~ u, Du) ~ Z(qd#)A(~/V)(Q) �9 

Therefore, by lemma 2.VII, there exists 

(7:31) 2 < ~< qo 

such that  Vq e (2, ~] and VQ(Xo, 2a) ccQ 

(7.32) 

and 

(7.33) 
Q(e) Q(2a) 

Q(ea) 

+ ca -("+~) ~(u, Xo, 2a). 

On the other hand, account  taken of (7.31), 

(7.34) 
Q(2a) Q(2a) 

and by ' l emma 2.V and (7.32), 

(7.35) ( ~  IlB~ dx) ~/~(~) 
Q(2z) 

Since ~<1 ,  estimate (7.30) easily follows from (7.33), (7.34), (7.35). 
Tl/~t being stated, we prove the following theorem which, in case n > 2, replaces 

theorem 7.I. 

T~ORV.~ 7.III. - IJ u is a solution o] system (7.1), under the hypotheses (1.5), 
(1.10), (1.29), (7.2), (7.3) and i] the derivatives ~ai/Op~ are uni]ormly continuous in 

• "~v, then VQ(Xo, a) cc Q, with a<2 ,  g2 e (0, 1) and Ye e (0, noO 

(7,36) r Xo, Za) < 
r 

<Aq~(u, Xo, a) ~2.+~-~ 
( 

where o(a) goes to zero in respect o] a. 
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P~oo~. - We argue as in theorem 7.I. System (7.1) can be wri t ten in the form 
(7.26). Fix  Q(Xo, 2a)==Q, with a < l ,  and,  for the sake of simplicity, set 

(7.37) .A~j = Ai~(Xo , (Du)Q(a)) . 

Let  w ~ L2(to - a s, to, H~(B(a))) be the solution of the C.D. problem 

Q(a) Q(a) 

+ f (B~ u, Du)lg) dX ,  Vq~ + W(Q(a)): ~(x, to) = 0 in B(a) . 
Q(a) 

Clearly, v =  ~t--w~L2(to--a2, to, H~(B(a))) is a solution of the sys tem 

3v -- ~ D,B~(X, u) in Q(a) (7.39) -- ~ D~(~j D~v) ~- ~ = 

Estimate on v. - (7.39) is u l inear system with constant  coefficients; therefore, 
by  lemma 2 .H of [4], we have tha t  ~/2 e (0, 1) 

Since 

IBr X, § !l~II:= d x  
o(z) 

= eT(u,  :So, ~) 

using lemma 2.IV and  lemma 1.II,  p. 8 of [Q], we conclude tha t  V2 e (0, 1) and 
Ve e (O, n~) 

(7.40) qS(v, Xo, ha)de(r ,  M)2~+2-~(v, Xo, a) + eq~(u, X0, a){2"+~-~ + a~(1-~)+2} �9 

Estimate on w. - Because of temma 2.VI, we have the t  V2 ~ (O, 1] 

(7.41) 4~(w, Xo, ~)<e(~, ~/)f ~ b4,(X, Du) - .~,~IE ~. I]Vull ~ a X  + 
Q((~) 2 + e(v, M)]B~ u, Du)lo,2(~+2)/(~+4),Q(~ ) . 

On the other hand,  taking into account (7.27), lemma 7.I, the boundedness and 
concavity of ~, we obtain 

(7.42) ll  j(X, Du)-- ,ll .IlD lL=dx< f dx< 
Q(a) O(a) 

\ 21q [ d X ) l -  2lq 

Q(a) Q(a) 

~ c(u) qS(u' X~ 2a) [o)(a2 + f ]IDu - dX)] 1-2/a , 

a(o) 
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B o 2 Finally,  o.+:(n+2)/(n+4),Q(~) can be es t imated as in lemmu 2.V. Then, we Conclude 

tha t  Y). e (0, i] " 

(7.43) 
Q(a) 

As u = v ~- w in Q(a), f rom (7.40) and (7,42) we conclude tha t  V2 e (0, 1) and  Vs > O 

,~(u, xo, ~(~)<cO(u, Xo, 2a){A~+~-~ + o(,~) + [o)(...)] ~-~/~} 

and, from this, (7.36) follows as t h e  integral  

fl + I[u17 o d x  

can be added to the left-hand side for the same motivations we pleaded in the proof 
oi theorem 7.I. 

