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Summary.  - This paper proves the existence of (at least) one solution of the following variational 
inequality: 

u e W~o'~(/2) n L~(/2), u > V a.e. in /2, 

( , )  <A(u), v - u> + f i t ( x ,  u, Du)(v --  u) > 0 ,  

Vv e W~'~(/2) n L~(/2), v 1> ~ a.e. in /2. 

Here A is an operator of JSeray-Lions type acting #ore W~'~(/2) into W-i'~'(/2) and H grows 

like ]Duff. The obstacle ~p is a measurable function with values in  R ,  the only hypothesis 
being {v G W~'~(/2) n Lr176 v >1 ~p a.e. in /2} ~ O. This allows ~p to be -- c~, reeovering the 
ease where ($) is an equation. _Finally there is no smoothness assumptions on the data: /2 

is a bounded open set in  R ~, A and H are defined from Carath~odory functions. 

Rtsmm$. - Dans eet article nous montrons l'existence d'(au moins) unc solution de l'in~- 
quatiou variationnelle 

u G W~'~(/2) n J5~(/2), u ~> ~2 p.p. dans /2, 

( , )  <A(u), v - u> § u, Du)(v -- u) > O, 

t? 

Vv e W~'~([2) n Z~(/2), v> ~ pp. dans /2 ,  

ole A est un  op~rateur de type .Leray-Zions d~fini sur Wlo'~(/2), 5 valeurs darts W-l'~'(/2) et o~ 
la eroissance de 1t est act plus  en IDu[~. Z'obstacle ~p est unc ]onction mesurable h valeurs 

dans R ,  la seule hypoth$se grant que le eonvexe (v G W~'~(/2)n L~(/2): v ~ p  p.p.  dans /2} 
n'est pas vide: ainsi le cas ~p ~ -- ~ (qui correspond au cas o~ ( . )  est une gquation) es t 

dgalement traitS. En f in  il n 'y a aucune hypoth~se de r~gularitg sur les donndes : /2 est un ouvert 
bornd de R x, et A et 1t sont dgfinis ~ partir de ]onctions de Carathdodory. 

S u n t o .  - I n  questo lavoro si prova un risultato di esistenza di soluzioni della disequazione va- 
riazionale 

(*) 

u ~ W:o'~(/2) n L~( /2) ,  u > ~ q.o. in /2 ,  

+ I'll(x, u, Du)(v -- u) 1> 0,  <A(u), V u ~  

D 

Vv ~ W~'~'(/2) n ~ ( / 2 )  , v >~ ~ q.o. in  /2,  
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dove A ~. u~ operate.re gel ripe di Leray.Lions de]i,J~.ito su W~'~(O) e a valori i.~ W-1 'r  
e H ~ unit ]unzione di Ca~'ath~odo'ry che oresce al 2 i~  come IDYLL La sola ipotesi che si ]a su ~; 

i~ .~: qo~esto ~)e~'~.'~ette W = -- co e in  tal ease ( . )  diventa una equazione. I ~  line, no~ viene 

]attct nessu~a ij)otesi di ~oegolarith s ui @.ti: ~ ~ u~ a,perto limitato d.i R z~ ed A e H sono de- 
ffniti a partite dot ]unz iod  di Ca~'athgodory. 

1. - h ~ r o d u c t b m  

This paper  :'s concerned with the existence of bounded  solutions of unilateral 
problems involving non linear operators of the form 

(i.i) A(v) + H(% v, D~) 

in ~ bounded  domain ~ of R <  The pr incipal  p a r t  A is ~ differential  opera tor  of 

second order in divergence form of Leray-Lions type acting from Wo~"(~) into 

W-~,.'(Q) 

