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Differential Forms and Resolution on Certain Analytic Spaces.
III. - Spectral Resolution (*).

VINCENZO ANCONA - BERNARD GAVEAU

Introduction.

This work is the continuation of the two previous works[1],[2]. The general
motivations were described in [1] and we briefly recall them. We want to construct a
resolution of the sheaf of holomorphic functions on an analytic space S with normal
singularities. We have assumed in[1], that the singular loecus X of S is smooth and
that there exists a desingularization ¢: S— S of S such that the exceptional divisor
X = ¢~1(X) is irreducible. In this work, we suppose again that X is smooth, but we
do not assume that X is irreducible. We still have to do an hypothesis, namely that for
any couple of irreducible components Y/, Y/ of X, ¢ is surjective from Y; N Y; to X.
This is a rather strong hypothesis (which basically implies that the desingularization
¢ can be obtained by one blowing up). .

Under this hypothesis, we can construct a resolution of the sheaf of holomorphie
function. The main tool is the definition of a spectral resolution.

1. - Infinitesimal neighborhood of the exceptional divisor.

1.0. Notations.

We consider a compact analytic space S with a singular locus X which is assumed
to be a smooth complex manifold. We assume that S has normal singularities.

(*) Entrata in Redazione il 30 settembre 1991.
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Let ¢: §— S a desingularization of S and call
X =0 1(X).

This is the exceptional divisor which has, in general, many components

(1Y X=

i

Yi;

1

[N e

where Y; are smooth hypersurfaces with transversal intersections.
_ We shall denote /; the ideal of ¥;. If U is an open subset of S touching Y;, then
UNY; has an equation ;=0 and /; is generated by ¢; in U.
1.1. Vanishing of cohomology near X.
We. shall now assume the following hypothesis (A)

(A) There exists an ideal J ¢ Og such that J - Og is generated by one element and
such that for all Og-module F in S, theve exists an vy, > 0 with

(1.2) H(o~ (U),(J-05) ®psF) = 0,

Jor oll sufficiently small open set UcS, CLZl p >0 and r>n,

This hypothesis is fulfilled in any situation where the desingularization is obtained
by successive blowing-up. .

We shall apply this hypothesis only in the case where F' is a vector bundle on S.

The fact that J-Og is generated by one element means that there exists a4, ..., ay
positive integers with the property

(13) J-Og=18-18 . T,

We can always assume that for F = Og, r = 1 provided we change the definition of
the (/8

Call Jg=J 05 From the cohomology exact sequence associated to the short
exact sequence

1.4) 0—-Jz—05—05/Jg—0

we deduce the isomorphisms: for all p >0, U small in S,
(1.5) H? (¢ 7"(U), O5) = H*(p 7 (U), O3 /J%),
which is induced by the quotient mapping

(1.6) jz: 05— Og/Jx.
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1.2. Définitions of various jets.

a) We consider again

N
(1.3) Jg=[11.
j=1
We call
an 0; = Og/1f%

andjk 03—-)05/Ik _ _
If U is a small open set in S such that £§” = 0 is local equation of ¥, N U in U, and
if fis holomorphic on U, then

_1 ¥y
a; a[ U\
1.8) Ju(f) = 12 IR D G

and we can also say that O, is the sheaf of holomorphic sections of a vector
bundle
BV 5y,
by the identification
& f
( ac(U) )l (U)

) =(f§0, . fD)  where f{7 =

If we change the open set U into another open set V, then we have a holomorphic
change of coordinates

where 2@ are holomorphic coordinates along U N Y,. When we write j,(f) in both
systems of coordinates (mod ) we have the formula for the change of trivialization
of B\ Y by

(mod ()% .

ar—1 (T)\i ap—1 P\
(C ) i)

() 1) k
(1.9) Z fi ZE fi

In particular O is naturally a Oy,-module the multiplication being

WfSD, o £ = (b f§D, . hf )

for h e (TN Yy, Oy,).
Using the identification ~+>hooly,, it also becomes a Ox-module.
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b) more generally, we can define

Ow=0s/I¥ + 1),  ju: 05— Oy.
If U is a small open set in S, and ¢ iﬁ) =0and ¢ Eﬁ) = (0 are local equations of Y, N U
and Y, N U, j, (f) is obtained by taking the Taylor expansion of fin terms of £ 9 and

4 Eﬁ) on Y, =Y, N Y, and keeping all powers of orders < a; in ¢ 5}7) and < g;in ¢ §U> 50
that
; = (£, <
Il =(fs3 )%<?/f
& _ aaﬁ-ﬂf !
of

@Dy @y =0
This is also the sheaf of holomorphic sections of a vectors bundle
Egt el S5y,

It is then naturally a Oy -module, but also a Oy-module, a Ox-module ...

¢) We shall also define

Ou..m=05/I+ 1"+ ...+ Itm),
(1.10) utomt 05— Oy,

BV SV
1.3. Exact sequence associated to Og/Jx
LEMMA 1.1. — There is an exact sequence of Og-modules
(1.11) 0—>o§/JX->@éﬁgﬁkw@ém...
with natural morphisms.

