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S u m m a r y .  - We q~se classical Zeray-Sehauder techniques in order to derive the existence o] 
periodic solutions for ~i~nard differential systems. 

1 .  - I n t r o d u c t i o n .  

In  [13], [16], R. REISSIG ]proved the  existence of 27~-periodic solutions for the  
Li6nard differential  equat ion  

(1.1) x"-F /(x)x '  + g(t, x) ~- e(t) 

where /, g and  e are cont inuous an4 e has mean  value zero, provided t h a t  one of 
the  two following conditions is satisfied: 

(i) there  exists  R > 0 such t h a t  

(1.2) xg( t ,x )<O for all x e R  with Ix l>R;  

(if) the re  exists R > 0 such t h a t  

(1.2)' xg(t,x):>O for all x E R  with  ]xI>R 

and  

(1.3) l im sup x-lg(il, x) << q ~ 1 
I~l-~ 

uni formly  in t ~ [0, 2x] 

S tar t ing  by  A.C.  I~AZEI~ [8], similar problems have been a l ready studied by  
J .  BEBEI~NES [1], J .  BEBERNES and  M. l%/~&l~TELLI [2],. S. H. CHANG [5], I~r MAI~- 
TELLI [9], J.  1VIAWttIN [11], R. I~ElSSIG [13-16]. 

Recen t ly  J .  MAWHIN and J.  1~. WARD [12] considered the  equat ion  (1,1) with f 
continuous,  g a Caratheodory 's  funct ion and e Lebesgue integrable with mean  value 

(*) Entrata in Redazione il 18 ottobre 1983; versione riveduta il 13 matzo 1984. 
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zero. They proved the  existence of 2z-periodic solutions for (1.1) under  assumptions 
(1.2)' and  

(1.4) lira sup x-~g(t, x) <~T'(t) uniformly  in t e [0, 2 z ] ,  

where T'(t) is measurable and such t h a t  

(1.5) F(t) <1  for a.e. t ~ [0, 2z] 

with the strict  inequal i ty  on a subset of positive measure. 
Conditions (1.2)', (1.3) or (1.2)', (1.4) are usual ly called resonance conditions; 

indeed they  reduce in the  linear case (g = O) to the necessary and sufficient condi- 
tions for the solvabili ty of the  resonant  2z-periodic problem 

{ x'~+ cx'---- e(t) 

x ( O )  - x ( 2 ~ )  = x ' ( O )  - x ' ( 2 = )  = o .  

The aim of the present  paper is to extend these results concerning the  existence 
of 2z-periodic solutions to the case of the following differential sys tem of Li6nard 
type  

(1.6) x " ~  d (Grad _~(x)) ~- g(t, x) = e(t) 

where F :  R" -+ R is of class C 2, g: [0, 2•] •  ~ -+ R ~ is a generalized Caratheodory 's  
ma.p (see Section 3), e: [ 0 , 2 z ] - + R  ~ is integrable. Some results concerning this 
problem or related problems are contained in the  papers [2], [3], [4], [10], [11], 

[17], [19]. 
We derive the exis~e~lce of 2z-periodic solutions for vector  differential  equat ion 

(1.6) ~_rom the  classical Leray-Sehauder  techniques (see e.g. [6]). 
In  Theorem 1 we prove tha t  sys tem (1.6) has a 2z-periodic solution under  the 

assumption t h a t  for each i = 1, ..., n 

(B-) there exists P ~ >  0 such t h a t  x~g~(t, x)<~0 for all x e R with [x~t~>/~. 

This hypothesis  seems to be a na tura l  extension of (i) to the case of system 
(1.6). ~oreover  Theorem 1 improves the previous results of the  authors  cited above. 

