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Some Remarks on the Schemes W~ (*). 
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Summary. - Let X be an irreducible smooth projective curve o/genus g. Let e~(g) be the Brill- 
Noether .Number. I n  this paper we prove some results concerning the schemes W~ o/special  
divisors. 1) Suppose dim (Wa_ i )=  ~a-i(g)~ 0 and ~(g) < g. I] Wa_ i is a reduced (resp. 
irreducible) scheme, then W~ is a reduced (resp. irreducible) scheme. 2) Under certain con- 
ditions, i /  Z is a generically reduced irreducible component o/ W~_ i then Z G W ~ is a 
generically reduced irreducible component o/ W~. For r = 1, we obtain some /urther results 
in  this direction. 3) As an application o/ it we are able to prove some dimension theorems 
/or the schemes W~. 

1 .  - I n t r o d u c t i o n .  

L e t  X be a smooth  irreducible projec t ive  curve of genus g > l  and  let  J ( X )  be 

the jacobiau of X. This is an abelian va r i e ty  of dimension g which can be identified 
wi th  Pic o (X), the  Picard  scheme of the  inver t ible  sheafs of degree 0 on X.  We 

always make  this identification. Le t  Po be a fixed base po in t  on X and let  X ~d) be 
the d-th symmet r i c  product .  We have  a na tura l  morph i sm 

I(d) :  X (d) -+ J ( X ) :  D ---> [ O z ( D - -  dPo)] 

(if L is an  inver t ib le  sheaf of degree 0 on X ,  t hen  [L] is the  corresponding point  
on J ( X ) ) .  Consider 

w~ = {x e J (x ) :  dim ([I(g)]-l(x)) > r} = {[L] e ~ie0 (x):  ~~ > r + 1} .  

Those subsets are different f rom J ( X )  if r > d -  g. Those subsets p lay  a centra l  

role in the  s tudy  of special l inear  systems.  The R iemann-Roeh  Theorem tells us 

t h a t  i t  is enough to  s tudy  the  ease d < g - -  1. On W~ there  exists a na tura l  scheme 
structure.  Fo r  more  details concerning the  general  theory  of the  schemes W~ we 
refer  to [2], especially Chapter  IV.  

(*) Entrata in Redazione il 23 settembre 1988. 
Indirizzo dell'A. : Katholieke Industri~le Hogeschool der Kempen, Campus H. I. Kempen 

Kleinhoefstraat 4, B 2440 Geel, Belgium. 



184 5IA~c CoP~n~s: Some remarks o~v the schemes W ~ 
d 

Those schemes W~ are very well-known if X is a general curve. This is the 
so-called Brill-:Noether Theory. We refer to [2], Chapter Y, for a summary of the 
most important results of that  theory. If X is an arbitrary curve, the behaviour 
of the schemes W~ is far from being well-understood. I t  is the aim of this paper 
to present some results in this direction. 

An important known result is the following. 

If dim (W~)>~r -~ 1 then W~_~=/: 0 and dim (W~_l)>~dim (W~)- (r q- 1). 

This is proved in [7] as a consequence of the theory develloped in [6]. A consequence 
of this statement is the following statement. 

Suppose W * ~ J(X) and o~_~(g) >~ 0 (Brill-:Noether :Number). 

W r  r o If  dim (W~) > 9~(g) then dim ( ~ _ , )  > q~_~(g) 

Hence failure with respect to Brill-:Noether behaviour for large d implies failure 
for do(g, r), where 

~0 r do(g, r) rain {g: .~(g)~>0}. 

By making a closer analysis of the proof of the mentioned result we can push on 
this philosophy a little bit as follows. 

" 0 RESULT 1 (Theorem 4). - Suppose dim (W~_~)~ ea-~(g)> and 9~(g)< g. 

a) If  W~_~ is a reduced scheme then W~ is a reduced scheme. 

b) If  W~_~ is an irreducible scheme then W~ is an irreducible scheme. 

In the proof of this result we use the description of the tangent space to W~ 
at a point x e W~\ W ~+~ by means of the Petri map (see [2], Chapter IV). Using d \ ' ' d  

this description we are able to prove the following fact relating W~ to W~+~. 

