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Summary. - This paper contains some new results on the oscillatory behceviours o] di]ferential 
inequalities (2(~) and (L~) caused by retarded, advanced and general deviating arguments gi(t) 
(i = 1 . . . . .  n). 

1. - Introduction. 

I n  this  pape r  we consider the  oscil latory behaviour  of f irst-order funct ional-  

differential  inequali t ies of the  forms 

(N.) 

and  

(L.) 

( -  1)oy'(t) sgn v(t) >p(t)  

(--  1)~y'(t) sgn y ( t )>  ~pi ( t ) ly (g~( t ) )] ,  
i = l  

where z = 1, 2, ri (i = 1, ..., n) are nonnegat ive  numbers  wi th  rl -k ... q- r~ = 1, the  

funct ions gi: R+---> R+ ~- [0, c~) and  p ,  p~: R+--> (0, oo) (i = 1, ... , n) are continuous 
and  lira g~( t )=  oo. We consider only solutions of {N~) or (L~) which are defined 

t-->oo 

for all large t. The oscil latory charac te r  is considered in the  usual  sense, i.e. a solu- 
t ion of (N,) or (L,) is called oscil latory if i t  has  no las t  zero, otherwise it is called 

nonosci t la tory.  
I n  recent  years ,  the  oscillations of the  solutions of f irst-order functional-dif-  

ferent ia l  equations and  inequali t ies caused by  re ta rded  or advanced  arguments~ 
has  been  s tudied  in the  papers  [1]-[17]. A character is t ic  fea ture  of these papers  
is the  fac t  t h a t  the  resul ts  obta ined  there  are not  val id  for corresponding ord inary  

differential  equat ions and  inequalities.  I n  this pape r  we give sufficient conditions 
under  which all solutions of (N.) or (L.) oscillate. Our resul ts  generalize and  improve  

some resul ts  of the  papers  [2] and  [4]-[15]. Some specific compar isons  to known 
resul ts  will be m a d e  in the  t ex t  of the  paper .  

(*) Entrata in Redazione il 18 giugno 1984. 
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2. - Retarded differential  inequal i t i es .  

In  this section we will assume wi thout  fu r the r  ment ion t h a t  g~(t)<<.t (i ~- 1, . . . ,n) 
on R+ ~nd let  h~(t) z sup g~(s). 

O<s~t  

THEO~E~ 1. - Assume that 
t 

(1) lira inf r~. p(s) ds > - ,  
k = l  t-->co e 

a~(t) 

then all solutions o] (NI) oscillate. 

PI~ooF. - Suppose tha t  there  exists a nonoscill~tory solution y(t) of (N1). Wi thout  
loss of general i ty  we m a y  suppose t h a t  y(t) is positive for t>~to. There is a t~>~to 
such t ha t  y(g~(t))> 0 (i = 1 , . . . , n )  for t>~t~ F r o m  (N~) it  follows, t h a t  y(t) is 
decreasing for t>~tl. Since gi(t)<~hi(t) (i z 1, ..., n) for t>~t~, then  f rom (2Y~) we get 
for t ~>t~ 

(2) --y'(t)>~p(t) I~ [Y( h t ( ' t " ' "  . ) ) j  
i = l  

We follow similar arguments  us in [6]-[8]. Dividing (2) by  y(t) and next  integrat ing 
f rom h~(t) to t we obtain for t>~tl 

t 

h~(t) 

where 

= > 1  for t > t l .  
~=~ [ y(t) ] 

Multiplying both  sides of the  above inequalities by  r~ and next  adding these ine- 
qualities we derive 

t 

 (s)p(s)ds< r ln lnw(t). 
k=l y(t) 

h~(t) 

Le t  y - - - - l i m i n f  w(t). Then y>~l and is finite or infinite. 
t--> oo 

(a) Case y is finite. Then taking l imit  inferiors on both  sides of the last  ine- 

qual i ty ,  we obta in  
t 

y ~ l i m i n f  r f p ( s )  d s < l n  Y 
k = l  t-+oo 

h~(t) 
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tha t  is 
t 

l i m i n f r k f p ( s )  ds<...la~, ~1 
k=1 t ~  }' < - '  

h~(t) 

which gives a contradiction, since (1) is equivalent  to the  following condition 

t 

" r 1 (3) ~ l imin f r~  p(s) d s > - .  
/ c=  1 t--)- ~ J e 

h~(t) 