The following theorem on part ial  HSlder cont inui ty  of u is a consequence of 
theorem 7.III .  

Set 

(7.44) Q1 = { X e Q :  lim",..~o . I  ~ I[Du --(Du)~(x'~)ll~ d:Y ~ 01 . 
Q(x,a) 

The properties of Lebesgue integral imply tha t  

(7.45) m e a s  Q1-- 0 .  

THEO]~V,~ 7.IV. = i /  u is a solution o/system (7.1), under the hypotheses (1.5), 
(1.10), (1.29), (7.2), (7.3), and i/ the derivatives ~a~/~p~ are uni]ormly continuous in 
Q •  "N, then there exists a set Qo, closed in Q, with 

(7.46) Qoc Q1, and there/ore meas Qo : o 

such that 

(7.47) u e r176 d), V ~ < l .  

This theorem m a y  be proved by reasoning exactly as in the proof of theorem 5.I 
of [2]. 
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8 .  - T h e  c a s e  A i : A i (X ,  u ,p) .  

Consider now a sys tem of the  general type  

3u 
--  ~ Diai(X, u, Du) + -~ = Bo(X, u, Du) , in Q 

which may  be wr i t ten  in the form (see section 1) 

3u 
(8~1) --  ~ D~A~(X, u, Du) -~ 3t -- ~ D,B~(X, u) ~- B~ u, Du) 

where A~(X, u, p), Br u), B~ u, p) are vectors of R ~, which satisfy conditions 
(1.5), (1.10) and have str ict ly controlled growths 

(8.2) IIA'(X, u, p)lI <c(M)IJpll 

(8.3) IiBi(X, u)ll <e(1 + IluII ~) 

(8.4) IIBI(X, u, p)ll <c(1 § IJulI z § l[plI =) 

where a, fl, y are subject  to the conditions (1.24), (1.25), (1.26). 
Let  u e Le( - T, 0, H I ( ~ ) ) n  L~( - T, 0, L~(/2)) be a solution of sys tem (8.1) i.e. 

(8.5) (A'[Di~) --  u -~ dX = (B~]D,F) ~- (B~ dX , Vq~ ~ Co(Q). 
Q Q 

Also for these systems,  in order to s tudy  the HSlder regulari ty of the vector  u, we 
consider the cases n < 2  and n ~ 2 separately.  

T h e  c a s e  n ~ 2 .  

Our prooi is quite analogous to tha t  of the  case n~<2 in section 7. 
Suppose tha t  the vectors A ~ verify t h i s  uniform continui ty condition with 

respect  to (X, u) (see (7.5)): 

There exists a non-decreasing, boq~nded, continuous, concave function o)(a), defined 
]or (~>0 with o ) ( 0 ) :  O, such that VX, ]!EQ, Vu, v~_R ~r and Vp~t~ ~N 

(8.6) ~ [[A~(X, u, p) -- A~(Y, v, p)l]2< o~(d~(X, Y) § [[u-- v[]2)]]p]l 2 
i 

This condition is easily fulfilled if, for instance, A t e  CI(zT) and, in agreement  
with (8.2), 
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In  fact,  f rom (8.2) 

(8.8) lIAr(X, q~, p) - -  A *(Y, v, p)[] < c ,(M)]Ipl[  

and  by  (8.7) 

(8.9) lIAr(X, u , p ) - - A { ( Y ,  v, p)II = 
1 

= 3 ~ ( ~ ' ( ~ ( x - ~ )  + ~ ,~ (~ -v )  + ~,p) d~ <c~/~l lpi l . (a~(X,  ~) + lI~-~lI~} ~ 
0 

Therefore, it is enough t o  assume 

(8.10) oJ(a) = nc~(M) rain {e~(M), c~%/-T V'a} . 

