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Summary. - We study solutions o/the eonormal derivative problem ]or uni]ormly paraboliv equa- 
tions in divergence ]orm. Under weak regularity hypotheses on the operator, the global H6lder 
continuity o] the gradient o] a weak solution is established. The method of prod] is based 
on [5] and the results extend those in [7, Section V.7]. 

l .  - I n t r o d u c t i o n .  

For  D a smooth  bounded  domain in R"  (n~>l) and  T >  0, set 

~9 = D X (0, 2 ) ,  Bt9 = D X {0}, , ~  = 9D X (0, T ) ,  

let y denote  the inner normal  to 8D and write X = (~, t) for a generic poin t  in 

R~'• [0, 2].  We  consider the  prob lem 

--  ut + div A ( X ,  u, Du) + B ( X ,  u, Du) -= 0 in f2 ,  
(L!) 

A ( X , u ,  D u ) . y + ? ( X , u ) = O  on S~9, u = 9  on BK2 

for a vec tor  funct ion A and scalar functions B,  ~, and 9. To s ta te  our results, we use 

the funct ion spaces 

v~(~) = {u e z~(Q), ess sup lI~(', t)ll~ + IID~II~ < oo), 
0 < t < T  

r*(t2) = {~ e V~(~9): ]l~(., t + h) ~( ' ,  *)]l~ -+ o as h -~ 0 for an t e [0, 2]} 

(where [[ I[ denotes the Z 2 norm) ,  and Hi+  ~ the  space of functions wi th  finite norm 

(*) Entr~ta in Redazione il 16 dicembre 1985. 
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where 

I~lo= sup ]~1, 
t~ 

[u]~ - -  s::p [u(x) - -  u(Y)]/IX -- ~7[/~, 

(u)~_~ = sup lu(x, t) - u(~, s)I/]t - ~l(~+~)/'~ , 
O < t < s < T  

gt 

I n  te rms of these spaces, we have  the  following result. 

T~EO~]B~ 1.1. - Le t  u e V* be a bounded weak solution of (1.1) and  suppose 

there ~re posit ive constants  fl < 1, ~,A~ #~, #~, #~ such tha t  

(1.2a) 

(1.2b) 

(1.2~) 

[A(X, z, 0)[ < ,u l ,  

[A(x, t, z, p)  - ~ ( v ,  t, w, p)l <m(~ + [pI)[/~ - vl '~ + I~ - ~[~] 

IB(x, z, p ) l<~(1  + Ip?) 

for all ( X , z , p ) ~ g x R x R  ~ with I z l<M=sup lu[  and all (y, w) ~ D x [-- M, M]. 
Suppose also t ha t  

O.3) IA.(x, t, z, ~,) --  a ( x ,  ~, z, P)l <~,~lt - 8f/~(1 + IPl), 

(1.4) I~(x, t, z) - ,P(v, s, w)[ <t,~([~ - y I ~ +  I t -  s[ + [~ - wt~)~/~ 

for all (X, z ,p )  ~ S s 2 1 5  ~ and all (y, s, w) ~ Ss215 with ]z], ]w]<M. Suppose 
fur ther  t h a t  the  ma t r ix  (a ~j) = (~A*/@D satisfies 

(1.5) a . ( x , z , p ) & ~ j > ~ I ~ [ ~  , t a " ( X , z , p ) I < A  

for all (X,z ,p)  a Q x R •  with  IzI<M and all ~ a R  ~. Suppose finally t ha t  
aD e HI+~,  t h a t  ~ ~ HI+~(D), and tha t  

{1.6) A ( x ,  0, ~(~), ~ ( ~ ) ) . r  + ~(~, 0, ~(~)) = 0 on aD. 

Then there is a constant  ~ ----- (}(n, 4, A, fl) > 0 such t ha t  u ~ HI+~ with 

(1.7) 1%+~< c(; ,  ~,A, M, ~1, ~ ,  ~,, IVlI+~, D, ~) .  

T m ~ O l ~  1.2. - I n  addit ion to the  hypotheses  of Theorem I.i, suppose there is 
a funct ion o~(~, 27), increasing in bo th  variables wi th  t im (o(~, 27) = 0 for each 27, 
such t ha t  ~-~o+ 

(1.8) j a - ( x ,  ~, p) - . - ( x ,  ~, q)] < ~ ( I p  - qJ, 27) 
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for all ( X , z , p ) ~ • 2 1 5  ~ and q e R  ~ with Iz[<M, IP[ ,Iql< N. I f  also 

(1.9) ]a~(~, t, ~,p) - a~(~, 8, ~, p ) l < ( I t -  ~l't ~ )  

o r  

(1.9)' [A(x, t, z, p) -- A(x ,  s, z, p)[ < ~o(1, iY)lt --  8l '~/~- 

for all (X~ z ,p )  ~ ~ x R •  ~ and s e  [O, T] with Iz]<M, Ip[<2~ ~, then (1.6) holds 
with ($ ~- fl and C depending also on (9. 

Note tha t  (1.8) quantifies the assumption tha t  a ~j is uniformly continuous on 
any bounded subset of t9 x [-- M, M] •  ~, and similarly for (1.9) and (1.9)'. 

We begin in Section 2 with estimates on [U]o ~nd on various H61der norms of u. 
Of part icular  interest  is Lemma 2.4, which estimates {u}~+~ in terms of the other  
terms in I~]z+z; this lemma is b~sed on a similar result  for linear parabolic equa- 
tions [6]. Next  we s tudy mean oscillations of solutions of linear parabolic conormal 
problems in Section 3. This section follows the corresponding results for elliptic 
equations [1] ~nd [4, Chapter I I I ] ,  bu t  the parabolic results presented here seem 
to be new. Theorem 1.1 and 1.2 are proved in Section 4 using a modified version of 
the arguments in [5] for the elliptic Diriehlet problem; some of the ideas f rom Sec- 
tion 2 reappear  in a more general form. We close with some remarks on the elliptic 

conormal problem. 

2.  - P o i n t w i s e  e s t i m a t e s  o n  t h e  s o l u t i o n .  

We suppose initially tha t  ~D ~ C~; later on this assumption will be strengthened. 
An impor tan t  consequence of this assumption is the following Sobolev inequality. 

