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S u m m a r y .  - We consider the existence o/ wea~ solutions o] the periodic-Dirichlet problem o9~ 
]0, 2at[ • z~[ for the semi-linear wave equation 

u t ~ - -  ux~- -  ]( t ,  x,  n)  = 0 

when 

~(t, x) < lim inf u-~ ](t, x, u) <lira sup u-~ ](t, x, u) < fl(t, x) 
luI--+oo l u l - ~  

aud ~ and fi satis/y some nonresonance conditions o/non uniform type withr espeet to two con- 
seeutive nonzero eigenva[ues of the associated linear problem. The proof is based upon one 
generalized continuation theorem ]or some perturbations o I mappings which are not o] fire- 
dholm type. 

O. - I n t r o d u c t i o n .  

Let. J = ]0, 2~ [ •  =[ and  let  f: J •  be a funct ion such t h a t  ]( . ,  . , u )  

is measurab le  o n  J for each u E R, /(t~ x, .) is cont inuous oll R for a.e. (t, x ) e  J .  

Assume moreover  tha t ,  for each r > O, there  exists  h~ E L2(J)  such t h a t  

(0.1) l/(t, x, u) l<  h~(t, x) 

when (t, x ) ~ J  and  lu l<r ,  with  L~-(J) the  space of measurab le  Lebesgue square  
in tegrable  real  funct ions on J .  We shM] then  say t h a t  ] satisfies the  Caratheodory 
conditions ior Z2(J) .  

Consider the  semi-l ineur wave equat ion 

(0.2) u ~ -  u ~ x -  /(t,  x, u) = 0 .  

A weak solution o/ the periodic-Dirichlet  problem on J /or (0.2) will be ~ u c L~(J) 
such t h a t  

dt dx 
J ] 

(*) E n t r ~ a  in Redazione il 16 m~rzo 1983. . . . . . . . . .  
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for every v ~ C2(J) satisfying the boundary  conditions 

v(t, 0) = ~(t, ~) = o (t e [o, 2 ~ ] ) ,  

v(0, z) - v(2~, x) = v~(0, x) - v~(2~, x) = 0 (x e [0, ~ ] ) .  

In  particular,  the periodic-Dirichlet problem on J for the nonhomogeneous linear 
equat ion 

ut~-- ~ - -  l u  = h(t, x) 

is uniquely solvable for every h e L2(J) if and only if 

(0.r i 6 ( n ~ - - m ~ :  m e Z ,  n e N * } = { . . . ) , _ ~ < i _ ~ < i o = O < i ~ < ) , ~ < . . . }  

(see e.g. [1] or [2]). In  [3], i t  has been proved tha t  the periodic-Dirichlet problem 
on J for (0.2) has ~r least ~ weak solution if there exists real numbers p~ q~ r such 
that 

t.,~< p <~-~/(t, x, u) < q  < A~+~ 

for some N e Z, a.e. (t, x ) e  J and all u e R with  ]ul>r , and if moreover the func- 
t ion signp/(t, x, .) is nondecreasing for a.e. (t, x ) e  J .  In  this paper,  we generalize 
this result  for N ~ {-- 1, 0} by  proving the following 

T t t E O R E I ~ [  ! ,  -- Assult~e that the inequalities 

(0.5) ~(t, x) < l i m  inf u-~/(t, x, u) <lira  sup u-~/(t, x, u)<fi(t, x) 

hold uni/ormly a.e. in (t, x) e J where ~ and fl are/unctions in L ~ (J) such that/or some 

N~=O a n d - - 1  one has 

(0.6) 

a.e. with 

on a set o/ positive measure and 

on a set o~ positive measure. 

l.~< a(t, x)<fl(t,  x )< 2,.~-+1 

i~-< ~(t, x) 

fl(t, x) < l~v+~ 
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Then if the function sign 2~.f(t, x, �9 ) is nondecreasing for a.e. (t, x) ~ J ,  the ~eriodic- 
Diriehlet problem on J for equation (0.2) has at least one weak solution. 

