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Generalized Solutions to Free Boundary Problems 
for Hyperbolic Systems 

of Functional Partial Differential Equations (*). 

PIERO BASSANINI - JAlg TURO 

S u m m a r y .  - Local a.e. solutions to a /tee boundary (Ste/an) problem ]or a quasilinear hyper- 
bolic system o] junctional PDE' s  o] ]irst order in two independent variables and diagonal 
]orm are investigated. The ]or.mulation includes retarded arguments and hereditary Volterra 
terms. 

1 .  - I n t r o d u c t i o n .  

Let  us denote  b y  I~0 the  curvi l inear  rectangle  

zo.--  ((x, y): x e [0, ao], Sl(x) < y  < S~(x)}, 

where S ~ ( 0 ) =  ak and  a0 > 0, ak are given constants  (k = 1, 2). Le t  the  unknown 

line y = ~0(x) divide the  set  1.0 into two sets I~0, where S~(x)<~y<.<~o(x), and I +,  
where qD(x)~<y<.<S~(x), with S ~ ( x ) < q ~ ( x ) ~  S:(x) for x e [0, ao]. We will denote b y  
(( -~ ~ and  ((-)~ the  value of the  considered funct ions on I + and  I~-~ respectively,  

and  b y  [z[~---- m~x  ]z~ i the  no rm of z in R ~. 
l ~ i ~ n  

We consider quasilinear hyperbol ic  sys tems of funct ional  par t ia l  differential 

equat ions in diagonal  fo rm 

(1) D~z~ + 2~(x, y,  z, Vz)D~z~ = ]~(x, y ,  z, V z ) ,  i ~ ~ ~-- 1, . . . ,  

(z = z(x, y),  Vz  = (Vz)(x ,  y)) ,  with  the  init ial  condit ions 

(2) z(0, y) = y(y)  , Y ~ [al, a~], 

(*) Entrata in Redaziono il 4 giugno 1988. 
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the  boundary  conditions on the fines y ~ Sk(x), k = 1, 2, 

( 3 )  = 

(3 k = {i: sgn [~(O, g~, 0, 0 ) -  S'~(O)] = (-- 1)~+x}), and the boundary  conditions on 
the free boundary  y = ~o(x) 

(4) g ( x ,  V(x) ~ 0) = R~(x, ~(x), V(~)(x), ..., V(~-~)(x), ~ (x ,  ~(x))) ,  i e 3~, 

which satisfies the equation 

(5) _ n ~, ~(x) ,  ~(~)(~), . . . ,  ~,~_1)(~), ~-(x,  ~(x)) ,  ~+(x, ~(x)) )  
~ X  m 

and the initial conditions 

(6) q(0) = ~o ( ~ < # o <  ~ ) ,  ~(~)(o) = ~ ,  k = 1, ... ,  m -  1 .  

Here  

and 

3 ~ = {i: sgn [A~(O, rio, 0, 0) - -  #~] = ~= 1}. 

Let  C~-1[0, a] be the set of real functions of class C m-1 on [0, a] whose (m--  1)-th 
derivatives are Lipschitzian. 

In  this paper we are interested in local generalized (a.e.) solutions of mixed 
(initial-boundary) problems (1)-(6) with the free (unknown) boundary  y----= q(x), 
whose initial values (6) are known. We seek the function z: I~ ~ R ~, whose restric- 
tions to the sets I~  and I + are Lipsehitzian, and the function ~: [0, a] -+ R of class 
C[-x[O, a], satisfying equations (1), (5) a.e., initial conditions (2), (6) and boundary  
conditions (3), (4), respectively. 

Generalized solutions have been investigated in the pas t  b y  various authors:  
for hyperbolic systems in bicharacteristic form with initial or boundary  conditions 
by  Z. KA~ONT, J.  TWRO [7], [8] and J.  Tv~o [12], [13], for system (1) with mixed 
conditions by  J.  Tune  [14], for pure differential systems with mixed conditions (with 
a different definition of generalized solution) by  V. E. ABOLINIA, A. D. MYSHKIS [1] 
and A .D .  ~u h . M .  FIL]~WONOV [11]. Of fundamental  importance for our 
approach are the ideas and methods for pure differential systems with initial or 
boundary  conditions developed b y  L. CESAEI in a series of papers (see [3]-[6] and 
references therein). Cesari's method has been subsequently applied by  P. BASSA- 
NINI (see [2] and references therein). Classical solutions of free boundary  problems 
(1)-(6) (without functional argument) h a v e  been considered by  K. Yu. KASAKOV, 
S .F .  1V[o~ozov [9]. 
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Our work is aimed at  hyperbolic free boundary  and Stefan problems which arise 
from ~pplications [15], [16]. This motivates the formulation of the problem, adopted 
here. In  particular z(x, y) has, in general, a jump discontinuity across %he free 
boundary  y = ~(x) (cf. [15]). The functional operator V includes retarded argu- 
ments and Volterra hereditary operators [7], [13]. 

2. - Basic  assumptions .  