(b) Case }, is infinite. Then 

(4) l im w(t) = c o .  
t'--> oo 

From (3) it follows, tha t  there exists a k E {1, ..., n} such tha t  
t 

(5) limt_, coinf rk f p(s) ds > C > 0 ,  
h~(t) 

where C is some constant.  Then (cf. [4]) for any t>t~>~tl there exists a t * >  t such 
tha t  

t t* 

C 
(6) rk p(s) ds> - rk p(s) d s>  

2 
hk(t*) t 

Integrat ing now (2) f rom hk(t) to t we derive 
t 

- y(t) + y(h~(t))> y(h~(s))]~, as 
h~(t) 

which imply, by  monotonicy of hi t )  and y(t), 
t 

y(h~(t))y(t) > w(t) f p(s) 
h~(t) 

ds .  

In  view of (4) and (5), from the last  inequali ty we get 

(7) l im y(h~(t) ) _ c<) . 
t --~ y( t )  

Now from (2), by  the fact  tha t  y(h~(t))>~y(t) (i ~ -1 ,  ..., n) for t ~ t l ,  we obtain 

(8) - -  y'(t)[y(t)] ~-~ >p(t)[y(h~(t))] ~ . 
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I n t e g r a t i n g  bo th  sides of this  inequal i ty  f rom h~(t*) to t (cf. [4]), b y  (6), we find 
for t >t2 

t t 

. [y(h~(,*))]~--Ey(t)>>r~f~(s)[y(h~(s))]~ds>r~[y(h~(t))>./p(s) d s >  ~[y(h~(t))> 
h~(t*) h~(t*) 

Now, in tegra t ing  (8) f rom t to t*, s imi lar ly  as above,  we obta in  

(lO) f [y(t)] ~ -  [y(t*)]'~>rk p(s)[y(hk(s))] ~ ds> -~ [y(h~(t*))]~ . 

t 

Therefore  f rom (9) and  (10) we have  

(C) ~ [ [y(t)]~> ~ y(hk(t))]~, t>t~, 

which cont radic ts  (7). Thns the  proof  is complete.  

R ] ~ K  1. - Similar  resul t  as in Theorem 1 has  been obta ined  recent ly  b y  
LA1)AS [6] in the  case n = 1 and  g~(t) = t -  ~ ,  ~ is posi t ive cons tant ,  by  KOPLA- 
mAI)ZE and  CHA~T~I.~ [4] in the case n = 1. 

COI~OL~A~u 1. - Consider the retarded di]]erential inequality 

(11) y(t) [y,(t) + q(t)y(t) + p(t) fl [y(g,(t))],,] <o, 
i = 1  

where r~ (i = 1, ..., n) are the ratio o] odd natural numbers with rl ~- ... ~ - r , =  1, 
q: R+--> R is continuous ]unction, p(t) and g~(t)<t are the same as in (2~). Let 

t n $ 

(12) - -  l im inf rT~ p(s) ~ q(v) dv ds > 
k = l  t->co J g e 

e~Ct) aj(s) 

Then all solutions of (11) oscillate. 

Pl m or .  - P u t t i n g  in (11) y(t) = x(t) exp (-fq(v) dr) we obta in  
o 

t 

x(,)[<,) § 

By Theorem 1 x(t) oscilate. Therefore y(t) also oscillate. 
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RE:~IAlCK 2. - - i n  the  case g,(t) =- t - - r ~ ,  ~ is a posi t ive cons tan t ,  and  q ( t )>0  for 
t e R+, the  analogous p rob lem as in Corollary 1 has  been considered b y  LADAS and  

S~V~0ULAKIS [7] for n - ~  1, and  by  STAV~0VLAKIS [15] for n > l .  According to 
Theorems 1 and  2 of [15] all solutions of (11) wi th  g~( t )=  t -  ~ are oscil latory if 

t t 

(13) l i m i n f  p(s)  ds > exp - - l i m i n f  q(s) ds , ~ = rain (%, ..., ~:,~). 
t - - ~  J "e \ t--+~ J 

t--~: t - - v  

:Notice t h a t  if the  condit ion (13) is satisfied, then  also the  condit ion (12) holds. 

Tt~_EOa~EZ~ 2. -- Each one o] the ]ollowing conditions 

(14) l i m i n f  pk(s) exp p~(v) dv ds > - 
t--+ c~ i = 1  e 

g~(t) g~(s) ir 

/or some k e (1, ..., n}, 

t 

(15) lira inf p~(s) ds > e ' 
t - > c o  , d  ~=I 

g(t) 

g(t) -~ max (g~(t), ..., g,(t))  , 

implies  that every solution o] (L~) oscillates. 