LE~v~A 2.1. - There is a constant  K ~-- K(D)  such tha t  

(2,.i) 

for all h ~ V*. 

D 

PROOF. -- AS in [10, Lemma 1.3] (with u there identically one), we need only check 

that 

~1) 3) 

for all nonnegative Lipschitz functions g. Bu t  the assumed smoothness of ~D and 
a simple part i t ion of uni ty  argument  yield the desired inequality.  [] 
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Note  t ha t  pa r t  of the  conclusion of L e m m a  2.1 is t ha t  V* is embedded  in Zs(~+2)/~(f2). 

I n  addit ion to the  funct ion spaces Vs and V*, we introduce 

W1'1(~r "l {U ~ i s ~. ~ ~ ~ : ~ t ~ Z  2,-Du~3~ ~}, 

o C | and ~,i W~ , the  closure in W12 '1 of the se~ of functions which vanish  at  t = 0. A weak 

solution of (1.1) is defined to be any  funct ion u ~ V* which satisfies the integral  

iden t i ty  
To 

(2.2a) _-[u(~' ro)~(~, ro)a~ + j  _-J- ~ ,  + D~._~(x ,  u, D~) -- ~ ( X ~ ,  D u ) ~ d ~ d t  = 
D 0 D To 

0 01) 
o 

for all bounded ~/~ W~'~(D) and all Toe  (0, T) with 

(2.2b) lira l/u(-, t ) - - ~ l t ~  = O. 
t-->O 

I n  fact  we shall often need to consider weak solutions of a slightly more  general 

identi ty,  namely  
To 

D 0 D To 

00D 

with ~ a nonnegat ive  function. 
We now est imate  the m a x i m u m  of u, following [10, L e m m a t a  3.1 and  3.2] and  

[11, Theorem 4.1]. 

L E ~  2.2. - Le t  ao, a~,bo, b~, co, M be nonegat ive  constants  with ao > 0 and 

ess sup [91<M, and Suppose t ha t  the  conditions 

(2.3) 

(2.4) 

(2.5) 

p.A(x, ~ , p ) >  [pl ~ -  a~]~[ ~ , 

z B ( X ,  z, 19) < bolpl ~ + b~lzl~ , 

z~(X, z) < OolZl ~ 

are satisfied wherever  [z I ~> M (and for all X,  p for which the functions are defined). 
Suppose also t h a t  

(2.6) ~>ao  in D 

and set a = a l +  b~+v~-~co. Then any  bounded weak solution u of (2.2a)', 
(2.2b) satisfies 

(2.7) su 2 I~l<C(ao, b0, V, a(~ + L~I~"~'§ 
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P~oo~. - Let  q > 2  ~ 2b0, set 

suppose initially tha t  u ~ W~ '~ and choose 

in (2.2a)'. Writ ing 

= i ~ l o - ,  1-~ i )+  j n 

Jut 

M 

q~ -~ [ ( n - f - 2 ) q - - n - - 1 ] - ( - ~ l -  f- ( q - - ] )  1 - -  

(ql was given incorrectly in [10, p. 225]), we arrive at  the ident i ty 

To 

- " ~ 1 +  JuJ Q - 2 d x d t -  

- ~B 1 - 1 ~ j / +  j~l~-~dxdt - j ~ l ~ - ~ ) : +  
0 .D OcqD 

l u t~- ~- ds dt , 

and a s tandard Steklov averaging argument,  as in [7, (2.16) of Chapter I I I ] ,  shows 
tha t  this ident i ty  is also vMid for u merely in V*. An easy calculation gives a lower 
bound for U from which it follows tha t  

,-,",+Lt" 
2) x {t} 

<.,(.,o, -> . , . f f ( , -  ,.,,+ 

Then a s tandard iteration scheme, which involves Lemma 2.1, gives 

( ff y~ (_9.8) sup Jul<2M + c~(ao, bo, 23) a(,,+,>/~ ruj~dxd, t 
Q 

f2 

for all q > 1. 
To bound the integral of lu] ~, we assume first tha t  u e W~ '1 and set 

v =  (luj~-i-M~ 
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for q > l ,  q > l + b o ,  l~ow we obtain 
To 

9(To) o 1)(~) 

where D ( t ) - - - - ( x ~ D :  lu(x, t)l > M) ~nd therefore 

(2.9) f f Iulqdxdt <~ ca exp (e, aT)lD]Mq . 
12M 

! 

Note  t ha t  C in (2.7) depends on D only through the constants  K and Ko f rom 
L e m m a  2.1 and the explicit display of its measure.  

A careful examina t ion  of the  proof of L e m m a  2.2 shows tha t  the boundedness  

of u can be relaxed to u(., t) ~ L~(D) for some r > 1 + bo and ~I1 t ~ (0, T). Specifi- 

cMly, in deriving (2.9), we replace [ul q-~ by  m a x  {[u]~-% N~-~}luI ,-~ for large ~ ,  as- 
suming wi thout  loss of general i ty  t ha t  r > 2 ;  as in [15, p. 846], we send N -+ c~ 

to infer t ha t  f f  luI~dxdt and f f  [Du[~lu]Q-ldxdt are finite for all q. An a l ternat ive  
proof, using a different i terat ion scheme, can be achieved with  the tes t  functions 

f rom [7, Section V.3]. As in t ha t  section, conditions (2.3)-(2.5) can be weakened 
bu t  we shall not  be concerned with t ha t  here. 

For  our next  est imates,  we introduce for X0 = (xo, to) e R ~+~ and R > 0 the  sets 

Q~ = Q , (Xo)  = ( x  ~ R~+~: ix - -  Xol < R, to-- ~ < t < to}, 

Q~+ = { x  e Q.: x ~ < xo}, Qi = { x  e Q.: x" = x ; } ,  

Q~ = { x  e ~Q~: ~ >  Xo, t < to}. 

l~ote tha t  Q* u Q+-~ PQ+, the  parabolic  bounda ry  of Q+. We  also introduce the 

sets ~L, ~+, -~ Q~, and  Q* b y  replacing the  inequalities to -- /~2 < t < to by  to < t 
+ to + R 2 in the  corresponding definitions. We then  have  the following t tSlder  

est imate.  