Assv~emzo~ H~. - Suppose tha t ,  for given f2 > 0, 

1) there is a constant  s >  0 such tha~ for all x, ~ e [0, ao] we have 

<, Ix-  

2) the functions 

sgn [ , t , ( . ,  ,V~(.), . , . )  - -  ,S'~( . )3,  

k ~ l ,  2 ; 

sgn [9.,( . ,  (p ( . ) , . ,  .) - -  )] 

are constant  in [0, co] X~aol where 

~ =  [ -  ~,  ..O]" c R ~ , E~~  [0, ao] x.Q xF2 ; 

3) the flmctions ).~(x, y, u, v) ( (x, y, u, v) ~ J~.. = I~. x f2 • ~ ,  i ~ 3) are meas- 
urable with respect ~o x and continuous with respect to (y, u, v); 

4) there are a constant  A > 0 and integrable functions 

(R+=[0,+oo), j=1,2,3) 

such tha t  for all (x, y, u, v), (x, y, u, ~) ~ E~o we have 

I),~(x, y, u, v ) l < A  , i z  3 , 

]~(x, y, u, v ) -  X~(x, y, ~, ~)I<ll(x)ly - ~l § l~(x)lu - ~]~ § l~(x)lv-  ~1. ; 

5) there are constants so e (0, bo) and Ao > 0, such tha t  

S~(xj > Ao )~i(x, y, u, v ) - -  ' ' 

~2(~)-/~i(x, y, u, v ) > A o  

~(x,  y, u, v ) - -  ~'(x)>Ao 

~'(x)--  ~(x, y, u, v)>Ao 

for i ~ 31 , y ~ [%1(x), Sl(x) -4- Co], (x, u, v) e/~o.,  

f o r i e 3 ~ ,  yE[S~(x ) - eo ,  S~(x)], (x, u, v ) eEo~  

for i E 3 + , y ~ [~(x), ~(x) + ~o], (x, u, v) E E~., 

for i ~ 3 - ,  ye[q~(x)--so,  q~(m)], (x ,u,v)c-E~o,  
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where 

r a i n / m i n  [S~(x) --  q(x)], rain [~(x) --  Si(x)] / . bo 
([0,ao] [0,ao] J 

ASSUMPTION H ~ .  

1) Assumption Hi,  3) is satisfied by the functions ]i(x, y, u, v), i e 3; 

2) There are a constant  ~ > 0  and integrable functions kj: [0, ao ] -~R+  
(j = 1, 2, 3) such tha t  Assumption H~, 4) is satisfied by f~(x, y, u, v) with A re- 
placed by F and lj(x) by kj(x). 

ASSUlVIPTION V[ 3 . 

1) There are constants r~>0 (j = 1, 2) such tha t  for all (x, u), (~,~) in 
[0, ao] •  we h~ve 

2) There are constants r, %., ~>0  (j = O, 1, ..., m - -  1) such tha t  for all 

(x, ~, ~1, ..., ~=_1, u) ,  (~, ~, r ..., r ~) e ~oo, 

we have 

IRT( x, 7', 7'1, ..., 7~,,,-1, u ) - - / ~ 7 @ ,  '~ r ..., ,F,,,-1, ~ ) l <  
m--1 

~=0 

where ~ ~  : [0, ao] • R ~ X ~.  

3) The compatibili ty conditions R~(0, y ( ~ ) ) =  yi(~),  i e 3 ~, k = 1, 2, 

~T(O,~o,~, . . . ,~_,P(~o~ o)) =r , (~o~ o), ~e~ +, 

are satisfied. 

have 
4) There are constants co,/1>0 s.t. for all y, ~ [~1, rio] or y, ~E [rio, ~2], we 

ly,(y) --  V,(~)l < P J y - -  ~[, i e 3 ;  max  [?(Y)Is = ~ < .(2. 
[~r 

ASSU-M:PTION H a . 

1) The function H(x, 9, ~i, . . . ,~m_1, u, v) is measurable with respect to the 
first variable and continuous with respect to the remaining m + 2 variables in 

~o. = ~,,. x,,~. 
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2) There are a constant  h >  0 and ~n integrable function h: [0, Co]-+R + 
s.t. for ~tl (x, q~, % ,  ~ ~._~, u, v), (x, ~, @~, . . . ,  (~_~, u, ~) ~ G~o we h~ve 

[H(x, 9, ~ ,  ..., 9~_~, u, v) i < h ,  

[~(x, ~, ~1, ..., %~_~, u, v ) -  ~(x, ~, ~ ,  ..., ~ _ ~ ,  ~, ~)i< 

i =  

We denote by ~)(a) the set of ull ftmctions z: I~ - ->R ~, whose restrictions to 
the sets !~ ~nd I + are continuous and Lipschitzisn with respect to both variables; 

by B(a) the subset (z: ze ~(a), [z(x~ y)l~<f2}; by B(a, P, Q) the set of a11 func- 

tions in B(a) s.t. Iz(x, y)- z(~, y)I~,<i'Ix- ~I + QIy- ~I s all (x, y), (~, y) in I: 
or I +. We ~ssume Q>/~ (_P>O)~ so that the closed set 

(0 < @ < Q ~  w] is not  empty.  

Assl2~mlO~ Hs. - Suppose tha t ,  fol ~ every a e (0, Co], 

1) V: B ( a ) - + B ( a ) .  

2) There ~r~ integr~ble l~notions c, d: [0, co]--~R+ s.t. for every z e B(a) 

we have 

~(Vz(~, .)~ <~(~)~z(~, -)~ + a(x), ~ e  [o, ~],  

~z(x, .)~ : =  sup { ly -  ~1 -~ Iz(~, y ) -  z(x, ~)l.: y, ~e [S~(x), s~(~)]}. 

3) There is an integrable function m: [0, ao] --~ R+ s.t. for sll z, ~ e B(a) and 
x e [0, a] we have 

]lzil~ : =  sup {!z(t, y)[.: (t, y) ~ /~} ,  I~ = {(t, y): Sl ( t )<y<S~( t ) ,  t~  [0, x]} . 

3 .  - Preliminary lemmas. 

