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Summary. - I n  this paper we consider the ]amily of curves of genus g = 2m with a g~ lying on a 
particular rational normal scroll S in  P~-I(C). We define a covering o] this family representing 
the Weierstrass points and we study the monodromy. Applying the techniques of [3] we prove 
that i / g  = 4 the monodromy is the ]ull symmetric group and for general g = 2m it  is transitive. 
We show also that the generic curve of the ]amily has only normal Weie~strass points generaliz- 
ing a classical result. We work always over the complex numbers. 

1. - Monodromy groups and Weierstrass points. 

Canonical  curves and rat ional  normal  scrolls 

Let  P~, P~ be c o m p l e m e n t a r y  subspaces in P~, n----tr ~ 1 ~ -1 .  The ra t ional  

normal  scroll S~,~= S is t h e  surface consisting of the  s t ra ight  lines joining cor- 

responding points  of the  ra t ional  no rma l  curves in P~ and  P~ [1]. 

I t ' s  a surface of degree k -~ ~ and  Pie (S) = Z . H @  Z . L  where H is the  hyper-  

p lane  section and  Z is a line of the  ruling. The canonical  bundle  Kc  is equal  to 

- -  2 H  -~ (n - -  3)L. I f  C c S is a canonical  curve, i t ' s  easy to  see t h a t  C = 3 t t  
+ (3 - -  ~ ) ~ .  

I n  par t i cu la r  C has  g~. 

On the  other  hand  i t ' s  well known [6] t h a t  if C is ~ canonical curve of genus g 
in Pg-~ which is t r igonal ,  t hen  C lies on a ra t ional  no rma l  scroll S~,~. 

I f  we fix g the  possible va.lues for  k are given b y  

g - -  ~ < k <  g - -  2 

3 2 

and  a m o n g  the  canonical  curves of genus g wi th  a g~ the  generic one lies on the  
scroll such t h a t  1 -  k is m i n i m u m  (we can always suppose k < / )  [4]. 

(*) Entrata in Redazione il 2 maggio 1983. 
C**) Partially supported by: Ministero della Pubblica Istruzione - Italia; Consiglio Na- 

zionale dell6 Ricerche - Italia. 
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Weierstrass points. 

Let  C be a l~iemann s~lrfaee of genus g and  p a point  of C. According to l~ie- 
m a n n - R o c h  we have  the  following behaviour  for the  divisors k .p where k = 0, 1, 2, ... 

k 0 1 ... 2g - -  1 2g ... 

h~ 1 ] . . . .  g g + 1 ... 

so there  are integers 1 = a t <  a2<  ... < % such t h a t  

= 1 ) . p )  

for all  i. 

These numbers  are called gap values of p :  notice t h a t  the  first gap  value is 
a lways 1, [2]. 

A point  p is called regular  if the  gap  sequence is 1, 2, ..., g otherwise a Weierstrass 
point .  

The weight of such a point  is defined to be 

W ( p )  = Z,(a,--i). 

A Weierstrass point  is hypercl l ipt ic  if the  gap sequence is at = 2 i -  1 and  C 

is hyperel l ipt ic  if and  only if it contains a hyperel l ipt ic  Weierstrass point.  

I f  the  gap  sequence a t  p is 1,2~...~ g - - l ~  g 4 1  then  p is called a normal  
Weierstrass  point .  

These are the  only points  with weight  one. The to t a l  weight  of C is the  sum of 
the  weights of its points  and  this n u m b e r  is 

W =  ( g - - 1 ) g ( g ~ - l ) .  

I n  par t icular  the  n u m b e r  of Weierstrass points is finite and  i t ' s  equal  to W ex- 

ac t ly  when all the  Weierstrass points are normal .  We have  the  following classical 

Tm~o~n~L - The generic l~iemann sur]ace of genus g >~ 3 has only normal Weierstrass 
points. 

(See [1], chapter  2 or [5].) 
I t ' s  clear t h a t  b is not  a gap if and  only if there  exists a meromorphie  funct ion 

on G whose only sing~rlarity is a pole of order exac t ly  b a t  p.  
I t  follows t h a t  the  set of non-gap values a t  p is closed under  addition. Using 

ICiemann-Roeh we see t h a t  p is a Weierstrass  point  if and  only if h~ - g .p)  is 

different f rom zero, where Kc is the  canonical divisor of C. 
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Ga~ois groups and monodromy groups. 

