
D~-Property and Normal Subgroups (*). 

ANnA I~UISA GILOTTI 

S u m m a r y .  - D~-property (Jr = set of primes) in finite groups is not in general inherited by 
subgroups. I n  this paper, as evidence in favor o/ the following conjecture (~. Gross): 

(o) I] a finite group G satisfies D~ then its normal subgroups satisfy D~ as well. 

the Author shows that i/ the D~ and the D~,-properties (z '= set o/ the primes not in z) hold 
together in a /inite group G, then both are inherited by the normal subgroups o/ G. As a 
corollary, the characterization o/the groups satisfying both the properties D~ and Du, is given 
in terms o/ the composition factors. 

O. - I n t r o d u c t l o n .  

Let  ~ be a set of pr imes and let  G be a finite group, 
Recall  t h a t  G satisfies D~ if G has a Hal l  ~-subgroup H and each ~-subgroup 

of G is conta ined in a conjugate  of H.  
This definition, together  wi th  those of the propert ies  C~ and E.~ were set b y  

P. HALL in his well known article (( Theorems like Sylow's )> [1]. 
I t  is s t rMgthforward to see t ha t  if a finite group G satisfies E~ (i.e. there exists 

in G a Hal l  z-subgroup)  then  its normal  subgroups satisfy E~ as well. 
Examples  of finite groups satisfying the C~-property (i.e. having  a unique con- 

jugacy  class of Hal l  ~-subgroups) but  in which there are normal  subgroups not  
sat isfying C~, have  been provided b y  F. G~oss  in [2 see pg. 11]. 

I n  the  sume paper ,  F. G~oss  asks the question if the D~-proper ty  is inheri ted 
b y  normal  subgroups,  or if this holds only for a special class of groups. 

Counterexumples  to the conjecture:  

(o) I f  a finite group G satisfies D~ then  its normal  subgroups satisfy D~ 

do not  seem to exist.  
As evidence in favor  of this conjecture in this paper~ it  is shown tha t  if a finite 

group ~ satisfies bo th  the D~ and D ,  proper t ies  (z '  indicates the  set of pr imes not  
in ~) then  normal  subgroups have  the  same propert ies  (see Theorem 1.4). 

(*) Entrata in Re4azione il 10 mgrzo 1986. 
Indirizzo delFA. : Istituto di ~latematica Applicata ~ @. Sansone ~>, Universits degli Studi 

di Firenze, Via di S. Marta 3 - 50139 Firenze, ItMia. 
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The proof of this theorem uses results by  Arad-Fisman on factorizable simple 
groups [3] and so it  holds modulo the finite simple groups classification. 

Fur ther ,  in the second section, it  is shown tha t  if PSL(2 ,  q) satisfies the D~- 
proper ty  then its automorphism group satisfies the same property.  

This result  with the already cited Theorem 1.4 is then applied to give a char- 
acterization of all finite groups satisfying both  the D .  a n d  D.,-propert ies,  general- 
izing the results of the joint  paper  of the Author  with L. SERE~A [4]. 

1. - All groups considered in this paper  are finite and nota t ion not  explicitely 
i n t r o d u c e d  is s tandard  (err. [5]). 

Let  P the se~ of all primes. Let  us denote by  z ~ subset of P and by  u'  the  com- 
p lementary  set of u in P.  

I f  n is a natural  number,  let us denote by  7~(n) the set of primes dividing n. 
I f  G is a finite group indicate by  u ( ~ ) =  u(iG]). 
Fur ther ,  denote by  D .  (resp. C:~, E~) the  class of finite groups satisfying the 

D~-property (resp. C~, E . ) .  
Finally,  / ) ,~,  (resp. C,,~,) is the class of finite groups belonging to bo th  D .  and 

D,, (resp. C~ and C,., E~ and E , ) .  

Le t  us list, in the following proposition, two prel iminary observations: 

~oPos lTIO~.  - Zet G be a group belonging to D ,  and let N be a normal sub- 
group o/ ~. 

i) _~Y has Hall u-subgroups and they have the /orm H �9 (~ s where t t  is a Hall  
u-subgroup o] ~ and x e G. So they are conjugate in G, in particular, isomorphic. 

ii) I]  N e  C~ then 2~ED~. 

