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Generalized Solutions to Free Boundary Problems
for Hyperbolic Systems
of Functional Partial Differential Equations (*).

PrErRo BASSANINI - JAN TUrO

Summary. — Local a.e. solutions to a free boundary (Stefan) problem for a quasilinear hyper-
bolic system of functional PDE’s of first order in tweo independent variables and diagonal
form are investigated. The formulation includes relarded arquments and hereditary Vollerra
terms.

1. — Introduction.
Let us denote by I, the eurvilinear rectangle

1,,= {(x’ y): 20, a], Sl(m)<y<s2(w)} ’

where 8,(0) = o, and a, > 0, o« are given constants (k¥ = 1, 2). Let the unknown
line y = () divide the set I, into two sets I, where 8,(v)<y<¢(®), and I7,
where @(@)<y<Sy(®), with 8,(#) < ¢p(@) < 8y(x) for z€[0, a,]. We will denote by
« +» and «— » the value of the considered functions on I and I, respectively,

and by 2|, = max |¢;] the norm of z in R~
1<isn
We consider quasilinear hyperbolic systems of functional partial differential

equations in diagonal form
8] Doz + A, y, 2, Vo) Dy2; = flo, 9,2, Vo), ied=1,..,n
(2 = #(w, y), V= (Va)(, y)), with the initial conditions
(2) 20,9 = vy}, yelou, ol,
(*) Entrata in Redazione il 4 giugno 1988.
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the boundary conditions on the lines y = Sy(z), k=1, 2,
(3) 2@, Sulw)) = R} (m, #+(x, Sk(m))) , 4edr

(37»- = {i: sgn [A:(0, a, 0, 0) — 8;(0)] = (— 1)k+1}), and the boundary conditions on
the free boundary y = g(x)

4) & (@ @) F 0) = EF(z, p@), g0 (@), ..., g"(a), &2, p(@)) , i€,
which satisfies the equation

dm
(5) T = H 2, 9@), g20), ..., g 0@), 5 (2, 9(0), (e, 9(@))
and the initial conditions

(6) P0)=f (u<fo<o), eP(0) =B, k=1,..,m—1.

E={:ie 1T}, F={fieNI}, #={:1eNI}, k=12,

and
I7 = {i: sgn [2,(0, f6,0,0)— Bl =F 1} .

Let 077'[0, a] be the set of real functions of elass C»-1 on [0, a] whose (m — 1)-th
derivatives are Lipschitzian.

In this paper we are interested in local generalized (a.e.) solutions of mixed
(initial-boundary) problems (1)-(6) with the free (unknown) boundary y = @),
whose. initial values (6) are known. We seek the function #: I, — R», whose restric-
tions to the sets I and I are Lipschitzian, and the funetion ¢: [0, ] — R of class
0770, a], satisfying equations (1), (5) a.e., initial conditions (2), (6) and boundary
eonditions (3), (4), respectively.

Generalized solutions have been investigated in the past by various authors:
for hyperbolic systems in bicharacteristic form with initial or boundary conditions
by Z. Kamont, J. TUro [7], [8] and J. Turo [12], [13], for system (1) with mixed
conditions by J. Turo [14], for pure differential systems with mixed conditions (with
a different definition of generalized solution) by V. E. ABoLINIA, A.D. MYSHKIS [1]
and A.D. Myssgris, A. M. Fiommonov [11]. Of fundamental importance for our
approach are the ideas and methods for pure differential systems with initial or
boundary conditions developed by L. CESARI in a series of papers (see [3]-[6] and
references therein). Cesari’s method has been subsequently applied by P. BAssa-
NINI (see [2] and references therein). Classieal solutions of free boundary problems
(1)-(6) (without functional argument) have been considered by K. YU. KASAKOV,
S. ¥. Morozov [9]. '
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Our work is aimed at hyperbolic free boundary and Stefan problems which arise
from applications [15], [16]. This motivates the formulation of the problem, adopted
here. In particular z(z, y) has, in general, & jumyp discontinuity across the free
boundary y = g(z) (cf. [15]). The functional operator V includes retarded argu-
ments and Volterra hereditary operators [7], [13].

2. — Basic assumptions.