We recall  here some facts  abou t  Galois and  m o n o d r o m y  groups. We refer  to [3] 

for complete  proofs.  Suppose X and  Y are irreducible variet ies of the  same dimen- 

sion over the  complex  numbers  and  z :  ~ -+ X a m a p  of degree d. Le t  p be a generic 

poin t  of X and  F----~-~(p)----(q~, q2, ..., %} the  fiber of z a t  p. 

We can consider two subgroups  of the  full s y m m e t r i c  group on d elements  Z~: 

(1) I f  we normMize the  funct ion fields extension K(:Y)/K(X) we get a GMois ex- 

tension L/K(X)  and  we can consider the  Galois group Gal (L/K(X))  which 

we denote  also Gal (~). 

(2) The second group is the  m o n o d r o m y  group ~lon (z) defined as follows: if U 

is a Zariski  open of X over  which z is unramified,  there  is a na tu ra l  act ion 

of ~ ( U ,  p) on / '  defined as usual  b y  l if t ing loops. 

i n  o ther  words we have  a m o r p h i s m  

and  the  image is b y  definition 3Ion (~). 

w e  have ([3]). 

THEOEE:~I. -- For Y ~ X as above, the monodromy group ~ o n  (~) is isomorphic 
to the Galois group Gal (~). 

I n  this pape r  we consider the  scroll S ---- S~_~,,~_lc Pg-~ where g = 2 m > ~  which 

is isomorphic  to P~ • P~ = Q. 

I f  L~, L~ are lines os the  two rulings of Q we have  

say, and 

L : .L~ 

H'--LI+ (m--1)Z2 

and  S is the  image  of Q under  the  embedding  given by  the  complete  l inear sys tem 

The comple te  l inear sys t em 

Iv] = + (m + 1)L.] 

of curves of t y p e  (3, m ~- 1) on Q has projec t ive  dimension 4m -~- 7 = 2g -~ 7 and  
the  generic e lement  C is a canonical  cm~ve of genus g = 2m in p~-l .  

Le t ' s  pu t  X = ICI _~ p~g+7. 

I f  Pg-l* is the  set  of hyperplanes  oi Pg-~ let Z be the  subvar ie ty  of S • p~- l ,  
consisting of the  couples (z, H)  such t h a t  z ~ / / n  S, 
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The var ie ty  Z is smooth, irreducible, of dimension g since it 's fibered in pg-2 
over S. 

We define then  I _c X •  as follows 

I = {(C, z, H) s.t. m~(C.H)>g} 

where m~(C.H) is the intersection mult ipl ici ty of C with H at z. 

I f  ~: I - ~  X is the project ion and C is a smooth curve of X, a couple (z, H) 
belongs to  z-l(C) exact ly  when z is a Weierstrass point  of C and H is a section of 
(Kc,-- g.z). 

In  what  follows a curve D on S ~ O is said of t ype  (a, b) if D is l inearly equi- 
valent  to  aL~ + bL~ i.e. we refer to  the  basis Z~, L~ of Pie (S). 

We recall also the  following e lementary  fact :  a curve of t ype  (17 b) is smooth if 
and only if it is irreducible. 

2 .  - T r a n s i t i v i t y .  

In  this section we want  to look at  the  irreducible components  of I by  studying 
the  project ion map 

q~: I ~ Z .  

We have the  following 

:PROPOSITION 1. -- I has only one component o /maximal  dimension 2g ~- 7 map- 
ping over X.  

More precisely if X1 is the subvar ie ty  of X consisting of curves C which are 
singular and X2 the  subvar ie ty  consisting of curves having a point  of to ta l  ramifica- 
t ion for the g~ and if J = z-l(X1W X2), we want  to prove tha t  among the  com- 
ponents of I of dimension greater  or equal to 2g -~ 7 only one is not  contained in J .  