We consider, for z ~ B(a), the characteristic problem 

Dtg(t; x, y) = ,~,(t, g(t; x, y), z(t, g(t; x, y)),  ( rz ) ( t ,  g(t; x, y))) , 

(7) ( i e ~ ,  for a.e. t e [0 ,  a.], every (x,y)~I~- or I + ) ,  

g(x; x, y) : y .  
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Because of Assumptions 3), 4) of tt~, 2) o~ H~, ~nd z ~ B ( a ) ,  we conclude that  the  
functions ~ ( ' ,  z( '),  (Vz)(.)): I~ - ~ R ,  i e  3, s~tisfy the C~r~th6odory conditions. 
Thus for every z e B(a), there is u unique muximul solution g~ = g~(t; x, y) of prob- 
lem (7) (<~ ~ unique characteristic of the i-th f~mily through every x, y ~>) in I +, I~. 
We denote by  ~i(x, y, z) the  smallest v~lue of t for which the m~ximul solu- 
tion g, = g~(t; x, y) exists, ~nd we consider the following subsets of I~  (where 

vi = ~(x,  y, z)): 

i ~ = {(x, y): (x, y) Yr 

~,~ = {(x, y): (x, y) 

z ~  = {(x, y): (x, y) 

z ~  ~ = {(x, y): (x, y) 

e I2 ,  ~, = o } ,  

eI-~, v~> O, g~(~; x, y) = S~(v~)}, 

z T �9 e l 2 ,  ~ , >  0, g~( ,, x, y ) =  S:(~,)} 

e I ~ ,  v~> 0, 2(~,;  x, y) = ~(~,)} ,  

defined ~eoordi~g to the (~ starting points ~) of the characteristics. We will need the 
following constants, depending on a: 

0 

a 

L, := f [l~(t) + l~(t)m(t)] d t  . 

0 

L E ~ A  1. - Let Assumptions 3), 4) o] H~ a~d t t  5 hold, u, v ~ B(a, P, Q), and 
(x, y), (~, ~t) e I + or I[ .  Then, i] g~., g~ are the (maximal) solutions of problem (7) 
in I + or I-i, respectively, the ]ollowing inequality (]or every t in the maximal interval 
o] existence) 

u t _ _  v Ig~( ; x, y) g~(t; ~, fl)I<~L~(AIx-- ~l + lY-- Yl ~- L~]]u-- vii) 

holds, where lizli : =  m~x [z(x, y)l~. 
Ia 

The proof follows, ~s in [14] ,  from the previous inequalities and Gronw~ll's 
Lemm~. 

LE~[~A 2. - Suppose Assumptions t t l  and t t  5 are satis]ied, and a, 0 ~ a<ao, is 
su]]ieiently small so that An<co,  where eo is given in 5) o] tt~. Then, ]or all (x, y), 

-~ -~ -~:~ (the bar denotes closure) and z ~ B(a, P,  Q), we have (x, ~) in Is~ ~ or Is~ ~ or I~, 

(8) [v,(x, y, z ) -  v~(x, ?7, z)[ <AT~ L~[Y-  ft[ . 

- u  -v  - u  -v  - - - -~  - v  - + v  Moreover Jor (x, y) in Is1 ~ (~ I~1 ~ or Is~ ~ n I ~  or I~  (~ I~  or ]~+~ (~ I~, , and u, v 
B(a, P, Q), we have 

(9) Ivy(x, y, u ) -  ~(x, y, v)[<AolLiL~llu-- vii, i e  ~. 
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Pl~oos. - Firs t  we prove inequali ty (8). Let  us suppose tha t  (x, y), (x, ~) are 
in /s,~ and y > ~. Then, since the characteristic lines of the same family corres- 
ponding to the function z cannot intersect, we have w~(x, y, z) < ~:~(x, ~, z). From 
Lemma 1 it follows tha t  

(~o) g:(~,(x, ~2, z); x, ~) - g~(v,(x, ~, z); x, ~) <L~(y-  y). 

Writing the characteristic equation in integral form yields 

where 

H e n c e  

( i ] . )  

~t 

z ~  ~ f v v~ g~( ~, x, y) = S~(v~) Jr ~( t ,  g~, z(t, g~, (Vz)(t ,  Yd) dt , 
v~ 

v~ = ~r y, z) ~ f~ --- vi(x, ~, z ) ,  Y~ -= gXt; x, y ) .  

gZ(~i; X, y ) -  gi( i, X, y)  k~l(Ti) t'~l(~i) -4-t';.l( t, gi ,  z(t, gi), (Wz)(t,  gi)) ~t d 
T~ 

7~ 

From the est imate Igf(t; x, y ) -  S~(x)[<Aa for any  characteristic in I s~ ,  it  follows 
tha t  g~(t; x, y) e [S~(x), S~(x) ,~ so], provided (x, y) -" ~1. ~ I s~ ,  so tha t  i ~ Thus, by  
assumptions A n < s o  and 5) of H~, we have 

[~(t ,  y~, z(t, ~ ) ,  (Vz)(t ,  y~)) - S'~(t)]> Ao . 