_~EI~Ii'cIA 2.3. -- Le t  M, ao - -  as, bo, bl, co be nonnegat ive  constants  wi th  a~>ao > O. 
Suppose t ha t  

(2.1o) 

(2.11) 

(2.12) 

p.A(X, z,p)> [ p ] 2  al, IA(X, z, p)I<a2[Pl + a3 

tB(X, z,p)]<bo[Pl2+ bl, ao<~ct(x)<~a4, 

I~(X, z)I <co 

for Izl<.<M. Then there are constants  C and a depending only on ao, a~, boM such 
tha t  any  bounded  weak solution of 

(2.13) -- ~(x)ut + div A(X,  u, Du) + B(X, u, Du) ~- 0 in Q+ 
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with l u l < M  obeys the  estimate 

(2.14) o sc~<C[osc  u + (a~+ a~)R + b~R~](r/R)o+ C oscu  

If  also 

(2.~5) 

then 

(2A6) 

for 0 < r < R .  

A . ( X ,  u , / ) u )  § ~ (X,  u) = 0 on Q] ,  

osc u < C[osc u +(a~ + a, § co)1~ + b~I~](r]tr for 0 < r < R .  

These results are also valid with Q+~ replaced by  ~)+, etc., if u =- 0 for t ~- to. 

P.ROOY. - (2.14} follows from [18, Theorem ~.2] (see also [7, Theorem V.1.1]). 
To prove (2.16), we reduce to the case ~ ~ 0 b y  replacing A" with 

A.(x' ,  ~, p) + v(x',  o, t, u(x', o, t ) ) .  

Then the test  function arguments of [7, Theorem V.1.1.] and [18, Theorem 2.2] 

can be applied. [] 

Note  tha t  Lemma 2.3 and appropriate change of variables a, li~w us tu obtain a 
giobM l~51der modulus of cont inui ty  for any  bounded weak solution of (1.1). Specifi- 
cally under  the change of variables W: (x, t) --> (y, t) (note t h a t  y may  also be a 
function of t), (1.1) goes over to 

- o~, + div ~ ( Y ,  v, Dv) + ~ ( Y ,  v, Dv) = 0 in T (O)  , 

~ [ ~ ,  v, Dv).~ + ~(Iz, v) = 0 on ST(~9) ,  v = ~ on BTitP) 

where 

= det (~x[~y), A~(~Y_, w, q) = orAl(X, w, p) ~yJ/~x ~ , 

~(X, z) = ~ ( X ,  z) ~ ~(y) = ~(~), v(y) = r 

Our final lemma connects the temporal  and spatiM regulari ty of u. 

L ~  2.4. - Le t  M, #~ ~ / ~ ,  ~, A~ a, J2 be positive constants with a < l .  

3 ( Y ,  w, q) = ~B(X,  w , p )  , 

and Pi ~ q~ ~y~]~x ~. 

Sup- 

pose A is weakly differentiable with respect to p and suppose tha t  the  conditions 
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(2.18) ~ [a'J(X, z, p)[ < A ,  

(2.19) !A(X, z, o ) -  •(Xo, w, O)l < ~ l ( I X -  Xol~ + I~- wl9 ~/'0 

(2.20) ~(x)>/~o 

hold for all (X, z , p ) z O ~  @ + x R x R  ~ with [z]<M and Iwi<M. Suppose also tha t  

(2.21) [~o(x, z ) -  v,(xo, w)[ < r e ( I x -  Xol~+ Iz -  wl~) ~/~ �9 

Then any solution u of (2.13), (2.15) with Iu[<M and 

(2.22) [Du(X)I<#3 , I D u ( X ) -  Du(Xo)f<<.#,IX- Xol", [B(X, u, Du)l<<.~5 

for all X e •+ obeys the estimate 

(2.23) ]u(xol t) -- U(Xo, to)] < C(2, A,  ~o -- ~ ,  tt5 l:t~-~, n)]t -- to] (~+ ~)/2 

for t o < t < t o +  R ~. 

P~OOF. - We imitate  the argument  of [6]. F ix  t l e  (to, to+ R~), set 

e = [dA(t~--  to)/m?, s = sup [u(xo, t) - u(xo, to)], 
to<t<q 

and assume without  loss of generali ty tha t  s > 0 and 0 ~< 2R/8A. l~ow define 

lI~ - xoll = ( Z ~ t x ' -  ~'o1~/64A ~ + I~ ~  ~l~)  ~ 

and introduce the sets N +, N ~ N* by  replacing I x -  xo] with []x ~ xoH in the defini- 

tions of 0o ,  Q~, Qo, respectively. 
We now consider  the function 

v ( x , t ) =  m + ~ - I  #o + e ~ + + 

+ (1 + m) o + ~ ( o -  + x~) § ~u(Xo). ( x -  Xo). 

Because v is smooth we have 

-- ~v~ + div X(Xo, u(Xo), Dr) = -- ~v~ + a'J(Xo, u(Xo), Dv)D~v<~--l~5 in N + , 

_~. (xo ,  u(xo), ~)v) = - v ( X o ,  u(Xo)) + 
1 

+fa~J(Xo, u(Xo)), (~Dv + (1 -- (~)Du(Xo)) d(~(D~v -- Dju(Xo))< 
0 

~<-- F(Xo, u(Xo)) -- ~u~{(1 + #a)(1 + 16A/~) e} ~ on N o . 
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Hence  if we set 
1 

~" = (a"(Xo, u(Xo), aDu(Xo) + (1 - a)Dv)da , 
0 

/, = A~(x,  u, Du) -- A ' (Xo,  U(Xo), Du(Xo)) , 

we see thut  w-- - - -u -  U(Xo, t o ) -  v is a weak solution of 

-- o~wt + D~(~iJD~w + ]~)>~ 0 in 2Y+, 

~ D ~ w + ] ~ > O  on N ~ w < 0  on N * .  