Denoting by  L~(z) the  line of the second ruling of Q ~ S through the  point  z, 
for any  couple k, 1 such that k + l < m  - -  1, we can introduce the subvar ie ty  Z~,~ 
of Z consisting of couples (z~ H) such tha t  if E = H (~ S we can write 

E : E1 ~- E:  § E3 

where 

E1 is a curve of t ype  (1, k) containing z; 

E~ is equal to IL2(z); 

/~3 consists of ( m -  1 ) -  (k @ l) lines L2.  
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The variety parnmetrizing couples (z, E~), where E~ is a curve of type  (1, k) 
containing z, is smooth of dimension 2 q- 21,:. 

Since the complete linear system levi has dimension ( m -  1 ) -  (k q-/,), we see 
tha t  Zk,~ is closed irreducible var ie ty  of dimension m q - k  @ 1 -  1. When one of 
the lines of Ea coincides with /~2(z) we get a point (z, H) in Z~,~+~ and when E~ can 
be wri t ten as E'~ Jr L~ where E'I is a cm've of ~ype (1, k -  1) containing z we get a 
point of Z~_~,~. 

In  other words we have the inclusions 

Z~,~_ Z~_I,~ �9 

For t ----- 1, 2, ...~ m -- 1 we introduce also the subvariety Z~ of Z consisting of couples 
(z, H) s.t. if E = H(3  S then  

E =  E~ q - / ?  

where _R is any  curve of type  (1, m -  1 - - l )  and E~ = lLdz). 
I t ' s  easy to see t ha t  Z~ is closed, irreducible of dimension 2 m -  21 q- 1 and 

Z~_ Z~+~ 

Z~v_ Z~,~ 

for all k s.t. k q - l < m - - 1 .  
The set U~,zc_Z~,~ consisting of couples (z, H) such tha t  the irreducible com- 

ponents of E = H r3 S passing through z are exactly a curve of type  (1, k) and the 
line L~(z) with multiplicity l is Zariski open in Z~,~ since its complement in Zk_l,~kd 

(Zk,~ (~ Z~+I). 
In  the same way the set Uz_C Z~ consisting of couples (z, H) s.t. the only com- 

ponent  of E through z is L~(z) with multiplicity 1 is Zariski open in Z~ since its com- 
plement consists of the union of Z~+I and all the Z~,ds for k----0~ ..., m - - 1 - - 1 .  

Take now a point p = (z, H) in Z~,~-- U~,~. We have the following possibilities 
for E ----- H O S: 

(1) E contains an irreducible component E1 of type  (1,/c) through z, and L2(z ) 
with mult ipl ici ty l ' >  L 

Then p ~ Zk,~+,. 

(2) E contains an irreducible component E~ of type  (1, k') through z with k '<  k 
z with k '<  k and L2(z) with multiplicity lr>~l. 

Then p e Z~_~,~. 
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(3) E c~n be wri t ten  as 

If k > k ' - / 2  we can write 

where 

and p e Z~'+~,~_c Z~_I,~. 

]if 7~ : k ' §  1 and E's contains L2(z) at least twice we can write 

where 

E = E ~ § 2 4 7  

.E~ = E, + L.(z) 

and p e Z~,~+~. 
Final ly  if k = k ' §  1 and E'3 contains L~(z) with mult ipl ici ty one then  p 

~ Z k , ~  U~+~. 

F rom the pre~ious analysis it follows tha t  if Z ~ is the closed subvariety of Z 
consisting of the union of the  Z~.~'s and Z~'s of dimension smaller or equal t h an  
the set Z ~ -  Z ~ - I =  V ~ is open in Z ~ and it  consists of the  union of the following 

sets 

for k, 1 s.t. 

~ : m § 2 4 7  

E = E I §  

E1 = B~§ Z2(z) 

where 

E '  1 is irreducible of t ype  (1, ~Y) with ~:'<k and it does not  contain z; 

E2 is 1L~(z); 

E~ contains L~(z). 
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o r  

U n f o r  q'b S . t .  

-~ 2 m - - 2 ~  ~-  1 

Z~,~n U~+~ for all  ~ 1 s.t. 

l< - F - / < m - - 1  

dim U~+~ > 

i.e. for all k~ I s.t. 

k~-/<m--l. 

We can look now at the fibers of ~ over V ~. 