Proor. - If fe Og, we can associate
(112) F= Gl M-r..v e DOy

and this induces the first mgrphism in (1.11).
Then if (fi)y=1,. ., n€ ? 0,,, we associate

(113) (i) = 3e e & B O
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and if (fiy)y, =1, . N € I@ Oy, we associate the various

(1.14) G (i) = 51 fem)) € D Oy,

(the same Oy, 1S repeated several times).
This is an exact sequence, because the Y, are all smooth transversal
hypersurfaces.

REMARK 1. — Although each of these modules in (1.11) except Oz/Jg is naturally
a Og-module, this is not a sequence of Ogmodules because the morphisms (1.13),
{1.14) ... are note Ogmorphisms.

REMARK 2. — If there are only two components Y;, Y, of X, (1.11) is a short exact
sequence

(1.15) 0—-05/Jg— 0, 0y — 0, 0.
1.4. The infinitesimal neighborhood as an Oxmodule.
We shall now assume the following hypothesis (S)
(S) For any i,j =1,...,N, the morphisms golyij: Y,; — X are surjective.
We want to prove the following theorem.

THEOREM 12. - Let us assume hypothesis (S). With the natural structures of
Ox-modules on the sheaves O, and Oy, the morphism of the sequence (1.11)

(116) @ ék d @ 5&5
is a Ox-morphism and in particular Oz /Jg is a Ox-module.
To prove this result, we shall state several lemmas:

LEMMA 1.8. — Let T; be the set of points m in Y; such that the rank of d(p|y,) at m is
less than dim X. Then T, N T, is different from Yy,

PROOF. ~ Because T, is an analytic set in Y}, (7)) is an analytic subset in X which
is of codimension = 1 in X because X is smooth and because of Sard’s theorem. Then
o(T, U T,) is also different from X and because o(Yy) =X we have Y, # T, UT).

LEMMA 1.4. — The set of points m e Y, such that the fiber (2|Y,) ' (p(m)) or the
fiber (p|Y;) M o(m)) have a singular point at W is a proper analytic subset of
Y
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PROOF. — At a point 7 e Y, such that the fiber (»|Y;) ! (¢(#2)) has a singular point,
the rank of the differential d(¢|y,) at m is not maximal, so that m is in T}, and Lemma
14 follows from Lemma 1.3.

PRrOOF OF THEOREM 1.2. - We have already seen that O, and ﬁkl are Oxy-modules.
We consider a point m e Yy, and the morphism

Gk @ 51 i akl
around that point defined by

(1.17) e @ fi— G — ().

Let us first assume that # is not in T, U T'. The picture around = is as follows: the
fibers (¢|y,) ' (m’) determine a local analytic foliation of Y, around % for m’ near
m = ¢(m) and the fibers (¢|Y;) " (m’) determine a local analytic foliation of ¥, around
m for m’ near m. _

Let us choose local coordinates in S around m, (x, {1, 2) where £, = 0 (resp. {; =
= () are local equation for Y}, (resp. ¥;) near m and z are local coordinates on ¥; around
m containing local coordinates around m =g(m) in X and maybe other
coordinates.

Then if heOy,,, it is clear that ho(p|y,) is constant on the fibers of oly,
and

& (ool _
&t

0 forr>0.

Then it is clear that

(1-18) ]l((ho(gDIYk))ﬁc):(ho?lYkl)Jl(ﬁc)

and (1.17) is a morphism of Oy ,-modules near 7.

Now let us suppose that m is in T, U T and let us choose coordinates around 7 in
S of the form (2, Z;, ') so that 7, = 0 is a local equation for Y, (resp. Z; = 0 is a local
equation for Y)) and (%;, Z") (resp. (Zx, 2")) are local coordinates for Y; (resp. for Y.
There exist points ' e Yy — (T, U T;) tending to m, and we can assume that there
exists local coordinates of S around ' of the form (2}, ¢ 1,2') with 2'=2" and 2
containing the coordinates of X near ¢(m) and with £; =0 (resp. {; =0) local
equation for Y, (resp. Y) near #'. Moreover

G=0b G G2, U =00, T, 7).
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Now

Hhoply,) _ hoply) 8%y,

(1.19) — ; —
3¢, oL, 94,

But around m', this is 0, so

Bk
o2l 5y <.

&
But 8(hoply,)/d%; is continuous, so that
B(hosly,)

3,

(1.20) (m)="0.

All higher derivatives of (fo9)|y, with respect to Z, can be treated similarly by
derivations of (1.19) so that (1.18) is still true at points m e Y, N (T, N T;). This

proves that the morphism (1.16) is a morphism of Ox-modules. Now, Oz /Jx is the
kernel of this morphism and so it is naturally a Ox-module.

DEFINITION. — We define the sheaf Gg to be the image of the natural
morphism

@ Ok -> % Okl'
It is then a Ox-module and we deduce

COROLLARY 1.5. — Under hypothesis (S), we have a short exact sequence of
Ox-modules:

(1.21) 0—0g/Jg— @@—»Gf—»o
where Gg is the image of the morphism

6}? ka-% %5”.

NOTATION. — The formal neighborhood is denoted Os.
By definition,

(1.22) Os = lim (05 /J%).
k
We can take the direct image ¢, (ég). This is in fact 65, the formal neighborhood

of X in §, by a result of Grothendieck [3], but we shall not need this fact
below.
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On the other hand, each @*(Og /J %) is a Ox-module and the natural morphisms
Os/J k05 /T £71 induce morphisms of Ox-modules. As a consequence, we have

COROLLARY 1.6. — Under hypothesis (S), the infinitesimal neighborhood ¢ (Os) is
o Ox-module.