Hence, by  (10), (11) we obtain 

(12) f~--  v ~ < A J  ~ [g~(f~; x, y ) -  g~( ~, x, ~ ) ] < A j I L ~ I y  - Yl 

The remaining cases call be handled similarly. To prove (9), let us assume tha t  
(x, y) ~ Is~ ~-~ ~ Is,~-" and v~ (x, y, u) < T~(x, y, v) (again, the remaining eases can be 
dealt  with in a similar way). By  Lemma 1, we have 

(13) gi t~l~i~v~'~ , x, y) --  g~(7:i(v) ; x, y)! <. L~L~!lu-- vii , 

where ~'~(v)= v~(x, y, v). From the characteristic equation, 

g~(~,(~); ~, y) - g~(~(~); x, y) = f [ u t ,  ~ ,  ~(t, ~ ) ,  (v~)(t ,  y:)) - srl(t)] dr. 
~(u) 

Thus the assertion follows from 5) or I t  1 and inequali ty (13). /// 
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Integrating the differential system of first order, equivalent to problem (5), (6), 
we obtain 

~k(x) = fl~-~fq~+x(t) d t ,  k = O, 1 , . . . ,  m - -  2 ,  
0 

~_~(~)  = ~,~_~ + fR(t,  v(t), ..., v,~_,(t), ~-(t, v(t)), ~+(t, v(t))) at, 
0 

where ~0 o = T. Because of H4 we see that this system satisfies Curath~odory condi- 
tions. Thus, Vz ~ B(a), there is a unique maximal solution q~(x), j = O, ..., m -  1, 
in [0, a], which is Lipschitzian with respect to x, say with the constant ~5. 

LE~i 3. - I /  Assumptio~ H~ is saris]led, then, ]or all u, v ~ B(a, P, Q), and 
x e [0, a], we have 

I~?(x)-~(x) l<Mll~-vl l  , i = o , x , . . . , m - x .  

P~OOF. - Put 

m - - 1  

W(x) = (1 + 2Q)lq~'~(x)- ~(x)l + ~ [~oy(x)- ~.(x)l. 
5 = 1  

By 2) of H4 we have, for j = 0, . . . ,  m - - 1 :  

(15) 
0 0 

Combining inequalities (15) we obtain 

x 

w(x)<.~fi(,)~t. II.-~Jl +f z(t) w(t)~t, 
0 0 

s = (1 + 2Q) Z a~] ~(t) 
k = 0  a 

whenoe, by Gronwall's Lemma, W(x)<.~l(x)Ilu--vii , with 

a 

0 0 

Thus, by (15), the assertion follows, with 

a 

M =f[2 § _~(t)] ~(t) dt.max [1, am]. 
0 
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4. - An integral.functional operator and its properties. 

:Now we consider in B(a) the operator ~ defined by 

Sz  = T z  + Uz , 

where 

(16) (Tz)~(x, y) = 

0 ~w,g~( ; x, y)) 

. . ,  

(the (~ start ing value ~) of z(x, y)), 

(17) (~z),(x, u) =f],(t, y,, z(t, y,), (vz)(t, y,)) dr, i e ~, 

~ Im z (x, y ) _  , , ,  

(x, y) e I ~  , 

(x, y) e I ~  ' , 

LE~,a-~L~ 4. - Let Assumptions H~-H5 hold. Then, /or every z e B(a, P, Q, @) the 
]unction Sz restricted to I [  and I + is continuous with respeet to (x, y). 

The proof is similar to  ~hat of Lemma 3 of [14]. /// 

Pu t  

K = f[k~(t) + k~(t)Q -~ k3(t){e(t)Q + d(t)}] dr. 
O 

LE~_M~. 5. - I] Assumptions H~-H5 are satis]ied, then, /or every z in B(a, 1), Q, @) 
the /unction Sz satisfies in I ~  a Lipsehitz condition i~ y with the constant 

@~ = ( r + K ) ~ , .  

The proof of this lemma is similar to t ha t  of Lemma 4 of [14]. 

L E ~  6. - Let Assumptions H~-I:[~ hold. Then, /or every z e B(a, 1 ), Q, @), the 
S _ _  S ]unetio~ Sz is Lipsehitzian in ]v~ ~ with respect to x with the constant P ~ -  Q r A - ~  F. 

(the ((evolution along characteristics )>), where y~ = g~(t; x , y ) ,  and z~----z~(x, y, z). 
From now on we sssame: 2Aa < bo, which yields Is ,  r N I~, ----0, i~r n T+~=  0, 

"u -T~ and Aa<eo,  which guarantees t ha t  5) of H~ is satisfied in the sets Is~ ,  I~, . 
Using the previous estimates an4 the compatibili ty conditions we can prove 

the following 
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The proof can be carried out as in [14], Lemma 5. 

LElVr~A 7. - I /  Assumptions H~-H 5 are satis/ied, then in the sets Is~ ,  k = 1, 2, 
the /unction Sz satis/ies a Lipsehitz eo~dition in y with the constant 

Q~ = Z~{A; ~ [r~ § %(P § Qa) § § K}. 

For the proof, see [14]. 

LEM_~fA 8. - Zet Assumptions H1-H5 hold. Then, /or every z e B(a, P,  Q, ~), the 
/unction Sz satis/ies in I ~  a Zipsvhitz vondition in y with the constant 

Q~ = Z~[(R § F ) A ;  ~ + K ] .  

-+Z 
P~oo~. - Suppose (x, y), (x, 9 ) e i ~ ,  ~ (similarly for I~, ) and Y<Y. Then Lem- 

ma 2 implies 

[(Tz)~(x, y ) -  (Tzh(x, 9)I <RAoX Z~IY-  Y] , 
m - - 1  

R :=  r + ~ ~ ej + e(P + Q~) .  
~=0 

[(Uzh(x, y ) -  (Uz)~(x, 9)[<Z~(K § A j ~ ) l y -  Y[ . 

Therefore I(Sz)~(x, y ) -  (Sz)i(x, 9)[.< ~ "~Q~ ]Y-Y], and the lemma is proved. 

R E ~ K  1. - F rom Lemmas 5, 7 and 8 i t  follows tha t  the function Sz satisfies 
in I~- and I + a Lipsehitz condition in y with the constant  QS _ - m a x  [Q~, Qo s, Q~]. 
As a - + 0  + we have Q~ F~ Q ~ . . A o I ( R  § F), s -1 ,-~ Qo,-~ Ao [rl § ~ + r~(P + Qs)], so 
tha t  l~ = max  [Q~, Q~, QSo] depends on P, Q. 