If p---- (z~H) belongs to U~ (for some n) a curve C of type (3~ m-~-l) has 

If C is non-singular~ it does not contain L~(z) and we can have 

m~(C.~(z)) ---- 3 in which case CeX~ 

and then 

m~(C.itl) 42q~ < g 

because n < m - -  1. 
I f  follows t h a t  if p e U,  then  ~-i(p)  _c J .  

Take  now a point  p = (z, H)  in U~,~ where ~ -= m + i -~ k - -  t and  call E1 the  
componen t  of t y p e  (1, k) th rough  z of E = H (~ S. 

The curve  E1 is smooth  and  ra t ional  and  the  linear sys tem iCl of curves of t y p e  

(3, m -~ 1) cuts on E1 the  comple te  sys tem of degree m ~- 1 -~ 3k. Le t ' s  consider 
the  curves C such t h a t  m,(Ei.C)>g--l .  

I f  

g - - l < 3 k - ~ l - ~ m  i.e. if m < ~  ~- 3k ~- 1 

t hey  fo rm a l inear sys t em of projec t ive  dimension 

(zg § 7 ) - - ( g - - ~ )  = g § ~ § 7 

and  they  satisfy also the  condition m~(C.H) > g since they  intersect L2(z) at z. 
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I n  c~se g--1 > 3 k  + I + m a curve C can have  m~(C.E~)>g--l only when it 
contains E~ ~s a component .  

On the  other hand  if m~(C.H)>g and m,(C.E~)< g - - t  we mus t  have  m,(C. 
.~(z))>2. 

~ o w  if 

m~(C..L,(z))>3 then  C~X~W X~ 

and if C is non-singular  and  m~(C.L~.(z))= 2 then  

m,(C.H) =:21 +:[<2(m--1)  + 1 < g .  

I n  fact  in the  last  case the  intersection mul t ip l ic i ty  a t  z of C with E1 is one 
because E~ is t ransverse  to L o(z). 

I t  follows t h a t  if p e Vg = U~_~,o the  fiber ~ - ' (p )  is a p~+7 and if p e V ~, ~ < g, 

o r  

~:~(p) c j 

where J ~ C J  and  ~ + f l < 2 g + 7 .  

I n  p~rt icular  the  only component  of dimension 2g + 7 mapp ing  over  X is H = 
= closm'e of 9 -~(V) .  Q.E.D. 

As immedia te  corollary we get 

Tm~0RE)~ 2. - The monodromy group is transitive. 

PROOF (see [3]). - We can find a Zariski open set A c X such t h a t  B = z- l (A)  

is contained in Y and  ~: B -~ A is unramified.  Since :Y is irreducible, B is connected 

and  for a generic C e A we can join two points  of z- l (C) with an  arc ~ contained 

in B. The act ion on ~-~(C) associated to x(y) e~rries the  initial point  of 7 to the  
end point .  Q.E.D. 

3. - N o r m a l  Weiers trass  points .  

A Weierstrass point  z on a smooth  era ' re  C of genus g is not  normal  when one 
of the  following occurs 

(1) h~ - (g -- 1)z) > 2 

(2) 7~o(Ko-- (g + :)z) > 0 .  

(Notice t h a t  each of t h e m  uutomat icMly implies t ha t  z is a Weierstrass point.)  
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The two possibilities are distinct:  the gap sequence 1 ,2 , . . .~  g - - 2 ,  g , g - ~ l  

satisfies (1) bu t  not  (2) and the  sequence 1, 2, ...; g - -  1, g -~ 2 satisfies (2) bu t  not  (1). 
I t ' s  easy to see t ha t  the  generic curve C e X doesn ' t  have points of t ype  (2). 

I f  we define in fact J7 c I as 

i = {(c, z, ~ )  s.t. mo(c .H)>g  + 1} 

for any  p : (z. H) e V ~, ~-:(z, H) (~ I is isomorphic to  a project ive space of dimen- 

sion g -~  6. I t  follows tha t  Iz Q i is a proper  snbevar ie ty  of Y. 
We want  to see now tha t  t h e  generic C e X does not  have points of type  (1). 