Having  fixed Q(Xo, 2 a ) ccQ ,  with g < l ,  we set, for simplicity, 

(8.11) _~*(p) = A*(Xo, uo(~), P) �9 

Let  w e L2(to - a'-, to, H~(B(a))) be the solution in q(a) of the  C.D. problem 

(8.12) f (2i(Dw -~ .D~)In~v) - -  w - ~  a x  = 

Q(a) 

= f ~ (Ai(X,  u, Du)l])iq~ ) - -  (B~ u, Du)l~o ) d X  , 
O(a) 

Vcf e W(Q(a)) : ~(x, to) = 0 in B(a ) .  

Because of lemma 2 .XI  and of (1.21), w exists and  is unique. 
Set v = u § w. Clearly v e _5~(t~ - a s, to, H~(B(a))) is a solution of sys tem 

(8.13) 
O(a) 

v~ e (~'(Q((,)). 

Inequal i ty  (7.19) holds on v i.e.: 3 e e  (0, n/(n § 2)) such thut  V2e (0, 1) 

(8.14) ~(v, Xo, 2~)< e2~+~c"+~)4~(~, Xo, a) § cO(u, Xo, ~){2:+~c.+~)+ o(~)}. 

Inequal i ty  (7.15) holds on w, therefore,  V2 e (0, 1], 

(8.15) qS(w, Xo, ~)<o(~1 o(~, Xo, ~) + c(~, M)f ~ ilA:(x, u, Du)--2:(Dulli ~ a X .  
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On the other hand, taking into account  hypothesis  (8.6), lemma 7.I, the concavi ty  
and boundedness  of  co, we get 

O(a) O(a) 
\2/q [ dXll-21r 

< 
/ 

0(0) r 

< V(U)r Xo, 2a)[co(ca-" r Xo, ~))]'-~/q. 
We conclude tha t  V2 ~ (O, 1] 

(8.17) ~(w, X0, Z~)< e~(u,  Xo, 2~){o(~) + [co(ca-" ~(u ,  X0, a))]1-~/o}. 

Therefore, the following theorem holds 

�9 ~ o ~  8.I. - z/ u e ~ ( -  T, 0, ~ ( ~ ) )  n ~ ( - -  T, 0, ~ ( 9 ) )  is a solution o/ 
system (8.1), under the hypotheses (1.5), (1.1O), (8.2), (8.3), (8.4), (8.6), then there exists 
e ~ (0, n/(n + 2)) such that VQ(Xo, a) ccQ, with (r< 2, and W~ (0, 1) 

(8.18) r Xo, ~ ) <  e~(u, Xo, ~){2~+~+~' + o(~) + [~,~(e~-~ r Xo, ~))]~-~/~} 

where o(a) goes to zero with a. 

In  fact,  as u = v -- w in Q(a), f rom (8.14), (8.17) it follows that  V2 e (0, 1) 

@u, Xo, ~ ) < c ~ ( u ,  Xo, 2a){~+~(~+~)+ o(a) + [o~(...)]~-~l~}. 

The previous inequali ty is trivial for 1 < 2  < 2. Finally, to the left-hand side we 
can add the integral  

fz + Ilull ~o dX 
Q(~a) 

for the  same reasons we pleaded in the proof of theorem 7.I. 
F rom the previous theorem we draw forth the part ia l  tI61der continuity of the 

vector  u, by  reasoning exact ly  as in [4] section 3. 
Set 

(8.19) Q o = / X  e Q :  lira' a-" ~b(u, X, (~) > O / 
( 0-->0 ) 

we have that 

(8.20) R~(Qo) = o 

(it is sufficient to argue as in theorem 2 of [93). 
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T ~ O B ~  8.II.  - I] u is a solution o] system (8.1), under the hypotheses (1.5), 
(1.10), (8.2), (8.3), (8.4), (8.6), then Qo is closed in Q and 

1 - - 8  
(8.21) u~C~ d), V # < 2  ~ (m + 2 ) .  

T h e  e a s e  n > 2. 

Our proof is quite analogous to tha t  of the case n > 2 in section 7. 
System (8.1) can be wri t ten as follows (see (1.7)) 

~U 
(8.22) --  ~ Di(Aij(X, u, Du) Dju) -}- ~t -- ~ DiBi(X, u) -~ B~ q~, Du) . 