AssuMPTION H,. - Suppose that, for given £ > 0,

1) there is a constant s>0 such that for all 2, ¥ € [0, a,] We have
18() — 8:(®)| < sl — %, EF=1,2;
2) the funections
sgn [ A+, 8(+)y - ) = 8], sen A5 9()s s 0) — @'(4)]
(ied, pe0r[0,a,], k=1,2)

are constant in [0, a,] X B, , where
O=[-2,2rPcR", B,=1[0,a]x0x2;

3) the functions A.(w, y, u, ») ((# Y, u, v) € B,y = L, x 2 XL, i€ J) are meas-
urable with respect to # and continuous with respect to (y, %, v);

4) there are a constant 4 >0 and integrable functions
li: [0, 4] >R, (R.=1[0,+ o), §=1,2,3)
such that for all (», v, u, v), (o, ¥, 4, V) GE% we have
A, o, uy v)|<d, 1€,
1A, 5, w, ©) — A, §, %, B)| <L(@)|y — F| -+ L) |w— Gl + L@) v —la;
5) there are constants g e (0, b,) and A, > 0, such that

Lilw, y, wy v) — Sy(w) >4, for i€, yel[Sw), Si@) +&al,

Su(@)— L@, y, u, 0)>A, for i€, ye[Sy(®)— &, Se@)], (@ %, v)EHay,
i@,y wy 0)— @ (@) >4, for i€ IT, yep@®), )+ &l, (w, 4y ©) € e,
@' (@) — Ad@y 4, u, v)> A, for i€I, yel[p@) — &, p@)], ( )
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where

by = min{min [8,(2) — p(@)], min [p(z) — Sl(w)]} .

[0,a,] [0,a,]

AssvmpTiOoN H,.
1) Assumption Hj, 3) is satisfied by the functions f(«, ¥, 4, v}, ¢ € J;
2) There are a constant F >0 and integrable functions k;: [0, a;] — R,
(j =1, 2, 8) such that Assumption H,, 4) is satisfied by fi(=, ¥, w, v) with A re-
placed by F and I,(x) by k;(»).
ASSUMPTION H,.
1) There are constants #,>0 (j =1, 2) such that for all (x, w), (¥, u) in
[0, @] X 2, we have

|R¥ (2, w) — RY¥Z, w)|<rile—Z| + rolu—u|,, i€I*, k=1,2.

2) There are constants 7, 7;, 7>0 (j =0, 1, ..., m — 1) such that for all

o~

(@) @y @1y evvy Py )y (Zy Py Pry oeey Pruay 'L—L)EG%’

we have
|BF (@, @, @1y ers Py u) — BT (Z, Py Pry eery Prsy 7)<

m—1
<rle—Z|+ 2 Filo;— @;| +Flu—7l,, ieI¥
i=o
where G, = [0, a,] x R" x 0.

3) The compatibility conditions R0, p(o)) = yilow), i€ 3% k=1, 2,

RF(0, Boy Buy vy Bty PBoTF 0) = yilfoF 0), i€37,
are satisfied.

4) There are constants w, I'>0 s.t. for all y, § € [ey, Bo] OF ¥, ¥ € [fs, xa], We
have

) =y <lly—7g|, i€d; max [p(y)], =w< £2.

[er,2,]
AssumprioN H,.

1) The function H(z, @, @1y .y Py, %, ©) is measurable with respect to the
first variable and continuous with respect to the remaining m -I- 2 variables in
G, =G, xQ. :
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2) There are a constant h >0 and an integrable function %: [0, a,] — R*
st for all (@, @, @1y oy Pray Uy W)y (@, Gy Pry ooy Prusy U, U) € G, We have

[H (@, @y @15 cvey Pmzy y V)| < Ty

[H (@, @y 01y oy Py %y 0} — H(@, Gy Gy oovy Gnay Uy V)<
et

<h@)| 3 Ipi— @l + o+ o—5,)
i=0

We denote by D(a) the set of all functions z: I, — R”, whose restrictions to
the sets I7 and I’ are continuous and Lipschitzian with respect to both variables;
by B(a) the subset {z: z2€ D(a), |2, y)|l.<2}; by B(a, P, Q) the set of all func-
tions in B(a) s.b. [2(@, ¥) — (&, §)|.<Ple— x| -+ @y — ¥| for all (=, y), (X, %) in I,
or I'. We assume Q>1" (P>0), so that the closed set

Bla, P,, o) = {e: 2€ B(a, P, Q), max s(0, ) —y(y) | <e, #(0, 1) = )}

a

(0< p< 82— ] is not empty.

AgsumpTION H,. — Suppose that, for every a e (0, a.],
1) V: B{ae) — B(a).

2) There are integrable funections ¢, d: {0, ¢,] — R, s.%. for every ze B{g)
we have

ﬁ(vz(mG ):[I <c(m)[{z(m, )]] + d(w») 9 z€[0,al,
[z, )] = sup {Jy — 7| le(z, y) — 2(®, §)|a: ¥, T € [8o(x), Bal@)]} -

3) There i an integrable function m: [0, a,] — R, s.t. for all 2, 2 € B(a) and
x € [0, a] we have

” Va— Vzum<m(m) ”z_ Eum ’

Hz“z = 8up {!z(ty Yilat (& Y) EIW} ’ I, = {(ty y): St <y < Bult), t [0, m]} .