(1.2) A ( v )  = - -  div (a(x,  v, Do)) ~ ao(X, v, Do) 

and  the  f f ami l ton ian  H grows a t  mos t  l ike IDol< 

The ma in  difficulty in p rov ing  the  existence of a solution s tems f rom the  fac t  

t h a t  H ( x ,  v, Do) does not  define a m@l) ing  f rom W~~ into  i ts  dual,  bu t  f rom 

Wo~,~(O) o ;L~(tg) into ~ ( t 2 ) .  
The m e t h o d  used here  is to define a p p r o x i m a t e  problems,  t hen  to ob ta in  a priori  

es t imates  for the i r  solutions using sui table  t e s t  funct ions and  finally to prove  a new 

compactness  p r o p e r t y  in order  to pass to the  limit.  

2. - Setting o f  the problem and main  result.  

Le t  g2 be  a bounded  domain  in R ~ and  p,  p '  be  real  number s  such t h a t  1 < p,  
p ' <  % co; l i p  % l i p ' =  1. L e t  us consider the  non l inear  elliptic differential  opera tor  

of second order  in divergence fo rm 

A(v) = --  div (a(x, v, Do)) + ~o(x, v, Do) 

where a, ao are Cara theodory  funct ions (with values in R z~ and  R) sat isfying the  

following conditions for all s ~ R ,  ~, ~*~ R ~, and  for a lmos t  every  x e Q:  

(2.1) ia(x, s, ~)l < /9(x)  + l s P +  P-~] 
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(2.2) 

(2.3) 

(2.~) 

(2.5) 

I o(x, s, I l -q, 
[a(x, s, ~) - a (x ,  s, ~*)][~- ~*] > 0,  

ao(X, s,  )s> olsl , 

(~ r ~*), 

where a, ~o, fl are str ict ly positive constants  and k(x) is a given positive funct ion 
in Lr 

Under  these hypotheses,  A is a bounded continuous pseudomonotone operator  
of Leray-Lions t ype  from Won't(/2) into its dual  W-~,~'(/2) (cf. [LLjl], [Ljl]). 

Fu r the rmore  let  H(x, s, ~) be a Carath~odory funct ion such tha t ,  for all s e R, 
~ R ~, and for almost  every  x ~ Q 

(2.6) IH(x, 8,  )l<Co § b(Ist)l l , 

where co is a positive constant ,  b(s) is a positive, increasing, continuous funct ion 
defined on R +. 

Final ly  let  ~0 be a measurable function,  with values in R, such tha t  the  closed 
c o n v e x  s e t  

K = K(~o)=  {v e W~'~(/2): v > ~  a.e. i n  [2} 

has a non emp ty  intersection with Z~(~2), i.e. 

(2.7) 3v e Wlo'~(Q)n Z~(/2) such t h a t  v>~o a.e. in /2 .  

We shall prove the  following existence theorem. 

THEOI~E~[ 1. -- There  exists u such tha t  

(ms) 

u c K r~ L~~ , 

+ Ill(x,  u, 2~u)(v -- u ) > O ,  <A(u), 
t9 

Vv ~ K n L~(~9). 

RE~hn~.  - Le t  us remark  explicitely tha t  considering the part icular  case F = -- c~ 
Theorem I states the  existence of a solution of the equation 

(2.Sbis) 
u e w~'~(t2) n L~(t2) 

A(u) ~- H(x, u, D u )  -= 0 i n  D ' ( D )  . 

The proof of Theorem 1 consists in the  following steps. We first define approxi- 
mate  variat ional  inequalities. We then  prove a priori estimates in Z~(~)  and Wlo.~(~2) 
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for the solutions of these approximate problems. Final ly  we prove tha t  the solutions 
of the approximate variat ional  inequalities are compact  in the strong topology 
of W~o'~(/2), a result which allows to pass to the l imit  and to obtain the existence 
result. 

This proof does not  require any  regulari ty argument ,  so no smoothness assump- 
tions have been made nei ther  on /2 nor on the functions a, no, H, ~. We could also 
consider other types  of boundary  conditions. 