2. — Spectral resolutions.
2.1. The cone construction.

LemMMA 2.1, ~ Let us consider a commutative diagram:

0
y
0—-A—-B —(C—0
Lo L
BY ——- (0
dol la“
BILCI
1 {
dnoll lgﬂ—l
B on
M l
0 0

with exact columms and o top short exact sequence. Let us define the complex
Q.
Q/csz@Ck—l (C#IEO)

with o differential given by the matrix

e 2]

uk =gkt

and the natural injection A — Q° = B then (Q*, D*®) is a vesolution of A.

Proor. — This is an exercise.
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2.2. Spectral resolution.

Let us now consider a commutative diagram

0 0 0 0 0

l %o i ! ‘L &g \L Fg+1 J’
0—A A ——A—— .. =4, A v A0

Ul ! ! I

0
A A o A A0 o A0

dsl d%l dgl dgﬂl
2} .

1 1 1 1
A Al AL > AL,

bal 4

2.1 A —— A —— A2 —— A2 — .

D D

s e e s Aé?_j._>A§+1

dﬁl iy

e e al§+1
l V ziif“*—%ll’;i%
Al——> A : . —>A"—0
! d . . l
0 0 0

and assume that:

(i) the top line is exact,
(i) the columns are exact,

(iii) the lines are complexes.

Let us now define for a fixed s a complex
2.2) Zk=ArD A D .. DAL,
(we define A7=01if ¢ <0, g>mn, <0 or [ > with the differential

Dl: Zk— Zb*
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given by the matrix

d* 0 e 0

af —d’g:{
@3 Di=f 0 ot diid -
0 (=1Fal,, "0
We check easily that
ch+le =0

so that Z2 is a complex.

LEMMA 2.2 — Let H, = Kera, with the natural injection Hy> A, Z2 = AL. Then
(Z2,D?) is a resolution of H,.

Proor or LEMMA 2.2, — The proof is by a descending recursion on s. For s =7 ~1
we have the short exact sequence

0-_)H’r—1 ‘—)Ar—l '_)A'r_)o

and we apply Lemma 2.1 to get the result.
Let us now assume that H,,, has the resolution (Z2.,, D,,,). We have a short

exact sequence

0_>Hs">As'9Hs+1_)0

(because the top line is exact). ,
Moreover we have a morphism of complexes

A 22,
given by
uk:af e A — (ak(ak), 0,...,0) e AL, D ... = Zk,
(it is easy to check that it is a morphism of complexes because
DEuf(af) = DEa(ahal), 0, ..., 0) = (dfy, £ (@), 0, ..., 0),
= (af"1dE* 1 (aF), 0, ...,0)

=l @)
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We can apply the Lemma 2.1 to the situation:
O%Hs—‘)AS_)Hs-*—l_’O
VA

As. - s.+1 .
Then:
Q"= Ar® 7! = 7k,

Moreover the morphisms Q*— Q**! given in Lemma 2.1 are identical to the
morphisms ZF — ZF*1: in fact in the notations of Lemma 2.1, we have

ke Jk
d*=df
wb=(at, Q, ey 0)
k-1
—d8+1 0 .......... O
| k-2
k-1 s+1 ds+2
o= A2 k-3
s+2 S+3 ----------
0

So that the block matrix

k ak—1

(dk 0 )ED’“.
uk =3 )

As a consequence, we obtain by taking s = 0:

THEOREM 2.1. — The complex (Zg, Dy ) is a resolution of A (with the natural
injection A — Z7).

DEFINITION. — We shall call (Zg , Dg ) the spectral resolution of A associated to the
array of resolutions (2.1).

We shall denote more precisely
Ze =A%4; -AY—> ..)

if we want to emphasize the functorial dependence of the spectral resolution of the
resolutions A4,.
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3. — Reducible exceptional divisor: resolution of infinitesimal neighborhoods.

3.1. Resolution of the infinitesimal neighborhood of the excepiional divisor.

We now consider the general situation where the eceptlonal divisor X is reducible.
We write as in Sections 1.0, 1.1, 1.2

N

X:UYz

and we consider the ideals Jg, I%, ... and the rings Ogz/J%, 0; = Og /17, ~]k, ... as
defined in Sections 1.2. We also consider the long exact sequence of Lemma 1.1

N o _ -
8.1) OﬁOg/Jg—ékEPl Ok—%@lauﬁk@moum*

with the natural morphisms defined by jets in Section 1.3. Now, I, is the ideal of
definition of Y}, and O, is the sheaf of holomorphic sections of a vector bundle over Y,
and more generally, O, is the sheaf of holomorphic sections of a vector bundle over
Yy...m- In particular, we have a resolution of the sheaf OMQ -, by taking the tensor
product of O,C1 ., With the Dolbeault resolution Ayk of Yy, g

NoTATIONS. — We denote A3 the Dolbeault resolution of the complex manifold M,
so that A%, is the sheaf of C* forms of type (0,p) on M with the @ operator

Oyr, ARy — AR

as differential. For any sheaf ¥ of Opy-modules on M, Ry(F)=FQp,Ay is a
resolution of F by fine sheaves. Here we shall denote simply:

(3.2) R*(ky...ko) = Ok, &, ®oy, A%, .
with the differential Id ® & which we simply denote 3. We also define the jet
(3.3) Jmowi A5 =Rk, ... k)

as follows: call ¢, =...={¢;, local holomorphic equations for Y, , and call
(21, ..., 2,—,) holomorphie coordinates along Y, . Let = be a (0,p) form on S. We
express it locally in the coordinate systems (zq,...,24,-, (k5 -.o5 §k). To compute
Jr, .1, (%) we first suppress all the components of the form = contalnmg one or several
of the dZ R ., dg k,» then we reduce the coefficients modulo Z o - {k and modulo
IklkaEI}?lkl + . +Iu;lw

It is then clear that

(3.4) Jnth 35 =

so that jg . 8 a morphism of resolutions.
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We also have natural jet morphisms
(3.5) JER(ky, ... k) >R (ky,y . K, Bpiy)

such that the diagram is commutative

Id

A ——————> A2

itk lj,;
¥ j
R*(k, ... k) ——> R*(e; .. K, )

7 ° is also a morphism of resolutions.
Now we apply to (3.1) the spectral construction. We have a complex of resolutions
deduced from (3.1)

N
3.6 k@R' k) _)IcG<9ZR. (k, D) —>k€leR' (k, [, m)— ...
The horizontal arrows of this complex of resolutions are induced by difference of

various jets (3.5). From Theorem 2.3 of Section 2.2, we deduce the following
theorem

THEOREM 3.1. — The diagonal complex associated to the complex of resolutions
(3.6) is a resolution of Og/Jx by acyclic sheaves (in fact fine sheaves).

NoraTioN., — We shall denote
3.7 R'(Og/Jg)=A‘{€9R’(k)——>EBR'(k, Iy— ..}
s0 that
. N
R°(05/J%) = k@lRO(k) ,

N
- Y 1/
3.8) | R (Os/T2) = (k@lR \’f)) D (QR (1),

N
RP(05/Jz) = (ka_a R”(k)) D.O(D R IK)D....
L =1 |K]=»

3.2. Associated resolution of Og.

Let us now replace in (3.1) Og/J (resp. each 6,51‘“ 1) by Os and each difference of
jets by the corresponding difference of elements.
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We have then a corresponding exact sequence and a morphism of exact sequences
given by the jets morphisms

0 Og @ Og @ 0s—> @ 05— ...
k k<l kLm
o T
00— OS'/J)? ? Ok ;955 Okl —_> k’ée ék,l,m —_—> ...

Let Gg denote the image of the morphism

@ O5— ke?l Os.
We have a morphism of exact sequences of sheaves
0 O3 @ Os Gs 0
k
(3.10) ’ ‘ \J{ l l
Y o~ o~

In the top line we replace the Oz by their Dolbeault resolutions A§ and Gg by its
Dolbeault resolution Gg®p.A§. We deduce from (3.10) a morphism of complexes

® A ——> G5®, 43— 0

w | ]

? R*(k) — SBl R, ) —— kEB R, I, m)— ...

where the vertical arrows are defined by the jets (8.3). We take now, the diagonal
complex associated with the complex of resolutions of the top line of (3.10). More
precisely, we define

(3.12) R*(05) = 4" { @A} > Cs @045 0.}

By Theorem 2.3 of Section 2.2, this is a resolution of Oz by fine sheaves and we have a
morphism of resolutions

(3.13) J*: R*(05) > R*(0g/Jx)

induced by the vertical morphism of (3.11).
In fact if (&), e ?A% and (8% V), e Gs®o;A%, we have

319 JP(aP)DBE ) = Gra® ) P (ju (BB )N DP0DO... e RP(05/J3).
The morphism J* is compatible with the jet morphism
jg: Og— Oz /J%.
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Moreover if we now assume the vanishing of cohomology (hyporthesis (A) of
Section 1.1), we know that for sufficiently small U in S and all p > 0

H?(p1(U), 05) = H? (¢ 71 (1), Og/Jx) -

We apply Theorem 1.1 of comparison of cohomologies of [1] to the morphism of
resolutions J* given by (8.14) and we deduce that J°® induces an isomorphism
between the De Rham-Dolbeault cohomology groups of Og and Og /J5 computed using
the resolutions R®(Og) and R®(Oz/Jz).

This is the content of the Theorem 3.2.

THEOREM 8.2. — The morphism of the diagonal resolutions J°: R*(Og)—
—R*(05/Jz) is compatibile with the jet jz: Og— Oz /Jx.

Under hypothesis (A), it induces an isomo'rphism between the De Rham-
Dolbeault cohomology groups of Os and Og/Jz computed with these resolutions.
3.3. Long exact sequence of cohomology sheaves on X.

We shall henceforth assume hypothesis (S)
(S) for any k<1, ¢ly,: Yy— X is surjective.