3. — Prelimirary lemmas.
We consider, for z ¢ B{a), the characteristic problem
D,g(t; 2, y) = )Li(ty glts 2, ), z(tv g(t; =, y))? (Vz)(t9 g(t; %, ?/))) y
(7) (ie 3, for ae. te[0,a], every (z,y)el, or IF),

gl@; »,y) =1y .
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Because of Assump‘mons 3), 4) of H,, 2) of H;, and z € B(a), we conclude that the
funetions A.(+, 2(*), (V2)(-)): I, =~ R, i€ J, satisfy the Carathéodory conditions.
Thus for every 2 € B(a), there is a unique maximal solution g, = ¢i(t; , y) of prob-
lem (7) («a unique characteristic of the ¢-th family through every =, y») in I, I7.
We denote by 7w, 4, 2) the smallest value of ¢ for which the maximal solu-
tion g, = g(t; ¢, y) exists, and we consider the following subsets of IT (where
T = Ty (a:, Y, )) :

17 = {(, 9): (@, y) € IF, v, =0},

It = {@9): @) el;, 7> 0, gi(vi; 2, 9) = Sy},
I% = {(@9): (@ 9) L], 7:> 0, gi(zs; @, ) = 8i(v)},
I = {@y): @ y)eld, 7> 0, gi(vi; 2, y) = @il73)}

defined according to the «starting points » of the characteristics. We will need the
following constants, depending on a:

L= exp{ [Th() + L)@ + L)@ + de}] at},
Ly:=[[u() + Lymo)] dt

LemmA 1. — Let Assumptions 3), 4) of H; and H, hold, u, v € Bla, P, Q), and
(xy y), @, §) €I or I]. Then, if gi, g7 are the (maximal) solutions of problem (7)
in IT or I, respectively, the following inequality (for every t in the mawimal interval
of existence)

lg(t; @, y) — gilt; T, )| <In(Alw— Z| + |y — 9| + Le|u— 0])

holds, where |zf:= max [2{z, y)l,.
I

The proof follows, as in [14], from the previous inequalities and Gronwall’s
Lemma.

Levuma 2. — Suppose ‘Assumptions H, and H, are satisfied, and a, 0 < a<ay, is
sufficiently small so that Aa<sg,, where & is given in 5) of H,. Then, for all (x, v),
(@, ¥) in I_gli or I'gﬂ. or Iﬁ" (the bar denotes closure) and z € B(a, P, ), we have

(8) [T, ¥y #) — Ti(@, 5 2)| < AT Ly — 7| -

Moreover for (@, y) in It NI or It NI or I*NIY or IF*NISY, and u,ve
€ B(a, P, §), we have

9) lri@, y, u) — T2, ¥, v)| <Ay 11:’1L2H“~ o, ied.
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ProOF. — First we prove inequality (8). Let us suppose that (v, y), (2, §) are
in I, and y>§. Then, since the characteristic lines of the same family corres-
ponding to the function z eannot intersect, we have 7.z, ¥, 2) < 7.(®, ¥, 2). From
Lemma 1 it follows that

(10) gilvilw, 7, 2); 2, y) — gi(val@, 7, 2); 2, §) <Luly — 7) -

Writing the characteristic equation in integral form yields

74
~

9i(%T:; 2, y) = Sy(vs) + J Aty o 2t §), (VR §2)) d2
Ti
where

=T Y2, Ti=v®§,2), §i=460 2y .

Hence

(D) GiEs @ 9)— G(Es @, §) = Sl — Su(E) + [Ault, Toy 26 5ol (VA §0) At =

:f[li(ta ey 28 G (V) ij)) - Si(t)] dat .

From the estimate |gi(7; #, y) — Si(x)|<Ae for any characteristic in Igﬂ., it follows
that g.(t; », y) € [8:(x), Si(x) + &], provided (x, ¥) eigﬂ., so that ie 3. Thus, by
assumptions Aa<e, and 5) of H;, we have

[2:(t, §sy 2(t, 59, (VR)(E, §) — Si®)]> Ao -
Hence, by (10), (11) we obtain
(12) Ti— <A GiFs @ ) — 91 @ PI< AT Loly — 7 -

The remaining cases can be handled similarly. To prove (9), let us assume that
(=, y)el_félinff;li and 7;(x, ¥y, ) < 7.z, ¥, v) (again, the remaining cases can be
dealt with in a similar way). By Lemma 1, we have

(13) gt ()5 2, 4) — g2(vi0); @, y) | <Ly Ly|u— o] ,

where 7,(v) = 7,(%, ¥, v). From the characteristic equation,

71(v)
g4z, (0); @, y) — gz v); @, y) = f [A,(t, 3%, w(t, 3, (Va)(t, §) — S,(t)] dt .

zi(u)

Thus the assertion follows from 5) or H, and inequality (13). ]
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Integrating the differential system of first order, equivalent to problem (5), (6),
we obtain

»@) =t [pald)dt, E=0,1,..,m—2,
(14) "
Pr_a{®) = Bt +fH(t’ PE)y ooey Prm_a(P)s z"(t’ (P(t))’ z+(t’ (P(t))) dt ,
0

where ¢, = p. Because of H, we see that this system satisfies Carathéodory condi-
tions. Thus, Vze B(a), there is a unique maximal solution ¢i(#), j =0, ..., m— 1,
in [0, @], which is Lipschitzian with respect to #, say with the constant @.