In  Theorem 2 we replace condit ion (1.2)' by  the  following ones 

(B~-) there exists R~> 0 such t h a t  

~g~(t,x)>~O for all x ~ R "  with ]x~l>R ~ (l~<i~<n), 
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and, extending (1A), we consider the  assumption 

(B +) lira sup x7 ~ g~(t, z )  <~ _P~(t) < 1 
I~,,I-+r 

uni formly  a.e. t e [0, 2~r], where / '~e LI[O, 2z] is such t h a t  _P~(t) < 1 on a 
subset of [0 ,2z]  of positive measure.  (l~<i~<n). 

In  this case we follow a technique  due to J .  MAWEI~ and d. R. WAg]) [12] in 
order to obta in  the  required a priori  es t imates .  

F inal ly  we give a resul t  (Theorem 3) concerning the  existence of 2z-periodic 
solutions for sys tem (1.6), allowing t h a t  each component  of g satisfies e i ther  (B-) 
or (B +) toge the r  with (B+). 

The hypotheses  of these s ta tements  compare  the asympto t ic  behaviour  of 
xj~g~(t, x) to the  first eigenvalue 0 and the  two first eigenvalue 0 and  i of the problem 

x " §  l x  = 0 

x ( O ) -  x(2~) = x'(O) - x'(2~) = O. 

At  the  end of this  paper,  employing a technique  due to C . P .  Gm,~A and 
J.  ~[Aw~I~ [7]~ we consider the  case where for some i = 1, ..., n, toge ther  with (B+), 

l ira sup x-/~g~(t, x) can cross 1 as far  as this  crossing takes place in a subset of [0, 2~] 
I~d-*.o 

of sufficiently small measure.  

2.  - N o t a t i o n s  a n d  d e f i n i t i o n s .  

Let  us set J = [0, 2z~]. We will use the  symbol  x = col (x~, ..., x,~) e R "  and the  
symbol  [[" II for the  Eucl idean no rm in R". 

We will use the  following spaces. 

1) L~(J,  R ~) are the  usuM Lebesgue spaces, 1 < p  < ~- co. 

2) H i ( J ,  R") = {x: J -->R", x absolute ly  continuous,  x ' e  L2(J, R") ,  

x ( o )  - -  x ( 2 ~ )  = x ' ( o )  - x ' ( 2 ~ )  = o} ,  

with the norm ]I~l]~l :: {~--~1 (((2:7[)-1f ~i(t) ~t) 2+ (~7/:)-1f (~(t))2 dr} �89 " 
J J 

3) f /1(j ,  R~) = {x e w ( J ,  R~): f~(t) dt = 0}. 
J 
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4) W~.~(J, R") : (x:  J ---> R", x and x' a b s o l u t e l y  con t inuous ,  

x(O) - x ( 2 ~ )  = x ' ( 0 )  - x ' ( 2 = )  = 0}  

w i t h  t h e  n o r m  I, xH~ . . . .  { ~  ((2~) -~ s f[x~'(t)[ dt)~} �89 . 

J 

F o r  s ake  of s i m p l i c i t y  in t h e  n o t a t i o n s  of t h e  spaces  we will  o m i t  R - w h e n  n = 1. 

Clear ly  if  x = col (xl,  ..., x ~ ) E H ~ ( J , R " ) ,  t h e n  a n y  x~eH~(J)  for  i = 1, ...7 n. 

W e  reca l l  t h a t  e v e r y  x i e  H~(J) can  be  w r i t t e n  in  t h e  f o r m  x~(t) = ~ + ~ ( t )  w i t h  

~,~ ~(J)  ana ~ = (~.)-Ifx~(t) dt. ~ o r e o v e r  lIx, II.~ = { ~  + (e~)-~](x',(t)), dt}~, so that  

we h a v e  [[x]i~ = x,[t~, a n d  we use  t h e  s a m e  s y m b o l  for  t h e  n o r m  in H~(J, n , )  
a n d  HI(J) .  "~=~ " 

Tn t h e  seque l  we  will  use  t h e  fo l lowing  resu l t s .  

