
Bounds for the Nonhomogeneous GASPT Equation (*). 

O~AZIO A m ~ A  (Firenze) (**) - P~oLo 5I~SELLZ (Verona) (***) 

Summary. - Weighted a priori bounds /or the equation Au -F (~/y)uv = f(# > 0), in the half- 
pZane y > O, are proved. I] p > 1, 0 < :~ § p-~ < 1 § #, u has bounded support and y~ % - ~  0 
(as y --~ 0+), then the f~  norms o] y~u and y~]D" u] are bounded by the L~ norm o] y~]. A 
boundary value problem in a rectangle is also studied in the appropriate weighted Sobolev class. 

O. - I n t r o d u c t i o n .  

The main goal of this paper  is to prove ~ priori  bounds for solutions of the equat ion 

(0.1) ~ u  ~- u ~  § u ~  § ( # / y ) , u ~ -  f ,  # ~ posit ive cons t an t ,  

in the  half-plane y > 0. We will write ~ s  when we need to emphasize the depen- 

dence on # .  
The operator  ~ is a model  operator  for elliptic operators singular on a line; 

also, y ~  is an elliptic operator  degenerat ing on y - ~  0. Many different questions 
are connected with this opera tor ;  let  us recall  some of them.  

(a) Assume / ~ = m - - 2 ~ V ;  then  u is so l~ t ion  of ~ u = 0  ff and only if 
uo(x~ ..., x~) = (x~, (x~ § ... § x~) �89 is a solution of Auo-= O. For  this fact  the equa- 
t ion 21)u -~ 0 has been called GASPT (generalized axial ly symmetr ic  potent ia l  theory)  
equation.  A na tura l  extension of the above remark  is in T A L ] ~ I  [37] (here recalled 
in ~ sl ightly different form):  given # ~ O, fix an integer  m~># + 2 and define g(#) = 
= # / ( ( m - - 2 ) § 2 4 7  ~ is ~n increasing funct ion of # and ~ ( 0 ) = 0 ,  
~(m - - 2 )  = 1/m;  define: Uo(Xl, ..., xm) = u((1/zr (m - -  1))~xl, (x~ + ... + x~) �89 and 

(0.2) % u  = ~ Au § (1 -- m~) ~ x~%(x~ § § x ~ )-~u 
�9 ~ " m X i ~ J  

i J = 2  

then  

% . o ( X l , . ,  xm) = (1 - 1 ) ) % ,  ... + %2 ) .  

(*) Entrata in Redazione 1'8 aprile 1982. 
(**) Lavoro eseguito nell'ambito dell'Istituto di Analisi Globale ed Applicazioni del C.N.R. 

(***) Lavoro eseguito nell'ambito del Gruppo Nazionale di Analisi Funzionale ed Appli- 
cazioni del C.N.R. 
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The operator qL is a uniformly elliptic ~econd order operator in 3~ ~, with (lower) 
ellipticity constant  a, trace ~ 1 and discontinuous coefficients on the axis x ~ -  -- 
---- x., = 0; it  has been introduced by U~'TSEV~_ [38] as eounterexample opera.tot 
to existence theorems in the Sobo]ev space W~0~; in other words the Ural ' tseva 
operator qL on axially symmetr ic  functions is the same as the operator ~ .  

(b) If  u, v are solutions of the generalized Cauchy-Riemann system: 

(0.3) ~u -- y~ ~ - - v ~  

(0.4) y" u,, = - -  v~ 

then  ~ u  = 0 and A v - - ( # / y ) v ~ =  0. This system was studied, for positive #, by 
B]~s  and GEL]3.~G [3] and it  is connected with problems of mechanics of continua 
(BEI~S and GELBAI%G [3], PAY~-E [33]). 

The equation qPu = 0 can be written in complex form as: 

(o.5) u ~ -  (ff/2)(u;- u , ) / ( z  - ~) = o 

with z -~ x + iy, 5 = x -  iy; the equation (0.5) is a Euler-Poisson-Darboux equa- 
t ion and the Riemann function can be explicitly writ ten for it  (see VEKUA [39], 
GIlBErT [12]) and used to construct  solutions of q)A~ = 0. 

(c) The equation ~ u  = ] can be wri t ten in variat ional  form as: 

(y~u~)~ § (yUu~)~ = y ' ]  

and Variational techniques can be used to s tudy  it (see e.g. •IKOL'SK[I-LIzOlCKIN [30], 
BOLLEV-CA~CS [4]). 

(d) The operator %0 is connected with various classes of special functions and 
integral transforms. It'~ fundamentM solutions can be wri t ten by using hyperge- 
ometric functions (OL~VS~I] [32], in particular one can use Legendre functions of 
second kind in 3. below), Besse] functions (WEI~STE]~ [40], 1. below); solving the 
equation %l)u----0 by separation of variables leads to Bessel functions again, Ge- 
genbauer functions (see GILBERT [12]). Good tools to s tudy  the operator ~D are 
the t tankel  in y or the Fourier-Hankel  t ransform (Fourier in x, IIankel  in y trans- 
form, see KIP~IJA~ov [18], [19], [20]). ~u [40] used results for ql)u----0 
to give a proof of the Weber-Schafheitlin theorem. In  the book of GILB]~aT [12] 
function theoretic methods, related to the complex equation (0.5) and to expansions 
in special functions, are used to s tudy solutions of %l)u = 0 looking in part icular  
at the an~lyt ici ty and to the singular points of them. 

(e) The problem of the analyt ic i ty  near y = 0, was earlier studied by ItE~- 
~ICI [13] and KI~IVE~TKOV [24], [25]. The first author  found tha t  the problem: 
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~ u - ~  O, u (x ,  O)=-Uo(X) ,  with u0 given analyt ic  function, has the solution: 

1 

u(x ,  y) = con~tf[t(1 --  t)],12-~Uo(X + iy (1  - -  2t)) dt . 

0 

Krivenkov found tha t ,  if # > 1 ,  then a solution of ~3u = 0, continuous up to y -~ 0, 
can be extended across y = 0 as a even analytic function; if 0 < /~  < 1, to get the 
same result,  one needs the extra  condition: 

l im yZ u~ = 0 .  
y'-->0 

Itenrici 's  representation formula above was used by  Radjabov (see L. G. MIJ~lz_x- 
ll.OV [29]) to solve the Dirichlet problem for ql)u = 0 (with suitable boundary  con- 
ditiou~); the problem w~s changed into u Abel type  integral equation; the m~known 
is u at  y : - 0 .  

The operator 21) is connected with fractional integrals and derivatives (see KE~- 
]~ICI [13], ZEvI~rA~ [26], EI~D~LYI [7], [8]); as an example~ if q)~u----0 then:  

u = I ( h ) ,  A h  = 0 

where: 
y 

I ( h ) ( x ,  y)  = 2yl-#(F(#/2))-~f(y2-- t~).,l:-~h(x, t) dt; 

0 

a similar formula (with suitable change of variables) was used by WEI~S~I~  [40] 
to write the fundamenta l  solution of the operator ~l). 