RES~YLT 2 (Theorem 5). - Suppose Z is a generically reduced irreducible com- 
ponent of W~ =/= J(X). Suppose that,  for a gener8l point z on Z one has 

7 l(L?2(2aPo)) 0 

(i.e. 2D, where D is a divisor of degree d associated to z, is a special divisor). Then 
Z Q W  ~ is a generically reduced irreducible component of W~+I. 

(If A, B c J ( X )  then AQB--~  { a ~ b :  a e A  and b~B}. We also use A ~ B - ~  
~--(a--b:  a e A  and beB} . )  

We prove that  the condition on the general point z is always satisfied if 
Z r W~_I,~ W~ and dim ( Z ) ~  2 d - - g - - 2 r  (this follows from Remark 6). In par- 
ticular the condition in Result 2 is always satisfied if r----1 and dim (Z)>  9~(g). 
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In  the case r = 1 we make some further remarks on Result  2 (see Corollary 8; Pro- 
position 9 and Problem 10). The conclusion of Result  2 c a n  also be expressed as 
follows. I f  g~ is the linear system on X associated to a general point on Z and if 
P is a general point  on X, then  g~ + / )  = {D + P :  D e g~} is not  the specialization 
of a g~+~ on X without  fixed points. 

We also discuss 
j e Z > 0 .  

P(j) 

the following dimension problem (see [12], p. 280). Le t  

Suppose g>2j + 4 and j + 3 < d < g - -  1- -  j .  

Suppose dim (W~) ---- d - -  2 -- j .  

Is it  t rue that dim (W~+8)= 1 7  

This question is answered affirmatively in the following cases. 

j----0: H. Martens ~ Theorem (see [13]; see also [2], p. i91);  

j = 1: D. Mumford's Theorem (see [15]; see also [2], p. 193); 

j ~- 2: C. Keem, but  only for the cases g > i l  (see [1t]); 

j = 3: G. Martens, but  only for the cases g>15 ;  

(G. Martens also has a proof for the cases 4 < j < 7 for g sufficiently large). 
As an application of our methods we are able, amongst others, to prove the fol- 

lowing contributions to this problem. 

RESUI~T 3 (Propositions 12 and 13 and Theorem i5). 

1) P(2) is true. 

2) /)(3) holds for the cases g>12.  

3) /)(j) holds for arbi t rary j in the cases g>  (j + i)(2j + 1). 

The reason why we cannot prove P(3) in the ease g = 11 is very much related to 
problems ment ioned earlier in this paper (Remark 14). 

2 .  - N o t a t i o n s  a n d  c o n v e n t i o n s .  

Besides those from [2], we use the following notations and conventions. Le t  
x ~ J(X).  Then L~ is the corresponding invertible sheaf of degree 0 on X and g~(x) 
is the complete linear sys tem associated to L~(dPo) (see [9], p. 157). We write cox 
for the canonical sheaf on X and Kz to denote some effective canonical divisor 
on X. We write k to denote [I(2g--2)](Kx).  For  x ~  J(X),  t h e  Gieseker-Petri 
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homomorphism associated to Z+~(dPo) is the cup-product homomorphism 

re(x): H~ L~(aPo)) | H~ ~x | ~:~(-- dPo)) -+ H~ ~ ) .  

I f  Z is some projective set then  we write dim (Z) to denote 

sup ({dim (A): A is an irreducible component  of Z}).  

3 .  - R e s u l t s .  

The star t ing point for our investigations is the next  proposition which is proved 
in [7]. 

PRoPosI~IO~ 1. - Le t  r ~ Z>I.  Le t  A c W~ be an irreducible closed subset 
satisfying dim (A)>~r ~ 1. Then A C~ W *a-x contains some irreducible component B 
satisfying dim (B)>d im  ( A ) -  (r + 1). (This can also be proved from the results 
in [6] using the arguments  of Theorem 11 in [4].) 

w,+~ then g~(~) is a complete linear system If, in Proposition 1, we have B r ,,~ , 
g~ on X for ~ a general point of B. Since B c W~_~ the base point  -Pc is a fixed 
point  of gd(x). We are going to get more information from Proposition 1 by varying 
the base point.  