Lemma 3. ~ If Assumption H, is salisfied, then, for all 4, v € B(a, P, Q), and
z e [0, a], we have

[pj@) — gi@)|<Mu—2], j=0,1,.,m—1.
Proor. - Put

' m—1
W) = (1 + 2Q)lg*@)— ¢"@)]| + 2 loj(@)— ¢}(@)] .
i=1
By 2) of H, we have, for j =0, ..., m— 1:
(15) 72(o) — pr(@)| <[2[Ret) at- fu— o] + [B) Wet) de] am—s-2
0 0
Combining inequalities (15) we obtain
m= m= = m—1
Wia)<2[ B dt [u—ol +[By W ar, &) =] +20)'3 ] o),
0 0 i k=0
whence, by Gronwall’s Lemma, W(z)<M(w)|u— |, with
M (w)=2|h(t)dt-exp | | k() dt|.
fio s o

Thus, by (15), the assertion follows, with

M= f [2 + J (1)) dt-max [1, an] .
0
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4. — An integral-functional operator and its properties.

Now we consider in B(a) the operator § defined by

Sz2=Tz-4 Uz,
where
72'(91’(05 2, ?/)) ’ (2, ) EIEZ 3
(16)  (T2)w, y) = | Ri(vs, 24z, Bulz1)) (@ y) ey,

RT(TM @(T4)y -y @™ 0(T4), 2:':(71'7 ?7(71‘))) ’ (@ ¥) EI;z ’

(the «starting value » of z(z, ¥)),

&
@ (U)o, 9) =[1i(t, Jor 208, 30, (VA F) d, i€ 3,
Tt
(the ¢« evolution along characteristics »), where §; = g.(¢; @, %), and 7, = 74(®, ¥, 2).
From now on we assume: 2/4a < b,, which yields It NI." =6, I% . NI'"=¢,
and Aa<e,, which guarantees that 5) of H, is satisfied in the sets [%,, IT*.
Using the previous estimates and the compatibility eonditions we can prove
the following

LeMmva 4. — Let Assumptions H,-H; hold. Then, for every ze B(a, P, Q, o) the
fumetion Sz restricted o I7 and IT is continuous with respect to (x, y).

The proof is similar to that of Lemma 3 of [14]. i

Put

= ([ + (0@ + k®){e®Q + do)] s

LeMMA 5. — If Assumpitions H,-Hy are satisfied, then, for every z in B(a, P, @, o)
the function Sz satisfies in I)" o Lipschitz condition in y with the constani

Q= (I'+ K)L,.
The proof of this lemma is similar to that of Lemma 4 of [14].

LemMA 6. — Let Assumptions H,-H, hold. Then, for every ze€ B(a, P, @, ), the
function Sz is Lipschitzian in IT* with respect to @ with the constant Pj = QA+ T
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The proof can be carried out as in [14], Lemma 5.

LEMMA 7. - If Assumptions H,-H, are satisfied, then in the sets I%,, k =1, 2,
the function Sz satisfies a Lipschitz condition in y with the constant

Q5 = Ly{A7" [ry+ 1P 4 Qs) + F1+ K} .
For the proof, see [14].

LeMmA 8. — Let Assumptions Hy-H; hold. Then, for every ze€ Bla, P, Q, o), the
function Sz satisfies in f;‘jz a Lipschitz condition in y with the constant

@, = LR+ F)A7* + K].

PROOF. — Suppose (v, %), (%, §) € I* (similarly for I}?) and y<%. Then Lem-
ma 2 implieg

m—1
[(T2)e, y) — (T2)sl, PI<BAT Luly— g}, Ri=r+ P37+ P+ QD).
i=0
Furthermore, since 7.(x, y, 2)>7:(2, 7, 2), by Lemma 2, we find
[(T2)i(@, y) — (Uz)ular, P < Lo(K + AT F)ly — g -

Therefore |(82):(@, y)— (82)i=, #)|<Q) ly — 7|, and the lemma is proved.

REMARK 1. — From Lemmas 5, 7 and 8 it follows that the function Sz satisfies
in I7 and I a Lipschitz condition in y with the constant Q5 = max [€5, Q55 51
As o > 0% we have @5~ 1, QX ~A;YR + F), @5~ A7) [r, -+ F 4 ry(P + Qs)], s0
that W = max [95, @7, Q7] depends on P, Q. i

If the points (2, y) and (@, §) belong to different sets I’;, then, in view of Lem-

ma 4 and by introducing an intermediate point, this case reduces to the one already
considered. :

LevMA 9. — If Assumptions H,-Hy are satisfied, the function 8z satisfies in I
and IT a Lipschitz condition in x with the constant PS = Q5A + F.