If  the points (x, y) and (x~ Y) belong to different sets i:~, then~ in view of Zem- 
ma 4 and by introducing an intermediate point, this case reduces to the one already 
considered. 

LEM~_~ 9. - I] Assumptions H1-H5 are satis/ied, the ]unction Sz satis/ies in I-~ 
and I + a Lipsehitz condition in x with the constant p z  = Qs A § F.  

The proof of this lemma is similar to tha t  of Lemma 7 in [14]. 

l ~ E ) g ~  2. - In  particular, without  loss of generality, we may  assume tha t  
A~>I. Then~ by  Lemmas 5, 7, 8 a n d  9, we conclude tha t  the function Sz satisfies 
in /~- and I + a Lipsehitz condition with respect to (x, y) with the constant  Ps. 

Furthermore,  since ~i(x, y, z)>~vi(x, Y, z), by  Lemma 2, we find 
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LE~U-~A 10. - S u p p o s e  a ~ (0, no] is su]Jiciently small, so that 

(18) a <  e[rl + r~(P + Qs) + R + FA + F] -~ . 

Then, under Assumptions H~-Hs, the operator S maps B(a, P, Q, e) into B(a, ps, QS, ~). 

P~ooF. - This will be proved by  showing that ,  for z e B(a, P, Q, ~), 

(19) i(Sz)( x, Y ) -  y(Y)[. < e ,  

and 

(20) (Sz)(O, y) = r(y) , y e ~1, ~] . 

First ,  let (x, y) e ]~,"; then we have 

l(Sz)~(x, y ) -  ~,,(y)l<FIg~(O; x, y ) -  Yl + f F dt<(PA + ~')a . 
0 

Next,  let (x, y) e ]~s~, then taking into consideration the compatibil i ty condition 3) 
of It3 and the initial condition (2), we see tha t  

< R~ ~,, , s,~(~)))- R~(o, ~(0, 

+ [R~(0, ),(~)) -- 7,(y)[~< [r~ @ r~(P + Qs) -[- FA]a,  

where v~ = ~(x, y, z). Finally, suppose tha t  (x, y) e _7~ ~, then by  compatibil i ty 
condition 3) of H3 we get 

' T ~7= i(r~)~(x, y ) -  r,(y)I < I R, (~,, ~(~), ..., ~'~-1'(~,), ~ (~,  ~(~,))) - 

- RT(o, v(o),  . . . ,  v(~-~,(o), ~ ( o ,  v(o)))[ + 

+ [nT(o, ~o, ..., fl~_~, r o)) - r , (y) l<(R + r A ) a ,  

where again ~, = T,(x, y, z). Since l(Uz),(x, y)[<Fa, combining the previous esti- 
mates yields 

l(Sz)~(x, y) -- ~,(y)[ < [r~ + r~(P + Qs) + R + FA + l~]a. 

Hence,  by  (18) we conclude tha t  (19) holds, while (20) is obviously salbisfied. 
Lemmas 5-9 imply tha t  Sz satisfies in Ia ~ a Lipschitz condition with respect to both  
variables, with the  appropriate constants ps, QS. Thus the proof is complete. //[ 

From now on we shall assume tha t  (18) is satisfied. 
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Notice tha t ,  generally speaking, PS>~t), Qs>~Q, so t h a t  

B(a, P,  Q, ~) c B(a, ps,  Qz, e) �9 

The opera tor  S is defined oa  all B(a). We shall use the  same symbol  S to denote  

the  restr ic t ion of S to the set B(a~ P, Q, ~). P u t  

a 

/~ ~--f[ks(t) -~ k3(t)m(t)] dr, F ---- min  [P, p s i ,  Q : min  [Q, QS]. 
0 

-:~v LElV~. 11. - Let Assumptions H~-H 5 hold. Then, ]or all (x, y) e i~T, ~ (3 I t ,  , u, v e 
e B(a, P, Q, ~), we have 

I(Su)(x, y ) -  (Sv)(x, y)[~< q~Hu-- vii , 

where q~ = Z~Ls(/~ + K) + I~, so that ql -+ 0 + as a --~ 0 +. 

The proof of this 1emma can be carried out as in L e m m a  10 of [1~]. 

Similarly as in [14] we can also prove  the following 

- ~  -~) 
LE~MA 12. -- I /  Assumptions tt~-It~ are saris/led, then, /or all (x, y) in Is~ ~ (3 Is, ~ 
-~ B(a~ P, Q, ~), we have I ~  and u, v e o r  I ~  i (3  -v 

[(Su)(x, y ) -  (Sv)(x, y)[, <~ q~l]u-- vii , 

where q~ = L~Ls[ATI(r~ + r2(P + Qs) + ~) + K] + ~ + r2, so that q~ -+r~ as a -->0. 

LE~:Y~A 13. - Suppose Assumptions Hx-tt5 hold. Then, ]or all (x, y )~  I ~ ( 3  ] ~  
and u, v E B(a, P,  Q, ~), we have 

I(su)(x, y ) -  

where q3 --- L~L~[A~I( R + T)  ~- K]  

PRooP. - Le t  (x, y) e _7~, u (3 i~, v, 

I(Tu)~(x, y) -- (Tv),(x, y)] < 

(sv)(x, y)l.<q3I]u- vie, 

M(~ + 2 ~ )  + ~ ,  so that qa--->O as a-->O. 
" 5=0 " 

then  b y  Lemmas  2 and  3 we have  

Assume, for definiteness, that  7:~(x, y, u )< ~(x ,  y, v), then  b y  LeInmas 1 and  2 we 

see t h a t  

(21) I(Uu)~(x, y) -- ( Uv)~(x, y)l<<. [L1L~(K + ~ A o  ~) ~- _K] ]lu -- v II , 

whence the  assert ion follows. 