Existence results for problems of type  (2.8) or (2.8 bis) in bounded or unbounded 
domains have ah'eady been obtained in several papers with addit ional  assumptions 
such as the smoothness of the  da ta  or the  l ineari ty of the  operator A with respect 
to Du (cf. e.g. [AC], [BeFMo], [BeF], [DG1], [DG2], [Lpll]~ [Lpl2]; see also the 
references therein).  

In  [BMP2] we proved the  existence of a solution of equation (2.8 bis) in the  
present  setting, under  a slightly reinforced hypothesis:  the  function k in (2.1) was 
assumed to be in ~ ' (~) ,  s > p ' .  This hypothesis  allowed to prove a regulari ty result  
of l~eyers' t ype  on the  approximate solutions and  on the solutions of (2.8 bis)itself,  
a result  which permi t ted  to pass to the  l imit  in the approximate equations. Although 
this Meyers' type  regulari ty result  also holds t rue  in the  case of unilateral  problems 
(see [B]) and  then  allows to use the  same proof as in [BMP2], we prefer to give 
here a direct proof~ close to the  proof of [BMP1], with the only hypothesis  k e L~'(/2). 

In  order to prove Theorem 17 let us consider the  sequence of approximate varia- 
t ional  inequalit ies:  

(2.9)~ 

where 

(2.10) 

i 
<A(u,), v--  u,> -+ f H~(x, u,, Du,)(v-- u,) dx> O , 

V v ~ K ,  

H,(x ,  s, ~) - g ( x ,  s, ~) 
1 + el/~(x, s, ~)l" 

Note t ha t  IH~!<IHi and  tha t  IH~1<1/8. 
Recall tha t ,  since H~ is bounded~ for every fixed e > 0, there exists a.t least a 

solution u~ of (2.9)~ (el. [LLjl], [KS], [HS], [Brel], [Ljl]). From the <~ maximum 
principle 'b we know tha t  u~ belongs to J5r176 (ci. [Bre2]). 

3. ffi A pr ior i  e s t i m a t e s .  

LE~cnv5~ 1. - Let ~ be the real functions 

(3.1) ~ ( t )  = t e ~*' 
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where  2 is a posi t ive  real  number .  I f  v~ d are posi t ive real  numbers ,  and  if 
2 = v~/4d ~ the  following inequa l i ty  holds t rue :  

(3.2) 

P~oo~.  - For  %>c2/4g ~, we have  

dqJ~(t) - ~lq,~(t)l >1 eat~ + 24 d t ~ -  ~[t[) > e~t~d/2 > d/2 . 

LE]vr~ 2. - There  exists a posi t ive cons tan t  c~ (depending only on the  constants  
co~ ~o, Sup F(x) and  p) such t h a t  

PRO0F. - As we a l ready remarked ,  u~e Z~(~9) for each s > 0. So  the  funct ion v~ 
defined b y  

(3.4) v~ ---= u~ -~- ~(z~-),  

where 
1 / ( ~ -  1) 

~ - 4 ~ '  ~,=b(I]~!l~(. ,) ,  ~ =  ~ +  

belongs to K and can be used as a t es t  funct ion in (2.9)~ giving 

(3.5) 

D - ! - 

~2 ~2 t2 

D - ' - + f ( e o +  
9 9 Y2 

t~ ~Q 

l~ecall t h a t  t h e  previous integrals  are  non zero only in the  subset  {x e ~2: u~< 
~<-- (co/ao)lI(*-l)}. In  this  subser we have  b y  (2.5), 

ao(X, u~, Due) <,o{u~{~-2u~<-- co. 