The proof of this lemma is similar to that of Lemma 7 in [14].
REMARK 2. -~ In particular, without loss of generality, we may assume that

A>1. Then, by Lemmas 5, 7, 8 and .9, we conclude that the function Sz satisfies
in I7 and I} a Lipschitz condition with respect to (@, y) with the constant Ps,
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LEMMA 10. ~ Suppose o < (0, a,] is sufficiently small, so that
(18) a<elr+r(P+Qs)+ R+ T4+ FI.
Then, under Assumptions Hy-H;, the operator S maps B(a, P, Q, o) into B(a, P5, @S, o).

Proor. — This will be proved by showing that, for 2 € B(a, P, Q, o),

(19) H(8=)(@, y) — y(¥)n<e,
and
(20) (82)(0, ) = y(y), Y€, x].

First, let (x, v) EI‘;Z; then we have
(82)lay 9) — y@)| <Tgu0; 2, )~ y| + [F #t< (T4 + Fa.
0

Next, let (2, y) € I%,, then taking into consideration the compatibility condition 3)
of H, and the initial condition (2), we see that

RY(ey 2¥(vy Bul(w))) — B30, 24(0, 8,(0)))] -+
+ 1BX0, y(o)) — 7)< [r1 + 7o(P + @s) + I'A] e,

(T2) i, y)— vy)|<

where 7, = 7,®, ¥, 2). Finally, suppose that (z,y)el o, then by compatibility
condition 3) of H; we get
i(Tz)i(wy y)— Vi(y)l < iRi;(Tii fp(l’i), ey ‘P(m~l)(7i)7 é:F(Tz'y ‘p(rz))) -

— RF(0, (0), ..., pm=(0), £%(0, 9(0)))] +

+ [BF(0, Boy s Bmsy P(BoTF 0) — yiy)|<(B + ['A)a,

where again t; = 7,(%, ¥, 2). Sinee |(Uz):(#, y)|<Fa, combining the previous esti-
mates yields

[(82) o, y) — yi@)| <[ri -+ 7a(P + Qs) + B+ I'A 4 Fla.
Hence, by (18) we conclude that (19) holds, while (20) is obviously satisfied.
Lemmas 5-9 imply that Sz satisfies in I a Lipschitz condition with respect to both

variables, with the appropriate constants P%, @5. Thus the proof is complete.  ///

From now on we shall agsume that (18) is satisfied.
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Notice that, generally speaking, PS>P, @5>@, so that
B(a, P, @, ¢) C B(a, P5, Q5 o) .

The operator 8 is defined on all B(a). We shall use the same symbol S to denote
the restriction of § to the set B(a, P, @, p). Put

B = [[k() + k()m®)ds, P=min[P,P3], @=min[Q,Q].

LEMMA 11. — Let Assumptions Hy-H hold. Then, for all (z, y) € I_;f” NI ;Fi”, U, VE
€ B(a, P, @, 0), we have

[(Su) (@, y) — (Sv)w, W)]a<pw— o],
where ¢, = Ly L,(I" + K) + K, so that ¢, — 0% as a — 0.

The proof of this lemma can be carried out as in Lemma 10 of [14].
Similarly as in [14] we can also prove the following

LEMMA 12. — If Assumptions Hy-Hy are satisfied, then, for all (x,y) in Iy NI},
or It N 1I5,, and u,veBla, P, Q, 0), we have

[(Su)(@, y) — (Sv)(, P<pu—2],
where ¢, = L L[ Ay (r, + r2(P + Qs) + F) 4 K] + K +r,, so that ¢, —r, as a —0.

LeMva 13. — Suppose Assumptions Hy-Hy hold. Then, for all (x,y)e IT* N IT?
and u, v € B(a, P, Q, 0), we have

[(Su) (@, y) — (Sv)(@, Y)|a<]u—o] ,

m—1
where ¢ = L LA (R + F) + K]+ M(F + > F,-) -+ IZ', so that ¢;—0 as a—0.
i=0
ProOF. ~ Let (v, y) e I;*NI.", then by Lemmas 2 and 3 we have
m—

(e, 9) — (L0, Wl < [RAT Tt M (74 3 7)ol

0

Agsume, for definiteness, that z,(z,y, )<7:@, ¥, v), then by Lemmas 1 and 2 we
see that

(21) [(Tw) (@, y) — (Uv)ile, 9)| < [L Lo(K + FAF*) + K] Ju— o] ,

whenece the assertion follows.
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LeyyMA 14, ~ If Assumptions Hy-H; are satisfied, then for all (z,y) in Li* 0 I7°
or Drond? or IVOIY or IR IS0, and w, v in Bla, P, Q, g}, we have

H(Su)(, y) — (80)(@, ¥)|o < qufw— v]
where qy = Ly I[T" -+ A7 R + F) + K] + K, so that g, —>0 as 4 -0 .