(]) Changes of variables connect the operator q~ with other special operators. 
The change of variables: 

x r =  ax  , = yb , a > O, b > O y '  u (x ,  y) = v (ax ,  y~) , 

gives: 

2 r 2--2]b~ ! ' tOu(x, y) = (a2v , , + b (y ) v , , + b ( b - - 1  T #)(y ' ) l -* /bv  i)(ax,  y ~) . 

Choose a----b----2; then:  

"tOu(x, y) = 4 ( v , , +  'v v , , +  ((1 + v'-). 

The operator o]1 the right hand side is a part icular  case of an operator introduced 
by M.V.  I~EL~DISCIt [17]; in y ' >  0 i t  is an elliptic-parabolic operator. Boundary  
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v~lue problems for this class of operators have been considered by l~I. V. KEL'DISCH 
and G. F~O~E~_ [10] (see the O ~ E ~ K - R A ] ) ~ W d  book [31]). 

Choose a ---- b -~ ~; then:  

~ u ( x ,  y) = (~)-y [y %,,  + vr162 + (3#/2 --  �89162 '~] (2x/3, y~) 

The operator in square brackets (when # ---- �89 is the Tricomi operator, in y ' >  O 
(on this operator see e.g. the 5i. M. S ) [ ~ o v  book [36] and the references therein), 

The above remarks just  sketch the many  connections os the operator ~ .  Surveys 
on results on ~l) and generalizations are in Itu]~E~ [15], GIL]3]~ [12], TALE~TI [37], 
MI~AILOV [29]. An extensive work on ql) and many  extensions has been made 
by I . A .  KIP~IJA~ov and coworkers; let us quote [18]-[23]. Also, many  results 
for ql) can be obtained as par t icular  eases of results on general singular or degenerute 
elliptic equations (see e.g. AVA~T~GtA~ [2], T~E~T~ [37], ALESS~D~I~  [1], 
OLEJIVIK-I~• [31], M. 5I. S~n~ov [36], BOLLEY-CAYIUS [4], DUNNINGEI%-LE- 
WNE [7], I~IPt~IffANOV [18]-[23], CA'C [5], LO [27], [28], SC~ECHTE~ [35]. 

The main result  of this p~per is the following (theorems 3.4 and 2.1 below): 

Assume # > O, p > 1~ O < o: + l i p  < 1 + ~. There exists a constant o such that, 

/or every u o] vlass C r176 in y > 0 which satis]ies 

lira y l ' f  [u~(x, Y)t dx -~ O 

t~ 

and has bounded support, the inequality: 

ff(y l oul)  dx dy<effly  ul  dx dy 
y>O y~>O 

holds. 
Moreover, ]or every open rectangle t t  in y > O, there exists a constant cl such that, 

]or every u as above, with support in It, the bound: 

y~'O yT>O 

holds. 

These results have been proved, for some choices of g and p, by Kiprijanov. One 
can prove tha t  the bounds above are sharp: if ( l /p ,  o~) is outside of the domain 
0 < l i p  < 1, 0 < l ip  + o: < 1 + tt, then  the above inequalities do not  hold (re- 

mark  4.2 of section 4.). 
Ir~ section 4. u boundary  va.he problem in ~ rectangle for the nonhomogeneous 

equation (0.1) is solved within a suitable weighted Sobolev class. 
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Boundary  value problems in different domains will be discussed in a for thcoming 

paper .  
Le t  us in t roduce a few notat ions.  We define: ~ - - - - { ( x ,  y ) e  :K~: y > 0} and 

write x = (x, y); we will also write:  

a~ 

x 

l~iore notat ions:  p ' = p / ( p - - 1 ) ;  Du will be u~ or u~, D~u will be u ~ ,  u~, or u ~ .  

1.  - T h e  e q u a t i o n  W u  = 0 i n  a r e c t a n g l e .  

The separat ion of variables technique will be used here  to s tudy  the equat ion 
~))u = 0 in a open rectangle R, in y ~ 0, with one side on y = 0, to get L ~ a priori  

bounds.  
A change of variables of the  form:  

x' = ax -k b ,  y ' =  ay , (a > O) 

will change the operator  by  a positive, mult ipl icat ive constant .  Thus, in the state- 
meats  of the  theorems,  /r will be a rectangle of the form:  

/~ - -  R~~ (xl, x~) x (0, Yo) = A • (0, Yo), 0 < Yo< c~ ; 

however in the proofs, for simplicity,  R will be of the form (0: ~) • (0, Yo); we will 
write /~ ,  when we need to  emphasize the dependence on Yo; we also define: 

T =  {x: 0 < y < y o ,  x = x l ,  or x = x ~ }  

= {(x, yo): x e A}  

8 = ( x : x c A , - - y o < y < y o ) .  

Le t  us look for solutions of 2Du = 0 in y > 0, of the form: 

(1.1) u~(x) = v~(y) sin nx ; 

the  functions v. are solutions of the differential equations:  

(1.2) v: -F (#/y)v'~-- n2v~ = 0 ; 
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two linearly independent  solutions of (1.2) are: 

a-~)/2 (n~)~1-~)12 K ~n ~ 

(I~, K~ modified Bessel functions of first and third type). Let  us define: 

h(t) = (t12)(~-~'/~/~((# + 1)12)Xc~_,/~(t); 

clearly h(ny) is a solution of (1.2); moreover, since: 

co 

I,(z) = ~. (zl2):~+,l(m !r (m + r + x)) (z e e)  
ti~=O 

one sees tha t  ~ t-->h(t) is a real, positiv% increasing convex function; in the 
complex plane h is holomorphic and entire;  it  satisfies the equation: h"-t- (# /y )h '=  h. 
The asymptot ic  expansion of I , :  I , (y)  ----- const.eVy-�89 @ 0(l/y)) (y >>1) (Erdelyi and 
others I I ,  lO. 86) gives: 

(1.3) h(y)lh(y,) < const [(1 + y)/(1 -I- Y0)] -~1~ exp [y - -  Yo] ' 0 < y < y , .  

The differential equation above and the properties h ' >  0, h">  0 give the ine- 

qualities : 

(1.4) h'(y)<yh(Y)l#  

(1.5) h" (y )<h(y ) .  

I ~ E ~ K  1.1. - The problem: 

v"-t- ( /~/y)v ' - -n 'v  = 0 in (0, y.), v(y.) = 0 ,  

with the extra condition 

has the unique solution v ~ O. 

l im y~v' = 0 ,  
I t -~O 

For a more general and abstract  version of this remark see D. R. DUNXINa~ 
and H. A. Lv, VI~E [7]. 