LE~MA 1 (J .  M ~ W m ~  - J .  ~ .  WA~D [12]). - Let [ ' e L ~ ( J )  be such that F ( t ) < l  

a.c. on J and the stricty inequality holds on a subset o] positive measure. Then there 
exists ~ -~ (~(I ~) > 0 such that ]or all ~ E H~(J) we have 

(2~)-~f((~, ' (t))~-  ~(t)~(t)) dr>>. ~i[~IIi~. 
J 

L E P T A  2 (J .  ~ w ~ I ~  - J .  1R. WARD [12]). -- Let 17" like in Lemma 1. Let ~ ~ 0 

be associated to 17" by that Zemma i and let e ~ O. Then ]or all p ~ L~(J) satis/ying 
~ 0  and p( t )<F( t )  ~-~ a.e. on J,  all continuous /unction ]: R--> R and all x e  

W2.1(J) one has 

(2~)-1f (~_ ~(t))(x"(t) + i(x(t))x'(t) + p(t)x(t)) dt > (~ - ~)l[~lfl, �9 
J 

3.  - T h e  case  o f  a s s u m p t i o n  B - .  

L e t  g: J • R ~ --~ R", (t, x) ~ g(t, x) = (g~(t, x), .. . ,  g~,(t, x)) be  such t h a t  g( . ,  x) is 
m e a s u r a b l e  on J fo r  e a c h  x E R "  a n d  g(t,.) is c o n t i n u o u s  on R"  for  a l m o s t  al l  t E J .  

A s s u m e  m o r e o v e r  t h a t  

(A) ]or each real number r ~ 0 and ]or any i : 17 ..., n there exists a~ b ~  I~1(J) 

(which depends also on r) such that 
I t  

ig~(t,x)l<a~(t) + b,(t)(2 Lx~i ~ a e t ~ J ,  
k = l  

]or each x ~ R "  with lx~l~r and 0 ~ 1 .  
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Such a g will be called a generalized Caratheodory's map. 

I~E~A~.  - We observe t h a t  for an y  ~ > 0 there  exists :r such t h a t  
IIg(t, x)[] <~,(t) a.e. on J ~or every  �9 e R "  w i t h  llxll < ~ .  

Consider the  following periodic boundary  vMue problem for the  Li6nard sys tem 

(1) 
d (Grad F(x(t)))  + g(t ,x(t))  x"(t) + 

x ( o )  - x ( 2 ~ )  = x ' ( o )  - x ' ( 2 ~ )  = o .  

-~ e(t) 

We prove the  following exis tence resul t  for (1). 

TH~OI~EM 1. -- .Let F ~ C~(R% R) and let g be a generalized Caratheodory's map. 
Assume that g veri]ies the ]ollowing conditions /or any i - ~  1, ..., n 

(B-) there exists R~>O such that g~(t,x)x~<<.O /or a.e. t ~ J ,  ]or every x e R  ~ with 

Then Problem (1) has at least one solution provided that e ~ Z~(J), ~ = 0. 

PI~ooF. - For  eve ry  u ~ H~(J, R ~) consider the  following sys tem 

(3.1) d ~-~ , i 1, n x : ' ( t )  - x ~ ( t )  = e ~ ( t )  - u ~ ( t )  - g ~ ( t ,  u ( t ) )  - ~ - t  ~ (u ( t ) )  = . . . ,  . 

F r o m  classical results  i t  follows t h a t  the  homogeneous sys tem associated to (3.1) 
has on ly  the  t r ivial  2~-periodic solution. Hence  for every  u ~ Hi(J,  R"), sys tem 
(3.1) has only  one 2~-periodic solution, which depends cont inuously on u. 

Le t  T:  HI(J,  R ' )  -->H~(J, R") be the  opera tor  which associates to an y  u ~ HI(J,  R ~) 
the  solution of sys tem (3.1). Clearly T is cont inuous;  moreover  for the  compac t  
imbedding of WI.~(S, R ~) into H~(S, R ~) we have t h a t  T is a compac t  operator .  