For  this define I ' c _ X •  us 

I ' =  ((C,p, iT) s.t. ~o(C.~)>g-:} 

and call z '  and ? '  the  project ion maps over X and Z. 
I f  Co is a smooth curve of X and zo a point  e l  Co, the  set oi H such tha t  (Co~ z0, 

H) e I '  is isomorphic to  the  project ive space PH~ - (g - -1 ) ' zo) .  
I t  par t icular  it  will h~ve positive dimension exact ly  when Zo is a point  of type  (1) 

for Co. There is an obvious component  of 1' defined as 

T = closure os ((C, z, H ) e I '  s.t. C is smooth ~nd h~ - (g--1) .z)-----1}.  

I f  every  curve C of X has a point  of t ype  (1), then  in I '  we could find at  least 

two components  of dimension greater  or equal to 2g ~ 8 ma.pping over X:  the  
second one f rom the  union of PH~ - ( g - - 1 ) . z ) ,  C G X, z s C. 

As in the  previous Theorem it is enough to prove tha t  in I '  there  is 0nly one 
component  of dimension greater  or equal to  2g + 8 which is not  contained in 

J'---- = ' - : (X:  w X~) . 

Repeat ing the  arguments  of the  previous Theorem we get easily 

(i) if p = ( z , H ) e  U=, n = 1 ,  ..., m - - 1  

'-:(p) _c J , ;  

(if) if p = ( z ,H)  G U~,~, k -~ l < m - - 1  and if l <  m - - 1  

where J:_C J' and /~ '= g ~ I -~- 8; 

(iii) if p : (z, H ) e  Uo.,,_: then  r  consists of the  union of a project ive 
space p8~+7, representing the  curves of t ype  (3, m - ~  1) wi th  a contact  
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of order greater  or equal to m with E~-~ L~(z) at z, a project ive space 
p2g+~ representing curves of t ype  (3, m ~ 1) with a contact  of order 
greater  or equal to 2 with L2(z) at z, and J~_C J .  

We conclude, again by  dimension count,  tha t  the only component  of dimension 
2g d- 8 (or greater) mapping over X comes f rom the inverse image of U,,_~.o in the  
map ~'. 

In part icular  

TtIEORE)[ 2. - The generic element C of X contains only normal Weierstrass points. 

4.  - Curves o f  g e n u s  four.  

In  this section we consider the  case g = 4 and we prove tha t  the monodromy  
is the  full symmetr ic  group. 

We conjecture in fact  t ha t  this is t rue  for any  g----2m but  unfor tuna te ly  we 
are not  able at  this momen t  to give a proof for the general ease. 

In  the  case under  consideration S --~ Q is the quadrie in p3, H is the  hyperp lane  
section and the  curves C are the curves of t ype  (3, 3) so tha t  X ~_ P~s. 

We also have:  

U = U~,o is subse~ of Z consisting of couples (z, H) where z r H n Q and  H r~ Q 
is smooth.  I t  has dimension 4; 

U1 = {(z,H) s.t. H N Q  - -  L ~ -  L2 and z~L~, z~L~}; 

Uo,, ---- {(z, H) s.t. H n Q = L~ + L~ and z e L~, z ~ L~}. 
These two substes of Z have bo th  dimension 3. 

Uo,~-~ {(z, H) s.t. H (~ Q-~ L~(z)-~ Ljz)  i.e. H is the  tangent  plane to Q s t  z}. 
I t  has dimension 2. 

According to the results of the previous sections a generic C ~ X is smooth with 
only normal  Weiersirass points and doesn' t  have points of to ta l  ramification for 
either one of the two 1, g, s determined by  the rulings of Q. Let 's  fix such a curve Co 

and let (Co, zo, Ho) be a point  of ~-~(Co) where we can suppose (zo, H0) e U = U~.o. 
Let ' s  also call J the subset of I consisting of triples (C, z, H) where C doesn ' t  

satisfy one of the previous conditions. We observe tha t  if p = (z, H) is a point  of U1 
(resp. Uo,o) the set W-~(p) is contained in J because a cm~ve C has m~(C .H)>4  only 
when it  contains L~(z) (resp. LJz)) .  