Let  s~>l, u, e L s ( A ) ,  u defined in R, such tha t :  
/ a  

lira [[u(x) --  u0(x)18 dx = 0 ; 
l t -->y~ i l  

, t  

we will write u I~=  %, for short.  
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Tm~ol~]~ 1.1. - Let s > l .  The problem: 

(1.7) 2Du = 0 in  R ,  

(1.8) u[~ = O, lira Iy~'[u~(x)i dx = O, u[~= uoe Z~(A) 
y---> 0 ~ d 

A 

has a unique solution u ~ C~ u T) N C~-(R). Moreover u ~ C~(R\E)  and can be ex- 

tended to an analytic, even function in S, such that: 

\ l / e  
O<y<yo; 

A 

for every y ' e  (0, Yo) there exists c,,, not depending on u, such that: 

(1.10) [ _ 

P ~ o o F .  - I~et us prove the uniqueness (1). Le t  ~ e C2(-R) (~ C~ U T) be a soh-  
t ion of (1.7), (1.8) with u0 ---- 0. By  classical regulari ty theorems, ~ is in C~(R L) T). 

Let  us expand ~ in Fourier sine series in x. We get: 

wi th  

u(x)  : ~ u~(y) sin nx  

u . ( y )  = (2/=) f~(x) sin nx  dx . 
o 

The equation (1.7) and the boundary  conditions (1.8) give: 

H f 

u. + ( t t / y )u . - -  n 2 u . =  0 in (0, y,) 

lira u~(y) = 0 ,  ]im y"u~(y) = 0 

and thus u.--= 0 (Remark 1); then  ~--_--0 in /~. 
To prove the existence we jus t  need to write down a solution u E C2(R) ~ C~ LJ T) 

of (1.7), satisfying the boundary  conditions (1.8). By using the boundedness of the 
~Z 

{2,-llUo(X) sin nx dx} and t~e bounds (1.3)-(1.5) ,  one  sees  t h a t  the  series:  sequence 
0 

A 

(1.11) : ~ h(nYo) 
o 

(i) The uniqueness part of i~his theorem could be also deduced from the results of D. R. 
(IIJNNINGEI~ and H. A. L~VZNE [7]. 

10 - Anna l t  di Matemat ica 



160 O~zxo A~Ez~A - PAOLO 5~_~Z~S]~LL~: Bounds for the nonhomogeneous etc. 

is uniformly convergent with first and second derivatives in every /~y'~ with 0 < 
< Y'< Yo, to ~ function g = g(Uo)e C=(/Tyo\/~) solution of (1.7) with g l~=  0. I t  
remains to show that g satisfies the boundary conditions on E, to prove the a priori 
bounds and the regularity results. 

Assume, for ~ moment, uo=  foe Cg(E); then the corresponding g(]o)e C=(.Ryo), 
and g(fo)ls = ]o. By the maximum principle (W~m~sm~xzr [40], KA~oL [16]), 

max ]g(]o)I <max  lie[. 

Let us define: w = (x0, Yo) ~ E and 

u(~, w) = 2 ~ h(ny) sin ~x sin nxo 
a,,=i h(nyo) 

(0<y  < Yo; x, yoe [0, ~]). By (1.3), (1.4), (1.5) E, as a function of x, is in C2(R\E) 
and is a solution of ql) /~(., w) = 0 in R(w ~/~) ; moreover, the function g(fo) above 
can be written as: 

(1.12/ g(fo)(x) =fzV(x, w)fo(xo) dxo. 
0 

The following properties for l~ can be proved: 

(i) F(x,  w)>  0 (consequence of the maximum principle for %1)); 

(ii) 2'(x,y, xo, Yo)=~(xo,  y ,x ,  yo) (X, Xoe[0, s] and 0 < y < y o ) ;  

(iii) o < f ~ ( x ,  w) dxo<l  (xe.Ryo\E).  
0 

Let ],,e Cg(E), 0<]=<1,  ]~->l  in L*(A); the maximum principle and (1.12) give: 

o<ji~(x, w)L(xo) dxo<l, x e/~yo\/~; 
0 

if we let n -+0% on these inequalities, we get (iii); 

(iv) for every y'6 (0, Yo), there exists C,,,, such that:  

lIF(', w)ilo%,,< ~ , ,  w e s .  

Assume, now, ]o~Z~(A). The expansion (1.11) can be written as (1.12). Thus, 
the properties (i)-(iv) of l~ and standard techniques (see e.g. ZYG~WfUND [41], III-IV) 
give the boundary conditions u]E= ]oS L~(E), and the bounds (1.9), (1.10). 

The regulgrity of the solution can be deduced from expansion (1.11), which 
defines a C2(S) even function. The analyticity follows from K~IVE~Kov [24], [25] 
results. [][ 
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REHA~K 1.2. - The condition: 

(1.13) I%(x, 
.4 

dx = O 

was used to prove u n i q u e n e s s  only of the theorem above; more precisely, if u 
satisfies (1.13), then  the l%urier (in x) coefficients u~(y) of u satisfy condition (1.6) 
of Remark  1.1. Thus (1.13) may  be replaced by any  other assumption on u implying 
for u~, at  y = 0, a condition which in tu rn  would give uniqueness for the problem 
in Remark  1.1. As an example, if #>1~ (1.13) may  be replaced by: 

max lim []u(x, y)[ dx .< co; 
y--->O d 

A 

this condition matches with KEL'DISCK [17] problem E, when one changes (as in (/) 
above) %0 into a Kel 'diseh operator (see KEL'DISC~ [17]); also it matches with 
I~IC~EZK [10] approach to boundary  value problems for elliptic-parabolic operators. 

2. - The a priori bound for u .  

Let  us prove a representation formula for solutions of %Du = f. We will keep 
the notations of 1.; moreover, if v is the solution of the problem: %0v = 0 in 

-= A x ( 0 ,  y0), with boundary  conditions v]~= 0, v ] , =  joeL ' (A)  and: 

fj l i m y "  %(x)J dx = O , 
v-~o + d 

A 

we will write v(.,  y ) =  ~,~.]o" 
The following lemma holds. 