Let  us suppose tha t  the der iwt ives  3a~/3p~, and so the matrices A,j(X, u,p),  are 
uniformly continuous in A. Since they  are ulso bounded (see (1.5)) i t  follows tha t  
there exists a non-decreusing, bounded, continuous und concave function oJ(a), de- 
fined for a > 0  with o ) (a )=  0, such t h a t  Y(X,u ,p) ,  (Y, v , ~ ) c A  

(8.23) ][A,~(X, u, p) -- A,j(Y,  v, ~)lI"< w(d~(X, :Y) + [I u -- vii ~ -[- lip -- ~lI~) �9 
~J 

Fix Q(X0, 2a)ccQ,  with ~<1 ,  and, for the sake of simplicity, set 

(8.24) _~ = A~j(Xo, uQ(,), (Du)Q(.)) . 

Beasoning like in the case n > 2 of section 7, in Q(a) we write u = v + w, where 
w ~ Z2(to - a~, to, HI(B(a)) ) is the solution of C.D. problem (7.38), while v ~ Z~(to-- ~ 
to, H'(B(a))) is a solution of sys tem (7.39). 

Vectors v and w must  fulfil respectively inequalities (7.40) and (7.41), which 
enable us to conclude tha t ,  Y2 e (0, 1) and Ys ~ (0, ~n) 

(8.25) q~(u, Xo, Ia)<er Xo, a){Z'+'-~ + o(a)} + 

§ c(., f llA.(X, 
O(a) 

u, Du) --  .~j][2. IlDu]I2 dX 

where o(a) goes to zero in respect of a. 
On the other hand,  taking into account (8.23), lemma 7.I, the boundedness and 

concavity oi w, by  reasoning as in (8.14), we obtain tha t  

(8.26) f ~ ][Ai~(X, u, Du) --  Zij]I 2. I]DuI[ 2 dX < 

dX)l ~ -~  Q(~ 2~) [~ (C~- -~ (~ ,  Xo, ~) - (Du)Q(~)il ~ < C(u) q~(u, Xo, + f i]Du 
Q(a) 
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F r o m  (8.25), (8.26) we get tha t  V2 e (0, 1) and Ve e (O, an) 

(8.27) qS(u, xo, 2~)<c~(u, X0, 2~){~+"-~ + o(~) + [~(...)],-,/,}. 

This inequal i ty  is tr ivially t rue for 1 < 4  < 2, moreover  to the  lef t-hand side we 
may  add the integral  

~1 + llull ' dX 
Q(),~) 

for the motivat ions we pleaded in the proof of theorem 7.I. 
We conclude with the  following theorem 

T]J_EOl~E~ 8.III .  - I f  u is a solution of system (8.1), under the hypotheses (1.5), 
(1.10), (8.2), (8.3), (8.4).and if the derivatives ~ai/~p~ arc uniformly continuous in A, 
then VQ(Xo, a) ccQ, with a < 2 ,  VA e (0, 1) and ge ~ (O, gn) 

(8.28) r  Xo, ha )<  

<Aq~(U, Xo, ~) {,~n+~-~ § o(a) § [o)(ea-~q~(u, Xo, ~r) § f ]lDu-- (Du)Q(o)]I~ dX)] ~-~/~} 
O(a) 

where o(a) --> 0 when a --> O. 

From the previous theorem, the part ia l  tt61der continui ty in Q, of the vector  u, 
follows. 

Set 

(8.29) Q1 : {X 

(8.30) q~ = { x  

Q: lim"o o H'u dY > O} 

Q: lim'._~o a-~ ~(u, X, a) > o t . 

I t  turns  out  tha t  

(8.31) meas Q1 = 0 

and (see [9], theorem 2) 

(8.32) H.(Q2) = O. 

Reasoning exact ly  as in theorem 5.I of [2] we prove tha t  

TI]:EO~E3~ 8.IV. - If  u is a solution of system (8.1), under the hypotheses (1.5), 
(1.10), (8.2), (8.3), (8.4) and, moreover, if the derivatives ~ar are uniformly con- 
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tinuous in A,  then there exists a set Qo, closed in Q, 

(8.33) 

such that 

(8.34) 

Q~ c Qo c Q~ w Q~ (hence me~s  Qo = O) 

u e C~ d) ,  V# < 1 .  
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