PIEt~O BASSANINi - JA N  TUt~0:  Generalized solutions, etc. 223 

L E ~  14. - I /  Assumpt ions  H1-H 5 are satis]ied~ then ]or all (x, y) in i+~N~, _f+v 
or I~,~--u (5 I~--~ or I~--~ N i-~v, or i +~" n i +vw , a~d ~, v in  B(a,  P,  Q, @), we have 

l(Su)(x, y ) -  (Sv)(x, y)], <~ q~!]u-- vlJ 

where q4 = LIL~[F ~ A ~ ( R  ~- ~ )  -[- K] -F J~, so that q~ ->0 as a -~0  . 

P~ooF. - We consider only the  ease when (x, y)e i~n_7~+,~ ;  the  remaining 
cases can be handled similarly. 

Since ~:~(x, y, u ) =  0 for (x, y ) e  i +~, by  Lemma 2, we have 

[T~[</;%L~II~-- vii, 

where, here and in the rest of the proof, v~ = ~(x, y, v). ~oreover  Z~(x, y, u, v ) -  
--~o'(x)~>A., since i e ~+, O<~y--~v(x)<~Aa<~so and because of 5) of H~. Therefore 
the function g~(t; x, y) -- ~(t) is increasing in t on ~he interval [0, x], whence 

g~(0; x, y ) -  flo~<g~(r~; x, y ) -  ~(v~). 

In  view of Lemma 1, we get 

[g~( ~, x, y ) -  ~(v~)l -= [g,(T,, x, y ) -  g~(~; x, y)I<L~L~Ilu-- vii �9 

Hence  we obt.ain 

Ig~(0; x, y ) -  #.I <L~L~IIu-- vii . 

On account of compatibi l i ty coadlt.ion 3) of H~ and initial condition (2), we find 

l(TuhCx, y ) -  rvh(x, y)]< 

<[R+i (T.i, ~(Ti) , ..., ~9(m-l'(Ti), ~:(Ti, ~0(Ti)))- 
- ~+(o, v(o), ..., v~o-,(o), ~ (o ,  v(o)))[ + I~,,(~(o; x, ~)) - ~,,(~~ + o)[< 

<~lg~(o; ~, y ) -  #01 + ~[~,1 �9 

Combining the est.imates above with (21) yields the assertion. 

I~E3~V[A 15. - .Let Assumpt ions  H~-Ha hold. Then for all (x, y) in  I~,~ (3 I ~  or 

v, (3 I s ,  ~ or Is ,  ~ (3 Iv~ or Iz~.~ N Iv, , and u, v ~ B(a, P ,  Q, ~), we have 

I(Zu)(x, y ) -  (~v)(x, y)l~<goHu- vii, 

where q~ = L~.L~[F ~- (ra -~ r~(P ~- Qs) ~- t~) Ao  ~ + KJ -~ ff~, so that q~ --> 0 as a --~ O. 
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The proof of this lemma is similar to tha t  of Lemma 14 (of. also Lemma 12 
of [14]). 

REiVs 3. -- From the assumption 2Aa < bo it  follows tha t  

(<~ the characteristics issuing from (0, ~),  (0, rio) and (0, ~)  do not  intersect ~)). 
Thus, the cases considered above cover all sets I~  and I +. Lemmas 11-15 show 
tha t  in I~  and I + we have 

(22) IIS - Svil <q011 -  il, 

where q6 ---- q5 + L~Zp(r~ + r~(P + Qs))A; ~ + M(~ + ~ ~j) + rp, so tha t  
- i = 0  + 

q6 -> ~h as a -> 0 + . 

Now to impose r2 < 1 is too restrictive (for instance, in [16] one has r~ ~-- 1). Thus, 
in general, the operator S is not a contraction. However, under suitable assumptions, 
the operator S ~ is, as will be shown in the next  Section. 

5.  - P r o p e r t i e s  o f  t h e  opera tor  S 2. 

We begin with the fonowing 

LEM~A 16. - Let Assumptions tI~-H5 hold. Then, ]or a ~ (0, ao] su]]ieiently small 
and _P~ Q suHieiently large r the operator S ~ maps B(a, 1 ), Q~ ~) into itsel], and likewise 
B(a, ps, Qs, O) into itsel]. 

P~ooF. - Applying Lemma 10 to the function Sz e B(a, p s  Qs ~) we get 

I(S z)( x, Y) -  7(Y)l.<e, x, y) = y(y), 

provided a <  ~[rl + r~(PS+ QSs)+ Rs+ FA + F]  -1, where R a is defined by  R with 
P and Q replaced by p s  and Qs, respectively. 

From Lemmas 5-9 i t  follows tha t  the function S~z satisfies in I [  and I + a Lipschitz 
condition with respect to both  variables with constants pss and qss, respectively. 
But  now the arguments of the operator S are not  arbi t rary functions of B(a, ps, Qs, 0), 
bu t  functions in the range of S. Therefore, and by  exploiting the postulated form 
of equations (3)I (4), the Lipschitz constants of the function S~z can be made more 
precise. 
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Indeed, for any two points (x, y)(x, ~)~ 1:-/ (or -+= I~, ), by  Lemma 5 we have 

[(S~z)~( x, Y)--  (S~z)d x, Y)I <L~(F + KS)tY - Yl , 

where L~ and K S are defined b y  L~ and K, with P and Q replaced b y  p s  and Qs 
respectively.  