A simple va r ian t  of L e m m a  2.2 with M - - ~ 0 s u p l ] [ ,  al---- ~-2, b o - - - - b l = c o = 0  

and K and Ko independent  of ~ shows tha t  

w <  6'~()., ~o, n,  ~)~ sup I/I 

< 0~(2, Ai ($, 6, o~,/go-- ,u4)e 1+" 

Eva lua t ing  this inequal i ty  a t  x = xo yields 

U(Xo, t)< V(Xo, t) + G~e 1+~ 

and tak ing  the  supremum over t ~ (to, t~) yields 

[ 2 A ( t ~ - - t o ) +  <CQ~+~+ ~s s << C~ ~+~ + #~(t~-- to) § s L#0~ ~ 

f rom which an upper  bound for U(Xo~ t) -- U(Xo, to) follows easily. A similar a rgument  

gives a lower bound.  [] 

The limiting cuse a = 0 in L e m m a  2.4 will also be i m p o r t a n t  in wh~t follows. 

I n  this case, we obtain 

(2.23) lU(Xo, t ) - -  u(xo, to)l<C(2, A,  l to,#~,#2,#sR,  n)(l  + #3)]t--to] �89 

by  removing the t e rm Du(Xo)" ( x -  Xo) f rom v. More generMly, if 

iB(X,z,p)]<#~+ 2m[p] ~, ~ .>0 ,  

we can reduce to the case /*6 ~- 0 b y  considering 

u:~-- - • [exp ( •  2/t~u)]/2#, 

in place of u to infer (2.23)' with C now depending ulso on ~u6(M + #2~R). 
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Clearly analogous results hold for solutions of (2.13) in ~ ,  and in ~ 53 D if the  

restr ict ion of u to SD 53 QR satisfies an appropr ia te  HSlder condition in time. Hence  
we need only prove  the  HSlder cont inui ty  of Du to infer tha t  u ~ H~ + ~ for suitable 
a > O .  

3. - E s t i m a t e s  for l inear  problems .  

I n  this section we prove  some est imates for solutions of some simple linear 

parabolic  conormM problems which extend the corresponding results of C.~MPA~ATO [1] 
for the  elliptic Diriehlet  problem. Our exposition follows (although not  closely) 

[4, Chapter  I I I ]  which in tu rn  is based on [1]. The reader  is referred also to [2] for 
some related parabol ic  est imates.  

Our first es t imate  is for constant  coefficient, homogeneous problems.  

I a E N ~  3.1. - I~et (A ~j) be a constant  ma t r ix  satisfying 

(3.1) - t ~ J ~ ; ) ~ l ~ l  2 for all  ~ R " ,  m a x l A ' l < A  
i ,J  

for posit ive constants  2 and A. Then any  weak solution v of 

(3.2) v , =  Di(X'JDjv) in Q+, A'~Djv = O on QO 

is in = + C (Q~ u Qo) and there is a constant  C = C(2, A, n) such t ha t  

(3.3) m a x  
Q--(l~/2)~ <t<t~ 

(3.4) 

(3.5) 

f v~dx-c- f [Dvl~dxdt~CR-~ff v2dxdt 

f f v d dt <. C(o/R)n+o f f v2dxdt , 
Q~ Q~ 

Q; o~ 

for all e < R where 

(3.6) f ff 
0~ Q+ Q 

PRooF, - The smoothness of v is well-known. 
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To prove (3.3), we let ~ be ~ C~(Q~) function with 

[Dr ~, [~1<1#~ ~ in q ; .  

Using ~7 = ~ 2v a.s ~ test  function leads readily to (3.3). 
Clearly 

f f v" d~c dt < e(n)o~+~(snp v) ~ 

for p<tt/2 and the proof of (2.9) (with M -~ 0 and ~ multiplied by  ~c~+~)~ . . . .  ~; el. [10, 
Lemma 4.2]) implies tha t  

( ff )1 sapv<~C(n, 2~A) R -~-2 v 2dxdt . 
Q~ 

The combination of these estimates gives (3A) for ~<tt/2, while (3.4) is obvious 
for ~ > R/2. 

:Next we use the Poine~r5 inequali ty to infer tha t  

ff § 

Using the differential equation for v ~nd (3.1), we obtain 

Q~ Q~ Q$ 

We now ~ssume tha t  ~</~/8~ since otherwise (3.5) is clear. Since (3.3) and (3.4) 
are also valid for each component  of D'v and for A~JDjv (because the la t ter  func- 
tion v~nishes on QR~ we obtain 

The proof is completed by  noting tha t  (3.3) is valid also for v -  {v}R. [] 

We remark  tha t  (3.3) ~nd (3.4) remain valid if the matr ix  (A ~j) is merely bounded 
and measurable. 

For  constant  coefficient, inhomogeneous problems, the following result is valid. 
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LE~X~A 3.2. - W i t h  A ~, A,  A as in L e m m a  3.1, suppose  u is a con t inuous  weak  

solut ion of 

(3.7) u~= D~(AiJD~u + ]~) in  Q+, A~JD~u -I- 1~= 0 on Q+ 

for some ]eL~(Q+) ,  and  set 

(3.s) 

I f  Q < R,  t h e n  

(3.9) 

Q~ Q~ 

%+ 

Pl~oos. - Le t  v be  the  classical solut ion of (3.2) sat isfying 

u : v  on Q~,  

* + given b y  [13, T he o re m  3] and  no te  t h a t  v e V~(Q, ) for  all r < / ~ .  Set  w : u -  v 

and  observe t h a t  

f wVdx=ff(A"D~w+]OD,vdxdt+ffwwdxdt 

for  all ~ ~ W~2 '~ which  van i sh  in a ne ighborhood  of Q*. I n  pa r t i cu la r  we can  t a k e  

V ~ V~ ~ ( u  - -  v - -  ~)+--  (v - -  u --  s)+ (and use a S tek lov  averag ing  a rgument )  to  
infer t h a t  

because  D~ ~ Dw where  ~ ~= 0. B y  sending e to  zero, we conclude  t h a t  w e V* so 

v e V*. H e n c e  we can app ly  (3.3) to  w, (3.4) to  Dv, and  (3.5) to  v. A d d i n g  the  result- 

ing inequali t ies yields (3.9). [] 

F ina l ly  we consider a var iable  coefficient homogeneous  problem.  