L : ~ ; . ~  2.1. - Let u ~ C~(:K~), such that supp u is bounded and 

(2.1) l im y" [[%(x) J dx = 0 . 
v--+o + J 

2~ 

Zet us define f =  %0u and assume moreover that s u p p u c / ~ = A •  yo) and y~f~  
~.LI(~+). Then: 

y t 

f tf(~)'~9~,tPi~,t](',t') tit' <Yo) .  (2.2) u(-, y) = d ( 0 < y  

Y0 0 



162 Ol~AZIO AICENA - ~)AOLO MAI~SELLI: Bounds /or the nonhomogeneous etc. 

P~ooy.  - Let :  

u(x, y) = ~ u,(y) sin nx , 

/(x, y) = ~ /~(y )  sin nx 

(0 < y < c~) the Fourier  expansions of u,~ f in sine series in x. The equat ion 21)u = / 
gi~es: 

u: + (Wy)u'.- n u. = / .  

lira y'u~(y) ----- u,(yo) = 0 .  
y->O + 

I t  is easily seen tha t  y' /~eL~(O, +oo)  and tha t  the unique solution of this pro- 
blem is: 

y t 

u,,(y) = f  h - ~ )  dt -~ h(nt )/~(t ) d t ' .  

Yo 0 

And thus:  
y t 

u ( x , y ) : ~ = ~ s i n n x J h - ~ ) d t  ~ h(nt')/~(V) 
Yo 0 

d t  t . 

I t  is not  difficult to see tha t  one can exchange series and integrals and get:  

y t 

t' ~ o~ h(ny) h(nt') "" sin nx] dr'.  

Ya 0 

By recalling (1.11) and the definition of 9 we have the theorem. Ill 

THEOI%E:~ 2.2. - Let p > 1~ ~ e :K~ # :> 0 such that 0 < o~ + p - l <  1 + ft. Let 
r 2 u e  C (:~+) such that supp u is bounded and (2.1) holds; assume also y~q/)ueZ~(Z~). 

Then: 

(2.3) lira y~[u( . ,  Y)[~ = O . 
y--+O + 

Moreover, /or every R = A X (0~ Yo) there exists CI(#, ~, p, R) such that/or u as above, 
with support in R, the inequality: 

(2.4) 

holds. 
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P~oog.  - F i rs t  of all, let  us notice tha t ,  by  H61der inequal i ty ,  y~ q~u e L~(:K~). 
Le t  R = A •  (0, Yo) a rectangle containing supp u. By  previous lemma:  

l u ( x ,  Y ) I  d x  = d t  ~ , , ,  ~, . ~ . ,  . 

~ o 

Fornmla  (1.9), with s = 1, gives: 

Yo t Yo 

v o ~ [ A x [o,tl 

B y tt61der inequal i ty :  

(~.5) f 
yo 

y A X [ 0 , t ]  A X [ 0 , t [  

i length of A y,'/(yo)~-~+J- y~-~+~,,'~/f(ly~<~ ~ dy)~,, 

(if 1 - -  ~ d- l iP '=  0, the  second factor  in the r ight  hand  side should be read log (Yo/Y)). 
F rom (2.5) and the  inequal i ty  # + 1 -  ~ - - l i p ' >  1, (2.3) follows. 

Le t  us prove (2.4). We have:  

Yo 

(fyo.lu , y)i: y) 1" 
0 

B y the previous lemma,  5[inkowsky integral  inequal i ty  and (t.9) (with s = p) we 
get:  

Yo t 

f lu( . ,y) / ,<  ~ ~ ll(" 
y 0 

, t ')[~dt',  O < y < y o .  

I t  follows: 

Yo Yo 

{f If f(? ]" F ]lu[]~,~< y ~  dt ~ If(',t')I, dJ dy . 
0 y 0 

5~[ultiplying the last  integral  by  I ---- t-~.t ~, using H6lder  inequal i ty  in and the 
Y 

fact  ~ ~- p-1 > O~ one can show tha t  there  exists a finite constant  C (depending on 
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~,P,  Yo only), such tha t :  

, io 
0 0 

By the condition e § p -~<  1 § # and H a r d y  inequali ty,  we have:  

Y0 

I[u',l,.,<eyo(1 §  + p-1))-l( f t~, t]( . , t )I  , dr) ; 
0 

the  thesis follows, lll 

R ] ~ J ~  2.1. - In  the  previous proof we have used a discrete Four ier  in x, I t anke l  
in y, t ransform.  These techniques have been used extensively by  KIP~IJAlX0V [18], 
[19], [20] (see also the  bibliography therein).  

Rm,~A~K 2.2. - In  the above theorem we have actual ly  proved a sharper  result  
t han  (2.3). In  fact  we have proved (see (2.5)) t ha t  there  exist  U~, Us depending on 
#, ~ ,p ,  diam supp u, such tha t :  

lu(., y)l~< (c~ + <.y~-~+~% II'WuL,, 

(0 < y, 1 - - ~  § 1 / p ' #  0; if 1 - - ~  § l i p ' =  0, there  will be logs in the  bracket) .  

R E M ~ K  2.3. -- Le t  us explici t ly notice tha t  es t imate  (2.4) holds also for func- 

tions u e C~(R u T U E), u[zu~= 0, y~f lu~(x, y)t dx ~ 0 as y ~ 0 +, such t h a t  
A 

y (I ~I + 2b~ l  ~ + I~-I~) "~ d~ ~y < + oo,  
R 

R being the  rectangle A • (0, Yo). 
Indeed,  functions in the class above can be approximated  by  functions v = v(x, y) 

of class C ~ in the strip 0 < y < Y0, odd, 2z~ periodic and vanishing at y = Y0. For  
functions in the la t ter  class the proof of (2.4) goes wi thout  changes. 

3. - The a priori bounds  for the  derivat ives .  

Let  us prove a representa t ion  formula  for solutions of 21)u = / in 3L~. We will 

write w = (w, t) e Y~. 
In  [40] WEINSTEI~" proved tha t  for x e Y~+, w e :g~_, x # w, the funct ion:  

(3.1) i t ( x ,  w) = H(w,  x) = f ( ( x  - -  w) z § y~ § t~ + 2yt cos h)-~/~ s in , - lh  dh 
o 
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is regular  and ~tl)H( ,, w) = 0 i~ : ~ \ { w } ;  moreover :  

(3.2) H(x,  w)  = - -  (yt) -~'~- log ix - -  w I -~- H~(x, w) , 

where H~ is regu]ar at  x = w; the funct ion H is a fundamenta l  solution for the 

operator  ql). 
Aa~other iundamentM solution (actually the Green funct ion for the Dirichlet 

problem i~ the half  disk) was constructed by  OLEVSK~ [32] by  using hypergeometr ie  

functions.  
Here we will use a modified form of Weiustein fundamenta l  solution: 

~(x, w) = ~-t~(x, w) 
7g 

(x, w ~  3L~_, x #  w). G is a regular  funct ion if x #  w; moreover :  

(~) if w e a~ ,  then: q~a(-, w / =  0 (~ e ~ \ { w } ) ;  

(b) if x e  X~, then:  ~ * G ( x , . )  = (A - - (# / t )~ /~ t  § #/t ~) G(x , . )  = 0 

(w 
(e) if x ~ 2 + ,  w~:K2+, x : / : w ,  by (3.2)~ it  follows: 

(3.3) G(x, w) = I_ (t/y).i~.log ix _ wl + ~#~(x, w) z~ 

with ~ regular  at. x = w;  

(d) assume x e : ~ ;  there  exists k (depending on y only) such that~ if 
w e (--0% + oo) x[O, y/2]: 

l ~ ( x , w ) [ < k t ~ ,  i(~/~t)~(x, w)--#G(x, w)/tI<kt,, 

By using (a)-(d)~ the  following representat ion formula can be proved. 