Le t  now (x, y)~ (x, ~j)r (and similarly for I ~ ) ,  then i e 3 ~, therefore for 
e 3 \ 3  ~ the point  (x, S~(x)) belongs to the set _1~ ((~ any point  on boundary  lines 

can be reached b y  a characteristic start ing from the initial line ~>). Hence, by  Lem- 
mas 5 and 6, we obtain 

x y - - ~ y  9 " 

-s~ ~(x,  y, Sz), f~ ~(x, ~, Sz), by Lemmas 2, 5, 6 Hence,  for (x, y), (x, ~) ~ i, ,~, ~ = = 
we have: 

I(TSz)r y) - -  (Tgz)~(x, ~)1 <fliTS-- r ~- r2 max I(Sz)r &(-c~)) -- ( S z ) , ( ~  S~(~r [ < 

~--z (or - + z  Let  now (x, y), (x, ~)~ ~ I+, ), then i z 3-, therefore for j r 3 \ 3 -  the point 
(x, 9(x)) belongs to the  set _?~ ((~ any  point  on the free boundary  can be reached 
by  a characteristic start ing from the initial hne ~)). Then~ similarly as above, we 
find 

I(TSz),(x, y ) -  (TSz)~(x, y)l <Ao~L~_~ly-  y[ , 

m- i 

where /~ : r + r ~ ~j + [L~(F + K)(A § ~b) -~ ~v] ~. Furthermore,  b y  Lemma 8, we 
get  ~ = ~ 

I U~z),(x, y) - (USz),(x, y ) I<L~(K ~ § 2 'A;  ~) [y -- Yl .  

Combining the est imates above,  we find 

where 

[(S:z),( x, Y ) -  (Sa z)dx, ~7)1 <Q ~ i Y -  Y[, 

Consequently, in virtue of Lemma 9, we conclude tha t  the function S~z satisfies 
in /~- and I + a Lipsehitz condition in x with the constant  

pss  = AQSS + F , 
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so that  (assuming, without loss' of generality, A > I )  we can take .pss as a Lipsehitz 
constant of S2z with respect to both variables. 

Thus, in order to show that the operator S maps B(a, 1 ~, Q, O) into B(a, ps, Qs, ~), 
and S 2 maps B(a, P, Q, O) into itself, we need the following restrictions on the con- 
stants ~ ( 0 ,  • - -  ~], P > 0 ,  Q > F ,  ae (0 ,  no]: 

{ [ r , + r ~ ( P + Q s ) + R + I ' A + ~ ] a < e ,  An<co, 2Aa<bo,  

(23) [ r ,+r~(pS+QSs)+  l~s+ i ,A + E ] a < e ,  ~ s < p ,  QSS<Q. 

Now if ~, P, Q are fixed, and a - +  0 +, we have 

/ , s _ ~ A # ( p , Q ) + / ~  ' QS_+ # ( p ,  Q) , t ,  ss ~ AZ  + t ,  ' QSS ~ g , 

where W(P, Q) is the greatest of Q~, Q~, Qo a for a = 0 (Remark 1), and 

v a - - 1  

+ x  r(A + + )+  + r + 

does not depend on /~, Q. Therefore, for arbitrary ~ e (0 , /2- -  w], if 

2O>AZ + F ,  Q > Z ,  

then, for sufficiently small a in (0, ao], all inequalities (23) are satisfied. Thus 

(24) $2: B(a, P, Q, e) -> B(a, P, Q, e) . 

But, since Z < I ~ ( P  ~, QS), and # ( P ,  Q)>I~(P  sS, QSS) (as can easily be verified, 
using (23)), we see that 2Psss<P s, QSSS<~QS, so that also 

(2~') S~: B(a, ps, Qs, e) --> B(a, ps, QS, e) 

and the 1emma is proved. 

LEI~[~A 17. - I] Assumptions H1-H~ and (23) are saris]led, then, ]or all u and v 
in B(a, _P, Q, e) or in B(a, ps, Qs, e), we have 

[(~u)(x, y ) -  (~v)(z, v)l~<q ~ ]lu- vii, 

where the coeNieient ~s_+ 0 + as a-> 0 +. 
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lc)1r - Let  (x, y) e / ~ s ~  (3 ~ s ~  (similarly for /~+s~ ~ ?+s,~ then by  using 
Lemma 11 we obtain, for u, v ~ B(a, P,  Q~ ~) : 

(25) i(S~u)(x, Y ) -  (S~v)(x, y)l~ < ~ ~ i]S~-- Svll , 

w~th i ~ = L ~ L ~ ( ~ +  ~ )  + ~ = :  q~. 
Next,  let (x, y) ~ I, ,  s~ (~ ]~s~ (similarly for [+s~ ~ i s ,  ~s~ ~ ~+s~ ~-s~ n i -~*) 

then the assumptions of Lemma 15 are satisfied, and we have tha t  inequali ty (25) 
is satisfied, with ~ s =  q~, where 

-+ Sv Let  now (x, y) ~ I +s" ~ -r (similarly for ]-s~, ~ l-s~, , i~s~ ~ i~s , ,  ]+s~v, ~ I~  ), 
then the assumptions of Lemma 14 are satisfied, and (25) follows, with 

4 s = ~Bs'--.-- LsL~[i,  § (Rs § 2,)A-~ § K s] § _~ 

Further ,  let  (x, y) ~ i ~  s~ n i ~  sv (similarly for -+s~ T+s~ I ~  n _ ~  ~, then i e J - .  Thus~ 
the point  (x, ~(x)) belongs to the set i ~  n _T~ for ~ e ~ \ J - .  Consequently, by  
Lemma 11, we obtain 