P~ooF. - Le t  y(t) be u nonosci l la tory solution of (L~) and  let  y ( t ) >  0 ~nd 
y(g~(t)) > 0 (i = 1, ..., n) for t>t~.  Since y(g~(t))>~y(g(t))>y(t)  for t>t~,  therefore  
f r o m  (.L1) w e  get  respec t ive ly  

n 

y'(t) + y(t) ~ p i ( t )  + p~(t)y(gk(t)) < 0  
{=1  
ivek  

and 

y'(t)  + y(g(t)) } ] p ~ ( t ) < 0 .  
i = I  

By Corollary 1, in view of (14) and  (15) respect ively,  y(t) oscillate. Bu t  this con- 

t r ad ic t s  our a s sumpt ion  t h a t  y ( t ) >  0. Thus the  proof  is complete.  

t~]~Z~A~K 3. - The analogous resul ts  as in the  case (15) of Theorem 2 has  been 

ob ta ined  b y  LADDE [9] and  b y  LADAS and  STAVgOULA~IS [8] for gi(t) = t - -  ~ .  

3.  - A d v a n c e d  d i f f erent ia l  i n e q u a l i t i e s .  

I n  this section we will assume wi thout  i u r the r  ment ion  t ha t  gi ( t )>t  (i = 1, ..., n) 
on R+. By  a s imilar  a rgm nen t  as in the  proofs of Theorems 1 and  2 we can obta in  
the  following dual  resul ts  abou t  advanced  differential  inequalit ies (N2) and  (L~). 
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T ~ m o ] ~  3. - Assume that 
a~(t) 

(16) ,0=1  liminf  f,(s) 1 
ds >e'  

then all solutions o/ (N2) oscillate. 

THEOlCE~ 4. -- Each one o/ the /ollowing conditions 

(17) 
g~(t) g~(s) 

l imi~f  f p ~ ( s ) e x p (  f ~=1 p~(v )dv)ds> 1 
t 8 i C k  

]or some k ~ {1, . . . ,  n}, 

g(t) 

(18) lira inf p~(s) ds > e ' 
t ' -*~  d i = l  

t 

g(t) = rain (gx(t), ..., g~(t)), 

implies that every solution o/ (L~) oscillates. 

I ~ E ~ K  4. -- From Theorem 4, in the ease gi(t) = t + ~ ,  T~ > 0 (i -~ 1, ..., n), 
we obtain some results of LADAS and S~AV~OVLA~S [8] if n > l  and of KVSA~O [5] 
if n --~ 1. We notice tha t  the condition (17) is bet ter  than  the analogous condition 
of [8] which has the form 

t + v , e  

f l im in f  p~(s) d s > - .  
t---~ c~ e 

t 

4. - Inequalities with general deviating arguments. 

In  this section we consider the differential inequalities (N~) and (L~) with general 
deviating arguments g,(t), not necessarily retarded (g~(t) <t) or advanced (g~(t) >t)  
arguments.  

We denote 

D = {t e R + :  g~(t)<t (i = 1, ..., n)}, 

A = {t ER+: g~(t)>~t (i = 1, ..., n)}. 

Let  a~, d~: R+-*  R+ (i = 1, ..., n) be nondeereasing continuous funct ions such tha t  

(19) 
d~(t)<~t<a~(t) for t ~ R + ,  

g~(t)<d~(t) for t r  and a~(t)<g~(t) for t ~ A .  
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Set  

D,(t) = D a [d~(t), t ] ,  A~(t) - -  A (~ [t, a~(t)]. 

T m ~ o ~  5. - I] 

(20) l im sup p(s) ds 
t--r k = l  

Job(t) 

then all solutions o] (N~) oscillate. 

> I ,  

P~ooF.  - L e t  y(t) be a nonosc i l l a to ry  solut ion of (N~) a n d  let  y ( t ) >  0 a n d  

y(gi(t)) > 0 ( i -~  1, . . . ,n)  for t>t~. I n t e g r a t i n g  (N~) f r o m  d~(t) to  t we ob ta in  

t 

d~(t) Dt~(t) 

for  t>t~>t~. Since y(t) is decreas ing,  in v iew of (19), we have  for  s eD~(t) 
(k ~ 1, ..., n) a n d  t>t~ 

y(g~(s)) >y(di(s)) >y(d , ( t ) ) ,  (i ---- 1, ..., n ) .  