From theorem 1.2, we know that the short exact sequence of Corollary 1.5
LV —~
(8.15) 0——>O§/Jg——>kE__BlOk——>GX—eO

is a short exact sequence of Oxy-morphisms. Here, we recall that G is the image of the
natural morphism

N -~
k@l O~ k@l Ou-

In particular, the direct image sheaves R? (0,) and R (Gg) are naturally
Ox-modules. The cohomology sheaves R§$(5k) and Rf (Gg) are also Ox-modules (for
example using their description in Cech cohomology). From (3.15), we deduce a long
exact sequence of cohomology modules over Oy

(3.16) 0—RY(05/J3)— DR (D) R (Gg) > RL (0s/J) — D RL (O — ... -

— RE (05 /Jz) — D R?,(0)) — R2,(Gz) > RIF (05 /Ig) — ...

The ¢ is the coboundary operator in cohomology, the other morphisms are obvious.
Now, all the modules in this long exact sequence are Oxmodules and they have a
Dolbeault resolution obtained by taking the tensor product of the module by the
Dolbeault resolution A% of X (this is where we use the fact that X is smooth so that A%
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is a flat Ox-module). If F is anyone of these sheaves, we denote
8.17) RY(F)=F Qg A%.

We abreviate the notations as follows:

RI (Oy) = R (k)

and also we suppress the index ¢,.
Then we have a long exact sequence of resolutions obtained by taking the tensor

product of (4.14) with A%
3.18) D R(R(K) — B3 (R%(Gp) - R3(R'(05/J2) > DRI (R (B) — ... —
— R$(R(0s/2) — © Ry (RP() > R (R?(Gx) — RYR" (05 /Tp) — ...
Then we take the diagonal complex. We define
R* (9, (05/J3)) = 4°{ @ R (R°(k)) » Ry (R°(Gz)) — ...}
and deduce from Theorem 2.3:
THEOREM 3.3. —~ R® (¢, (05/J%)) is a resolution of ¢ (Os/Jx) by fine sheaves on S.

We shall now investigate more closely the structure of the resolution
R* (9. (0g/Jg)) and prepare notations for the next chapter. We have

R%(3.(05/Jx)) = @ Rx(R"(K)) ,
@19)  RYp.(0s/Jx) = (D RXR"() © RX(R"(Gy))
R¥(9.(05/73)) = (@ R (R"(k))) © RY(R"(Gp)) ® Ry (R' (05 /Jx))

and more generally we shall split R?(p,(0z/Jg)) into three pieces

(3.20) RP (9. (05/J3)) = (D RE(R (k) Ry (R°(Gy) © C7,

where C? is defined as

821) CP =Ry 2RY05/Jz)) @ ( @ Ry *(RY(K)) ® (RY “(RY(G2)) ©

@ Ry (R*(0s /75) ® (P Ry (R20) ® (B "(RXGo) @ .. ® RY(™)
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where I'P"! is defined as
et =RPYGy) if p=1mod3,
=RP N 0g/Jg) ifp=2mod3,
= @Rﬂ(ig) if p=0mod3.
Moreover in (3.21) what is inside the symbols Ry mimics the long exact sequence

(3.16).

We shall also denote D* the differential of R® (4 (0g/J%)).
We denote typical elements of the modules as:

a9 = (2 V), e @ RY(RP(K))
‘B(Pv 9 — (ﬂ;fz’ 2 )kl € R%(RP(GX))
vy 9 e RY(RP(05/J%)) .
We now see that, in general the morphism Dr splits in the following manner

322 Dr:( D RYR"() ® Ry (R(Gx)) B €7 —
—( @R&“(R"(k))) D RY(R(Gy)) @ Ccr*

where the splitting has a triangular structure coming naturally from the diagonal
complex

(3.23) ﬁp(a(p, D@LV CP) =
= (B3P DI, i) = el — Fplt 1B 007D,
We denote simply

3.24) CE+D = o @ (g0 2D @ C®))

and call it the coboundary part of DP: it depends only of 8%~V and C®.
We also denote by 3® the morphism

325) 3PP DEOP) = (D Ixai””) B B (i) ~jilaf" ) - Sxpid ")
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with the natural splitting
(3.26) 5p(a(0, » @‘B(O,p - C(”)) = 5(17)(“(0, » @5(0,p—1)) o 3(17)(‘3(0,17‘1) a5} C(”)).

4. - Reducible exceptional divisor: spectral resolution of Og.

We are now ready to construct a canonical resolution of Og. In this chapter, we
shall assume that the hypothesis (A) (of Section 1.1) and (S) (of Section 1.4) hold.
Moreover, we shall refer freely to the notations of the preceding Chapter 3.

4.1. Construction of differential forms on S and 3 operator.

a) Differential forms at a regular point of S. Let m be a regular point of S. We
define the germs of differential forms of type (0,p) at m by the formula

N
1. = (845 ) DGy 5 B0y (AL D)
(with the obvious convention A 3 '=0) and % = 9 ~1(m)). In other word
4.1) A m=RP (Og)?-l(m)

b) The space I'(X N U, RY(R°(k))) and its lifting to Y,. Let m be a point in X
and U an open neighborhood of m in S. For a given k&, we can define the space
XN U, RYR%k))) which are the sections on X N U of the sheaves

RE(R(K) = 9. (Or) G, A%
If «” is in (X N U, R%(R(k))), we can write
42) al’ = 2 u; B0,
where P are C= sections on X N U of A% and u; are global holomorphic sections on