!(s~)~(~, v(~)) - (s~),(x, v(x))  I < q~I I~-  ~ II �9 

Hence 

I ( T ~ u ) i ( x ,  y ) -  (TSv)~(x, Y)[ <rl~s~-- ~s~l + 

m--1 
§ ~ - (k) ~ (k) r~[~s~(~s.) - -  ~s. (Ts~)i § ~ max ](Su)j(~:s~, ~s~(~s~)) - -  (Sv)j(~s~, ~s~{~s.)) ! < 

k=O 

where ~s~ = v~(x, y, Su), ~s~ = v~(x, y, Sv), and j e J \ ~ - .  
In  a similar way  we can show tha t  for (x, y) c F~s~ n is.~-s, (and analogously for 

?s~ C~ -s~ s~ I ~ ) ,  we have 

I(TSu),(x, y) -- (TSv)~(x, y)[ ~< 

<~A;IL~Z2{rl § r2[(F § K)LI (A  § s) § ~3}ilSu- SvII + %q, l l ~ -  vie �9 

Assuming, for definiteness, v,(x, y, Su)<v, (x ,  y, Sv), we obtain (el. (21)): 

!( #~u),(x, y ) -  (#svh(x,  y)l < [~L~(K~ + FA;  ~) + ~] ! ISu-  Sv]] . 



228 PIER0 BASSA~I~I - JA~ Tu~o:  Generalized solutions, ere. 

Combining the above estimates we find in I~- and I + (since -TS~s~i f~, s~ : f~,  s'~ c~ 
n i s~ = r  

where 

q~ = L~L2{F+ [r~ ~- r~(P s + QSs -~ (I'-~ K)LdA + s) -t- F) + F + Rs]A-~ ~ + K s} -~ 

r m - -  1 

Finally,  by  (22), we obtain 

l(S~u)(x, y )_  (S~v)(x, y)].< qS Hu_ v[ 1 , 

where qS = q~q6 ~ (r ~- r~)q~, so tha t  qs-~O+ as a -->0% 
A similar reasoning shows tha t  for u, v e B(a, ps, Qs, O) the  same conclusion 

holds, with constant  qS obtained f rom the previous expression by  replacing ~s, QS 
with PSS, Qss, so tha t  again qS_+ 0 as a - >  0. Thus S ~ is a contract ion in both  
B(a,/5, ~, ~) and its subspace B(a, P, Q, ~), with 

_P ---- rain [P, ps], ~) = rain [Q, QS], P = max  [P, p s ] ,  Q --  max  [Q, QS]. 

6. - The  ex i s t ence  t h e o r e m .  

THEOREm. - Let Assumptions Itl-H~ hold. Then, ]or given [2 > O, a~y Oe (0, Y2-- co] 
and any su]fieiently large constants P, Q, there are a number a ( 0 <  a<ao)  and ]unctions 
~: Ia--> R n, 5 e B(a, P, Q, o), and ~, ~ e C~-l[O, a], which satis]y (1), (5), a.e. in I + 
and I-,  and [0, a], respectively, as well as conditions (2)-(4), (6). tZurthermore, 5 is 
unique in B(a, P, Q, Q). 

PROOF. -- Le t  us choose P,  Q and a such tha t  inequalities (23) are satisfied. Then, 
by  Lemma 16, we see tha t  

S: B(a, P, Q, O) -)-B(a, P,  ~, 0) ,  S~: B(a, P, 0~, ~) ~B(a ,  P, ~, ~), 

S: B(a, P, Q, ~) ->B(a, P, (~, Q), S~: B(a, P, Q, ~) ->B(a, P, Q, ~), 

where P ,  ~, P,  Q are defined at  the end of previous Section. Le t  us take  a e (O, no] 
such tha t  qS < 1. Then, by  Lemma 17, S ~ is a contract ion in B(a, [:), ~, O) and in 
its subspace B(a, P, Q, ~). Since both  are complete, there  exists a function ~ in 
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B(a, P, Q, @) s.t. 

S ~ - 5 ,  5 e B ( a , P , Q , @ ) c B ( a , P , Q , @ )  

~nd this is the unique fixed point  of ~ in B(a, P,  Q, @). Then, f rom S~S~ ~ S~, 
S~ ~ B(a, P,  Q, @), we conclude tha t  

8~ = -i, ~ ~ B(a, P,  Q, @) ~_ B(a, P, Q, @) 

and ~ is the  unique fixed point  of S in B(a, P, Q, o~) (of. [10], p. 83). Proceeding 
as in [14] we can prove, using the  groupal p roper ty  of characterist ic lines and the 
Chain l~ule Differentiation Lemm~ of [4], t ha t  5 satisfies (1) a.e. in I + ~nd/~- ,  and 
(2)-(4) everywhere  in [a~, ~2] and [0, a], respectively. Final ly  if @o, ..-, ~ - ~ )  is the  
solution of (14) with z ~-~,  then  q5 = ~o yields the desired free boundary.  This 
concludes the  proof. 

REMARK 4. -- The ease when the initial condition (2) is given on an interval  
(~s i t  happens  when V involves re ta rded  arguments) :  

(2') z(x, y) = ~/(x, y ) ,  (x, y) ~ [-- 3, 0] • [~ ,  ~ ] ,  ~ > 0 

can Mso be studied analogously. 

R.E~A~K 5. -- The solution ~nd the  free boundary  depend continuously on the  
initial dat~. In  fact,  keeping for simplicity the rids fixed (k = O, ..., m -  1), we 
find 

[]~[~']-- ~[Y] [I <(1  - -  qS)-~ IlY-- Y][,  

and continuous dependence for the free boundary  follows f rom Lemma 3. 
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