Conditions of the form (0.5) and (0.8) were first introduced in elliptic Dirichlet 
problems by the authors in [6] and then used in [7] for periodic solutions of ordinary 
differential equations. The approach used in those papers has to be substantially 
modified here because the abstract realization in L2(J) of the wave operator 3~/3t ~- -- 
-- ~2/~x2 with the periodie-Dirichlet boundary conditions on J has a noncompact 
resolYant. This is due to the fact that  the spectrum r of L, which is in fact given 
by the right hand member in (0.r contains an eigenvalue of infinite multiplicity 
(namely 4o ~ 0), the other ones having however finite multiplicity. I t  is also the 
infinite multiplicity of )~0 which implies the exclusion of the couples (~1, ~o) and (~0, ~) 
in the extension of the uniform nonresonance conditions of [3] to the non-uniform 
situation (with respect to (t, x)) given by the theorem above. Of course, our tech 
niques would give results for N =- 0 by assuming ~ constant and for ~Y ---- -- 1 by 
assuming fl constant, which still is better than the result of [3]. The reader can easily 
check the details. 

The proof of the theorem is based on two lemmas (for linear problems) which 
are given in Section 1 and whose assertions are reminiscent of the preliminary 
lemmas of [6] and [7], but whose proofs are different for the reason explained above. 
Also the lack of compactness prevents the use of a usual Leray-Schauder's degree 
argument in the proof of the theorem and we have to make use of a generalized 
continuation theorem of one of the authors [4] (see also [5]) based on combination 
of compactness and monotonicity methods. This is where the monotonicity assump- 
tion on f(t, x, �9 ) is effectively used. We state here, for the readeFs convenience, 
the special case of the theorem 2 and ~emark  1 of [4] which will be used in this 
paper. This requires some preliminary definitions. 

Zet H be a real Hilbert space, with inner product (., .) and corresponding 
norm I']. Let us denote by A the class of operators Z: D ( Z ) c H - ~ H  which are 
linear, closed, have domain D(L) dense in H and are such tha t  their kernel N(Z) 
and range R(L) satisfy the condition 

R ( L )  = . 

An example of such a L is a self-adjoint operator with closed range. Denote by K 
the right inverse of Z defined by 

K ~ [L[D(L)~:~(~)]-~: R(Z) -->/~(Z), 

and by Q the orthogonal projector onto R(L). 
Recall tha t  if F :  H -~ H is a (possibly) nonlinear operator, then ~ is said to 
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be monotone (resp. strongly monotone) on H if, for  all u, v in  H one h~s 

(Fu  -- 2~v, u -- v) >~ 0 

~(resp. ( ~ u -  Fv, ~ -  v)>~cl~- ~1 ~, c >  o) ,  

a n d  demi continuous on H if  

where  -~ deno tes  ~he weak  con~ergence  in H.  

W e  call now s t a t e  t he  special  case of T h e o r e m  2 of [4] used here  and  re fer  to  i t  
~s the  c o n t i n n a t i o n  ] emma.  

C0~'~INUATI0~- LE)~IA. - Let  L c A  (with right inverse K )  and  let F :  H ~ H 
be a monotone demi  continuous operator. 

A s s u m e  that there exists a linear, strongly monotone operator A :  H - ~  H and  a 

number  ~ ~ 0 such that the following conditions are satisfied: 

a) K Q ~  and K Q A  are compact on the closed ball B(~) of center 0 and  radius o 

in  H.  

b) F(B(~) )  is bounded. 

c) (v;~ e [o, z[) (Vu e D(z)  n ~B(~)): 

Z u  - -  (1 - ~%)Au-  ) .Fu :/: 0 .  

Then  the equation 

L u -  F u  ~ 0 

has at least one solution u e D ( L )  (~ B(~).  

1. - P r e l i m i n a r y  l e m m a s  on l inear  problems .  

L e t  H --  L2(J)  wi th  t he  usua l  i nne r  p r o d u c t  (.,  .) a n d  co r r e spond ing  n o r m  

L e t  

v~.~(t, x) -~ ~-~ exp (imt) sin(nx) 

for  m ~ Z  ~nd  n ~ N * .  E a c h  u E H  can  be w r i t t e n  as the  Fou r i e r  series 

U z ~ UmnVmn 
mEZ 

where  u ~  ~- (u, v ~ ) .  ~ o t e  t h a t ,  s ince u is real ,  ~.~---- u_~.~. 