LE)I~z~ 3.1. - Let u ~ C~(~2+) such that: (i) u has bounded support; (ii)y~[u(., Y)i~, 
y"]u~(., Y)I~ tend to zero as y ->0+;  (iii) y"~ueL~(3~+) ;  then: 

u(x) = - ~ [ ~ ( x ,  w)'~u(w) d w .  

P~ooF. - Le t  x = (x, y) ~ 3 ~  h > 0 a small pa ramete r  (h < y/2 will do), and 
Or= {w= (w,t)~5~: O<h<t}; by (3.2) and (b) above, we have the Stokes 
formula: 

t=h o~ 
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(x ~ Oh). As h - +  0 +, b y  (d) above,  we have:  

f f G(x, w)TOu(w)dw -+f f G(x, w)'O)u(w)dw 
o~ ~ + 

f iG(x, w )  ~ u / ~ t ( w )  - u ( w ) ( ~ / ~ t  - t~ / t )G(x ,  w)]  dw -+ o 
t = h  

and the  thesis follows. Ill 

RE~IA~K 3.1. -- I f  U e Co(:K~), and  u is even in y, then  u satisfies the  hypothes is  

of previous 1emma. Also, if u satisfies the  hypotes is  of theorem 2.2, the  1emma above 

~pplies. 
For  la ter  pourposes  we need sharp  evaluat ions  of the  der iva t ives  of G(x, w). 
Let  b(x, w) ~ posi t ive  funct ion in x e :K~, w e :K~, x # w, defined by :  

b(x, w) = Ix -- w]2/(2yt). 

L E ~  3.2. - There exists a positive constant H such that, i] 

then: 

(3.5) 

where 

x e Y~ ~+ , w z ~ ~+ , x :/: w , b ( x , w ) < l , 

1 
D~G(x,w)--  2 D~1oglx- -w l + S ( x , w )  

IS(x, w)l <~(b(x, w))-~y-~. 

P~ooF. - As a consequence of the  inequal i ty  b(x, w) < 1 we have:  (a) ((x--w) 2 
+ y~ + t~)/(2yt)  = 1 + b(x ,  ,,,) < 2;  (b) -~ < y / t  < ~, lx - -  wl /Y < 4; (e) I1 - -  t/v[ < 
< ~ / ~ ( x ,  ,,,). 

Let  us evalua te  the  der ivat ives  of b: 

b,  = ( x -  w) / ( y t )  , by = ( y ~ -  ( z  - w ) ' . -  t=)/(2ty2) 

b , ,  = 1 / (y t )  , b,~ = - -  ( x - -  w)/(y2t) ,  

b ~  = ((x  - -  w)~ + t g l ( y~ t )  . 

In  b < 1 b y  (a), (b), (e), we have:  

(3.6) Ib.l<ev-* /U, 

(3.7) lb  l<ely=, Ib.l<elY=, Ib  l<elY= 

(in the  l e m m a  c will be any  constant  not  depending on x, w). 
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Let  us write now G(x, w) in a different way. Let  P~/2_l(z) the Legendre func- 
t ion of the  first kind (which is holomorphie in ll - - z  I < 2, and P/2_~(1) = 1), ~nd 
Q~/~_l(Z) the  Legendre function of second kind (holomorphic in the complex plane 
cut  along the real axis from --cx) to 1). 

An integral representat ion of Q,/2_~ is: 

7~ 

Q~l~_~(z) =- 2-~/2f (z -- cos t')-~/~(sin t 'p  -~ dt' 
0 

(see ElCD~Lu and others [9], I, p. 155, formula (3.5) and subst i tu t ion t ' =  ~ - -  t) 
This formula and (3.1) give: 

(3.8) G(x, w) = 1_ (t/y)~,/2Q~,/~_~(1 + b(x, w)) (x # w) .  
7~ 

The function Q,/~_~ can be wri t ten as: 

(3.9) Q~/2_~(z) = 2-Lp/~_~(z){- log [(z - 1)/(z + 1)] - 2v - 2~(~/2)} + 

+ ~-~ sin (~z#/2) ~ (1 ! ) -~ / ' ( /+  #/2)/~(/ + 1 - -  #12). [~p(/ + 1) - -  V(1)]((1 - -  z)/2) ~ 

where y is the Euler-Mascheroni coast  ant  (y-.577),  V(z)-~ 1-"(z)/f'(z) and the last 
power series is holomorphic in [ l - - z [ / 2  < 1 (E~D~T~YI and others [9], I, p. 149). 

I t  follows tha t  G(x, w) (x ~= w) can be wri t ten as: 

(3.10) G(x, w) = (t/y),/2[R~(b(x, w)) log b(x, w) + R~(b(x, w))] = 

-= Sl(x, w) log b(x, w) + S~(x, w) 

where the functions Rdb ) are regular in Ibi < 2 and R~(0)----1/(2z). 
Let  as prove (3.5)~ by  using (a), (b), (c) and (3.6), (3.7), (3.10). 

b(x, w) < 1: 
We have, in 

(3.11) 

(3.12) 

~nd: 

jD~(tly) I<~lv 

]DxS, l<v ly  , ID~,i<~Iu ~ (~ = 1, 2); 

IS~ + 1I(2=)1 < ~ V ~  

ID~ log b(., w)[ <~(v Vg)-i 

ID~ log l x -  wl2f < y~-~. 
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By using these inequalities, we get 

ID~d(x, w) + log l x - -  wt:l<e(l( o d )lg bt § Iz)  log b] + 

+ + log lx--,<,l'l + IS,-D~ lg (Yt)l-1-I-D~.I) <ey-"t,l  

and, by  this inequality,  the theorem follows. Ill 

LE~L-gA 3.3. - Let e > 0; there exists k such that, i] x ~ .~2+ , w ~ ~2+ , b(x, w) > e, 
then: 

(3.13) ID~d(x, w ) I < k t u [ ( x -  w)~ + t ~ + y~]-~-~/~. 

PI~OOF. - In  the region of the complex plane, given by izI > 1 cut along the real 
axis from - -co  to + 1, the Legendre funct ion of second kind QzI2-~ can be wri t ten as : 

T 1 Q,,/:_,(z) = 2 - ,~ / , z~_r ( f f l 2 )z - , , / : r ( f f l 2 ) - , . .~ ( f f l 4  -~ ~., ff14, ff12 + 1; z-,) 

(EIgDI~LYI and others [9], I~ p. 122 ; F(a, b, c; z) is Gauss hypergeometric function, 
which is holomorphie in lz] < 1). 