- W "  T~EO~E~ 2. Le t  A be as in Proposit ion 1. I f  dim ( a_l)<dim (A) -- (r + 1), 
then there exists an irreducible component  B of W'a_l satisfying dim ( B ) =  
= dim (A ) -- (r + l )  such tha t  B Q W  ~  

PROOF. -- For  P ~ X let  W~ p c J(X) be defined in the same way as W" using P , d 

as a base point  instead of Po. Then A @ [Ox{dPo-- dP)] is a elosed subset of W" d , p  �9 
I 

From Proposition 1 we obtain B e c W ~e-l,P satisfying 

It follows tha t  

dim (B'p) > dim (A) -  (r + 1), 

B~ c A | [o.(dPo- aP)]. 

B. :=  B~| [0.((a--  Z)P-- (a-- 1)Po)] c W~_l, 

Bp 0 [I(1)](P) c A ,  

dim (Bp)> dim ( A ) -  (r + 1) .  

W ~  Suppose tha t  dim [( ~-IQ W, ~ n A ] < d i m  (A) -- (r + 1) (hence we have equality). 
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Consider the diagram 

�9 ~ z c w~_l • W ~ (~, y) 

A c J ( X )  x + y 

where Z---- (~ -k ~)-I(A) and Pl is the restriction to Z of the projection morphism 
W~_I • W~ ~ --> W ~ We obtain tha t  p~ is surjective and each fibre of Pl contains an 
irreducible component  of dimension at  least dim ( A ) -  (r q- 1). Trene% there exists 
an irreducible component ~ of Z dominating W~ ~ with 

dim (~)> dim ( A ) -  r .  

Our assumption gives us tha t  dim (p,(g)) < dim (g). On the other hand, p,  is injec- 
t i re  on the fibres of Pl. I t  follows tha t  dim (P2(~)) ---- dim (Z) -- 1 and for each 
x ~p2(2) and for each / ) ~  X there exists y ~ W~_~ such tha t  

y ~- [1(1)](/)) ----- x .  

I f  x ~ W~ +1 then  each point /) on X would be a fixed point of g~(x). This is of 
course impossible, hence P2(~)c W~ +1. But  this would imply tha t  

dim (W~+I)> dim ( A ) -  (r ~- 1) .  

But  W[~_I ~ W~,+~ W~, hence we would obtain tha t  

dim (W~_~) ~> dim (A)-- r ,  

a contradiction to the assumptions. As a corollary, we obtain tha t  

dim [(W~_~ Q W ~ ~ A] ~> dim ( A ) -  r .  

But  then,  our assumptions give us the existence of an irreducible component B 
of W ~_~ satisfying dim (B) -- dim ( A ) -  (r -{- 1) such tha t  B O W~ ~ c A. 

In  order to get a more detailed result, we s tudy the following situation. Let  
r, d ~ Z;, 1 such tha t  @~(g) < g. Le t  x ~ W~_I\W~+~ and consider xGW~ c W~. 

L E n A  3. - Le t  y be a general point of W ~ 

(i) I f  dim (2~(W~_~))= e~_~(g) then  dim (T~+,(W~))= e~(g). 

(ii) I f  dim (T~(W~_~)) > e~-~(g), then  

dim (ker (~u~($ -~ y ) ) ) < d i m  (ker (~ud_l(x)))-- 1 .  
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PROOF. -- We are going to make use of the following well-known fact. If  
x e W~\W~ +* then,  for the tangent  space :T~(W'~) of W~ at x we have 

dim (r~(W~)) = ~ ( g ) +  dim (ker (~ (x) ) ) .  

Let  y = [I(1)](P) with _P a general point  on X. Since gd_~(x) is special, P is a fixed 
point  of g~(x Jr y) and x + y e W ~ \  W~ +*. Hence we have a natural  identification 

be tween  

Ho(X, .~ ( (d - -  1)Po)) and H~176 

Also 

g o ( x ,  o ~ |  L ; L  ( -  dPo)) = H~ o~x~L;*( - (d-- 1)Po-- P)) 

can be  considered in a natural  way  as a subspaee of H~ a)xGL-~*(-- (d-- 1)Po)). 
Under  those identifications, we obtain a commuta t ive  triangle 

g ~  L~+~(dPo)) | g ~  COx ~ L = L ( -  dPo)) 

+ 

.o(x, 

I t  follows that  ker (#~(x + y ) ) e  ker  (#~_,(x)). F rom this, (i) follows immediately.  
Suppose dim (ker (~ua_,(x))) > 0. Assume tha t  

( , )  ker  (#a(x + y)) : ker  (#a_~(x)) . 