"I. 
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We define the abstract  realization Z in H of the above operator with the periodic- 
Diriehlet conditions on J as follows. Le t  

D(L)= { ~ e H :  ~ (n2-- m2)2[@m+~]2< r 
~ a ~ Z  

m ~ Z  
~e2X TM 

L is a self-adjoint operator in H with pure point spectrum consisting of its eigen- 
values 

a ( L ) = ( n  2 - m 2 :  m e Z ,  h e N * } .  

One can see tha t  0 is an eigenvalue of infinite multiplicity and tha t  the others have 
finite multiplicity.  Moreover, one can show t h a t  if h e H, and ~ e D(L), then  

] ~  ~-~ h 

if and only if ~ is a weak solution of the periodic-Dirichlet problem on J for the 
equation 

~ t t - -  @xz = h . 

We refer to [1] or [2] for the corresponding details. 
Le t  us number  the eigenvalues of L consecutively, counting from 1 0 - - 0 ,  so 

t ha t  the eigenvalues are 

�9 .. < t_~< 1_1< 1 o :  0 < i 1 <  i 2 <  ... , 

and let i~,  ),~+1 be a pair of consecutive eigenvalues of Z, nei ther  of which is zero. 
Thus, ei ther 

0 < t.~ < ~v+l 

or 

iN < ~.v+l < 0 . 

Le t  c = (�89 ix+1) and let {E;.: i e R }  be the spectral resolution of L, so 
tha t  L =~2dE~. Let  PI,  P~ be the orthogonal projections given by 

C oo 
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~nd let H~ =- P~(H), H2 : / ~ ( H ) .  Then H1 is spanned by the eigenfunctions of L 
associated with the eigenvalues 2~ for i < N  and H~ is spanned by  the eigenfunctions 
associated with )~ for i~>~ ~-1.  

Moreover 

Let us prove the first preliminary result. 

LE~mIA 1. - Le t  ~ (resp. ~) be ]unctions in L~(J)  such that 

~N < ~(t, x) 

(resp. ~(t, x)<A-+0 

a.e. with 

~ <  ~(t, x) 

(rasp. ~(t, x) < k,~+l) 

on a set o] positive measure. Then there is a positive number (~1 > 0 (resp. (~2 > O) 
such that ]or any p e L ~ (J) satisfying 

~(t, x) <p(t, x) 

(resp. p(t, ~) <#(t, x)) 

and all uI~D(.L) Ch H~ (resp. u2~D(L)  ~ H2), one has 

(1.!) (Lug- pu,  uJ < -  ~llulP 

(1.2) (resp. (Lug-- pu2, uJ  > ~[u2 p) �9 

P~ooF. - The arguments for (1.1) and (1.2) are virtnally identical, so we will 
present the details only for (1.1). First  of all, because p(t, x)>~,~v for a.e. (t, x) ~ J~ 
it is e~sy to show that  (Lua--  pu~, uJ  <0. Moreover~ ~(t, x) <p(t,  x) a.e. on J and 
hence 

(1.3) (Lul - -pul ,  u J  <(Lug-- ~u~, u j .  

Thus if there is a ~ > 0 such that  

(:[.4) (Lug- ~u~, uj  <- ~llUll ~ 
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for all u~ ~ D(L)  ~ H~, this will also establish (1.1). Suppose there  is no such (~ > 0. 
Then  there  is a sequence {ul,~}, which we will denote  simply by  {Us}, in D(Z) n H~ 
with [u~] = 1 and 

(1.5) - -  k-~ < ( Z u ~ - -  =us ,  u s ) ,  k : 1,  2,  . . . .  