On the other  hand  if p - - - - ( z ,H)  is a point  of Uo,1 a smooth curve C has 
m J C . H ) > 4  only if z is a point  of to ta l  ramification for one of the two g~ so tha t  
also in this c a s e  (-~--l(p)C J .  
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Fallowing the technique explained in [3] we prove  

P~oPosI~IO~ 2 . -  The stabilizer o/ (Co, zo, tlo) in the monodromy group acts trans- 
itively on the remaining points o/ F = 7~-~(Co). 

12~ooF. - Let ' s  define 

Xo= (VEX s.t.m.o(O.Ho)>4}: 

i t 's  a subspace of X isomoI2ohic to  p n .  
The inverse image of Xo, a-l(Xo) contains a component  consisting of triples 

(C, Zo, Ho) where C e X o .  
We call Ioc  X o •  the  closure in z-l(Xo) of the  complement  of t ha t  component .  
By  the same argument  we used to  prove  simple t rans i t iv i ty  it will be enough 

to  prove tha t  Io contains only one component  of dimension 11 mapping over Xo. 

This will be done as usual  by  looking at  the project ion ?o: Io-~  Z. 
We notice tha t  ~ol(z~ H ) c  J if z -~  zo, H :/= Ho or z r Zo bu t  H-- - -Ho.  
I n  the  first ease in fact  a smooth curve C e X o  having m~(C.H)>~4 has Zo ~s a 

Weierstrass point  of weight > 1 because h~ - 4"Zo) is a t  least 2. 
In  the  second case any  C e Xo xi th  m~(C'Ho)>~4 must  contain E o ~ - H o N  Q. 
I t  follows t ha t  i t 's  enough to  look at  the fibers of % over points p ~- (z, H) e U 

where z r zo, H :/= t t , .  
We claim tha t  for any  such p,  ?o*(p)--~ pT. 
Suppose t ha t  Zo~ H and call /~ the intersection H ~ Q. 
The curves of the  form E ~- R where /~  is any  curve of t ype  (2, 2) form a linear 

sys tem of dhnension 8 and  they  certainly have a 4-fold intersection with H at  z. 

A curve of this t ype  will have  4 intersections w i t h / / 0  at  Zo when m~o(/2"Ho)~>4. 
I t  follows easily t ha t  the  requirement  of having a 4-fold intersection with Ho at  z0 
imposes 4 conditions on this linear system. 

In  other  words the conditions we are imposing at  (Zo, Ho) and at  (z, H) are 
independent  so t ha t  c f ? ~ ( p ) :  P ' .  

Obviously the same is t rue  is z ~ Ho. I f  z~ zo are the  points of intersection of H 
and Ho on Q we choose two points rl and r~ on Eo---- Ho N Q different f rom z~ zo 
and two other  points s~, s~ on E ---- H (~ Q different f rom z, zo. 

In  the  space of curves of t ype  (3~ 3) having 4-fold intersection with H ut z and 
with Ho at  zo, those passing th rough  rl~ r2, s~ s~ have codimension at  most  4. 

On the  other  hand  t hey  contain bo th  Eo and E~ because they  have at  least 7 
intersections with each. 

I t  follows t ha t  also in this case the  conditions at  (zo~ H0) and (z~ H) are inde- 
pendent  ~nd ~o~(p )=  pT. Q.E.D. 

Since we know tha t  for any  even g ~> 4 the  monodromy  group is transit ive,  f rom 
the  previous proposi t ion we immediate ly  get 

COROLLA~Y. -- I /  g = 4, the monodromy group is twice transitive. 



6O GIUS]~PPE CANUTO: On the monodromy el Weierstrass points 

We come now to  the  las t  s tep which consists in p rov ing  t h a t  for g----4 the  
m o n o d r o m y  group contains a simple t ransposi t ion.  

We have  the  following 

Ln)n~A (see [3], page 698). - Let ~r: Y - .  X be as be]ore. Call d the degree el Jr. 
I]  there is a point C el X such that ~r-~(C) co~sists exactly el d - -  1 distinct poin ts~i .e .  

d - -  2 simple points q~, ..., qd-2 and one do~tble point q~_~--and i] ~ is locally irreducible 
at q~_~, then the monodromy group contains a simple transposition. 