Proor. — We consider only the case when ({m, y)ef;“mf;”; the remaining
cases can be handled similarly.
Since 7.(®, ¥, u) == 0 for (s, y)e ¥, by Lemma 2, we have

il <ALy Ly ju— v
where, here and in the rest of the proof, 7, = 7,(w, y, v). Moreover iz, ¥, 4, v) —

— @'(x)>A,, since i€ I, 0<y— pw)<Aa<s and because of 5) of H;. Therefore
the funetion g*(f; @, y) — {f) is increasing in ¢ on the interval [0, #], whence

9705 2, y) — B, <g:(7;; 2, ) — @(z,) -
In view of Lemma 1, we get
lg5(zs; @, y) — oz = 19%(zs5 %, ¥) — gi(zs; &, Y <LaLn|u—v] .

Henee we obiain

192005 @, y) — Bol < LuLunfu—] .
On account of compatibility condition 3} of H, and initial condition (2), we find

(Tw)s@, y) — To)ula, y) i<

9405 @, ) — B (71, @(T2), +ovy g D(3), £7(7s, () )| <
<[BH(zey {2y wvvy gm0(ma)y £ (15 (7)) —

— RF(0, @(0), -..y pm2(0), £7(0, 9(0)))] + [pi(94(0; 2, 9)) — yilBo+ 0)| <
<T'|gi(0; @, y) — Bl + Biv4| .

<

Combining the estimates above with (21) yields the assertion.

LEMMA 15, — Let Assumpiions H-H; hold. Then for all {(x, y) in I_;“ﬂl_f;li or
vnly, o It 0 L7 or I3,N I, and u, € Bla, P, @, o), we have

{(8u) (@, ¥} — (Sv)(®, Y| <gs[u— 2] ,

where g = Ly L[+ (ry + 1P + Qs) + F) A" 4- K] - K, so that ¢,—>0 as a —0.
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The proof of this lemma is similar to that of Lemma 14 (cf. also Lemma 12
of [14]).

REMARK 3. — From the assumption 24a < b, it follows that
nly=L'nly, =L'nl, =I nI"=0

(«the characteristics issuing from (0, o5), (0, B) and (0, ;) do not intersect »).
Thus, the cases considered above cover all sets I7 and I7. Lemmas 11-15 show
that in I, and I} we have

(22) |8u— 8] <guu— o],
m—1

where gy = ¢5 + Ly Ly(ry + 7o(P + @s)) Ag* + M(? +> 7,-) + 75, 80 that
i=0

Go—>" a8 @ —>0",

Now to impose r, <1 is too restrictive (for instance, in [16] one has 7, = 1). Thus,
in general, the operator § is not a contraction. However, under suitable assumptions,
the operator 8% is, as will be shown in the next Section.

5. — Properties of the operator §2.

We begin with the following

LeEMMA 16. — Let Assumptions H,-Hy hold. Then, for a € (0, a,] sufficiently small
ond P, Q sufficiently large, the operator 82 maps B(a, P, Q, o) into itself, and likewise
B(a, P5, @3, o) into itself.

ProoF. - Applying Lemma 10 to the function Sz e B(a, P5, @5, o) we get

I(Szz)(w7 y)— V(y)|n<9 ’ [(8'22)(93, y)ln<~Q ’ (822)(0, y) = y(),

provided a< g[r; -+ ro(P5+ Q5s) + RS I'/A -+ FI1, where RS is defined by R with
P and @ replaced by P* and @S, respectively.

From Lemmas 5-9 it follows that the function 82 satisfies in I and I} a Lipschitz
condition with respect to both variables with constants PS5 and Qs5, respectively.
But now the arguments of the operator § are not arbitrary funetions of B(a, P5, @, 0),
but functions in the range of 8. Therefore, and by exploiting the postulated form
of equations (3), (4), the Lipschitz constants of the function 8% can be made more
precise.



PiER0 BASSANINI - JAN TURO: Generalized solutions, eic. 225

Indeed, for any two peints (x, y)(x, ¥) EI_;E" {or I-;:“), by Lemma 5 we have
[(8%2),(w, y) — (822)ulw, )| < LI+ Ky — 7],

where L] and K* are defined by L, and K, with P and ¢ replaced by P5 and Q%
respectively.