¢ 1(U) of Oy.
We can lift «” on o "W(U)N Y, by (¢]y,)* as in [1] Section 2.3

43) (oly)* (@) = 2 u;(p|p)* ().
This is a (0, p)-form on Y, with coefficient in the jet sheaf O, (which is the sheaf of

sections of a vector bundle on Y,). We can prove exactly as in [1] Section 2.3, Theorem
2.2:

LEMMA 4.1. — The mapping (p|y,)* defined by (4.3) is a well defined and injective
mapping

(ply)*: TX N U, RER (k) > T (U) N Yy, 0, By, AF,) .
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Moreover
@4 (p]3,)* Bxa) = 3y, (6] 5, )* (=)

¢) The space I'(X N U, RY(R%(Gy))) and its lifting to U Ykl Let (82),<; an
element in I'(X N U, RLR%Gyx))). By definition we write "

(4.5) (,3%)))155 = ;(’Mkll o<l ®0Xwip

(¢

where o” are again C form of type (0, p) on X N U and (u;ﬁ? )i < are holomorphic
sections on ¢ “1(U) of the sheaf Gg. For each k <, we can take

(4.6) (o]y,)* (BE) = Z w9y, ()

which is a C* form on ¢ " (U) N Y}, of type (0, p) with coefficients in the sheaf 0y. As
in Lemma 4.1 this mapping is well defined and injective and the collection of these
mappings induces a mapping

(4.7) (o] y Ykl)*((ﬁ(p))) = (ply,)* (B Vi<t
so that we obtain an element of

OI (1) N Yy, R, D)
and we have

LEMMA 4.2. - The mapping (p| u ykl)* defined by (4.7) induces a well defined and
injective mapping

(ply v, )*: TX N U, RXR(Gp)) — B I'(e (U)N Yy, R, D).
Moreover
48 (¢loy,)* °8x = B Iy, o (ply,)*
Finally the image
(pluz,)* (I(X N U, RER(Ge)))

18 contained in the kernel of the natural jet difference mapping

@Rp(k, l) i @ Rp(ky l7 m)
k<l ko, m
of Section 3.1 formula (3.6).

The last statement of this Lemma 4.2 results from two facts: the definition of the
jet difference morphism and the fact that if

(B k<1 e T(X N U, RYRGg))
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is has the form (4.5) where the various (u,ﬁf) k<1€ (o HU), Gg) and are killed by the
jet difference morphism

D, 0
l@l Ou— ,ﬂl?m kim

by definition of Gy.

d) Definition of a germ of differenticl form on S at a point in X. We are now
ready to define a germ of a C* differential form of type (0, p) at a point m e X. Let U/
be a small open neighborhood of m in S.

DEFINITION. — We call = a C™ form of type (0,p) on U to be a collection
N
7= (@ Tik\‘ o x)
k=1 ")
which is a section on ¢ Y(U) of RP(Og) with the following property:

(P) if we take JP (=) e R*(O5/Jz), then

ws) TPy, = julm) € T(X N U, RYR(K)))
' TP(m)per = Gu(@e) e I(X N U, REY(RYGx)))

(Here R®°(Og) and J* are defined by (8.12) and (3.13) respectively).

This definition makes sense, because of Lemmas 4.1 and 4.2 which give a meaning
to the fact that a jet on Y} of a form (resp. a collection of jets on Y}, of form) belong to
the space I'(X N U, RYR(k)) (resp. I'(X N U, R '(R%(Gz)))).

In other words, a C*(0, p) form at a point m € X, is basically a C™ section on
o "HU) of RP(Og) such that the corresponding jet J® in RP(Og/Jz) is a tensor
product of global holomorphic sections on ¢ ~}(U) of the sheaves O, and Gz with C®
forms of type (0,p) on X.

NoTATION. - We denote A% ,, the germs of C*(0, p) forms on S at m.

Then it is clear that the collection of all A% ,, is a sheaf on S and moreover using
the same kind of partition of unity as in [1] Section 3.1 we have:

LEMMA 4.3. — The sheaves A% are fine sheaves on S.
Finally we also have

LEmMMA 4.4, — We have o noatural jet morphism

N
(4.10) J2iAS— Igle;((R”(k)) D RY (R°(Gy)) .
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Proor. — This statement is exactly the basie property (4.9) of the definition of A§
at a singular point and the fact that the liftings are well defined and injective.

Moreover, we have

LEMMA 45. ~ Let m be a singular point on X. We have a commutative
diagramm:
IR N
Ay m —> D RY(R"(k)),, ® Ry H(RGp),,

k=1
(4.11) l

J
9x(R*(03)), —> 9. (B*(O5/Ip)y,

Here J* is defined as in formula (3.13), Jy is defined as in (4.10). The left vertical
morphism is the inclusion. The right vertical morphism is given by Lemmas 4.1 and
4.2.

e) Definition of the 3. Call 3°: R®(Og) — R*"1(0Og) the differential of the
resolution R®(Og) (induced by the diagonal construction (3.12)).

LEMMA 4.6. — 3° induces a differential
3* AL - AST!

and with this differential J3 becomes a morphism of complexes

Jy N
A —— @ RYRYE) ® RY (RYGy)

k=1
(412) a"l o
J. +1 N Y
At —-*59 R$THRYE)) © RYURYAGy)
=1

where the vertical right 3* has been defined in (3.23).