C01~OLLAI~u - L e t  a ~j be  defined in Q+ wi th  

(3.10) Z Ia'(X) - a"(xo)f < ~ ( f x  - xol) 
i ,t  

for  some nonnega t ive  increasing func t ion  (o and  let A ~j ~ a*~(Xo) be as in Lem-  
m s  3.1. T h e n  a n y  weak  solut ion u of 

(3.11) u~= Di(ai~Dju) in Q+, a ~ D j u  = 0 on Q~ 



GAI~Y ~r :LIEBEtC~AN: HSlder continuity of the gradient o] solutions, etc. 89 

satisfies 

f flu-{u>o),dxdt< c(,, 2,  (R)jfflu-{u> I,d dt. 
o+ o+ 

P~ooF. - Assume wi thout  loss of general i ty t ha t  ~ < R/2, and apply  L e m m a  3.2 
with ] i= [aiJ(X)_ aiJ(Xo)]Dju in QR+/~ to infer t ha t  

%+/2 

I~'ow we throw away  the gradient  t e r m  on the left hand  side of this inequa]i ty and  

es t imate  the gradient  te rms on the  r ight  via (3.3), taking advan tage  of the  fact  t h a t  

o3 Q~ 

:Notice t ha t  we can replace Q+ b y  ~+ Q~, etc., if v, u and ]~ are zero for t - -  to. 

4. - P r o o f  o f  T h e o r e m s  1.1 and 1.2.  

We now prove  the gradient  est imates of Theorems 1.1 and 1.2. The key  to these 
results is an existence and regular i ty  result  under  simpler hypotheses.  

L~_~IA 4.:i. - Le t  2, A, to, R be posit ive constants~ let ~ ~ C(Q-~), and suppose A ~ 
only depends on t and 29. I f  

(~.]) a'(t,p)~,5>2l~:] ~, la"(t,p)I + I-A-~(t, 0)I<A 

for all (t, p) ~ (to-- R 2, to) • R ' ,  then  there is a posit ive constant  a ~ a(~, 2, A) 
and a (unique) funct ion v ~ C(Q +) • N H + ~+,(Q. ) which is a weak solution of 

r < / t  

(4.2) v t - -  d ivA( t ,  Dr) in Q+, A'~(t, Dr) = 0 on Q+~, v = 9~ on Q* 

for all r < R. 51oreover 

(4.3) sup IDkvl<C(n, ~, A) r -~-~ ID~vpdxdt 
ot Q?, 

(4.;) osc DT~v < C(n, 2, A)(r/R)~ osc D~v 
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for k : l , . . . , n = l  and r < R / 2 ,  and 

[( ff )~ ] (4.5) sup ID~vl<C(n, 2, A) r -~-2 ll)~v?dxdt § sup ID~,v[ 

(4.6) o s c / ) , v  < C(n, 2, A)((r/R)o ose D~v § osc D~v) . 

PnooF oF LEZV~Za~. - We solve (4.2) by  an ~pproximation argument.  Since the 
approximating solutions satisfy (4.3)-(4.6) uniformly~ these inequalities are valid 
also for the limit function. 

Via u suitable mollification we may  assume tha t  A e C (Q~) and tha t  ~ e Ho(Q +) 
for some 0 e (0,1). Also we replace A by  uA § (1--vl)P where ~ ~ C~(Q~) with 
0 < ~ < 1 ,  ~ = 0  on PQ~, ~ = 1  in Q(~_~)~ for de(O,  1). After  so doing we have 
an approximat ing problem 

(4.7) v t = d i v A ( x ~ t ,  Dv ) in Q+, A~(x , t~Dv)=O on QO, v = ~  on Q* 4 "  

We shall show tha t  (~.7) has a classical solution in the space H (-~ defined in [13]. 2 + 0  
~r(-O) _>~r(2-o) 0-0) + �9 We define a map P :  ~ + o  ~o  • o (Q~)• by  

Pv = (v,-- div A(x, t, Dv), A"(x, t, Dr), v).  

I t  is easy to see tha t  the Fr6chet  derivative of P is always invertible and tha t  P has 
closed range by  vir tue of [13, Theorem 4(b)] and the uniform boundedness of v, Dr, 
and [Dv]~ on Q~ for any r < R. Standard nonlinear functional  analysis (e.g. [9, Lem- 
ma 4]) then implies tha t  P is surjective. B 

Note tha t  this lemma remains valid with Q replaced by  Q if ~ = 0 for t = 0 
and A-(0, 0) = 0. 

P~ooF oF THEOrEm{ i.i. - Our goal is to show that 

ORn~ 

for all cylinders Q~. Then [3, Theorem 3.1 (b)] implies the desired estimate. When QR 
meets B~2 or Q~ does not  meet  SD, (4.8) is proved by  a s traightforward modification 
of the proof when QR meets S.Q but  not  BD. Thus we consider only the la t ter  case. 

We fix a point  (xo, to) ~ SD with to > 1 and assume without  loss of generali ty tha t  
~O(Xo,t,U(Xo, t ) ) = 0  for t o - - l < t < t o  and tha t  Q l n D = Q ~ +  with Q ~  ~ D = Q ~  
Suppose also tha t  lDu] is bounded and set A r : ]DU[o. (The finiteness of this quan- 
t i ty  will be proved later.) By  using an H(2 -1-~) change of variables in our flattening, 
we may  assume tha t  there is a function e e H~(B +) with 

ID~] < r -1 , ~>  1/C > 0 ,  I~I~ < C in B + 
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such that  u is a weak solution of 

~zu~-- divA(.X, u, Du) § B (X ,  u, Du) in Q~+, 

A~'(X, ~,, Du) § ~f(X, u) = o on Q~ 

for all R < 1, with A, B, ~f satisfying the hypotheses of Theorem 1.1. Setting 

X = A / ~ ,  .3 = B - -  A.1)c~/~ ~, ~ =  ~f/c~, 

we see that u is also a weak solution of 

a t =  d ivA §  in Q+, d* '§  vfi-  0 on QO 

with z{ and ~p satisfying (1.2a, b), (1.3), (1A), (1.5) and/~ satisfying 

(Although we shall not dwell on the matter, it is worth noting that  the fact that  
Du ~ Z r176 is needed for some of our test function arguments to work because otherwise 
IDul(x,)~-~ might not be integrable.) 