PROOF. - i) is s trMgthforward;  ii) is immediate  by  i) see also [2 Corollary 4.3]. 

L E n A  1.1. - Zet G be a group and M be a normal subgroup of G, i] G/M is a 
7c-group and i ] G  e D~, then M e  D~. 

PROOF. - We have G ---- M H  where H is a Hall  u-subgroup of G. By  the previous 
Proposi t ion i), the Hall  x-subgroups of M are of the form H ~ n  M, x e G. Bu t  
x = h m  for some h e l l ,  m e M  and so H ~ n M = H  ~ A M - - ( H n M )  m. 

I t  follows M e  C:~, so by  Proposit ion ii), M e  D~ as claimed. 

LE/g_~A 1.2. - f.et 2 e u and let G be a group in D~. Zet M be a normal subgroup 
o] G. Assume that G has a Hall u'-subgroup K,  then M K  e D~,.,. 

PROOF. - I t  is easily seen tha t  M K  e E , , .  
By results in [3] M K e  D,, .  
The Hall  u-subgroups of M K  coincide with those of M and so, by  Proposi t ion i) 

are of the form H g (~ M, g e G (H indicates a Hall  u-subgroup of G). 
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Since G = H K ,  there  exist  elements h e l l  and k e K  such tha t  g : h / ~ .  So 
H ~ n  M : Hk(~ M : ( H n  M)< 

Thus the  Hal l  x-subgroups of M K  are conjugate b y  elements of K, so, in par- 
ticular, they  are conjugate in MK.  

I t  follows M K  e C#. But ,  since each n-subgroup of M K  is necessarily contained 
in M, by  Proposi t ion ii) M K  c D~. So M K  e D~,~,. 

L ] ~ { A  1.3. - Let M be a simple group and let G be a group such that M is nor- 
mal in (~ and Ca(M)----1. Suppose G ~ D ,  ,, then McD~, w. 

P~oom - Ident i fy ing M with Inn  (M) we can write M < G < A u t  (M). 
Let  2 e z ,  so z '  is a set of primes~ all odd. Since MeE~.w ,  by  results in [3], 

M e D . .  We need only to show tha t  M e D~, and, by  Proposi t ion ii), i t  will be 

enough to show tha t  M e C~. 
For  our analysis, we can restr ict  ourselves to the list of factorizable simple groups 

see [3 Theorem 1.1]. 
By  Lemma 1.1 we can eliminate all the following possibilities for M: A,; Mll; 

Ms3; PSZ(2,  q) (q a prime); PSZ(5 ,2 ) .  
By  Lemma 1.2,  we can assume G/M to be a z ' -group.  ~ur ther ,  by  Proposi- 

t ion i), we can also assume tha t  the maximal  x-subgroups of M are isomorphic, 
since, by  the hypothesis  on ~, they  are necessarily Hal l  z-subgroups of M. This 
enables us to eliminate the cases: M ~ PSI~(2, 2~) and M ~_ PS/](2,  q) (with 2, 3 ~ z) 
(for the second case see also next  Lemma 2.1). 

I t  only remains to analyze the following two cases: 

I) M : PSL(r,  q) where r is an odd prime and (r, q - -  1) : 1 q : p% and A 
is a maximal  parabolic subgroup such tha t  P E L ( r -  1, ~) is involved in A (A in- 

dicates here a Hal l  :~-subgroup of M). 

I I )  M : PSZ(2,  q), where q : p~, 3 < q ~ 1(4) and ~ is such tha t  

z ( q ( q - t ) ) c z '  and z ( q + i )  c_z. 
2 

In  the case I) PSL(r ,q)  ~ -SL(r ,q )  and since ( r , q - - 1 ) = l  and G/M is a 

z ' -group,  IG/MI divides n. 
I t  follows then tha t  G/M is isomorphic to a subgroup of the cyclic group of the 

automorphisms of G/~(p~'). 
As in [4], by  considering the Hall  x-subgroups of M. 

i r--i (*:*)I 
-A-1 = r - - ~  0 ; . . . . . . . . . . .  

r - - 1  1 

we have tha t  A 1 and A2 are not  conjugate in M. 
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B u t  they  cannot  be conjugate  also in G, since if q is a field au tomorph i sm 
A7 = A~, for i = 1, 2. 