Since the  fixed points  of T are solutions for problem (1), we will app ly  the  
classical Leray-Sehuuder  degree t heo ry  to the  opera tor  T. For  this purpose it  sui- 
rices to show t h a t  the  set of 2z-periodic solutions fo r the  sys tem 

(3.2) 
d ~F ) 

x::(t) -- (1 -- 2)x,(t) = ~ - - ~  ~ (x(t))--  g~(t, x(t)) ~- e~(t) , i = 1, ..., n 

is bounded  independen t ly  of 2 e ]0, 1[. 
In  order  to obta in  this a priori  es t imate ,  we need some inequalit ies we are going 

to get  into two steps. 

1st step. - For  any  i----1, ..., n, let  R~ be given b y  hypothes is  (B-). We set 
R = max  {R~, i = 1, ..., n}. We claim tha t ,  ii x e Hi(J ,  R ~) is a 2~-periodie solu- 
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t ion oi s y s t e m  (3.2) for some 2 ~ ]0~ 1[, t h e n  

(3.3) ( 2 ~ ) - l I ~ , I < A  § i!2,1],~ for  i = 1, . . . ,  n 

where  A : (2~)-1R. 

F i r s t  we will show t h a t  for any  i : 1, ..., n there  exis ts  t ~  J such t h a t  [x~(t~)l~< 
~<R~. Assume t h a t  for some i :  1, ..., n we have  

(3.4) lx~(t)[ > _~ for eve ry  t ~ J .  

I n t e g r a t i n g  the  i - th  equa t ion  of (3.2) we ob ta in  

d t .  
J J 

Since ~ ~ J0, 1[, using (3.4) and  hypo thes i s  (B-) on g~ we will r each  a contradic t ion.  
On the  o the r  hand ,  for a n y  i = 1, ..., n, the re  exis ts  i~e J such t h a t  ~ =  x~(t~). 

Therefore  we can wri te  

T, 
~, = x~(t~) = x,(t~) -FJ x',(t) dt (i = 1, ..., n ) .  

t~ 

I:Ience b y  the  Cauchy-Schwarz~s inequa l i t y  we get  

And  so the inequal i t ies  (3.3) are  proved.  

2rid step.  - For  a n y  i -= 1, ...~ n consider the  cons t an t s  R~ given b y  hypo thes i s  

(B-) .  Then  f rom (A), for each  i = 1, ..., n the re  exis t  a~., b~e L~(J )  (which depend 
also on R~) such t h a t  

foraet S, 

L e t  us set  

(3.6) 

a n d  

(3.7) 

for a n y  x ~ R  ~, ]x~l~<_~ , O < a <  1 .  

L = m a x  {lle, ll~ + 2I I~t i~,  ~ = Z, ..., ~ }  

= 2 m a x  {Hb, i b ,  ~ = 1, . . . ,  ~ } .  
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Iqow we shall prove t h a t  if x ~ H~(J, R ~) is a 2z-periodic solution of sys tem 
(3.2) for some 2 e ]0, 1[, t hen  for any  i - =  1, ..., n 

For  each i = 1, . . . , n ,  we define 7~: J x R " - > R ~  as follows 

9' ,(t, x) = 

xTlgdt, x) 

t~7~g~(t, x~ . . . .  , x~_.~, R~, x~+~, ..., x.) ~ - -  (1 -x~lR,)  

RT~g~(t, x~,...,x~_~,--R~, x~+~,...,x.) ~ - -  (1 + x~]R~) 

if 0 < x~ < x~ 

if - -  R~ < x~ < 0 

By construction,  f rom hypothesis  (B-) on g i t  follows tha t  ydt, x)<O for a.e. 
t e J ,  for a n y  x e R  ~, i = 1 ,  .... , n .  

l~oreover the map ~ :  J • R ", (t, x) ~ ~(t, x ) ~  ?dt, x)x~ is a generalized 
Caratheodory 's  map such t h a t  

(3.9) 
{ ~dt, x ) =  gdt, x) for any  x e R "  with [x~]>R, 

~,(t, x)x~<O for any  x ~  R .  