This formula and (3.8) give, in b(x, w ) >  0: 

G(x, w) = ctu[(x --  w) ~ + y2 + t~]-u/~. 

�9 F(~/4 + ~, if/4, fff2 + �89 {2yt/[(~ - w)~ + y~ + t~?}) 

(c will be any  constant  not  depending on x, w). 
Let  us consider the function:  

g(~, y, t) = (x~ + v. + t,)-.~,.z(ff/4 + �89 ffld, fff 2 + �89 {2vtl[x, + v, + t.],}) 

i n the cone {(x, y, t) e Xa: 2yt/[x 2 + y~ + t2]~<1/(1 -t- e/2)}; the function g is homo- 
geneous of degree-ff and smooth in the cone; thus the second derivatives of g are 
homogeneous of degree -2-# and bounded on the intersection of the cone and the 
uni t  sphere. This is equivalent to say tha t ,  in b(x, w ) >  e: 

]DIG(x, w)t <vt . [(x --  w), + y~ + t"-l-./~-~ . ill 

THEOI~E:~ 3.4. -- Let p ~ l , # > O ,  0 < g  + l / p < l  + f t .  
that, ]or every u E C~(~+) satisfying: 

(i) u has bounded support ;  

(ii) lira yU[u,(., Y)[1 = 0; 
y--->0 + 

(iii) y~TOu e L~(s 

1'here exists K such 
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the inequality 

holds. 

P~OOF. 

Step 1. - Firs t  of all~ we need to write the second derivatives oi u in te rms of qDu. 
Notice tha G by  theorem 2.2~ u satisfies (i) and (ii) of lemma 3.1; (iii) of lemma 3.1 

is a consequence of (iii) above and tt61der inequality~ as in theorem 2.2. 

Thus~ lemma 3.1 gives: 

-f u(x) = --~ G(x, w ) ~ u ( w )  dw 
a~ 

using formula  (3.3) above, we have tha t :  

D2u(x) -= e~)u(x)  ~ -* ( ( - -  D:G(x ,  w)'ll~u(w) dw , 
a'+ 

where e depends on the  choice of the der ivat ive  D 2 and last integral  is in principal  

value.  

step 2 - Define E .  = ( ~  e ~ :  ix - -  ~1 < (V5 - -  1)y}, 

w = (w ,  t) , g ( w )  = t ~ u ( w )  , 

and:  

_ , j j (y/ t )~D~xG(x w)g(w)  dw ~ Cdx)  

Ex 

wlgiw) 

The thesis will be proved if it  exists k (not depending on g), such tha t :  

(3.~5) 

(~.!6) 

Step 31. - Proof  of (3.15). 
notice that G c {w e ~ :  ~(x, w) < 1}. 

[lr 

;~l r kt[giI0,~. 

By using lemma 3.2~ we c~n write 
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r  = ~ + T:  + W3, where: 

T~(x) -- l * f f 
2~ /)~r log Ix -- wig(w) (~w 

Ex 

T~(x) =f f (y/t)'S(x, w)g(w) dw 
.~,x 

~x  

dw. 

Let us extend g ~ 0 in y < 0 and g*~ accordingly; we can write ~Pl as: 

zc\ dd dd / 
..%= .%=\~v x 

The first integral in the right ha.~d side is a s tandard singular integral;  its L ~ norm 
can be bounded by e[]g][o,~, for all p > 1; the second integral c~n be bomlded by 
using thin.  1, chapter 2 of CALD~0~-ZYG~rU~D [6]: 

f f  f f  D~*l~ dwi~dx< 
O{s Ix-wI>(~/~-~)v 

ff ff J < sup D. ~]og 1---  wig(w) dx< Ig(x)l , a x ,  
2>0 

2~ ~ l x - w l >  l l l  ~'~ ~ 

Thu~: 

(3.17) [] T1 ![o,, < e[]g]lo,, 

(e will be any constant  not depending on g). 
In b(x, w) < 1, we have ((b) lemma 3.2) • < y/t < 4. Thus, by  (3.5) and H61der 

inequal i ty:  

<of fy-~,[ (f f (b(~, w))-~ aw)~'(f f (b(~, w))-~lg(w)l, dw)~"] ~ a~.  

I t  is not  difficult to show tha t :  

Thus : 

f f l~.~(~)t ~ d~<~f f~-~ ~ f  f (~(~, ~))-~jg(~)l~ ~ 
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Exchanging the i~tegrals in the right hand side, we get:  

I t  is not  diffleu]t to see tha t  there  exists a. constant  c > 0 such tha t  

f y-~(b(x, w)) -~ dx<c 
[x-wI <(V'a--1) v 

(c = 2q will do); it follows: 

(3.].8) 

As in lemma 3.2, one c~n prove that 

I1 - (y/t)~j.iD~ log Ix - -  " t j  < ~V-~[b( x, w)]-~; 

with the same proof above, we have:  

The inequalities (3.17), (3.18), (3.19) give (3.15). 

Step 3 2. - Proof of (3.16). 
Let  

1~o = 6 / 5  -- 1)I~/2,  kl = Z - -  Z~0(> 0),  k~ = i + Zr 

< =  { w e ~ : :  i ~ - ~ 1 <  koy, l y - t l <  koy}; 

let us define: 

Fv.,(x) = (y / t )~y . ix  ~ + y~ + t~]-~-./~ , x e ~ ,  y, t > o . 

~ot ice  that, for x e ~ :  

{w e x~: b(x, w)<~} c r~ c E~; 

by lemma 3.3, we get:  

]D~G(x, w)[ <kt.[(x- w) 2 + t 2 + y~]-1-.I, 
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(xe ~ ,  we  r,); thus: 

lO2(x)[ < e f f l~,~(x - -  w)g(w) dw.  

Let us write gt = Ig(', t)], t > 0; then: 

klY " ~  kiY 

0 }lY ,~,v I x - w l > k o l  

( .  is the convolution in :~). 
Let J1, J2, J3 the L~(s norms of the last three terms; (3.16) will be proved, if: 

(3.20) J~, < vllgll~:(~:+) , ~, = 1, 2, 3 .  