Suppose {so, ..., s~} is ~ C-basis for H~ L~((d X)Po)) and fix Z (a,s,@t,: O<i<~r), 
ker  (/~d 1(~)) for some t, eH~ X,  Wx~L;~(  - (d-- 1)zoo)). I t  a nonzero element of _ ( 

follows from ( . )  tha t  /~(P) -~ 0 for 0 4 i < r  while P is a general point  on X. This 
is of course impossible. This proves (if). 

T~IE0~E)[ 2(bis). - In  the  si tuat ion of Theorem 2, if dim (A) > @~(g) then B is 
a multiple irreducible component  of W ~ d--l" 

P~oo~. - Le t  x be a general point  on B and let  y be a general clement of W~. 
W *+* and since it concerns special F rom [2], p. 182, L e m m a  3.5, it follows that  x ~ ~_~ 

divisors, also x + y ~ W ~+* Since B (~ W, ~ c A, we have 

o ~ (ker y))) ~ d i m  . dim (T.+~(W~)) = ~(g) § dim (~(x  + (A) 
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Hence dim (ker (~u~(x + y))) ~ dim (A)-- ~(g). Since dim (A) > ~(g) also dim (B) > 
D r > ~_l(g). Applying Lemma 3 (if) we obtain tha t  

dim (ker dim (ke  + + 

= dim (B) + (r -~ ] ) + 1 -- ~_~(g) -- (r + 1) = dim (B) -- ~_~(g) + 1 .  

I t  follows tha t  

dim (T.(W[L~)) --  ~_~(g) ~- dim (ker (~u~_~(x)))>~ dim (B) -~ 1 .  

Assume tha t  p~(g)~>0 and W~+~V= J(X) .  The next  theorem indicates tha t  good 
behaviour with respect to Brill-Noether Theory for W~ implies the same for W~+~. 

Tm~o~v.~ 4. - (i) I f  dim (W~) = o~(g) then  dim (W~+~) ---- O~+x(g). Suppose tha t  
dim (W~) = e~(g). 

(if) I f  W~ is a reduced scheme then W~+~ is a reduced scheme. 

(iii) I f  W ~ is an irreducible scheme then W r is an irreducible scheme. d d-~l 

PRooP. - (i) follows immediately from Proposition 1. In  order to prove (if) 
and (iii) we star t  by  making the observation that ,  since dim (W~)= ~(g), we 

W r a+l already know from (i) tha t  d im(  ~+1) ---- ~+l(g). I t  follows tha t  W r is a Cohen- 
~ a c a u l y  scheme (see [6], Remark  2.8). The Unmixedness Theorem (see e.g. [14], 
16.D) gives us tha t  W~+I has a multiple component A if W~+~ would not  be a reduced 
scheme.  Suppose tha t  A is a multiple irreducible component of W~+, and assume 
tha t  W~ would be reduced. We can apply Theorem 2 which proves the existence 
of an irreducible component B of W~ satisfying B �9 W~ c A. Since W~ is reduced, 
a general point  x on B satisfies dim (T~(W~)) = Q~(g). From Lemma 3 (i) it  follows 
tha t  a general point  y on W~ satisfies dim (T~+,(W~)) : Q~+~(g). This is a contra- 
diction to the fact  tha t  x + y belongs to a multiple irreducible component of W~+~. 
This proves (if). Next,  suppose tha t  W~ is irreducible while W~+I is not. Le t  A 
a n d  B be two different components of W~+~. Using Theorem 2 again, we obtain 
tha t  W~(D W [ c A  n B c S i n g  (W~+I). But,  as before, we find that~ if x is a general 
point  on W~ and if y is ~ general point on W ~ then dim (T~+~(W~+~)) ---- ~+~(g), a 
contradiction. This proves (iii). 

In  the case r = 1, the proof of Theorem 2(bis) also gives us: 

I f  A is a generically reduced irreducible component of W~ with dim ( A ) >  
> ~(g), then A Q W~ is a generically reduced irreducible component of W 1 d + l  �9 

For r > 1 we have the following generalization. 
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Tm~o~E._~ 5. - Le t  A be a generically reduced irreducible component  of W~ of 
dimension ~(g) d- s with s > 0. Suppose tha t  ~ general point as on A satisfies 

hO@.| L;~(-- 2d~o)) r O. 