So this case does not  appear ,  since G mus t  belong to D . .  

I n  the  case I I ) ,  the  Hal l  z -subgroups  of M are ei ther  the normalizers of some 
Sylow t-subgroup (where t is an odd pr ime,  t e z(q ~- 1)) or the  Sylow 2-subgroups 

(if q is Mersenne); so, wi th  the same a rgumen t  as in [4], we can prove  t ha t  M e D~, 
as we needed to show. The Z e m m a  is proved.  

RE~A~K. - We ac tua l ly  characterize all s imple groups in D~,,, in the Section 3. 

We can now prove:  

TItEOI~W~ 1A. - Eet ~ be a group such that ~ D  ,, and let M be a normal 
subgroup o] G, then M ~ D ~ , , .  

PgooF.  - We proceed b y  induct ion on JG[ ~- IM[. 
Le t  h r be  a min imal  normal  subgroup of G contained in M. 

If  N < M, then,  b y  induction,  N e D~,~,, Fur the r  G/Z r ~ D~,~,, and so, since 

]G/N[ < [G l and M/N~___G/~, we have,  b y  induction,  M / N  e D,,~,. But  then,  f rom 
NeD~,~, ,  M/~YeJD~,,, and GeD~,~, ,  b y  [2 L e m m a  4.2], we get MeD~,~, ,  as 
we claimed. 

Thus we m a y  assume N = M, so t ha t  M is a minimal  normal  subgroup of G. 

I n  part icular ,  we m a y  assume, tha t  M is the direct p roduc t  of non abelian simple 
isomorphic groups 

M =  S 1 x S ~ x . . .  XS~ 

where Sj ~ S, where S is a group in the list of [3 Theorem 1.1], and  ] = 1, . . . ,n .  
Assuming tha t  2 e z , = '  consists only of odd primes,  so, by  [3], M e  D=,, I t  is 

enough to prove  then  t h a t  M e D=. 

B y  L e m m a  1.2, we m a y  assume G/M is a z ' -group .  
Now let A~ and A* be Hal l  z -subgroups  of S~. 

For  l < i < n ,  there exists gi e G such tha t  S~ = S[ ~, and choose g~ = 1. 

Le t  A ~ =  A~ ~ and A * =  A*% Le t  H =  < A ~ : I < i < n > =  A ~ x A ~ x . . . x A ~ ,  

.H* = <AT, = A * x A * x  �9 n o  

Then H and H* are Hal l  z -subgroups  of G and so, since G e D~, there exists 
g e  G such tha t  H* = Hg. 

:Now, g mus t  pe rmute  St , . . . ,  S ,  and so S~ = S~, for some i. 
For  this i, gig e N~(S~) and A* = H* (~ S~ = Hg n S~ = (H n Si) g = A~ = A[ 'g. 
Hence A* and A~ are conjugate  in N~(SI). I t  now follows tha t  

• . . .  • s n ) ) / ( ( &  • . . .  • • . . .  • s,,)) 

is a z ' -group.  
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Since every  u-subgroup of S~ is contained in some Hal l  u-subgroup of S~, i t  

follows tha t  Na(S~)/(~g2 • ... • S,~) e D,~. 

Since CG(S~)>~S2 •  •  we have  t ha t  No(S~)/CG(S~) ~ D~. 

]~Ut  ~ I < . ~ r f f ( ~ I ) / C ~ ( S l ) < A n t  S 1 , 

Since M satisfies D=., S ,  satisfies D ,  (see [2]), fur ther  (Xo(S~)/Ca(S,)) /S,  is a 

z ' -g roup .  

So, by  L c m m a  1.1, Ne(S,) /CG(S~)c D , .  

I t  now follows, b y  L e m m a  1.3, t ha t  So e D=.=,. Bu t  then M e D ,, and Theo- 
rem 1.4 is proved.  

2 .  - The D=-property and the simple groups P S L ( 2 ,  q). 

I n  this Section, we expose some results on the p rope r ty  D~ in the  groups 
P S L ( 2 ,  q); some of which will be applied in the th i rd  Section. 

All t rough this Section, no requi rements  on the  D , -property  have  been done. 