By Minkowski integral inequality: 

"k~ Icy +oa Icy 

",= (f[ f(~.,* ,,)<" d" ~)'"~ (f [fl~.,. ~,1. ~,1" ~,)~". 
0 0 0 0 

By convolution theorem: 

+ co ky 

o o 

we have: 

(3.21) 

and: 

IF.,I,=f(ylt):'t.ro~: + y: + ~:: l '+.  ,~ ~ x  = (yit):t,,(y~- + t:)-,-.,:f (1 + t:)-,-,,~: gt 
2,, 2,. 

thus: 

(y2 -t- t2)-~-gl2 <.Y-~-~' ; 

-~r klY 

o o 

Making the change of variable 0 = kly, and using Hardy inequality, we get 

+r 

0, 

notice that  1 + p ( ~ - - y - - 1 )  < 0 is equivalent to ~ + l ip < 1 + p, and the first 
of (3.20) is proved. 
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Similarly: 

"t'co -~co 

0 k~y 

from (3.21) and (y2~_ t~.)-�89 we get: 

+r +co 

By scaling y, and using Hardy inequality, we get: 

Let us prove the last of the (3.20)'s. 
:~\[--k0y,  koy]; Ja can be written as: 

q-r k~y 

Thus: 

If  0 < kly<t<k2y: 

I t  follows : 

Let y,~ be the characteristic function of 

-{-vo k~y 

0 ]r 

I%~F~tll < e~t~'(x~ ~- y~ + t2)-~-~ I~ dx <. c/y . 
]~]:>k0y 

-{-co /z~?2 

0 0 

Thus estimate (3.16) is established. The proof of the theorem is so complete. ][l 

REMARK 3.2. -- I t  is worthy noting explicitly that, under the assumptions of 
theorem 3.4, an estimate similar to (3.14) holds also for (1/y)%. 

4, - A boundary value problem for the nonhomogeneous equation. 

In this section we deal with a boundary value problem for the non homogeneous 
equation (0.1) in a rectangle R~ within a proper weighted Sobolev class. 
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Precisely,  in the  rectangle 

R = (x~, x~) • (0, Yo) = A • (0, Yo), 0 < Yo< + oo 

we look for solutions of the  equat ion 

(4.1) ~ , u  ---= ] 

satis[ying the boundary  conditions 

(t.2) uI~o~= 0 

and 

(~.3) l im y~ I lug( x, Y)[ dx = 0 . 
~ O  + d 

A 

The condit ion (4.2) in the  appropria te  t race sense; as in section 1 ,  T stands for 
the  union of ver t ica l  sides of /~ while E denotes the  horizontal  side y ~ Yoo 

The na tura l  funct ion spaces for the problem we are going to s tudy  are as follows. 
Le t  p > 1, ~ e ~ .  To begin with, let  L:(t t)  the  class of all meusurable functions 

u -~ u(x, t) defined in /~ such tha t  

I1 = fy [ I dx dy < + 
. / t  

Next  let  X~'~(R) denote the complet ion of the  space 

where 

iiuilx~(~) = Z 

The following propert ies  hold. 

L ~  4.1. - For any u ~ X~'~(1r 0 < ~ § 1/p < 1 + #, tt > O, the following 

estimates ho~d: 

y ~ l % ( x ~ y ) l  dx<~(x2_xi)l l~'(#p,_~.p1-~ 1)-l/~'.y~ -~+11~' u A-/zt-q% (~.4) 
.I  

A 
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where 1/p ~- 1 / p ' =  1, 0 < y < Yo, and 

]u~ p %~ + tt_ % 1 
(4.5) y ~(R) < p(:t - -  ~ -/- #) - -  1 y 1~(~)" 

P~OOF. - I t  is enough to take  u ~  C~(/~) such tha t  ]IUl[x~,~(R)< d-exp. 

< e < y < y 0 ,  one has:  
y y 

8 

On the other  hand  

For  0 < 

(4.7) 

( 4 . s )  

" % d~ dy < (const) y~  Y ] ax dy) < + Y y 
/ t  R 

R It 

where const  -= ( x 2 -  x~)~/*'(#p ~ -- ~p' d- 1)-1 ,'y0,-~+~/,'. 

I~ follows that~ for almost  every  x e A,  the  integral  in (4.6) is convergent  as 
e - ~  0 + and therefore l im eZu~(% e) is finite. :By (4.7) clearly 

e-->0 + 

lira e~'u~(x,  e)  = 0 . 
~--~0 + 

Thus,  for 0 < y < Yo: one has:  

0 

Taking the  absolute value,  integrat ing over A = (xl, x2) and using tt61der inequal i ty  
we easily get the  s ta ted es t imate  (4.4). 

To get t hen  es t imate  (4.5) we take  into account  (4.9) and make use of Hardy ' s  
inequal i ty ,  llt 

LE:~t-~A 4.2. - Let u ~ X~'~(R) and assume 0 < ~ ~ l ip  < 1. Then 

< llu,,llL~(~) �9 

PaooF.  - As in l emma 4.17 take  u ~ C2(/~) such tha t  u x,,~(~)< d-c~. 

1 1  - .Anna l i  d i  M a t e m a l i c a  
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!~ tnrns  out  tha t  
Y 

u~(x, y) = f  u~(x,  ~) d~ 1 . 
0 

Indeed,  because of the fact  tha t  u~/y ~ L~(.R) and 0 < a § l ip  < 1, one has 

lira u~(x, y) = 0 . 
y--~D + 

Therefore, via Hardy ' s  inequality,  the stated est imate easily follows, lit 

~ow in what  follows X ~'~,~0.(R~, will s tand ~or the closnre~ with respect to X~,~(.l~) ' 
of the space 

{ue ~ ( R ~  ~ ~): u ] ~ =  0, ilull~(~)< +~}. 

We define 

I t  is not  hard to see tha t  the imbedding of X ~'~' (R~ in X2,~(t~) is continuous; 
namely there exists a constant  H, depending" only on R, ~neh t M t  for any  2,~ u e X 0(/~) 

Thus in the space X 2'~ (tt) the norms 

are equivalent. 
Moreover, if 0 < ~ § l ip  < 1 then,  by  lemma 4.2, in the space X ,s.(R ) an 

equivalent norm is the following one 

R 

0 

Finally,  denote by X~ (R) the closure in the X~'~-topology of the space 

{u e r  supp u oR, []ul]x~(R)< + ~ } .  

Let/~ > 0, 0 < ~ § 1/p < 1 § #. Owing to theorem 3.2 and recalling remark 3.2, 
0 

]or any u E X (R) the ]ollowing inequality holds: 

where C is a constant  depending on /~, ~, T, R. 
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I ~ E ~ K  4.1. - We stress the fact  t ha t  functions u e X~. ( /~)  satisfy condition 
(4.3); for take  into account  es t imate  (4.4). 

Moreover,  we are able to prove a similar es t imate  for functions u e X~'~o(R). 

LE~WA 4.3. - For any u ~ X~;~o(R), p > ~, 0 < ~ -~ l i p  < 1 + ~, # > O, the ]o~low- 
ing a priori estimate holds: 

(~.~2) i[ullx:,%(~) < r q2u]l~:(~), 

C being a constant depending on /~ :r p~ R. 