Then A O W~0 is a generically reduced irreducible component of W~+~. 

P R o o f . -  The assumptions give us dim (ker (tea(as)))= s. 

0 =~ h e H~ wx ~ T~;~( - 2aPo)). 

Le t  

Le t  y -~ [I(1)](P) be u general point on W~ (hence P a general point  on X). Le t  
so, ..., Sr be a base of H~ L~(dPo)) with  

Consider 

so(_P) :/: 0 ; s,(P) = 0 for l < i < r .  

(7 = ( {s , |  sjh-- s~G s,h: 0 < i  < i <r})  

(here < > means the linear span). This is a subveetorspaee of ker (tea(z)) of dimen- 
sion (r -4- 1)r/2. As already ment ioned in the proof of Lcmma 3, we can consider 
ker (te,+x(z d-Y)) as a linear subspace of ker (tea(z)). One has 

(7 F~ ker (#a+x(x + y)) -~ ( { s , G  s jh - -  s j@ s,h: 0 < i < j<r}> 

hence (7 n ker (te~+l(xd-y)) has codimension r in G. I t  follows tha t  ker (te~+~(xd:y)) 
has codimension at  least r in ker (tea(x)). Therefore dim (T~+~(W~+I)) < d i m  (A) -~ 1. 
This proves the theorem. 

R ~ A ~ K  6. - Suppose A is an irreducible component  of W ~ of dimension q~(g) -4- s 
with s > 0. Le t  x be a general point  on A and suppose tha t  F is the fixed divisor 
of g~(x). Let  F d- D be a general element of ga(x). Then D imposes at  least 

h~ Z; l (  - dPo)) - h~ L-~( - dt)o - D)) 

conditions on im (tea(x)), hence 

dim (ira (#~(x))) ~ 2h~ - d P o ) ) -  h~ - dPo-- D ) ) .  

In  particular 

dim (im (te,(x))) >~2(r-- d + g)-- h~ - 2dPo) ) -  deg (F) 
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a n d  

h~ - 2dP.)) > 2 r - -  2d + g - -  deg (F) + dim (A).  

This gives us informat ion about  the assumption made in Theorem 5. 
I f  gn(x)is birat ionally ample, we can use the so-called Aceola-Griffiths-Harris 

Theorem (see [8], p. 73) which gives us 

h"(cox @ L~-'(-- 2dPo))>~dim ( A ) -  2d + g + 3r-- 1 .  

In  the case r : 1~ we have equali ty in R e m a r k  6, namely  

L E ~  7. - Le t  x E W I \  W ~ and let  F be the fixed divisor of the associated l inear g \ " d i  

system g~(x). One has 

dim (T~(W~)) : hO(L~(24Po-- ~ ' ) ) ,  3 -~ deg (F ) .  

PnooF. - Le t  s~, s~ be a base for H~ L~(dPo)). For  the associated divisors 
one has 

(g,) = E ,  + F ; (s~) = E~ + F 

and Supp (E~) n Supp (E2) : 0. Suppose 

s~G tl + s~(~ t2 e ker (~u~(x)) . 

I t  is easy to see tha t  this is equivalent  to the existence of s eHO(X, cox@ 
(~Z-~(t ~ -- 2dt)o)) such tha t  

t 1 ~ 838 

I t  follows tha t  

hence 

and t~ ---~ -- sx s . 

dim (ker (/~e(x))) = ho(eox @ Z ; ' ( F - -  2dPo)) 

dim(T.(W~)) = hO(L~(2dPo-- • ) ) -  3 +  deg (/v). 

COROT.LA~V 8. -- Le t  A be a generically reduced irreducible component  of W~ 
of dimension ~(g) + s  with s > 0 .  Then,  for 0 < s ' < s ,  A O W  ~ is a generically 
reduced irreducible component  of W~+~. 

PROOF. -- This can be p roved  immedia te ly  f rom Lem m a  7 (see [5], Corollary 2.11). 

Using Lemlna  7, we can also prove 

l~o~osI~Io~  9. - Le t  A be an irreducible component  of W 1 of dimension 
d 

Q~(g) ~ s. Suppose that ,  for a general  point  x on A, one has dim (T~(W~))--= 
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= ~(g) + s + 1. Then, for  O<s'<s,  one has tha t  A O  W~, is a multiple irreduc- 
ible component  of W~+,,. 