ProoF. — To prove this fact, we first remark that the lifting of Lemmas 4.1 and 4.2
induce an injective morphism of complexes

N
(4.13) k@Ri(RO(k)) DRy '(R%Gz)) — 2. (R*(05/J5))
obtained by associating to (af) B (85" 1) the

(4.14) (oly)* (22)) D (olyw, (BR~ 1 Ndododo...
where the O denotes the 0 section in the ¢, ( | KQE R® (K)) for » = 3. The fact that it is

a morphism of complexes is also deduced from the fact that (p|yy, (8%~ 1)) is an
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element in the image of the natural morphism
@R' (k) — k@zR. (&, D)
and thus, it gives O in kﬁla R* (%, 1, m) (Lemma 4.2).
Then the proof of lemma (4.6) is deduced from the following facts
(@ J*: R*(05)— R*(0g/J%) is a morphism of complexes (Theorem 3.2);

(i) we have the injective morphism of complexes (4.13);

(iii) we have the commutative diagram (4.11).

4.2. Definition of the spectral resolution R*(Og).

a) Definition of R*(Og). We come back to the sheaves C? defined as in (8.19).
These sheaves are supported on X. We define

(4.15) R*(05)=A5DC*
and we define also a differential D*® as follows
DP: AL CP— AR @ CrH?
by saying that we associate to
(7)) D(wu) D CP e A D CP
the element
4.16)  DP((m}) (@) B CP) = 3P (=) B@ulk<r) B 6P (g (@)t B CP)

where ¢ is the coboundary part of D® in (8.24) and by (4.9), (ju(@u))e<; is in
RY ' (R%(Gy)).

B) The jet morphism.

LemMA 4.7. — We have a morphism of complexes
4.17) J*:R*(05) > R* (9 (0g/Jz))
defined as follows: the morphism:

N
JUAYDC® k@lR§(R°(k)) DR (R (Gg)DC*®
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is defined to be
(4.18) J*PCH=J2=*)DC*
where Jy has been defined by (4.10) in Lemma 4.4.

It is clear by construction and by Lemma 4.6 and the definition of D*® that we have
a morphism of eomplexes. o

¢) Finally, it is clear that the R®(0Og) are fine sheaves.
DEFINITION. — We call R® (Og) the spectral complex of Og.
4.3. Relations between the various resolutions.

LEMMA 4.8. — There is a natural morphism of complexes u* obtained by forgetting
the C* part of R*(Og)

(4.19) 1 R*(0g) — 0, (R*(0g)).

PRrOOF. — Let 2 € R*(Og) of the type
xa=n@CedADC".
By definition = is in ¢, (R*(0g)) and we define
@ xDC)=nr.
It is clear that 4 commute with the 3, ie.
W@ EDC)=p @ @D @DC) =3
| =3 L =D O).

Now we can relate in a clear way, the relations between the various complexes
R*®(...). This is the content of the following theorem.

THEOREM 4.1. - We have a commutation diagram of morphisms of
complexes

R*(0g) — > ox(R*(09)

(4.20 J 'l J ’l

v

R*(p+(05/Jg)) —> ¢=(R*(Og/Jp)
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ProoF. — 1* has been explained in Lemma 4.8 and the left vertical J°® in Lemma
4.7. The right vertical J* comes from (3.18) (Theorem 3.2) and v* is constructed as
follows. We start from

@) D) B CV e QRERK) ORY ' (R*(Gx) D C?

we forget the component C® and lift the («) (8% ") through the injection
morphism (4.13) (ie. through (¢|y)* and (¢|y,)*) to an element of ¢, (R”(O5/J%))
(using also the embedding (4.14)).

We clearly get morphisms of complexes.

44. R*(Og) is a resolution of Og (cases p =0,1).

The fundamental theorem is the following
THEOREM 4.2. — The complex R*(0Og) is o resolution of Og by fine sheaves on S.

In this section we prove the cases p = 0 and 1 which are slightly special. We shall
work around m e X
a) Case p=0.

Let aeR(0s), so that «=(xf”) is simply an element of I'(p~(U),A}).
Because o is D, closed this implies that each «” is dz-closed and that all the x>

coincide. Then (ay’), define a unique C* function on o Y(U), say «‘®, which is
holomorphic. Because the analytic space S is normal, this function is in
ru, Og).

b) Case p = 1.
_ We start with «' € R'(Og) at m, which is Di-closed and we want to prove that it is
Dy closed.

1st step: tmage of a' in R'(p,(0g/J%)).

This image is J!(«') (see diagram (4.20)) and it is l—al-closed. But R* (¢, (05/J%))
is a resolution, so J!(«?) is Dy-exact or

421) T (o) = Dy’

where 2’ e R (¢, (05/J%)).

2nd step: the image of o' in ., (R'(Oy)) is 3%exact on all of ¢ 2 (U)
al(al) is in (e 1(U), R*(0g));

let us take J*(u'(a')) e I'(o "1(U), R* (05 /J%)).

Because of the commutative diagram (5.20) this is also v!(J'«') and because of
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(56.21) and the fct that all these morphisms are morphisms of resolutions, this is
also

JHul) =3%"@"  v@®)er(p~H(U), R*(0s/Jz)).