Let now (z, ¥), (», 7) efglé {and similarly for Igzi), then ¢ e J', therefore for
j € 3\J* the point (v, §;(»)) belongs to the set I * (« any point on boundary lines
can be reached by a characteristic starting from the initial line »). Hence, by Lem-
mas 5 and 6, we obtain

1(82);(2, 81(@)) — (92),(Z, $u(2)) [< (PS+ @ s)lw—F|, jeINI.

Hence, for (w, ), (@, 7) € {55, 7. = ©iw, ¥, 82), T, = 7.(@, §, 82), by Lemmas 2, 5, 6
we have:
(T'8z)i(x, y) — (T82) (2, §)| <ri[ti—To| + 72 max [(Sz)i(fu 81('%')) - (Sz),(fi, 81('32‘)) [<
3
<A TAr Aol Py A+ Qpslly —F] (T INTY).
Let now (2, %), (&, g)ef;;f {or f;:z), then ¢e J-, therefore for je I\ J~ the point
(#, p(x)) belongs to the set fy‘j ? (¢ any point on the free boundary can be reached

by a characteristic starting from the initial line »). Then, similarly as above, we
find

(T82)w, y) — (T82)ulw, §)| <A LRl — 7,
m—1
where B =17 + @ 37, + [Li(I"+ K)(A + @) + F17. Furthermore, by Lemma 8, we
get i=0

|USz)u(w, y) — (USe)ilm, P < Ly(K5 + FAT )y — 7] -
Combining the estimates above, we find

[(822).(x, y) — (822).(=, <@ [y — ¥,
where

Qs = Li{max [, A7 {max [r, + r,(P5 + 5@}), B1 + F}] + K}

Consequently, in virtue of Lemma 9, we conelude that the function 8% satisfies
in I7 and I} a Lipschitz condition in # with the constant

Pss—=AQSs+ F,
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so that (assuming, without loss of generality, 4>1) we can take PSS as a Lipschitz
constant of 8% with respect to both variables.

Thus, in order to show that the operator § maps B(a, P, @, o) into B(a, P5, @5, o),
and 8? maps B(a, P, Q, o) into itself, we need the following restrictions on the con-
stants o€ (0, Q— w], P>0, Q=TI ac (0, a]:

[r+ ro(P 4 @s) + B+ I'Ad + Fla<g, Aa<e,, 24a<b,,
2
#3) [ry+ ro(P5+@38) + RS+ I'd 4 Fla<p, P5<P, @5<Q.

Now if g, P, @ are fixed, and a — 0%, we have

PS> AWP, Q)+ F, Qs—>W(P,Q), PS—>AZ+TF, @Q¥5—7,
where W(P, Q) is the greatest of @5, @5, @ for 6 = 0 (Remark 1), and
Z = max {1", A;l{ma.x [7'1 + (A + s) + F) + F,

B3 F,+ (T(A+ &)+ F) |+ F}]

§i=0

does not depend on P, Q. Therefore, for arbitrary g€ (0, 2 — w], if
P>AZ+F, Q>1Z,

then, for sufficiently small o in (0, ,], all inequalities (23) are satisfied. Thus

(24) 82: B(a, P, Q, ¢) - Bla, P, Q, 0) .

But, since Z<W(Ps, Q%), and W(P, Q)>W(P5s, @55) (as can easily be verified,
using (23)), we see that PSS Ps, @555<@5, so that also

(24') 82: B(a, PS5, Q% o) — Bla, P5, @5, o)
and the lemma is proved.

LEvmaA 17, — If Assumptions H,-Hy and (23) are satisfied, then, for all u and v
in B(a, P, Q, ¢) or in B(a, PS5, Q%, o), we have

[(82u) (@, y) — (82 0)(@y 9)|a<q®[u—v],

where the coefficient q5 — 01 as ¢ — 07,
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PrOOF. — Let (»,y)el, ™ NI (similarly for I'* N I7%%), then by using
Lemma 11 we obtain, for %, v e B(a, P, Q, o):

(25) [(82u)(m, y) — (820)(m, 9)|,<§5 [Su— Sv] ,
with ¢8 = LSL,(I"+ K5) + K =: ¢i.

Next, let (#, y) € I, N I35 (similarly for I35 N IS, IS% N I7%0, Ig5e n 1559,
then the assumptions of Lemma 15 are satisfied, and we have that inequality (25)
is satisfied, with ¢5 = ¢, where

@ = Li L[+ (ri+ ra(P5+ QSs) + F) A7 + E¥] + K .