So, b y  L e m m a  1, for ~ ~ 2~ ~ 0~/4o~ 2, we obta in  z~----0, i.e. : 

(3.6) u s ~  - -  

\ ~ o 1  

Consider now the  t es t  funct ion v~ defined b y  

(3.7) ~ = ~ _  ~ ( z + ) ,  
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where  

{W i} ).~ o~ 5( [ i~ . i i~ . (~ , )  . . . . .  s u p  ; s u p  .~(x , 

~ o t e  t h a t  %v is b o u n d e d  f r o m  above ,  since K ~ / ~ ( ~ )  =/= 0. I t  is ea.sy to  see t h a t  

0 + + < ~ , ~ ( z ~ )  <z~,  ~nd t h a t  v ~  K.  So (2.9)~ y ie lds  

.(2 

which  impl ies  

f r + 
~2 s 

]~ecall t h a t  t h e  p rev ious  in tegra ls  a, re  non  zero on ly  in t he  subse t  {x ~ f2: u~>e3}. 
I n  th is  subse t  we hay% b y  (2.5), 

ao(X, ~t~, Due) > O:o]U~l'-3u~ > .o( ez)~-l > eo . 

+ O, i.e. : So, b y  L e m m a  1, z~ 

(3.8) u~ < e3 �9 

The  inequal i t ies  (3.6) a n d  (3.8) give t h e  des i red  e s t ima te  (3.3). 

L E ~  3. - The re  exists  a pos i t ive  c o n s t a n t  ca (depending  on ly  on t he  d a t a  in 
t h e  hypo theses )  such t h a t  

(3.9) I[ u~ ] w~,~(~)< e~. 

P~00F.  - L e t  us deno t e  ea = b(el), where  cl is def ined in  (3.3). F o r  w g iven  in 
K (3 /5~(~)  (recall t h a t  K ~ Z ~ ( / 2 ) #  0), le t  us define v~ b y  

(3.1o) 

where  

40r 
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Using v~, which belongs to K,  as t es t  funct ion in (2.9)~ we obtain,  since vs-- u ~ =  

= - ~ . ( u ~ -  w ) :  

- ~fa(x, 
.Q 

- aj'H~(x, u~, Du~)~z(u~-- w ) > o ,  

T2 

' 2) ' 

T2 

]3y L e m m a  1, and  the  choice of 2, we have  

The es t imate  (3.9) follows f rom the hypotheses  (2.1), (2.2) and  f rom the  Z~176 

bound  (3.3). 

l~n~)mK. -- I n  the  previous  proof,  we used the  Zoo(D) bound (3.3) of ~ and  the  

hypotheses  (2.1), (2.2), (2.4), (2.6). ~Ve did not  use explici tely hypothes is  (2.5), bu t  
only its consequence,  the  Z ~ ( D ) b o u n d  (3.3). This means  t h a t  L e m m a  3 holds t rue  

whenever  one can ob ta in  an  es t imgte  in Z~~ independent ly  of the  way  this 

es t imate  obtained.  The same r e m a r k  applies to L e m m a  4 below. 

4. - Compactness of approximate solutions and proof of existence. 

F r o m  L e m m a  2 and  3 there  exists u e W~'~(D)n JS~(D) and  some subsequence 

(still denoted b y  ~ )  such t h a t  

(4.1) u~ ~ u in Zc~ weak  *,  

(4.2) u~ --> u a.e. in D ,  

(4.3) u, -~ u in Won't(D) w e a k .  

LE~CnV~A 4. - The sequence u~ is re la t ive ly  compac t  for the  s t rong topology of 

wy(n). 