P~ooF. - Suppose s~s ' :> 0 and le t  B be an irreducible component  of W~+,, 
containing A Q W,~ Le t  x be a general  point  on A and let  y be a general  point  
on W~, (i.e. y [l(s')](D) with D a general  point  on W(~'I). F r o m  [5], Corollary 2.8 
(proved as an  appl icat ion of L e m m a  7) we obta in  t h a t  

dim (T~+~(W~+~,)) ---- dim ( i )  + s ' +  1 .  

I f  B ~ A Q W~, then  dim (B) ~ dim (A) "-t- s ' +  1. Suppose s' is the smallest value 
for which such a component  B exists. Then,  for a general  point  z on B, the l inear 
sys tem gd+~,(z) is a l inear sys tem g]+~, wi thout  fixed points.  F r o m  Lem m a  7 we 
obta in  tha t  

2(d + s')Po)) > s -  s '+ 

Using the Semicont inui ty  Theorem (see [9], p. 288) we obtain tha t  

re(a,.| ~;*(- 2a/)o- 2/)))>s- s'+ i 

and, since D e X (~'; is general,  we have 

ho(~.| L;*(-- 2aPo)))s + s'+ 1. 

Since s ~ l  this gives us a contradict ion to the assumption tha t  

dim (T~(W~)) = ~(g) 4- s + 1 .  

PROBLE3~[ 10. -- I t  would be v e ry  in teres t ing to know whether  or not  the following 
si tuat ion occurs for some smooth curve X. 

A is an irreducible component  of W~ r J (X)  such tha t ,  for a general  point  0a 

on A, one has 

dim (T~(W~))> dim (A) + 2 

and A O W, ~ is not  an irreducible component  of W~+I. 

This problem is s trongly re la ted to dimension problems on the schemes W~, as we 

shah see. 

EXA~LES 11. - Multiple irreducible components  A for the schemes W~ satisfying 
dim (T~(W~)) -~ dim (A) + 1 for a general  point  �9 on A occur. In  [3], it  is proved 
tha t ,  for each 2d - -  2 < g <  (d--  1) ~, there  exists a smooth curve X of genus g having a 
poin t  x on W~ such t ha t  {x} is an irreducible component  of W~ and dim (T~(W~)) = 1. 
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Using Proposi t ion 9, one finds higher dimensional such multiple irreducible com- 

ponents.  
Another  ve ry  explicite example is found in [5], Theorem 5.9: if X is a smooth 

plane curve of degree d>~9, then  W~_s has an irreducible component  A such tha t  
dim (T~(W~a_s)) ----- dim ( A ) ~  1 for x a general point  on A. 

We are going to s tudy problem P(]) ment ioned in the Int roduct ion.  
As ah'eady ment ioned  Sta tements  P(0) and /)(1) are true.  

PROPOSITION 12. - S ta tement  P(2) is true.  

PROOF. -- As already ment ioned in the In t roduct ion  S ta tement  /)(2) is proved 
by  C. Kv.]~M in [11] (see also the  batch of exercises in [2], pp. 200, 201, 202) for the 
cases g>~ll.  So we only have to prove P(2) for the  cases g = 10 and g ~ 9. 

Suppose g --~ 10. In  [11] it  is also proved  tha t  dim (W~) -=-- 2 implies dim (W~) = 1. 
So, we only have to  prove  tha t  dim (W~)= 3 implies dim (W~)----2. 

Suppose A is an irreducible component  of W~ of dimension 3 while dim (W~)<I.  
F rom Theorem 2 it  follows tha t  there  exists an irreducible component  B of A 
satisfying dim ( B ) =  i and B Q  W ~  Since A r W~Q W ~ it  follows f rom Lem- 
ma 7 that ,  for a general point  a on A, one has 

ho(Li(14P~ 6. 

Using the Semicont inui ty  Theorem it follows that ,  for a general point  b on B and 
a general point  P on X, one has 

h.(L (12Po + 2P))/> 6. 