P~ooF. - We s ta r t  by  making the following remark :  for functions v e C~((x 

e ~ :  x~> k)) with bounded support ,  satisfying conditions 

v],=k = 0 and lira y~[Iv~l dx = 0 
y_#0 + J i  t 

an inequal i ty  of the  type  

holds, the  norms being taken  in the  region {x e ~ :  x > k}. 
For~ i t  is enough to take  the  reflection ~7 of v th rough  x = k and apply  to i t  the  

02,~ ~L2 results of previou~ section. Indeed  ~ e ~ ' ~ ( ~ )  and so ~7 ~ X~ ( + )  ; moreover  q ~  = 
=qDv .  An analogous inequal i ty  holds for functions v as above bu t  with support  
in x<k}. 

Now to prove the  lemma we sui tably make a par t i t ion  of un i ty  in _~: 1 = ~vl 
q- ~2 q- %, ~v~e C~~ ~v,~>0 (i = 1, 2, 3). More precisely, let ~p(t) a Cr176 + c~)) 
funct ion such that 0 < v 2 < 1 

v2(t ) : 0 if O<t<~/2  

y , ( t ) = l  if ~ < t  

with 0 < ~ < min {x~-- xl, Yo}. 
Define in R:  

qol(x, y) = ~o(y) 

~2(x, y) ---- F(x - -  xl)[1 - -  F(y)] 

~3(x, y) = [1 - -  ~o(x - -  xl)][1 - -  F(y)] .  

Assume u smooth in R U  T w  E, u l r ~ =  0 and such t h a t  l]ullx~(~)< § 1 6 2  Define 
u~ = u~vi~ i = 1~ 2, 3. 
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:Notice tha t  on the support of the function u~ the operator %D is smooth and on 
the other hand the functions uz and ua fall in the remark we started with. There- 
fore in /~ we have 

By explicit evaluat ion 

Thus, because of the above proper choice of ~ and by means of interpolation ine- 
qualities, we get 

1~  ]~{R)-~ ,ID2uilL~(R)< (const)[,I qDUlIL~{R)~ IluUL~(~)] �9 

Recall now tha t  est imate (2.4) holds (see remark 2.3). We infer t ha t  

An approximation argument  finally allows us to deduce the claimed est imate 

for  a n y  u e Ill 

The a priori est imate (4.12) yields at  once uniqueness of solution to the equa- 
t ion (4.1) in the class X 2'~ (/~ Uniqueness for the problem (4.1)-(4.3) has been also 
guaranteed in theorem 1.1. 

I t  is not  difficult then  to get the following existence (uniqueness) result. 

T~EO~EM 4.1. -- Assume that ] 6 L~(I~), 19 > 1, 0 < ~ + l i p  < 1 + t ~, tt > O. 
- X ~ ~ , 1 ~  Then there exists a (unique) solution u e ~vo ~ j o/ equation (4.1). 

PlCOOF. - Suppose first / e  C~(R). Then the funct ion u ---- u(x~ y) given by  (2.2) 
turns out  to be a C ~ solution of equation (4.1) in /~ .  Moreover such a funct ion u 
vanishes on the sides x ----- x~, x ~ x2~ y ----- Yo of R i the condition on y ---- 0 is also 
satisfied. Owing to the est imate (4.12) the function u belongs to the space X~,~o(R) 
and 

li u I1 

with constant  C depending on #, g, 19, R. Take now / e  Z~(/~). There exists a se- 
quence of functions /~e C~(R) converging to / in L~(R). Thus, as we have shown, 
for each integer n there exists a function u~ such tha t  

u o e  
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Since qOs(u,~ - -  u~) = 1.,-- ] ,  we have 

V i i  I p (m, n -+ c~).  

Therefore,  by  the completeness o~ ~'~ X ~ there  exists a function u e X  2,~ (R~ 
~uch ~hat [lu,--U[]x'~,~.(~)-> 0 (n-+co). 

I t  is an easy ma t t e r  to see tha t  RD u ~ - /  a.e. in /~. 
The proof of the theorem is so complete.  ]]I 

Rw,~A~K 4.2. - We notice tha t  in our s tudy  the condit ion 0 < a § 1/p < t d- # 
is sharp.  

A) I f  p > 1, ~ d- l ip  --= I d- ,u, # > O, the  a priori  bound (4.12) does not hold. 
For,  let  ~ s  C~(~),  0 < ~ p < l ,  ~o(t) _= 0 if t < 0 ,  y(t) --= 1 if t > i .  

In  the  rectgngle 2~ = (0, 2 ) •  (0, 2) we define 

v~(x, y) -= ~(x)~(2--x)~(ny)~,(2--y),  h e 5 ' .  

We have v , e  C:(R) .  5[oreover:  

(~.13) 

and 

] ~ ~xS ] dx dy < C~ 
R 

s v 

J J  ~Y21 

fry e_, By,, ~ dx dy < C~ 
[ ~Yl 

B 

where C1, Us, Q ,  U~ are constants  independent  of n. 
Le t  us define u , =  y~-gv~, n e Ae. By  (4.13) and (4.14) we get 

and 

f f ]y ax dy < 
.B 

f f  y~ 8su~P -~ f i  dx dy> C6(log n - -  1) 

where C5 and C6 arc constants  independent  of n. 
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The above  two inequal i t ies  show t h a t  the  ~ priori  e s t ima te  (4.12) fuils. 

B) I f  # > O, p > 1, ~ - t - 1 / p < O  t h e  exis tence  t h e o r e m  4.1 does n o t  hold.  

Indeed ,  let  /~---- (0, n ) •  (0, 2) und ~ t he  f u n c t i o n  cons idered  ubove.  We  define 

~(x, y) = s inxh (y )~ (2  - -  y) 

where  h is t he  func t ion  of sect ion 2. 

Not ice  t h a t  ~ e  0~ ~ --- 0 On T u  E,  ~ ( x ,  0) = 0 ~nd m o r e o v e r  ~ e  C ~ ( ~  ~) n 

n 

L e t  us show t h a t  the re  is no  func t ion  u ~ X ~'" ~P~ ~ Jr 1/p<O~ such t h a t  ql)u 

= ql)~. I n  fact~ if t he re  were such ~ func t ion  u we would  h~ve  t h a t  

v = u - -  ~ e W,oo(R U T W E)  , y" v~I dx -~ O as y - > 0  
0 

and  ~Dv = 0. Thus  v ~ C~(R) ~ C~ t)  T u E)  und fu r ther ,  b y  the  un iqueness  the-  

o r e m  1.1, we wou ld  h a v e  u-- - -~ .  On t he  o the r  hand ,  we h~ve  

so t h a t  ~ does no t  be long  to  X~:~o(R). Cont rad ic t ion .  [tl 
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