Now the morphism J°*: R®(0g) — R®(0z/Js) induces an isomorphism of the
Dolbeault cohomology groups on ¢ *(U) (Theorem 8.2 of comparison of
cohomologies) so that there exists some £ in I'(p ~}(U), R%(Og)) with

(4.22) wMat) =af°.
3rd step: «' is D %exact in R®(Os).

Now, because we are in rank p =1, by definition u'=1Id, so that (4.22) is
really

(4.23) a = 9f°.
Take the J* of (4.23) and compare with (4.21), to obtain
FO IO £O — 70) =0
which means tha};,’ JOf%— 2" is an holomorphic seetion of kéé O, on ¢ Y(U) and in

particular is in k@ R(k). This implies, because

~0 0 X 0 = N 0 0
2 B[R0 = B (R0 @y, %)

N
JOfoe RO (ke_al Ro(k)) .
This means by definition that f®e A} in U and the definition of D° = 3 in degree 0,
implies
«'=D%f°  from (4.23).
4.5. R*(Og) is a resolution of Og (case p > 1).

This is a little bit more intricate. We start from «f € R?(Og) with DPa? =0 on
some open subset U of S which is a neighborhood of & point m in X.

1st step: decomposition of «®.

According to the definition of R (Og), we can decompose « as follows
(4.24) o =[(Daf) (Do N Darcaf®Cr.

2nd step: J¥ (a?) in R?(p,(05/J%)).
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We congider by definition
J? (o) = TR U@ af) © (D af 1D a?
and because JP is a morphism of complexes 5PJ P(aP) =0, so that there exists a
8PV e RP1(p,(0g/J5)) with
(4.25) Drlgel = Jr(a?).
We decompose

426 oV =[Qsr O D10 e QRTIR ) D

SR (R'Gr)BC .
The definition of D?~! tells us that
420 S P sl D e 1= JE(P D) B (Db ™).

srd step: image of of in R?(Og).
The image by u” of o’ in R”(0) is exactly (Paf) @ ( k@la,';l‘l) and this is

3P-closed (because «” is DP-closed and D? coincide with 37 on x”(«?)). To see that
P (a?) is 97 Lexact in R® (0g), it is sufficient to prove that its Dolbeault cohomology
class on 9 ~*(U) for Og is O, so that by Theorem 1.2 of comparison of cohomology
of [1], it is sufficient to prove that J? (u? («?)) has a Dolbeault cohomology class O on
o "1(U) for O5/J%. But because the diagram (4.20) is commutative, because of the
definition of v and of (4.27), JP(uPa?) is dP-exact on ¢ '(U) in the complex
R*®(0g/J%). This means that there exists

y® Vel (e X(U), R~1(0y))

with
4.28) W @)= Dl ® Dal =DV O D)
with

i e (e H(U), AF )
D7l (U), RE(Gy)).

4th step: comparison of v® P and P

If we take the jet JP of equation (4.28) and substract from (4.27) (skipping the
identification through v to abreviate the notations), we deduce that

J®-b (VIB@MI) _ Jp‘l(.rp—l)) =0
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which implies that 8?1 —JP71(y?71) defines a cohomology class in
HP Yo Y(U), O5/J%). Again the comparison Theorem 1.2 of [1], tells us that this
class comes from a class HP '(p '(U),Os) so that there exists an
w? tel(p 1 (U), RP"(0g)) which is 3% Vclosed in R’ !(0g) and a
¢P D e (e WU), RP2(0g/Jx)) so that

p-l¢,p=1y _ ,p-1 — yp-1¢, p-1 Ap=2 1p-2
(4.29) {{ (7’ ) v J (w )+ 0 g
§o-Dyp-l=g.

5th step: modification of y? L
Let us chose $® 2 eI'(o Y (U), RP~%(0g)) so that JP 2(JP %) = ¢y?~2 and let us
define
PPl= Pl - P L g~ 2(@ gr- 2 @pr 2y,
It is clear that from (4.29)

)
(4.30) JP (P71 = yg®-Y
890 e QRY ' (R'(k) B RE*(R*(Gy)) -

6th step: resolution of the DP' equation.

Let us now define =? ' e R?71(Og) as
4.31) 2P l= o1 (P prl

(where ¢”~! was defined in (4.30). and b7~' was defined in (4.26)).
It is then clear from (4.30) that

(4.32) P le AR

¥

Let us now compute DP 2 z?~1: this has a part on A%, which is exactly 377! (z"7!) =
= P («?) which is exactly what we want.

Now, to compute the other part of DP~!(z?"'), we take the image of =”! in
R* Y0, (05/J%)) by JP': this is

Jp 1(7-57’ 1) __Jp 1 p 1y @bp 1 ‘B(p—l)@bp—l
but v3? VP pP7! is exactly 47! by definition of v, so
Jp—l(n.p‘l) :lgp-l.

Then we take the D? ' of JP~!(z?!) and take the C? part of DP~1JP~1(zP~1) =
=Dr- 1gP=1 = JP(4P) (see (4.25)). But the C? part of J? («”) is exactly a” because J” is



202 VINCENZO ANCONA - BERNARD GAVEAU: Differential forms, etc.

the identity on the C? part of RP(Og) by definition. These computations prove
that

DPl(gP 1y =P
where 777! is defined by (4.31) with o*~! in A% ™"

DEFINITION. — We shall call R*(Og) with the differential D* the spectral
resolution of Og.
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