Let now (w, y)e ;5 N I7* (similarly for I, 5N I, I_5* NI, 54 [+,
then the assumptions of Lemma 14 are satisfied, and (25) follows, with

=g =LL[[+ (B°+ A+ K51+ K.
Further, let (v, y) € I, N I, (similarly for I}5* N I*#"), then i€ J-. Thus,

the point (z, p(z)) belongs to the set I NI for je I\J~. Consequently, by
Lemma 11, we obtain

%
Vi

i(S“):(“7 ‘P(C’J‘)) - (‘S”)i(ma ‘P(fv))|<ql”u_ ] .
Hence
[(T8u)s(w, y) — (T8v) (@, ¥)| <7|Tsu— Tso| +
+1:§::7-'kl¢.(s]2(75u) ‘“(Pfs’i;)('l"s«:)l +7F max I(S“)j('[sw (PSu(TSu)) — (Sv)i(";sw (pSv{TSv)) l<

<[40 BE 4 M{ 'S Pt LT+ B[S0 — 0] + Fasfu—o,

where 1, = T, ¥, Su), 15, = vz, y, Sv), and je NI i}
In a similar way we can show that for (v, y) e I3, N I3, (and analogously for
I N I5), we have

(T8u)(a, y) — (T8v)(x, y)| <
< AP LELfry + 1o[(T + E)L(A + 8) + B} Su— Sv] + ragsu— o] .

Assuming, for definiteness, 7,(x, ¥, Su)<7., y, Sv), we obtain (ef. (21)):

(USw)m, y) — (USw)u(w, y)| <[L5Lo(KS + FATY) + K] | Su— Sv] .
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Combining the above estimates we find in I, and I} (since I§%N I 5 = I-5*n
N Ig = 0):

[(82u)(z, y) — (820)(@, ¥)|.< g |Su— Sof + (F+ ra)@ufu— o[,
where

¢ = LELJ T+ [ry -+ ra(P5 + Q5 + (I + E) L(A + 5) + F) + F 4 BS]47* + Ko} +

m—1

+ M| 3 At L+ B)7| + K.
k=0
Finally, by (22), we obtain
[(S2u) (@, y) — (82 0) (@, Y)|n<q® |u— o[ ,

where ¢ = ¢3¢, + (F + 72) ¢4, s0 that ¢5—0" as a -0,

A gimilar reasoning shows that for u, v € B(a, P35, %, p) the same conclusion
holds, with constant ¢° obtained from the previous expression by replacing PS5, @S
with P55, @55, go that again ¢5 -0 as & — 0. Thus 82 is a contraction in both
B(a, P, §, o) and its subspace B(a, P, @, ), with

P:min[P,PS], szin[Q,Qs]’ P:ma.x[P,PS], sz&X[Q,QS].

6. — The existence theorem.

THEOREM. — Let Assumptions H,-H; hold. Then, for given 02> 0, any o€ (0, 2— w]
and any sufficiently large constants P, Q, there are a number o (0<< a<a,) and functions
z: I,~R", Z€ B(a, P,Q, o), and @, @€ CP 0, al, which satisfy (1), (5), a.e. in I
and I, and [0, a], respectively, as well as conditions (2)-(4), (6). Furthermore, Z is
unique in B(a, P, @, o).

Proor. — Let us choose P, @ and o such that inequalities (23) are satisfied. Then,
by Lemma 16, we see that

~

8: Ba, Pa Q7 ) — B(a, P? Q7 0), 8% B(a, P:Qy 9) - B(a, P, Q’ 0),
8: B(a, P, Q, ¢) — B(a, P’ Qa o), 8% B(a, P, Qy @) — Bla, P’ @7 o),
where P, g, P, ) are defined at the end of previous Section. Let us take a & (0, a,]

such that ¢5 < 1. Then, by Lemma 17, 82 is a contraction in B(a, P, §, o) and in
its subspace B(e, P, (, o). Since both are complete, there exists a function Z in
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B(a, P, @, o) s.t.
82z=2%2, EEB(‘Z’P’Qy Q)CB(GUPyQ? 0)

and this is the unique fixed point of §? in B(a, P, §, g). Then, from §28% = 83,
Sz e B(a, P, §, 9), we conclude that

82=7%, ZeB(a,P,Q,0)CB(a,P,q,o)

and Z is the unique fixed point of § in B(a, P, @, o) (ef. [10], p. 83). Proceeding
as in [14] we can prove, using the groupal property of charaeteristic lines and the
Chain Rule Differentiation Lemma of [4], that Z satisfies (1) a.e. in I} and I, and
(2)-(4) everywhere in [«, «,] and [0, a], respectively. Finally if (@, ..., $n_;) is the
solution of (14) with # = %, then @ = @, yields the desired free boundary. This
concludes the proof.

REMARK 4. — The case when the initial eondition (2) is given on an interval
{as it happens when V involves retarded arguments):

(29 @, y)=y@ Yy, @yel—705,0Ixln,nl, 06>0
can also be studied analogously.

ReMARK 5. — The solution and the free boundary depend continuously on the
initial data. In faet, keeping for simplicity the f8.’s fixed (k= 0, ..., m — 1), we
find

Jzlyl— ZlPl | <1 — a5 7 — 7]

and continuous dependence for the free boundary follows from Lemma 3.
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