Now let  ~_~ < a < ~ < b < ~+~ and define project ions /~, P by  

a b 

- - c ~  a 

with  /~ = P (H)  and /7 = P(H) ,  so t ha t  H~ = / ~  |  /~ is spanned by  the eigen- 
functions associated with the  ~ for i < N -  1 and / t  is the finite-dimensional space 
spanned by  the  e igenhnc t ions  associated with ~ .  We will write us = ~ ~ - ~  
where ~ = Pu,  ~ = -Pu. :Now, since ~(t, x) ~> ~,  for a.e. (t, x) e J,  we have f rom (1.5) 
t h a t  

which reduces to 

- k - ~ < ( ~ -  ~-~s,  ~ )  = ~ (n~-  m-~)lu~t " -  ~..l~l~<(~.,._~- ~ ) ] ~ i ~ ,  

so t h a t  I~l --> 0 as k --> cr 

:Now /7 is f inite-dimensional ~nd since i = [uk[2= [~]~ ~ ]~s] 2, we have t ha t  a 
subsequence of {us}, which we m a y  relabel as (uTr converges s trongly to some 

e /7 ,  wi th  [ul = 1. Consequently,  we must  have ~(t, x)=%= a.e. on J and 

-- k - l < ( L u ~  - o~uk, uk) = (L(ek-- ot~,  (ek) -- 2f~(t ,  x)~ts(t, x)~k(t, x ) d t d x  
J 

J 

J 

Using ~s -~ 0 and us --> u as k --~ oo, we obtain 

o < f (2~-  ~.(t, x))lu (t, x) p dt ax, 
J 

and since ~.v<~o~(t, x) for a.e. (t, x ) e  J,  we have 

(1.6) f ( ~ . -  ~(t, x))l~(t , x)12dtdx = O. 
J 

7 - A n n a l t  d i  M a t e m a t l c a  
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H o w e v e r ,  (1.6) c o n t r a d i c t s  g(t,  x) ~: 0 a.e. on  J s ince b y  h?~pothesis AN - -  o:(t, x) < 0 

on some subse t  of  J of  pos i t ive  measure .  This c o n t r a d i c t i o n  p roves  (1.4) a n d  hence  

(1.1) a n d  t h e  p roo f  o~ 1emma i is comple te .  

L]~5~k 2. -- T, et ~. and fl be ]enctions in L~(J )  such that 

a.e. with 

on a set o/ positive measure and 

on a set o] positive measure. 

any p ~ L~(J)  satisfying 

a.e. on J~ one has 

~ < ~(t, x) 

fi(t, x) < 2N+I 

Then there are numbers d > 0 and e > 0 such that /or 

~(t, x ) -  e<p(t, x)</~(t, x) § e 

I / ;u-  pul> alul 
for all u ~ D(L).  

PROOF. - Suppose  t he  conc lus ion  of the  l e m m a  is false. T h e n  the re  exists  a 

sequence  {~} in  D(L) w i t h  lull = 1 a n d  a sequence  {p~} in  L~(J)  w i t h  

1 1 
(1.7) z(t, x ) - - ~  <p~(t, x)<~fi(t, x) + 

a,e. for  each  k = 1, 2, ...~ a n d  

k = 1~ 2, .... T h a t  is 

[Lug- p~,u, : !  < ;~ -1  , 

(1.8) L u g - -  P~k---~ f~ 

~ i t h  b'~i<S<,-1 a, n a  lu,<l = i (k = I ,  2, . .4 .  
Wri t ing u~---- u ~  u~ wi th u~=- _Plu~, u~---- P~ u~, we have u , , ~ D ( L )  r~ H~ 

and u~k E D(L) (h H2 for k = i ,  2~ ..., and, t~king inner products wi th (1.8), we have 
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which reduces upon  expans ion  t o  

(1.9) ( Z u ~ - - P k  q~:~, u~k) -  ( L u ~ - - p ~  ,a~, ~1~) --~ (1~, q~2~-- u1~). 

5Tow, b y  (1.7), 

and  

1 ~(t, x) <p~(t, x) § # 

1 
pk(t, x) ---~ <fl(t, x) 

a.e. for each /~ ~ 1, 2, .... 

and  (~2 > 0 such tha t ,  for all k ~ 1, 2, ..., one has  

and  

So, using I Jemma 1 we obta in  the  existence of d~ > 0 

Lu..~-- p~--# u~, u~ >~Fu~] ~. 

Combining with  (1.9) and  using Schwarz inequal i ty ,  this  gives 

2 1 1 

4 

and  hence 

which implies t h a t  % - - - - - u l ~  u2k converges s t rongly to zero. 
[ukl ---- 1 and  thus  proves  the  l e m m a  

This contradic ts  

2. - The proof of  theorem 1. 