After performing all these simplifications and. suppressing the tildes, we fix 
/~ < 1 and let v be the solution of 

v,~ = d ivA(xo ,  t, u(xo, t), Dr) in Q+, 

A,~(xo, t, U(Xo, t) ,  9 v )  = o ou G ,  ~ - ~ on Q ;  

given by Lemma 4.1. Then (3.12), (4.3), and (4.g) imply that  

(~.9) f f lD' v - -  (D' v}~Rl~ dx dt <~ C(TR)~+~(osc D~ v) 2 
% 

< e~-(~R)~+=(ose J)'v)= < C,~,(~n)~+= sup !D'v  - -  {~'v}.z=[~ < 
Qs Q+/~ 

< C~n+~+'[- [" ID'~ - {D~}~./01 ~ dx dt 

a+/.~ 

for 0 < ~ < 1/4. Next, using u -- v ~s test function in the integral identities for u 

and v (el. Lemma 3.2)~ we infer that v ~ V~(On) and that, for BR + as defined in (3.6), 

f 
~+x{@ QR + 

Q~ 

§ f f B(X, -- dxdt + f f u)(u -- v) dx' dt . 
o~ Qo 
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The left hand  side of this equat ion is no smaller than  

To estimate the right hand  side of this equation, first we use a var iant  of Lem- 

ma 2.2 to infer tha t  

F r om the limiting case of a ~ 0 in Lemma 2.4, we also infer tha t  l u - - v l <  
< C(1 -~ N)/~ in Q+. W e  also need a sharper estimate on u -- v. Namely~ let (~, s > 0 
with ~ ~ 1/2 and choose ~ o < s  ~(~-~) so tha t  osc u < e  ~(1-~) for /~ ~ Ro. (That  we 

can choose such an ~o follows from the (HSlder) cont inui ty  of u, obtained b y  refer- 
ring to the remarks after  Lemmu 2.3.) I f / ~ < / ~  we have 

while 

I ' a -  vf < r 1 § ~)/r in Q~+, 

lu -  vl<c(1 + tUlo)R;  n in 

fo r /~  ~ Ro. Hence for ~ny (5, e ~ 0 with (~ < 1/2, we have 

%+ %+ 

Therefore the first integral on the right hand side of the equation is no larger t h a n  

Similarly 

(Ce-~ sN~+2o)R~+2+2~-t- 4 I I  ID(u --v)l~dxdt" 
Q~ 

~ oreove r  

Finally~ by  applying the divergence theorem to I u -  vl, we obtain 

~11" " ED(u - v)~I <C(1 ~- N2)R'~+~+2~-~ - ~ dxdt 
%+ 
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Combining all these estimates yields 

fj'ID<,~- ~)I~ ~ ~t < (v~ + ~v ~+~) ~+~+ ~ (~.IO) 

for ~4fl/2. We now fix ~<fl/2 so that ~ ~ a, and we set 

Then (4.9) and (4,10) imply that  

q)~(~/~) < ~ [ ~ + ~ + ~ ( R )  § R ~+~+~] § d r  "+~+~ 

for all _R and ~ in (0, 1). Because r  ~, a standard algebraic argument 
implies that  

(4,11) r < C6tt ~+ e+2~ "~ e N ~ + ~  ~+s+~ �9 

In particular D ' u ( X o ) =  lira {D'u}~ exists, and also 
/~--->0 

ff]D'vt~dxdt< 0(1 + N~)R.+~ 
%+ 

f2), ~ (Xo)  - .D, v(Xo)I < ( V ~ + e2r . 

2gow we observe that 

~ [ D ~ , ( y ,  s) - .D~v(x, t)] - -  Am(xo, t, u(xo, t), .Dr(y, s ) ) - -  -~(,~o, 8, u(xo, s), ~Dv(y, s)) 

for appropriate integral averages ~ of a ~ and hence 

sup ID~J<r + sup ]~'vl)  <C(1  + x ) ,  

osc D~v < (C~ ~ eN~+~ ~ . 

(The derivation of this last inequality is the only place where the H61der continuity 
with respect to time of A and ~ is used.) l~ecalling (4.5) and (4.6) we infer 

ff i1)~v- D~v(O)i~dx~t< 
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Since there is a unique number  Uo such tha t  A"(Xo~ u(Xo),D'u(Xo)~ Uo)~-O, it 
follows that 

(4.12)  fID u- + 

l%calling (3.12), we infer f rom (4.11) and (4.12) tha t  

so [3, Theorem 3.1(b)] gives 

[Du]5; ~< C, § s(lDu]o) l+~ . 

lgow we choose Xl  ~ (xl, tl) ~ t9 so t h a t  IDu(X1)]~�89 IDu]o. Thus w ~ u(., t~) satisfies 

(4.13) [Dw]~;D<Cs§ 8([Dulo)I+z<Ge-~ - ~C(9)lWl~o(lWl~§ [Dw]~) 

by  a s tandard  interpolat ion inequality.  B y  choosing e sufficiently small (depend- 

ing only on ]u]o a.nd D)~ we obtain the desired bound on ]Du]o, [Du]~ and (u}l+~ 
f rom L e m m a  2.4. The proof  of Theorem 1.1 is now complete  for the  case when IDul 
is bounded.  

To prove  Theorem 1.1 in its full generality,  we note  t h a t  

B(X, u, Du) = ](X)(1 + IDul ~) 

for some bounded  measurable  ] with ]]l </~3- A simple va r i an t  of L e m m a  4.1 and the  

est imates jus t  derived show tha t  the prob lem 

w~---- d i v A ( X ,  u, Dw) + ](X)(1 § ]Dw] 2) in Q ,  

A ( X ~ u ~ D w ) . y ~ y ( X , u ) = O  on S ~ ,  w : ~  on Bf2 

has a weak solution W~Hl+ ~. Then~ because 

I!D~I ~.  IDw?]< ID(u-- ~)1~ + 21DwlID(~-- ~)1, 

we see t ha t  u -  w is the  solution of a boundary  value problem of the type  we have  
been considering ~nd the conditions (2.3)~ (2.4), (2.5), (2.6) are satisfied with 

~1=  o ,  b0= ff~(snp lu:-- wl § 4 sup IDwl~), b,---- l ,  c0---- 0 ,  a o---- ~1~, 

and M = 0. Thus L e m m a  2.2 implies tha t  u - -  w and hence u E H~+a, [] 
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~7ote tha t  Theorem 1.1 is really a local result because the proof of (4.13) also 
establishes a corresponding inequali ty between certain weighted norms; see; e.g., 
[19, p. 761]. ~foreover we can relax (!.2e) to 

if 

IB(X, z, P)I < b(X) + mlpi ~ 

f fb~dxdt<ml~'+~, for ~11 cylinders QR; 
Qsnt~ 

in part icular  if b ~ L ~  q > n _L 2. 