I n  our Situation we have  to  p rove  t h a t  there  is a curve C e X with  one Weier- 

s tress point  of weight two and  all the  others of weight one. There are two types  of 

Weierstrass  points of weight two corresponding to the  sequences 1236 and 1245. 

Le t ' s  consider first a curve C (smooth) having  a point  z with gap  sequence 1245. 

We denote b y  Z the  tangent  line to  C a t  z and  L ~ , / ~  the  two lines of Q through  z. 
The t angen t  p lane  to Q at  z, say H,  intersects Q in LI~- L~. Since h~ .z) ~- 2, 

all the  planes containing Z have  three  intersections wi th  C a t  z. 

I n  p~r t icular  this is t rue  for H and  L~ or ~ mus t  be the  t angen t  line to  C at  z, 

since one of t h e m  has ~ double intersection with C a t  z (at least). S u p p o s e / )  ~-- L~. 

Since a plane containing L and  different f rom H cuts Q along a residual line not  
containing z, we see t h a t  m,(C.L)  ~- 3 and  the  only plane wi th  a contact  of order 

four  is H.  
I t ' s  also clear t h a t  there  are no planes wi th  contact  af  order five. 

This obviously checks wi th  l~icm~nn-Roeh. Viceversa if C is a smooth  curve 
of t y p e  (37 3) s.t. m~(C.Z~) = 3 then  a n y  p lane  containing Z~ has three  intersections 

wi th  C a t  z so t h a t  h~ - 3.z) > 2. I n  fact  since we can a lways  find a plane 

t ransversa l  to  C at  z we mus t  have  

h ~  - z )  = 3 

h~ - 2 .z) ~- h~ - 3.z) -~ 2 .  

The t angen t  plane to  Q at  z has then  one more  intersection with C at  z and  no 

plane can have  five intersections wi th  C at  z. The gap  sequence a t  z is ]245. 

Suppose now we fix z and  J51 = Ll(z) and consider the  set of curves C of t ype  
(37 3) such t l ~ t  m~(C.J51)~>3. I t ' s  immedia te  to  check tha t  a generic curve of this 

set is smooth ,  C . L I =  3 .z  a.nd mo(C.E~(z))-~ 1. 
The curves 2J51(z) -[- 2L~(z) ~-/)'~-[- Z'~ where L'~=/= L~(z), L'~v~ L~(z) intersect  a n y  

line of one of the  two rulings different f rom Li,  L'~, L~(z), L~(z) only in one point .  
~ o v i n g  L~, L~ we conclude t h a t  the  generic C of the  set defined before does not  

have  points  of to ta l  ramif icat ion for ei ther  g~ outside z. 

We p roved  the  following 

PIr 3. - (a) on a smooth curve C el type (3, 3) on the quadrie Q the Weier- 
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strass points with gap sequence 1245 are exactly the points o] total rami]ication ]or one 
so] the two g~s given by the rulings o /Q.  

(b) I / w e  ]ix z e Q and one o] the two Zincs through z, say L~ ---- Z~(z), the generic 
curve C o] type (3, 3) s.t. m~(C.L~)>3 is smooth and z is the unique Weierstrass point 
with gap sequence 1245 on C. 

Consider now a smooth curve C of t ype  (3, 3) with a point  z having gap se- 
quence 1236. 

F r o m  l%iemann-Roch 

ho(Ko--  4 . z )  = ho(Ko--  5 .z) = 1 .  

Fur the rmore  the  points t such tha~ h~ 5.t) ~ 1 are exac t ly  the  points with 

weight > 1 and a sequence different f rom 1245. I f  we take  Pc---- (zo, Ho) e U let 's 
call Eo the intersection Ho ~ Q and 

w =  ( v e x  s.t. m~o(e.~o)>5}. 

:PROPOSlTIO~ 4. -- W is isomorphic to plo, the generic C e W is smooth and zo, as a 
point o] C, has the gap sequence 1236. 

PROOF. - The proof of the  first s ta tement  is trivial.  I t ' s  easy to  see tha t  the 
generic C is smooth  at  zo. 

By  Bertini 's  Theorem we get t ha t  the generic C is smooth  everywhere.  Checking 
all the  possible sequences a t  Zo, we have b y  l%iemann-l%och h~ so 
t h a t  Ho is the  only p lsne  with a contact  of order greater  or equal to  five at  zo. 