We now re tu rn  to the  periodic-Dirichlet  p rob lem on J for the  semi-l inear wave  
equat ion  (0.2) and  proceed to the  proof  of Theorem 1 s ta ted  in the  in t roduct ion.  

Le t  ~ > 0 and  s > 0 be g iven b y  L e m m a  2. B y  (0.5) we can find r > 0 such tha t ,  
for  a.e. (t, x) in J and  all u wi th  lul>r, we have  

~(t, x) - s<u-1/ ( t ,  x, u)<fl(t ,  x) + s ,  
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This implies,  b y  (0.i) that 

Nt, x, u)l<(r + ~)]ul + h~(t, x) 

for a.e. (t, x) ~ J and  all u ~ R, wi th  C ~- ,~v+~ if ~.~- > 0 and  [2,~.] if ~-+~ < O. Conse- 

quent ly,  the  m a p p i n g  /~ defined on H b y  

(F~)(t, x) = / ( t ,  x, u(t, x)) 

will m a p  H cont inuously  into i tself  and  t ake  bounded  sets into bounded  sets. 51ore- 

over,  the  weak  solutions of the  per iodic-Dir ichle t  p rob lem on J for (0.2) will be the  

solntions in D(L)  of the  abs t r ac t  equa t ion  in H 

(2A) L u  --  -gu -= o .  

W i t h o u t  !oss of general i ty ,  we can assume f rom now on t h a t  ),~ > 0 because,  if 

2~v < 0, t h e n  0 > N = -  2~ and  we can consider the  equiva len t  p rob lem 

where  / ~ = - - L  and  P = - -  F. 

0 < ~ = --  ~_~v, 

we see t h a t  

L u -  -Pu = 0 

Defining 

~ = - ~ ,  f i = - ~ ,  f = - / ,  

z(L) = {... < i_~< L , <  0 < ,~< i~< ...}, 

t h a t  (0.5) and  (0.6) hold wi th  ~, fl, ], 2~T, ~N+I respec t ive ly  replaced b y  5,/~, L I ~ ,  ~N+I 

and  t h a t  the  func t ion  sign ~N.f(t, x, " ) = ] ( t , x ,  . ) =  sign ),_.~/(t, x, .) is non  de- 

creasing. ~u are therefore  reduced to the  case of ~N > 0. I t  implies b y  our assump-  
t ions on ](t, x, .) t h a t  _F is mono tone  on H.  As the  r ight  inverse  K of J5 is clearly 
compac t ,  we see t h a t  K Q F  is compac t  on bounded  sets of H.  Define the  l inear  

ope ra to r  A : H --> H b y  

(Au)(t ,  x) = o~(t, x) u(t, x) 

so t h a t  A is cont inuous and  s t rongly  mono tone  on H,  as cz(t, m)>2~,~>  0 for a.e. 

(t, x) e J .  
According to the  cont inua t ion  l e m m a  s t a t ed  in the  in t roduct ion,  equat ion (2.1) 

will have  a solution if the  set  of possible solutions of the  f ami ly  of equat ions 

(2.2)  L u  - -  ( i  - -  2 ) A u  - -  2 F u  ----- O ,  2, e [O, 1 ] ,  
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is a priori  bounded independen t ly  of 3. Define g on J • R by  

u-ll( t ,  x, u) if  IuJ>r 

r +  1 +  ~(t, x) if - - r~<u~<0 ,  

and b on J •  by b(t, x, u) = ](t, x, u) --  g(t, x, u) u. I t  is e~sy to check tha t  

~(t, x) - -  s<~g(t, x, u) <~fl(t, x) + e 

for a.e. (t, x ) ~  J and all u e R, t ha t  h satisfies the Caratheodory conditions for 

L~(J) and t ha t  

(2.3) ]b(t, x, u)l-..<2hr(t , x) 

for a.e. (t, x ) e  J and all u e R. I f  we define, for each u ~ H,  the  l inear mapping 

G(u): H -+ H by  

[G(u)v] ( t ,  x)  = g(t, x, u(t, x)) v(t, x) 

and if we define B:  H --> H by  

(Bu) ( t ,  x)  = b(t, x, u(t, x)) , 

then,  for each u ~ H,  we have 

F u  = G(u) u + B u .  