On the  other hand,  set t ing 

h (t, x ) =  g (t, x) - x), t E J ,  x~R ~" , 

we have by  construction and  by hypothesis  (A) t ha t  

/C=I t /  

for a lmost  all t e J ,  x e R". 
Consider now the i- th equation of sys tem (3.2) wri t ten in the equivalent  form 

( 3 . 1 1 )  x:.~(t) + (1 -- ,~)(-- xdt)) + 

f + 2 \~,(t, x(t)) -q- h~(t, x(t)) -q- - ~ 0 .  

If  x a H l ( J ,  R ~) is a 2a-periodic solution of sys tem (3.2) for some ~ e ]0, 1[, 
mult iplying (3.11) by (--xdt))  and integrat ing,  we get 

J d J 

+ . 
J J 

21 - A n n a l i  di Matemal ica  
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Taking  into account  inequali t ies  (3.9) and  (3.10), f rom (3.5) it  follows t h a t  

for  a n y  i = 1, ..., n 

- -  (1 - -  ~) f x t ( t ) ~  (x(t))dt. 
J 

Now, us ing  (3.6) and  (3.7) we can wri te  

~ ' :  - (2~)-~i lx i lo  D + ~ - ( 1 -  z)  x~(t) ~ , 
= j 

f rom which inequal i t ies  (3.8) follow. 
On the  o ther  hand ,  t ak ing  into  accoun t  inequali t ies  (3.3) p roved  in first  s tep 

and  the  well  known inequal i t ies  (see e.g. [18], pg. 208) 

we observe  t h a t  for  ~ny i ~ 1, ..., n 

(3.12) 

whe~'e a = 1 + (2 ~/~)-~. 
Hence  recal l ing t h a t  A = (2~)-1~, wi th  R = m a x  {/~, i = 1, ..., n}, we can write 

for a n y  k = 1 , . . . ,  n 

Since (b ~- e)~<b~-~ e ~ for 0<zr < 1, b, v>O, b y  the  lust  inequal i t ies  we get  also 

iIl )(ilI~ - o) (3.13) ~ [ I ~ < ~ R  ~ + (2~a ~JI~, �9 
k=1 " ~ = 1  " 

Le t  us set  (2sa )~M : K, L -[- nR~M -~ H; t hen  using (3.12) and  (3.13) in (3.8) 

i t  follows t h a t  

k = l  - j 

Now, adding for i = 1, ..., n the  inequali t ies  (3.14), we easi ly  find t h a t  there  

exis t  cons t an t s  ei~ e~, ca, c4>0 such t h a t  
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t I enee  the re  exists  s > 0 such t h a t  U~l[~,<s. F r o m  this f ac t  and  f rom inequal-  

i t ies (3.3) we have  t h a t  

for some cons t an t  d > 0 and  we are  done. 

4. - The  case  o f  a s s u m p t i o n  B +. 

THEO~V,~ 2. - Let 2' e C2(R ~, R) and let g be a generalized Caratheodory's map. 
Assume that g verifies the /oil, owing conditions /or any i = 1, ..., n: 

(B +) there exists R~> 0 such that grit, x)x~>~O /or every x e R ~ with [x~l>~lt~ 

and  

(B:) l im sup x~g,(t ,  x) <Fdt)  uni/ormly /or almost all t e J and uni/ormly /or 

x~e R,  j V= i, where F~e Z~(J) is such that F~(t)<~1 a.e. on J ,  with the stricty 
inequality on a subset o/posit ive measure. 

Then Problem (1) has at least one solution provided e e L~(J, R~), ~ = 0. 

PROOF. - Fo r  a n y  i ---- 1, ..., n, hypothes i s  (B +) implies t h a t  Fi(t)>~O a.e. on J .  