LE~x~rA 2.1. - Zet  G : P S Z ( 2 ,  q), where q = p ' .  .Let us  assume that G ~ D~ and 

2, 3 e Jr. :Then u(O) c_ ~r. 

P]~ooF. - We can obviously assume q > 3. Le t  H be a Hal l  ~-subgroup of G 
and let  2, 3 e z. Le t  us examine  the possibilities for H,  looking at  the Dickson's  

list (see [5]). 

1st STEP. - I f  cannot be cyclic. 

I n  fac t  if H were cyclic of order t, t should divide (q 4- ])Is where s ----- (2, q -  1). 

Bu t  there is an involut ion normaliz ing H so t ha t  H cannot  be Hall.  

2nd ST]~P. - H cannot be dihedral o] Order 2t where t divides (q 4-1)/e,  e ~ (2, q - - 1 ) .  

Since q > 3, As is a subgroup of G and so As should be contained in a dihedral  
group and  this is not  possible. 

3rd STEP. - H cannot be isomorphic  to A 4. 

I f  H ~_ Ad, then  for p ----- 2 we get  G ~ P~L(2 ,  4) ~_ A~, which does not  sat isfy 

D~2.3 }. For  p > 3, then  there exists in G a dihedral group of order 6 which cannot  

be conta ined in any  copy of Ad. 

4th STEP. - H cannot be isomorphic to S 4. 

I f  So were a tIM1 z ,  subgroup of G, then  G ~ C~, since there would be two con- 

jugaey  classes of subgroups isomorphic  to S~ in G (see [5 pg. 202]): 

5th STEP. - H cannot be isomorphic to As .  

L e t  H ~ As, then  {2, 3, 5} _c u. 
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I f  ~ ~ 5, ~ then  G ~ A5 and in this case the  theorem holds. 
I f  q > 5 ~  let 5/ (q- - l ) .  I f  2~3 do not  divide ( q - - 1 ) / 2  then  2~3 divide q d - 1  

and so there exists in G a dihedral  subgroup of order 12~ t h a t  cannot  be contained 

in any  copy of As.  So either 2 or 3 divide ( q -  1)/2. Then there exists a cylic group 
of order ei ther  10 o r  15, t ha t  cannot  be contained in any  copy of As. 

The same if 5/(q-4-1).  

6th STEP. - H cannot be a ~robenius group o] order q ( q -  1)/e (or in general of 
order qt, where t l ( ( q  - = (2, q -  x)). 

Since in ~ there exists a dihedral  group of order 2 ( q -  1) (resp. 2t), it should 
be q----2 ~. B u t  the  dihedral  group of order 2(2 k - - 1 )  is max ima l  in G and so it  

cannot  be  conta ined in any  copy of H.  

So if 2~ 3 ~  we get H =  G. 

R]~ZA~: 2.2. - Suppose ~ = ~)SL(2, 2 ~) and G c D~ for a set of pr imes ~ such 

t ha t  7~(G) ~ ~. I f  2 e ~, then  s --~ {2}. 

Tm~o~E~1 2.3. - Let G be a group such that M <.<6f <.<Aut(M), where M =  PSL(2, q), 
q =pm (p a prime). I] M~D~,  ]or some set ~, then G~D~. 

I~E~A~K. - The following proof is based on the  proof  of Theorem 2.2 [4], for 

t ha t  reason we omit  those steps t h a t  can be found in [4]. 

P ~ o o r .  - The proof is, b y  induct ion on ]G:M I -F IM]. 
Le t  G be a min imal  counterexample  to the  Theorem. 

As in [4], G e C~. Le t  H be a Hal l  x-subgroup of G. Since ~ r D . ,  there exists 
a x-subgroup K,  sach t ha t  K ~ H  ~, for every x ~ G. We  can assume K u-maximal .  
As in [4] we can assume ~ = H M  and so G/M x-group.  Fu r the r  we observe t ha t  

if T is a solvable subgroup of M, since N~(T)/s is solvable and  YM(T) is 

solvable,  Na(T) is solvable too. 
So as in [4] we get  G = K M  and Krh M~<Hrh M. 
Suppose first K n  M =  1. Then if (]K[, I M I ) =  1 we can proceed as in [4], 

once we observe t ha t  H is solvable. 
So we can assume r is a p r ime dividing tMI and IK]. Le t  y be  an element  of 

order r in K and let  R be a Sylow r-subgroup of G containing (y). Co(y) has as a 
subgroup an e lementa ry  abelian subgroup of order r 2. Fur the r  K<~C~(y), since K 
is abelian. Now Ca(y)< G, so ei ther  C~(y) is solvable or 

Ca(y) • M _~ 
PSL(2 ,  pT) 

PGL(2, p~) 
where pr/p~ = !Z or p~/pm = q. 