:Note t ha t  condition (1.2c) can be generalized to 

(1.2c)' Is(x, ~, ~)! <s~(~ + Ip]~+ (~ + Ip]~)d ~-~) 

if a modulus of cont inui ty is known for u and Du is assumed bounded. The modulus 
of cont inui ty  is not  needed provided we replace /Pl by  o(Ip] ) in (1.2b) and (1.2e)'. 
Wi th  this change, Theorem 1.1 is also valid in noneylindrical domains with weak 
solutions being suitably redefined. 

We point  out tha t  our proof follows [5] only in broadest  outline. There the 
estimate corresponding to our (4.9) is proved differently and a different version of 
our (4.10) is used which avoids the interpolat ion argument.  Obviously no manipula- 
tions peculiar to the t ime dependence appear  in [5], but  our rewriting of the dif- 
ferential  equat ion as u t =  d i v A  + B in Q~+ seems to be new in the parabolic 
li terature. 

Plco0F 0~ THEO~E~ 1.2. -- Assume first tha t  (1.9) holds. Then there is a positive 
increasing funct ion co~ (determined by  ~o and the quantit ies on the right hand side 
of (1.6)) with !im~ co~(/~)-- 0 such tha t  

la"(xo, to, u(xo, to), DV(Xo, to)) - ~(xo,  t, u(x., t), Dr(x, t))l < ~o~(n) 

for all (x, t) r Q+. Using the corollary to Lemma 3.2, we infer 

(D'v},/2,~dxdt 

in place of (4.9). 
:bTow we note  tha t  ]Du] ~ C, so 

f f  (1 + IDui2)]u--vldxdt<c f f  lu - v I dxdt ~ CR~+~ d- ~ I I  ID(u-- v) l~'dxdt 
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by using Cauchy's inequality and then Poincar4's inequality on B +. Hence in place 
of (4.10) we obtain 

a~ < C[/t ~+~+~ + R~+~(/~ sui0 [D(u - -  v)[)]. 
But 

tl)u(Xo) -- Dv(Xo)l ~ < C[/~ ~, § R~ sup IP(u - v)1] < 

< e [ ~ - +  ~, ( l l )u(xo)  - Dv(Xo)l + [1)(~ - v)]~n~)] 

for any 5 e (0, 1). Assuming that  [ D ( u -  v)]~ is finite, we obtain 

and hence 

(4.15) 

Ipu(X.)- Dv(Xo)[~< o(R~ + [ D ( u -  v)hR~+~) 

%+ 

Combining (4.14) and (4.15) (for sufficiently small 1~) via the arguments used in 
proving Theorem 1.1, we conclude that  Du ~ H(z+~)/e with 

[1)u](~+~)/~< c(1 + [Du]~). 

(and C independent of 6). A easy iteration starting with, say, ~ = 0, yields 

[Du]~ < C ~ 

for all e < fl and hence [Du]~ < C. 
In ease (1.9)' holds, we proceed as before except that  (after obtaining a bound 

for Du) we consider v a solution of 

v~ = divA(Xo, u(Xo), Dr) in Q+, 

U = - _ q )  

A'(Xo, u(Xo), 1)~) = 0 on q i ,  

on q~. 

Lemma 2.4 provides the appropriate time behavior for u. 

5. - Elliptic problems. 

The uniformly elliptic version of problem (1.1) is simpler than the parabolic form. 
In particular, the tt61der assumptions on A and ~ can be relaxed to Dini assumptions. 
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For  this result, we recall t ha t  a continuous, increasing funct ion ~ is a Dini func- 

t ion if ~ ( 0 ) = 0  and 
t 

~(~ ) ( t )= f~ (~ )~<  ~ for all t~(O, ~) .  
0 

I f  also 

~(s)/s~<~(t)/t ~ for all 0 < t<s  

and  some a ~ (0, 1], we say t ha t  ~ is a-increasing. 

THEOR]~ 5.1. - Le t  u e W 1,2 be  a bounded weak solution of 

(5.1) div A(x, u, Du) ~ B(x, u, Du) ~- 0 in ~ ,  

A(x, u, Du) .~  § ~(X, u) = 0 on ~9  

Suppose t ha t  there are posit ive constants  ~ < 1 ,  ~, A, tt~ tt~, laa and wi th  ~ 9  e C I. 
an a-increasing Dini funct ion ~ such t h a t  

(5.2) l-4(x,z,o)l<~l, IBEx, z,~)l<~(1 + ]p]~), 

(5.3) t~(x, ~,p) - A(y, w,p)l<~(rx-- y])(1 + IPl) + ~(1~- w])(1 + IP]) 

for all (x ,z ,p)  e Q • 2 1 5  ~ and ( y , w ) e Y 2 •  with lzt, ]w[<M=lu lo .  Suppose 
also t ha t  

(5.~) I~(x, z) - ~(y, w ) l < ~ ( I x -  yl + l ~ -  wl),  tv(x, ~)]<#~ 

for all (x, z) and  (y, w) in ~zP•  with ]zl, Iw[<~M and tha t  

(5.5) a~J(x, z , p ) ~ j > ~ j ~ ]  ~ , [a"(x, z , p ) l<A  

for all ~ e R"  and (x, z, p) i n / 2  • R • R ~* with ]z] < M. Suppose finally t ha t  ~/2 e H~+z, 
t ha t  is, there is a funct ion ] e C~(R ") with ]D]I V= 0 on ~2,  ~2 ----- {x e R ~ : ](x) > 0}, and  

(5.6) i D / ( ~ ) - D ] ( y ) [ < ~ ( I ~ - - Y l )  for all x, y in R ' .  