Wi thou t  loss of genera l i ty  we can assume t h a t  F~(t) ~ 0 a.e. on J for i ~ 1, ..., n. 
Fo r  every  u e H~(J, R')  consider as in Theorem 1 the  s y s t e m  

(4.1) x~:(t) -~ I',(t)x,(t) = e,(t) -- F,(t)u,(t) -- g,(t, u(t) ) -- dt [-~-u~ (u(t) ) , 

i --~ 1, ..., n . 

Taking  into account  the  hypotheses  on /'~, the  homogeneous sy s t em associated 

to (4.1) has  only  b y  L e m m a  1 the  t r iv ia l  solution. Hence  ior  every  u e H~(J, R~), 
s y s t e m  (4.1) has  only one 2~-periodic solution which depends cont inuously  on u. 

As in T h e o r e m  1 the  ope ra to r  solution T :  HI(J,  R ~) --~HI(J, R ~) for s y s t e m  

(4.1) is a c o m p a c t  opera tor .  There fore  it  suffices to show t h a t  the  set  of 2z-periodic 

solutions for the  s y s t e m  

( 4 . 2 )  + (1  - = ( x ( t ) )  - g,(t, + e,(t) , 

i =  l , . . . , n ,  

is bounded  for  eve ry  1 ~ ]0, 1[ independen t ly  of L 



322 G. Co~'~ - I4. IA~ACC~ - IVI. ~ .  ]~KASHA~A: _Periodic solutions, etv. 

Le t  x e H~(J~ R ~) be a 2~r-periodic solution for sys tem (4.2). Proceeding like in 

the  proof of Theorem 1 we obta in  b y  means of hypothes is  (B+): 

(~=)-~tz, f < A  + I1~1{.~ for i = ~, ..., n .  

Let  ~ >  0 be associated to the  funct ion  Fi  of hypothes is  (B +) by  Lem m a  1. 

We set  

= �89 m i n { ~ ,  i = 1, ..., n} .  

By  hypotheses  (B +) and  (B~)~ for an y  i -= 1, ...~ n there  exists  ~i~>0 such t h a t  

0 <~x~.~gi(t, x) <~I'~(t) ~- 

a.e. t e J ~  x ~ R "  with lx~]~>~i. 
Define ~ :  J •  ~'-~ R as follows 

ri(t,  x )  = 

(x71gi(t, x) 
X,~ T (~)-~g~(t, x~, ..., x~_~, ~,  xi+~, ..., x~) ~ - ~  (1 -x~[~,) 

Xt 
(~,)-~gi(t, x~, ..., x~_~, -- rt, xi+~. .., x~) ~ + (1 ~- x~]~i) 

if 0 ~<xi< ri 

if - - ~ < x ~ < O .  

We have  0 ~<y~(t, x) <~f'i(t) -f- (~ for a.e. t e J ,  z ~ R-. )~Ioreover the  map 5,: 
J X R" -> R, (t, x) ~ ~i(t, x) ---- ~,i(t, x)xi is ~ generalized Cara theodory ' s  map such t h a t  
~t( ' ,  x) is measurable  on J for each x e R ", ~,(t,.) is cont inuous on R*' for a lmost  

all t e J and  

~(t~x) = g~(t,x) for an y  x e R "  with [x~l~>~. 

Le t  hi(t, x ) =  g,(t, x ) -  #~(t, x); by  construct ion,  f rom hypothes is  (A) on g, i t  

follows t h a t  
f~ 

where ai, hie LI(J) are given b y  hypothes is  (A) with ri----- Si. 
Le t  x ~ HI(J,  R ~) be a 27~-periodie solution of sys tem (4.2) for  some / e  ]0, l[ .  