Thus ,  we der ive  for  t>t2 

y(dk( t ) )~/  i = l ~ [ Y ( ( ~ i ( t ) ) ] r ' f  p(s)  
Dk(t) 

ds , (k = 1, ..., n) . 

t~Msing b o t h  sides of the  above  inequa l i t y  to  r~ and  nex t  m u l t y p l i n g  these  ine- 

qual i t ies  we ob t a in  

f/c 
d t r, . . 

D,~(t) 

Since r~ A-. . .  -4-r,  = 1, t h e n  t he  las t  i n e q u a l i t y  gives 

D~(t) 

which  con t r ad i c t s  the  condi t ion  (20). 

i n  e xa c t l y  the  same  w a y  we can  p rove  the  fol lowing theo rem.  

T ~ o ~  6. - I] 

(21) l im sup p(s) ds 
t--> co k = l  

x~(t) 
then all solutions o] (N2) oscillate. 

>1~  
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I~EHA~K 5. -- Similar results as in Theorems 5 and 6, in the case n ~ 1, have 
been obtained in the paper  [2]. The ~nalogous problem for r~ ~- ... + r .  > 1 (<  1) 
has been considered in the papers  [2, 3] and [16, 17]. 

CO]~OLLA~u 2. - Consider the retarded di]]erential inequality (11), where p, q, g~ 
and r~ are the same as in Corollary 1. I] 

(22) l i m s a p  p(s) exp r~ q(v) dv ds > 1 ,  
t->co k=l  J d~(t) g~(s) 

then all solutions of (11) oscillate. 

I % E ~ K  6. -- In  the case of re ta rded  differential  equations and inequalities oscil- 
lat ion cri teria of similar nature  as in Corollury 2 have been obta ined by  lVAITO [111, 
SiliCAS and S~AI~os [121, STAIKOS and  STAVI%OULAKIS [1~ 1. According to Th. 2 
of [11 t or Th. 4 of [12] or Th. 2 of [141 all solutions of (11) with q(t)-~O, are 
oscil latory if 

t 

(23) l im s u p j p ( s )  ds > I ,  d(t) -~ m ax  (d~(t), ..., d.(t)) . 
t-~ oo J 

d(t) 

We notice tha t  the  condit ion (23) implies (22). 

T~:EO~E~ 7. - I] 

(24) 
t---~ c~ ( k = l  k<::i  D~(t) k,i= l D~(t) Dt(t) 

then all solutions o/ (L~) oscillate. 

P~ooF. - Suppose, t ha t  (L1) has a nonoscil latory solution y ( t ) ~  0 for t>t l .  
Therefore y(g~(t)) > 0 for t>~t~>~t~. In tegra t ing  (L~) from d~(t) to t we get for t>~t~ 

t 

y ( d ~ ( t ) ) , y ( t ) ~  f i=1 ~ p~(s)y(gi(s))ds, ( k =  1, ..., n ) ,  
d~(t) 

which gives, by  (19) and monotonicy  of y(t), 

Y(dk(t))~/ i=1i f Pi(s)Y(gi(3)) d3~ i=li Y(di(t))" f ~i(3) d3, 
Jok(t) 1)~(t) 

( k : l , . . . ~ n ) .  
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Dividing now the both  sides of the above inequali ty by y(d~(t)) and next  adding 

these inequalities we derive 

~> ~=,.5: I ~) ,~ + ,o<~S: .~,~-, , , r  ~('~<~)) .f  ~,., ,,~(~'~ f ] 
D~(I) koi= l D,e(t) Dt(t) 

Using the fact  t ha t  

y( d~(t) ) y( dk(t) ) 
y(dk(t))" f p~(s)ds ~-y(dr f p~(s)ds>~2 V f  P~(S)ds. f p~(s)ds, 

iOn(t) D~(t) JOb(t) D~(t) 

the last  inequali ty implies 

D~(t) ~ , i= t  D~(t) D~(t) 

which contradicts  (24). 

i n  the case y(t)< 0 the proof is analogous. Thus, the proof of Theorem is 
complete. 

I n  exact ly  the  same way we can prove the following theorem. 

{ f V f f } 
A~(t) ~,i= l A~(t) A~(t) 

then all solutions o] (L2) oscillate. 
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