I t  follows tha t  Zl(12Po ~ - 2 P )  is special. In  part icular  also Z~(12Po) is special. 
Since P is a general  point  on X it is not  an inflection point  of the complete linear 
sys tem associated to  o~x(~.5:~( - 121)o), in par t icular  

h~ ~ ]L;2(-- 12Po-- 2P)) = h~ @ L-~(-- 12Po)) -- 2 .  

F r om the Theorem of l~iemann-l~och, it follows tha t  

h~ > 6 

i.e. 2b e W~. In  par t icular  we obtain tha t  dim (W~2)>l hence dim (W~)>5. Now 
we can apply  P(1) which gives us tha t  dim (W~) > 1. I t  would follow tha t  dim (W~) ~> 3, 
a contradict ion to the assumptions. 
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Suppose g : 9. We only have to prove tha t  dim (W~) = 2 implies dim (W~) = 1. 
The proof is exact ly  the same as before;  we leave it  to the reader.  

PROPOSITIO~ 13. - S t a t emen t  P(3) holds for g>12 .  

PnooF.  - G. ]~/[A~TE~S proved  P(3) for g > 1 5  in [12]. 

a) Case g =  14. 

Step 1: dim (W~o) = 5 implies dim (W~) = 4. Suppose A is an irreducible com- 
ponen t  of W~o of dimension 5 and suppose thgt  dim (W~)<3. F ro m  Theorem 2 
i t  follows tha t  there  exists an irreducible component  B of W~ satisfying 

dim (B) = 3 and B Q W~ c A .  

Le t  a be a general  point  on A. Since A r W~O W ~ g~o(a) is a complete g~o without  
fixed points.  I f  b is a generul point  on B then  h~ 8 (using the same 
arguments  as in the proof  of Proposi t ion 12). I t  follows tha t  dim (WT~s)>3, hence 
dim (W~)~>9. ]~rom P(1) we obtain tha t  dim (W~) ---- 1, in par t icular  dim (W~)>6, 

hence a contradict ion.  

Step 2: dim (W~) = 4 implies dim (W~) ---- 3. This can be p roved  in the same 

way as Step ! .  We leave it  to  the  reader.  

Step 3: dim (W~) ---- 3 implies dim (W~) = 2. Suppose A is an irreducible com- 
ponen t  of W~ of dimension 3 and suppose tha t  dim (W~)<I.  F r o m  Theorem 2 we 
obtain tha t  there  exists an irreducible component  B os W~ satisfying 

dim (B) ---- 1 and B Q W~ c A .  

Le t  a be a general point  on A and let  b be a general  point  on B. As before one 
can prove tha t  h~ Consider the cup-product  homomorphism 

Ho(X, Lo(8i'o)) | Ho(X, Lp (14Po)) re(X, Lo+2 (22Po)). 

I f  h~ then  dim (ker (# ) )>2 .  Because of the Base point  free pencil 

t r ick  (see[2], p. 126) we obtain tha t  h~ As a coronary,  we would 
obtain tha t  dim (W~)>3. In  par t icular  dim (W~)~>4, which gives us a contradic- 
t ion.  Suppose that ,  for  a general  a e A and b e B, we have h~ 10. 
Then  dim (W~)>~3 hence dim (W~)>~12. This is impossible. 

Step 4: dim ( W } ) =  2 implies dim (W ~)=  1. This can be proved  in the same 

way as Step 3; we leave it  to  the reader.  
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b) Case g ~ :[3. 
Similar a~rguments as those used in Case a) can be used. We leave it  to the 

rea, der. 

e) Case g ~- :[2. 

Step 1: dim ( W ~ ) ~  3 implies dim ( W ~ ) ~  2. This can be proved  in the same 
way as Step 1 of Case a). We leave i t  to the reader.  

Step 2: dim (W~) ~ 2 implies dim (W~) ~ :[. Suppose A is an irreducible com- 
ponen t  of W17 of dimension 2. ]~ecause of Theorem 2 there  exists b e W~ such tha t  
b Q W ~ c A .  Using the  base point  free pencil  t r ick as we did in the proof of 
Case a) Step 3, we obtain a contradict ion unless, for a general  point  a on A, one 
has h~ Upper-Semicont inui ty  gives that ,  for a general point  P 
on X, h~ + P ) ) >  9. F ro m  the Theorem of Riemann-l~och it  follows tha t  
LSb(18P0-~ P)  is special hence, since P is general on X, h~ Using 
the l~iemann-l~och Theorem, we obtain tha t  h~ ~) L ~ (  - 18/)0)) >~ 2 hence W~ V= 0. 
I t  follows tha t  dim (W~)>2, which gives us a contradiction.  