Then u e C~(~) and there is a constant  fi : fl(n, A/Z, a)e  (0, 1] such t ha t  

(5.7) [Du(x) -- Du(y)l < C(a, n, A/~, $, ttl, #~, #3, M, ~9)I($)( Ix - -  yI~) 

for all x, y in Q. 
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P g o o F . ,  :Now we can reduce to the case with ~Q and ~9 replaced by  B + and B~, 
respectively, with A, B~ ~ satisfying (5.2)~ (5.3), (5.4), (5.5). 

Using the obvious definition for v, we obtain 

in place of (4.9) and~ from the HSlder estimate with exponent  0 for u~ 

liD(u-- v)]~x<Cn~+o(~ + ~W) + cno$(n)~ 

in place of (4.10). If  fi is chosen so tha t  $(t~) is s-increasing for some s < rain (a, 0/2}, 
the proof of Theorem 1.1 leads to 

~(~)< c(1 § ~W)R~$(R~) 

and then [16~ (6.3)] yields 

IDu(x)- Du(y)] < C(1 § N)I(~)(Ix- y[~) for all x, y in ~9. 

the proof is completed by  using the interpolation inequali ty [16, (10.1)]. 
Note tha t  when ~ is ~ power function (and hence everything is t tSlder  continuous), 

we can avoid the interpolation inequali ty by  proceeding as in [5]. In  the case 
~(t) ~ t, ~heorem 5.1 w~s essentially proved by  LA1)u and UgAL'~S]~VA [8, 
Chapter X]. Also Theorem 5.1 is t rue locally and the s t ructure  condition on B can 
be relaxed to 

with 

[B(x, z, P)I <b(X) + ~lpl ~ 

fb2dx~#~R~-2~'(R 2) for all balls BR, 
13~ n ~2 

in part icular  for b ~ I~ ~, q > n. 

Finally if a ~J is continuous with respect to p on bounded subsets of Q •  •  ~ 
and if ~ <  1, then (5.7) is ~alid with fl = 1. The proof is simpler than  in the 
parabolic ease because now we h~ve 

.IID(u -- v)l~ d x <  CR~(R)  2 . 

We close by  mentioning tha t  related results (with C ~'~ boundary)  for two-dimen- 
sional problems a.ppeur in [14] and [17]. 



G ~ u  ~r LIE~ER~IM~: Hblder continuity o] the gradient o] solutions, etc. 99 

REFERENCES 

[1] 

[2] 

[3] 

[5] 

[6] 

[7] 

is] 

[91 

[10] 

[11] 

[12] 

[13] 

[1~] 

[15] 

[16] 

]17] 

[lS] 

[19] 

S. CA~eANATO, Equazioni ellittivhe del I I  ordine e spazi f,(~'~), Annali di Matem. Pura 
e Appl., 69 (1965), pp. 321-382. 
S. CAMrANATO, Equazioni paraboliehe del seeondo ordine e spazi s176 8), AnnMi di 
Matem. Pura e App., 73 (1966), pp. 55-102. 
G. DA PRATe, ~?~az.i s 8) e lore proprieth, Annali di Matem. Pura e App., 69 
(1965), pp. 383-392. 
M. GIAQUINTA, Multiple integrals in the calculus o/ variations and nonlinear elliptic sys- 
tems, Annals of Mathem. Study, !05, Princeton University Press, Princeton (1983). 
M. GIAQUINTA - E. GIUSr Global Cl'~'-regularity /or second order quasilinear elliptic equa- 
tiers in divergence /orm, Journal  Reine u. Angew. Mathem., 35] (1984), pp. 55-65. 
B . H .  GILDING, H61der continuity o/ solutions o/ parabolic equations, Journal  of the 
London Mathcm. Society, 13 (1976), pp. 103-106. 
0. A. LADYZENSKAJA - V.A. SOLONNIKOV - N.N.  URAL'CEVA, Linear and quasilinear 
equations o] parabolic type, Amer. Mathem. Society, Translations of mathematicM me- 
nographs, 23 (1968). 
O.A. LADYZ~,~SKAYA - N.N.  URAL'TSEVA, Linear and quasilinear elliptic equations, 
Academic Press, New York (1968). 
G.M. LI~B~R~A~ Solvability o/ quasilinear elliptic equations with nonlinear boundary 
conditions, Trans. Amer. Mathem. Society, ~73 (1982), pp. 753.765. 
G-. ~ .  LIEBERMAN The conormal dericative problem /or elliptic equations o] variational 
type, Journal of Diff. Equations, 49 (1983), lop. 218-257. 
G. 1~[. LI]~m~RMA-< ]Interior gradient bounds for non-uni]ormly parabolic equations, Indiana 
Univ. Mathem. Journal, 32 (1983), pp. 579-601. 
G.M. LI~B~RMA~ ~egularized distance and its applications, Pac. Journal of Mathem., 
117 (1985), pp. 329-352. 
G-. M. LILB~R~'N Mixed boundary value problems ]or elliptic and parabolic equations o] 
second order, Journal  of Math. Anal. Appl., 1!3 (1986), pp. 422-440. 
G. M. LIEBER~,N Two-dimensional nonlinear boundary value problems ]or elliptic equa- 
tions, Trans. Amer. ]~lathem. Society, 30~} (1987), pp. 287-295. 
L. SI~oN, Interior gradient bounds ]or non-uni]ormly elliptic equations, Indiana Univ. 
Math. Journal, 25 (1976), pp. 821-855. 
E. S P ~ N ~ ,  Schauder's existence theorem ,/or ~-Dini continuous data, Ark. Matem., ]9 
(1981), pp. 193-216. 
J. E. TAYLOR, Boundary regularity ]or solutions to various capillarity and ]tee boundary 
problems, Comm. Partial Diff. Equations, 2 (1977), pp. 323-357. 
N. S. TRUDI~G]~, Pointwise estimates and quasilinear parabolic equations, Comm. Pure 
and Appl. Math., 2!  (1968), pp. 205-226. 
N .S .  TRUDI~G~r~, ~'ully nonlinear, uni]ormly elliptic equations under natural structure 
conditions, Trans. Amer. Mathem. Society, 278 (1983), pp. 751-769. 