The point  Zo could have a sequence different f rom 1236 only if h~ - 6 "Zo) -~ 1. 
Since the  curves of t ype  (3, 3) cut  OR Eo the  complete sys tem of degree six, this 

does not  happen for the  generic C e W. Q.E.D. 

The next  proposit ion tells us that the  generic C e W has only one Weierstrass 
point  of weight > 1. 

PROPOSITION 5. -- The Weierstrass points different /tom Zo of the generic C e W 
are normal. 

PROOF. - We will show tha t  for a generic C e W 

(a) there  is no point  z ~e Zo such tha t  the weight of z is > 3 or the  weight is 2 
and  the  gap sequence is 1236; 

(b) C does not  con*ain any  point  with gap sequence 1245. 
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Like in Proposi t ion 2, for (a) i t ' s  enough to p rove  t h a t  the  subset  M of W •  
given b y  

, . ~ =  { (C ,z ,H)  s.t. m ~ ( C . H ) > 5 ,  zC-Zo, H-Clio} 

cannot  m a p  onto W. 
As usual  we look a t  the  m a p  ~: M -+ Z. Following the  same a rguments  as in 

Proposi t ion  2 we see t h a t  iffs enough to  look a t  the  fibers of ~ over  points  p ---- (z~ 

H)  e U and  t h a t  if z 0 ~ H  (or z@Ho) the  conditions of contac t  of order >~5 a t  z 

and Zo are  independent. 

I n  case z e Ho and  zo e H, if we t ake  r e H~ s e Ho different f rom z, zo among  
the  curves wi th  the  required contac t  a t  z~ zo those containing the  points  r and  s 

fo rm a subspace of codimension < 2 .  
On the  other  hand  they  fo rm a pa  since they  mus t  contain/~o and  E = H (~ Q. 

This implies t h a t  ~- l (p)  ~ p~ fox' a n y  p = (z~ H) e U~ z ~: Zo~ H # Ho, and  b y  di- 

mension co~nt M cannot  m a p  onto W. 
For  the  point  (b) le t ' s  consider a couple (z~ L) where z r zo a n d / )  contains z and  

belongs to a fixed rul ing of Q. 
Le t  t be the  point  Z (~ Eo. I f  t is different f rom z~ the  curves wi th  3 intersec- 

t ions wi th  L a t  z have  codimension 3 a m o n g  the  curves of t y p e  (3, 3) containing Eo. 
I n  fact  t hey  mus t  contain (Eo and) s  So t hey  fo rm a p5 ~nd the  requi rement  

of hav ing  a contac t  or order 3 wi th  L a t  z imposes 3 conditions on W. 
I f  t ---- Eo (~ L ---- z let  r (resp. s) be a point  of L (resp. 2~o) different f rom z (resp. 

z, Zo). 
The curves of t y p e  (3~ 3) having" 5 intersections wi th  Ho ~t zo~ 3 intersections 

wi th  L a t  z and  passing th rough  r and  s fo rm a p5 because t hey  contain ~gain Eo 

~nd 15. 
Since they  have  codimension < 2  a m o n g  those  s~tisfying the  first two require- 

ments  b y  dimension count  we conclude t h a t  the  generic C e W does not  contain 

points  wi th  sequence 1245. Q.E.D. 

I n  order to  conclude t h a t  the  m o n o d r o m y  group contains the  t ransposi t ion  we 

check~ according to the  L e m m a ,  t h a t  Y is irreducible a t  (C~ zo~ Ho) where C is a 

smooth  curve of W. 
Since (z.~ H.)  is in U~ there  is a neighborhood B of (zo~Ho) in Z such tha t  

:gl. = B • p~l. 
I n  par t icu lar  :g is irreducible a t  (C~ z0~ Ho) and  we proved  

TLrE01~E~. -- I /  g = 4 the monodromy group is the ]ull symmetric group on 60 = 

= (g - -  1)g(g + 1) elements. Q.E.D. 

The au thor  would like to  t h a n k  JoE  H A ~ I S  for suggesting the  p rob lem and  

for m a n y  helpful  conversat ions during the  p repara t ion  of this paper .  
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