I f  Co(y) is solvable then  we get the contradict ion as in [4]. 
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So suppose the other  case holds. Le t  C-= Ce(y). 
{Psz  (2, p% 

Then Co(C(3 M) is solvable and  C/Cc(Cn M ) ~ A u t  \ P G / )  (2,p~)] and 

CtCc(C n M) ~ D~. I t  follows C e D~. As before we gc~ a contradict ion.  
So we m a y  assume tha t  K c ~ M r  and K n M < H ~ M .  

Since H and K are bo th  solvable and K is a Hal l  x -subgroup of every solvable 

subgroup of G in which it  is contained,  i t  follows tha t  K is a Hal l  x-subgroup of 
2G(K r~ M). 

I t  follows then  5T~(K (~ M)(~ ( H n  M) = N ~ . ( K ~  M) = K n  M. 
So, since K n M is proper ly  contained in H n M, we can exclude the  possi- 

bilities H n M cyclic and H ~  M a Sylow r-subgroup of M (in general H n M 

nilpotent) .  
I f  H (~ M is dihedral,  then  we can proceed as in [4] 7 wi th  jus t  the r e m a r k  t ha t  

the  normal izer  in ~ and so the centralizer of a solvable subgroup of M is solvable 
and  so it  sat isf ies/)~,  and,  fur ther ,  t ha t  3 cannot  be in z in this case, by  L e m m a  2.1. 

So H r~ M mus t  be a Frobenius  group of order a divisor of q ( q -  1). 

Since K (~ M is selfnormalizing in H n M, K n M can be nei ther  a p - subgroup  

nor a subgroup of order a proper  divisor of ( ( q - - 1 ) / ( 2 ,  q--1) ,  IH(~ MI). Fur the r  
K n M cannot  have  as order IHn  MI/q. 

I n  ~act in this case, K r~ M would be a Hal l  xo-subgroup of H (~ M with  xo = 
= x -  {p}. Since H is solvable,  b y  Frat t ini"s  a rgument  we would have  

= ( g  2g)  V.(K n ;g ) .  

But  2VB(K (~ M ) n / t ( ~  M = K M, so it  would fotlow ]2~(K n M)[ = IK[. 

F u r t he r  N~(K (~ M) ~ K,  N~(K (~ M). 
Since ~VG(K (~ M) is solvable and K is ~ Hal l  x-subgroup of it, K would be con- 

jugate  to N , ( K  (~ M) and  so we  would have  a contradict ion.  So K r~ M mus t  have  
a composi te  order p~t where t is a divisor of p ~ - - l ,  r<~n. 

Let  Ho be the  Frobenius  kernel  of H n M and let Ko tha t  of K n M. 
The Sylow p-subgroups  of t)~L(2, ~) are TI-sets .  Hence  K ( ~  M mus t  nor- 

malize the  entire Sylow p-subgroup  of PS_L(2, q). So Ho = Ko. 
B u t  then  H, K<~Na(Ko) and with the same a rgument  we get the final contra-  

diction. 

3. - We now app ly  the  results of Theorem 1.4 and Theorem 2.3 to obta in  a 

character izat ion of finite groups in the  class D , , .  
The following Theorem 3.2 is a general izat ion of Theorem 2.2 [4]. 
F i r s t  we need to characterize s imple groups in D , ,  in the  following: 

L E 3 ~  3.1. - I] G is a simple group in D~,~,, whose order is divisible by primes 
in x and in x', then G-=_PSL(2, q)~ where q > 3 ,  q(q--1)_=0(3)~ q ~ - - 1 ( 4 )  and 
x(q + 1) c x, 2)12) c 
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P~OOP. - Since the following proof is the revisioned version of the proof of 
Theorem 1.1 [4], we omit  the par ts  of the proof tha t  can be found in [4]. Fur the r  
we adopt  the same notat ion.  