Mult iplying by  (xi--2i( t ) )  and  in tegra t ing  the  i - th  equa t ion  of (4.2) wr i t ten  in 

the  form 

) x:~(t) + (1 - ~)r~(t)xi(t) + \ ~  ~ (x( t ) )+  y~(t, x(t>) + ~(t ,  x(t)) + ~(t) = o 
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we obtain,  using Lemma  2 with 

p,(t) = (1 - ,~)F,(t) + ze,(t, x(t)) <F,(t)  + ~,, 

J J 

J J 

> 0tl~tlt-(2~)-~zf(n~(t, x(t)) - ~ ( t ) ( ~ , -  ~,(t))) et + 
J 

3.F 

J 

�9 f(]hi(tyx(t)) ] ~-[et(t)[ )dt ~- ~ f (Xi-- Xi(~))~t(x(t))dt. 
J J 

Using (4.3) and se t t ing 

M'---- 2 m a x :  {llb~lr,~, i = 1, . . . ,  ~)  

we get  for  any  i ---- 1, ..., n 

J 

Pu t t i ng  a = (1 -~ (2 V3)--1), ( 2 ~ a ) ~ M ' =  K '  and  L'~- n t t~M'=  H', in the  same 
way as in the  proof of Theorem 1 we obta in  

o > ~ l l ~ l l t - O : H ' §  g'n(v'@tl~ll;,)(A~ § ~WII~II.,) �9 

l ! ! ! 

Hence  there  exist  constants  el, e~, ea~ ca>  0 such t h a t  

~nd then there exists a eonstant d > 0 such that IlxJJ.,< a and the proof is complete. 

RE~A~K. -- Clearly hypo!thesis (B +) is more res t r ic t ive  t h an  the  norm exten-  
sion of condi t ion (1.4) 

lira sup [[xll-'l]g(t, x)ll < r ( 0  < 1 .  
llzll--)oo 

~ever the less  the  following simple example  shows t h a t  hypothesis  (B +) is be t t e r  
in some situations.  
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EXA~VLPLE. -- Consider the  following sys tem 

x " +  y ' +  (sin ~ t)x = edt) 

y " +  x ' +  (cos2t)y = edt) 

where e~ e2: J --> R are in tegrable  funct ions with ~1 = G = 0. 
I t  is e~sy to see t h a t  the  conditions of Theorem 1 are  satisfied, hence there  

exists ~ 2z-periodic solution for this sys tem.  
:Put grit, x ) =  (sin~t)x and g~( t , y )=  (cos~t)y. By  s t anda rd  cMculations we ob- 

ta in  t h a t  

lim sup I g (t' x) + g (t, 
l , l + l v l - ~  t x~ + y2 >1/2 

hence we cannot  apply  the results in [3], [4], [10]. 

5. - M i x e d  case .  

THEO~,~ 3. -- .Let F e C2(R ~, R), tet g be a generalized Caratheodory's map and 
let noe [1, n] be an integer. 

Assume that, for any i - ~  1, ..., no~ g veri']ies the ']ollowing conditions 

(B-) there exists R ~ > 0  such that g,( t ,x)xi<O for every x e R  ~ with lx, f>R~, 

and /or every i = no + 1, ..., n 

(B +) there exists [ ~ >  0 such that g~(t, x)x~>0 for every x ~ R ~ with ]xi[>R~, 

and 

( B : )  lira sup x-~lg~(t, x) <F~(t) uni]ormly a.e. t ~ J and uni/ormly ]or x j e  R,  j ~ i, 
where F ~  L~(J) is such that F~(t)<t  a.e. t e J ,  with the strict inequality on a 
subset o] positive measure. 

Then Problem (1) has at least one solution provided that e ~ LI(J,  R~), -g -~ O. 

P~ooF. - Like in Theorem 1 and  Theorem 2 i t  snfficies to show t h a t  the  set of 
solutions for the  sys tem 

1 ( d ( G r a d ~ ( x ( t ) ) ) ~ - - g i ( t ' x ( t ) ) + e ' ( t ) ) '  f x~:(t) - (1 - k )x~( t )  = k , ~  

i~ I~ ...~ ~o 
(5.1)  l 

( d ( G r a d F ( x ( t ) ) ) i - - g i ( t , x ( t ) ) +  ei(t)) x::(t) -F- (1 -- 2)F~(t)x~(t) -~ ~ --~ 

[ i = n o +  1 , . . . ,  n 

is bou,~tded for any  k e ]0, 1[ independent ly  of k. 