Thus, if u e D(L)  is a solution of (2.2) for some 2 e [0, 1], i t  also satisfies the equat ion 

(2.4) L u - -  [ (1--  4 ) A - -  ~G(u)]u ---- ~ B u .  

But ,  by  construct ion,  we have,  for a.e. (t, x ) e  J and every  ~ e [0, 1], 

~(t, x) -- e ~ < ( 1 -  ~)(Au)(t ,  x) + ~[G(u)uJ(t, x)<~fi(t, x ) ~ -  e ,  

and hence, using L e m m a  2, (2.3) and (2A), we obtain 

2lh~l~> IkBul = ] L u - -  [(1 --  ,~)A - kG(u)Ju ]>  ~lul ,  
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i .e.  

The  cond i t ions  of  t he  Con t i nua t i on  l e m m a  are the re fo re  satisfied for  a n y  @ > 25 -~lh~l, 

a n d  t h e  p roo f  is comple te .  

COROLJS:t~u 1. - Let f: J •  R satis]y the Caratheodory conditions ]or L~(J) 
and be such that 

(2.5) ~(t, x) < ?(t, x, u) --/(t, 33, v) </~(t, x) 
~ - - V  

/or a.e. (t, x) ~ J and all u ~: v ~ R, with ~ and fl like in Theorem 1. Then the periodic- 
Diriehlvt problem ]or equation (0.2) has a unique weak solution. 

P ~ o o L  - It follows f r o m  (2.5) t h a t  cond i t ion  (0.5) holds  and  t h a t  s ignAs.]( t ,  33, .) 
is non  decreas ing  for  a.e. (t, 33)e J .  Thus ,  t he  exis tence  follows f r o m  T h e o r e m  1. 

I f  now u a n d  v are  solut ions,  t hen ,  l e t t i ng  w --~ u -  v, w will be a weak  solut ion of  
t he  per iod ic -Di r ich le t  p r o b l e m  for  e q u a t i o n  

(2.6) 

Se t t i ng  

w ~ -  w * * -  [/(t, x, v + w ) -  l(t, x, v)] = 0 .  

g(t, 33, W) ~-- f w-l [ / ( t '  33, V ~- W) --  ](t, 33, V)], 

[ :r 33), 

we see t h a t  (2.6) can  be w r i t t e n  

(2.7) 

wi th  

wtt-- w~- -  g(t, x, w)w = 0 

~(t, x)<g(t,  x, w)<fl(t, x) 

if w :/: 0 ,  

if w - - O ,  

I~E}~A~K 1. - Condi t ion  (2.5) is in p a r t i c u l a r  satisfied if t he  pa r t i a l  de r iva t ive  

]'(t, x, u) exists  a nd  satisfies the  cond i t ion  

~(t, x)< f~(t, x, u)<~(t, x) 

for  a.e. (t, x ) e  J a nd  all u e R ,  wi th  ~ and  fl l ike in Corol lary  1, 

for  a.e. (t, x) ~ J a n d  all w ~ R.  Consequen t ly ,  b y  L e m m a  2, we easi ly  see f r o m  (2.7) 

t h a t  w == 0, i.e. u = v, a n d  t he  p roof  is comple te .  
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RE~AR~: 2. - The  above  resul ts  shows t h a t  i i  J is p a r t i t i o n e d  in to  two  me a  s- 

ur~bles  subsets  J~ a n d  J~ of pos i t ive  me~sure  a n d  if p is def ined on J b y  p(t,  x) = ~v 

for  (t, x) ~ J~ ~nd p(t,  x) ~-- ~-+~ for  (t, x) ~ J2, t h e n  t he  per iod ic -Di r ieh le t  p rob l e m 

on  J for t h e  e q u a t i o n  

ut t - -  u ~ - -  p(t ,  x ) u  = h(t, x) 

has  a, un ique  we~k so lu t ion  for  e v e r y  h ~ L2(J) .  
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