Pn0oF. - We choose as t es t  funct ion in (2.9)~ the  v~ defined in (3.10), wi th  w -- ~. 
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~ o t e  t ha t  u e K (~ L~(~9). We have 

f a(x, u~, Du,)D(u~-- 
D 

u)~'~(u,- u) + fao(x, u,, DuA~,.(u,-- u)< 

< f (eo + c,[Z)u~y)Iw(u~- u)l, 

l E a ( x ,  u~, Du~) - -  a(x, u~, Du)]D(u~-- u)qg'~(u~-- u)< 

<--ja(x, u~, Du)D(u~-- u)qJ'~(u~-- u) -F 
t~ 

+fEl<~o(x, u, Du~)l + c . ] l~(~-  u)t + (c,/~<)fa(x, u~, Du~)z,u~iv,.m~- u)i, 
~9 t9 

~n4 then  

(4.4) 

f[a(x, u~, Dur -- a(x, u~, Du)]D(u~-- u){~(ua-- u)]-- (ed/~)l~v~.(u~-- u)l}< 
~9 

Y2 

Because of the  choice of Z ~ c~/(4~ ~) and of :Lemma 1, the  left  hand  side is greater 
t h a n  

� 8 9  us, Du~) - a(x, u~, Du)]D(u~-- u) ; 
~9 

using (4.!), (4.2), (4.3), (2.!), (2.2) and Lebesgue's dominated convergence Theorem, 
we see t h a t  the  right hand  side converges to zero. So inequal i ty  (4.4) gives 

(4.5) lEa(x, u~, Du~) - a(x, u,, ~u ) ]D(u~-  u) ~ 0 .  

The compactness result of Lemma 4 is then  a consequence of (4.5) and of the  
following ?Demma 5 which is proved in [Bro], p. 27. We give here a simple proof 
of i t  for sake of completeness. We use the method  of [LLjl], p. 104, and we complete 
it  to obtain the  strong convergence of u~, since hypothesis (2.4) is slightly stonger 
t han  Leray-Lions'  original coercivity assumption. 

Lv.~r~A 5. - Assume t h a t  

(4.6) u~--~ u in W~,~(/2) weak and a.e. in /2 ,  
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and  

(4.7) 

Then 

(4.8) 

f [ a ( x ,  ue, Due) - a(x, we, .Du)]D(we-- w) --> O . 
s 

u8 --> u in W~'~(/2) s t r o n g l y .  

P~ooF. - Let  De be defined by  

De = [a(x, we, Due) --  a(x, ~te, Du)]D(ue - -  u) . 

Then b y  (2.3) De is a posi t ive funct ion and  (4.7) implies 

De --> 0 in LI(Y2) s t r o n g l y .  

E x t r a c t i n g  a subsequence (still denoted b y  ue), we have  

We --->W a.e.  in  ~ 

De-+O a.e. in s 

Then there  exists a subset  Z of ~ of zero measure ,  such that~ for x ~ ~ - -  Z~ 

lu(x)] < ~ ,  lOu(x)l < ~ ,  Ik(x)l < ~ ,  

and  

Defining 

we have  

u~(x)  ~ u ( x )  , D e ( x )  -+ O . 

& = Due(x ) ,  ~ = D u ( x ) ,  

De(x) = [a(x, we(~), ~e) - -  a(x,  ue(x), ~)](~:e-- ~),  

and using (2.4) and (2.1) 

De(x)>~I&l~- c(~)[l + t&[~-l+ l&l], 

where o(x) is a cons tant  which depends on x~ bu t  does not  depend on e. 

is bounded  uni formly  with respect  to e, since ])e(x) --> 0. 
Le t  ~* be a cluster  poin t  of ~:e. We have  [$*[ < c~ and  

[a(x, w(,~), ~,) - ,~(,~, w(x), ~ ) ] ( ~ , -  ~) = o ,  

mhus, l&l 
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because of the  cont inu i ty  of a wi th  respec t  to s nnd ~. ~ o w  (2.3) implies t h a t  
~* = ~. The  uniqueness  of the  cluster  po in t  means  t h a t  for the  whole sequence 

D u e ( x )  ~ D u ( x )  , V x  ~ [2 - -  Z , 

i.e. 
Du= --> Du a.e. in ~ .  