As in [4] G is one of the groups in the Arad-~isman list [3], G ~ A B ,  where A 
is a I=I~ll z-subgroup and B is a Hal l  z ' -subgroup.  

I f  ~ ~ A ~  or G ~ P S L ( 2 ,  q) q ~ { 1 1 , 2 9 ,  59} or G _ ~ 2 S Z ( r , q )  r odd with 
(r, q -  1) = 1, or G ~ 2SL(5 ,  2), then  G 6 D~,~, and the proof is in [4]. 

I f  G ~ Mn  then  we have two possible cases a) A ~_ M~0; b) A solvable. 
In  case a) z = z(A) ----- {2, 3, 5}; ~ ' =  {11}. ~5 is a subgroup of G and it  is 

maximal.  So G ~ D~ in this case. 
In  case b) ~ : ~ ( A ) - - { 2 , 3 } ;  ~ ' : { 5 , 1 1 } .  GZ(2,3)  is a subgroup of G and it  

is not  contained in any Hal l  ~-subgroup of G (which is the normalizer of a Sylow 
3-subgroup of ~), since GZ(2, 3) is maximal  (see [6]). 

So G 6 D,  also in this case. 
I f  q = M2~, then  we have to consider the following two cases: a) A - ~  M~ 

and B of order 23; b) B Frobenius group of order 11.23. 
In  c~se a) the proof is the same as in [4] and we get G d D  ,: 
In  case b) A is a split extension of ~n e lementary  abelian group of order 2 ~ 

by  AT. Since As is contained in M~3 and it  is maximal  we get G ~D~ (see [6]). 
I t  only remains the case G----PSZ(2,  q) where 3 < q ~ 1(4) and A solvable. 
As in [4] the unique possible factorizat ion for G is with A dihedral of order 

q + 1 and B Frobenius group of order q(q--1) /2 .  
As in [~] we have 3 divides q ( q - - 1 )  and in such hypothesis,  we can prove 

G e D~,,,. (By Remark  2.2 we can exclude q ~ power Of 2). 

~'0W We can prove:  

THEORE:M: 3.2. -- Let G be c~ group. Then G e D~,~, i] and only i] the composition 
]actors o] G are o] the ]ollowing types: 1) z-groups; 2) 7d-groups; 3) simple groups 
PSL(2 ,  q), where q > 3, q(q -- 1) ~ 0(3), q ~ -- !(4),  z(q + t)  c_ ~ and z(q(q -- !) /2)  _c ~'. 

PI~O0F. - I f  G e D~,~,, then,  by  Theorem 1.4 every subnormal  subgroup of G 
belong to D ~ , .  I t  follows that ,  if M / N  is a composition factor of G, M/2r is a 
~-grou9 or a z ' -group or M / N  is isomorphic to a simple group PSL(2 ,  q) with the 
required propert ies by  Lemma 3.2. 

Viceversa follows using induction,  Theorem 2.3 and [2, Th. 4.6]. 

BIBLIOGRAPHY 

[1] P. I~ALL, Theorems like Sylow's, Prec. London Math. Soc., (3) 6 (1956), pp. 286-304. 
[2] F. GRoss, O~ the exister~ce o] Hall subgroups, J. of Algebra, 98 (1986), pp. 1-13. 
[3] Z. AI~.~I) - E. FIS~Atr On ]inite ]aetorizable groups, J. of Algebra, 86 (1984), pp. 522-548. 



A ~ A  LwsA GILOTTI: D~-property and normal subgroups 235 

[4] A.L.  G~Lo~wI - L. S]~R~NA, A generalizatio~ o/ z.separability i~ finite groups, Arch. 
Sixth., 97 (1986), pp. 301-308. 

[5] B. Hum'nRT, Endliche Gruppeu, I,  Spring'er-Vcrlag, Berlin-H~idelberg, 1967. 
[6] S.A. SIs~IN, Abstract properties o/ the simple sporadic groups, Russiml Muth. Surveys, 

35 (1980) II,  pp. 209-246. 