RE~A~K :[4. -- In  order to give a complete proof for P(3) we have to prove that ,  
for g ~ :[:[, dim (W~)----2 implies dim (W ~)~  :1. I t  is enough to prove tha t  the 
following si tuat ion does not  occur. 

X is a smooth curve of genus 11; x is an isolated point  of W~ satisfying 
dim (T~(W~))>~2 and x Q W  ~ is not  an irreducible component  of W~. 

This is Problem 10 in a special case. 

Tn-EORE~ 15. - Suppose j>~4. P(j)  holds for g >  ( j-~ 1)(2j + 1). 

PnooF. - I t  is well-known that ,  if g > d j - ~ 3  and 2j - ] -2<d<.g- - j ,  then  
W 1 W 1 (see [:tO], Theorem 1). ~en ce  we d i m (  d ) ~ - - d - - 2 - - J  implies d im (  ~j+~)~--j 

can assume tha t  for some y ~- 3 <  d~<2] + 2, one has an irreducible component  A 
of W~ of dimension d - - 2 - - j  while d im (W ~_ l )~<d - -4 - - j .  F ro m  Theorem 2 we 
obtain the existence of a component  B of W~_~ satisfying 

dim (B) ----- d - -  4 -- j and B �9 W~ c A .  

Since g > (j -~ 1)(2j ~- 1) clearly g > d ( d -  1)/2. Also because of the assumptions, 
it  follows tha t  A r W~_I • W ~ Hence if al and as are general points on A then  
gd(al) and g~(a2) are linear systems g~ on X without  fixed points. F rom computa- 
tions in [1] (see also [4], Proposi t ion 3) it follows tha t  g~(al) and g~(a2) are com- 
pounded of the same involution. I f  they  would be compounded of some rat ional  
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involut ion then  X would have  a l inear  sy s t em g~ for some aid. Since d~<2j -~ 2 it  
would follow tha t  a < j  + 1 hence W++~# 0. This would imply  t ha t  d im (W~_~)>~ 
> ~ d - - j - - 2 ,  a contradic t ion to the  assumpt ion .  Hence  gd(a~) and  g~(a~) are com- 

pounded  of the  same non-ra t ional  involut ion.  But  X possesses only a finite n u m b e r  

of noa- ra t iona l  involut ions of degree a~<j ~ -1  (see [16]). As a corollary, there  
exists  a smooth  curve X '  of genus g ' ~ l  and  a morph i sm f: X - - + X '  of some 
degree aid such t h a t  for the  associated morph i sm  ]*: J ( X ' )  - + J ( X )  one has ( taking 

](Pc) as base  po in t  for X ' )  t h a t  there  exists an irreducible componen t  A '  of W~/: 

of d imension d - -  2 - -  j sa t isfying ]*(A') ~- A .  I n  par t icu la r  B G  W~ c ]*(A').  Since 
B is an irreducible componen t  of W~_~ one has t ha t  for b a general  poin t  on B, the  

l inear  s y s t em  g~_~(b) is 1-dimensiona.1 (see [2], p. 182). I n  par t icular ,  if x ~ [I(1)](P) 
is a general  po in t  on W~ then  g~(b ~ x) is a l inear sys tem g~ and P is a fixed point  

of it. Since b ~ x ~ ]*(A'),  the re  exists a l inear  sys tem ~ X '  g~/~ on such tha t  

1 

B u t  P is a fixed poin t  os g~, hence ](P) is a fixed point  of g~/~. ~ Since P is general,  
]-~(/(P)) contains a po in t  P '  different f rom P and P '  is also a fixed point  of g~, 
hence P '  is a fixed point  of gd_~(b). Vary ing  P on X we obtain  infinitely m a n y  fixed 

points  for g~_~(b) which is absurd.  

R:E~fAtCK 16. -- Using a more  detai led analysis using a rguments  as those used 
in e.g. [12]~ we are able to obta in  a be t t e r  lower bound for g. Since this lower bound 

is still o f  order O(j 2) as j -> ~ it  seems not  ve ry  useful to reproduce such a long 
proof  here. 
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