R e m a r k  thut 

(4.9) 

(4.io) 

(4.1i) 

We set 

a(x, ue, Due) Due>O , 

a(x, u=, Due) Due --> a(x, u, Du) Du  a.e. in s 

On the  other  hand,  using (4.6), (4.7), Vital i ' s  Theorem and a(x, ue, Due) -+ a(x, u, Du) 
in (~ ' ( I2) )  -~ weak  nnd a.e. in /2, we ob ta in :  

D u .  

t2 t~ 

ye = a(x, u=, Due) D u e ,  y = a(x, u, Du) D u  . 

a.e. in ~9, y e LI(Y2), ~ye ->(y .  

l~ow 

f~ O ~ v = ~ y  t~ 

Using Lebesgue>s domina ted  convergence Theorem,  we obtuin 

y= - ,  y in Z1(~9), 
i.e. 

(4.12) a(x, u~, Due) Due --> a(x, u, Du) Du in L1(~2) . 

:Now f rom (4.12) and  hypothes is  (2.4) we deduce, using Vital i ' s  Theorem 

(4.13) Due --~ Du in (L~(tg)) ~v s t r o n g .  

PROOF OP ~HEOaE~ 1. - F r o m  L e m m a s  2, 3, 4, we know t h a t  (for s o m e  sub- 
sequence) 

(4.14) ue -+ u Won't(f2) s t r o n g ,  

(4.15) u e - ~ u  L~~ weak  * 

So, f rom (4.9), (4.t0), (4.11), 

y e > 0  , y e - * y  
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How Vitali 's Theorem and the inequal i ty  

]H~(w, ~,,/)u~)] < IH(x, u~, D~e~)]< Co-i- vaJDu~l~ , 

show tha t  

(4.16) He(x, q~s, Du~) --> H(x, u, Du) in Z~(~2) . 

So i t  is easy to pass to the  l imit  in (2.9)~, for any  given v a K n Z~~ and to obtain 
tha t  u is a solution ef problem (2.8). 

5. - E x t e n s i o n .  

In  this section we present  the  problem (2.8) in a different framework,  replacing 
hypothesis  (2.5) by  the  existence of a sub- and a super-solution as in [BMP2]. On 
the other  hand,  we will ~ssume tha t :  

(5.1)  ao(X, 8, #) = o ,  

and t ha t  (2.6) is replaced by  

(5.2) IH( , 8,  )l<b(lsl)(1 + �9 

DEFII~ITION. -- The funct ion ? is a sub-solution of the unilateral  problem (2.8) ii 

(5.3) 

9~ e W~.~176 9~<0 on 0.(2, 

(A(~o), ( ~ -  v)+) + f H ( x ,  ~, D~)(~0- v)+<0 

for all v E K .  

The funct ion 0 is a super-solution of the  unilateral  problem (2.8) if 

OEW~.~176 0 > 0  on ~.(2, O>~p 

v) + ft~(x, O, <A(0), DO)v>O , 
f2 

/or ~11 v ~ W~o'~(.Q), v >  0 on t9 .  

on ~ ,  

TKE01~E)'r 2. -- Assume tha t  (2.1), (2.2), (2.3), (2.5), (2.7), (5.1) and (5.2) hold 
t rue and tha t  there  exist  a sub-solution ~ and a super-solution 0 of problem (2.8), 
with ~ 4 0  a.e. in f2. Then there  exists a solution u of (2.8) such tha t  q~4u<O a.e. 
in f2. 
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I~L~SK.  -- I f  ~ = --  c% the  above definition coincides with the  classical defini- 
t ion of the  sub-and super-solution for an  equation. Then,  Theorem 2 gives essentially 
the  same result  as Theorem 2.1 in [B1VfP2]~ the  difference being tha t  here k just  
belongs to Z~'(~). 

Note  t ha t  definition (5.4) of a super-solution 0 for the  unilateral  problem (2.8) 
is equivalent  to :  

{ 0eW~.~(P.) ,  0 > 0  on ~ 2 ,  

0 > ~  a.e. in ~ and A(O) q- H(x,  O, D 0 ) > 0  in D'(~2). 