G. CONTI - R. IANNAOOI - 1Y[. 2q. ~KAStIAlVIA: Periodic solutions, etc. 325 

L e t  x e H i ( J ,  R n) be a solution of s y s t e m  (5.1). 

I n  the  same way  as in Theorems  1 and  2 respect ively ,  we ob ta in  t h a t  there  

exis t  L~, L~, M~, M~'> 0 such t h a t  

k = l  

and 

(5.3) 0 > I1  11 ,- (2 )- tlx ll  + , . . . ,  

k -  

Le t  L = m a x  (L~, L~} and  ~ r  ___ m a x  {M~, M2}. 

We observe  t h a t  in the  inequali t ies  (5.3) ~ < 1 ,  hence  b y  (5.2) and  (5.3) we get  

for a n y  i = 1, ..., no, n o +  1, ..., n 

+  (ZllxoII )) �9 

With  a technique similar  to t h a t  used in Theorem 1 we can show t h a t  the re  

exis t  cons tan t s  ~ c2, c~ ~a> 0 such t h a t  

This implies t h a t  there  exis ts  a cons t an t  d > 0 such t h a t  IlxlI~,< d and  the  
proof  is complete .  

COROLLARY 1. -- Theorem 1 remains valid i] we suppose instead o/ (B- )  and "g = 0 
that there exist constants a~, b~ and  R ~ >  0, i = 17 ..., n such that 

g~(t, x) <~ b i ~ a i , 

gi(t, x ) > a l  , 

b i ~ . ' e i ~ a i  . 

a.e. /or t e J and  x~> R~; 

a.e. /or t e J  and  x ~ < - - R ~ ;  

PROOF. - S y s t e m  (1.6) is equ iva len t  to the  s y s t e m  

d 
x~: -~ ~ (Qrad F(x)  )~ + g~(t, x) - -  ~ = e~(t) - -  ~ , i = l , . . . , n .  

Observing  t h a t  e i ( t ) -  ~ has  m e a n  value 0 a n d  g~(t, x ) -  g~ verifies condi t ion 
(B-) for eve ry  i = 1, ..., n~ we are  done. 

t n  the  same way  we obta in  the  corresponding Corollaries for Theo rem 2 and  3 
which are  not  s t a t ed  for the  sake of b rev i ty .  
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T~EOlCE~ 4. - The assertion of Theorem 2 (Theorem 3) holds also if in the hypothesis 

((B +) (B+)) /or any i -~ 1, ..., no (i = no ~- 1, ..., n) F~ verifies the following conditions 

t o+  r7 

with F~e s  ]-~ e L~(J) ,  F ~ is measurable on J ,  F~  a.e. t e J with the strictly 
inequality on a subset o/ positive measure and 

where ~(F~) is given by Lemma 1. 

PI~ooF. - T h e  s c h e m e  of t h e  p r o o f  is  s i m i l u r  to  t h u t  of  t h e  p r o o f  g i v e n  in  Theo-  

r e m  2 ( T h e o r e m  3) ~nd  we o m i t  i t  for  s~ke  of  b r e v i t y .  

T h e  r e q u i r e d  a p r i o r i  e x t i m u t e s  ure  o b t a i n e d  s e t t i n g  

for  i ~ 1~ .~ no ( i - - - - n o ~  1, . . . ,  n) ,  a n d  p r o c e e d i n g  l i ke  in  t h e  p r o o f  of T h e o r e m  2 

in  [7]. 

Acknowledgement. - W e  w o u l d  l ike  to  t h a n k  t h e  r e f e r e e  fo r  h e l p f u l  sugges t i ons  
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