In  contrast ,  when the  obstacle ~ and the  funct ion ~0 are smooth~ the  above 
definition of a sub-solution heurist ically coincides with 

[ ~<0  on 3 9 ,  

either ~ <  ~ or A(q~) + H(x,  9, Dg)<<- O a.e. in ~2. 

OU~LL'~E OF mm~ P~ooP. - We first modify  the  problem, using the  same trunca-  
t ion as in [BMP2]~ section 3.1. Le t  us define 

a(x, ~(x), ~) if s<~(x) 
a(x , s ,~ )  -~ a(x ,s ,  2) if ~ ( x ) < s < O ( x )  

a(x, O(x), 2) if s>~O(x), 

I~(x, s, 2) = l  
H(~, ~(x), D~(~) ) 
H(x,  s, ~) 

H(x, O(x), DO(x)) 

if s ~ ~(x) ,  

if 9(x) < s < O(x) , 
if s>O(x) .  

We set  

5 ( ~ )  = - d i v  (a(x, v, Dv)) 

Observe that for any  v e W1,~(~2) 

I/~(x, v, Dv)[<c~(1 + IDvI~) , 

where c5 is a posit ive constant  which depends on ~ and 0. 
We consider the  auxi l iary problem 

(5.5) 

z e K n L~([2) , 

v -  z) +fF-l(x, z, Dz)(v- z ) > O ,  (d(z), 

Vv ~ K N T ~ ( [ 2 )  . 
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With  the same proof as in [B1VIP2], Proposition 3.3, we can prove tha t  every solu- 
t ion z of (5.5) (if it  exists) satisfies 

(5.6) ~<z<O a.e. in ~9, 

and actually is a solution of (2.8). Next we define 

/ #(x, v, 9v) if l/~(x, v, Jgv)I< 1 
8 

~(x, v, Dr) = 1 I~(x, v, Dr) 1 
l#(x,  v, 1)~11 if t/~(x, v, 9~11 > - .  

Note t ha t  [ /~l<l/~l  and I ~ l < l / s .  Since / ~  is bounded, there exists a solution z~ 
of the  problem 

z~e K ~ L~(Q),  

<.~(z~), v -  z~> + IiL(x, z~, D z 4 ( v -  z4>o, (5.7)~ 

Vv e K .  

Note tha t  the existence results in the l i t terature do not  apply directly to (5.7)~, since 
the f u n c t i o n / ~  are not  Carath6odory functions, but  v -> I~dx , v, Dv) is a continuous 
mapping from WI,~(z9) into E~(r2) for all finite q, and the usual proofs adapt  im- 
mediately.  I t  is easy to see tha t  for e small enough (1/s>sup {IH(x, ~(x), D~(x))I, 
IH(x, we ha e 

/~dx, ~, De) = / ~ ( x ,  r D~) ---- H(x, ~, D~) ,  

/~(x,  0, DO) =/-I(x ,  0, DO) -~ H(x, O, DO) . 

Thus ~ and 0 are sub- and super-solution of the unilateral  problem (5.7)~. I t  can 
be proved, as in [BMP2], t ha t  every solution of (5.7)~ satisfies q~<z~<O a.e. in Q. 
This implies 

IIz,&-(~)<e0 

for a suitable constant  06. 
The end of the proof of Theorem 2 exactly follows the proof of Theorem 1, 

proving first tha t  z~ is bounded in W~"($9) and then  tha t  z~ is relatively compact 
in this space (see the l~emark at  the end of section 3). Passing to the l imit  in 
(5.7)~ proves the existence of a solution of (5.5), 'thus of (2.8), in the framework 
of the present section. 

Added in pro@ - In the recent paper [RT] the L ~ bound is derived by using a rearr,~n- 
gement technique if H satisfies a sign condition. 
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